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ABSTRACT

Dynamic Sparsity for Efficient Machine Learning

by

Zichang Liu

Over the past decades, machine learning(ML) models have delivered remarkable
accomplishments in various applications. For example, large language models usher in
a new wave of excitement in artificial intelligence. Interestingly, these accomplishments
also unveil the scaling law in machine learning: larger models, equipped with more
parameters and trained on more extensive datasets, often significantly outperform
their smaller counterparts. However, the trends of increasing model size inevitably
introduce unprecedented computation resource requirements, creating substantial
challenges in model training and deployments.

This thesis aims to improve the efficiency of ML models through algorithmic
advancements. Specifically, we exploit the dynamic sparsity pattern inside ML models
to achieve efficiency goals. Dynamic sparsity refers to the subset of parameters or
activations that are important for a certain data, and different data may have a
different dynamic sparsity pattern. We advocate identifying the dynamic sparsity
pattern for each data set and focusing computation and memory resources on it.

The first part of this thesis centers around the inference stage. We verify the
existence of dynamic sparsity in trained ML models, namely, within the classification
layer, attention mechanism, and transformer layers of trained models. Further, we

demonstrate that such dynamic sparsity can be cheaply predicted and leveraged



for each data to improve the inference efficiency goals. The subsequent part of the
dissertation will shift its focus to the training stage, where dynamic sparsity emerges
as a tool to mitigate the problem of catastrophic forgetting or data heterogeneity in

federated learning to improve training efficiency.
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Chapter 1

Introduction

The recent success of machine learning excites the community to tackle ever more
challenging tasks and starts a trend of increasing model capacity for unprecedented
performance. In natural language processing, practitioners discovered the scaling
law; models equipped with more parameters and trained on more extensive datasets
often outperform the smaller ones. One exemplary observation on the continuum
of Generative Pretrained Transformers(GPTs) models is that with each increase in
model size, there is a consistent trend of setting new performance records.

However, the fast growth in model size comes with significant requirements for
computing resources. Training a large-scale model requires a stunning number of
FLOPs of computing, which not only translates to a long training time but also
challenging requirements on the computing system. Continuing with the example
on GPT, it is estimated that training the GPT-3 model of 175 billion parameters
requires 3.14E23 FLOPS of computing, which will take 355 GPU-year for V100 at
its theoretical computing power 28 TFLOPs. And 175 billion parameters are too
large to store in a single GPU memory, and along with the computing requirement,
system optimization such as a mixture of parallelism is a must. Further, running
inference with large-scale models has its own challenges. To meet the application
requirements of low latency for a pleasant user experience and scalability for handling
a large number of simultaneous application requests, deployment incurs both high

upfront hardware costs and high ongoing operation expenses. For example, electricity



itself is considerable: ChatGPT’s daily electricity consumption is roughly around
15,000 US households.

This thesis is dedicated to mitigating the computational demands associated with
large-scale MLL models. We recognize dynamic sparsity as a promising avenue for
exploration in this endeavor. In the context of machine learning, sparsity typically
characterizes entities such as parameters, where the majority of elements are zero.
Sparsity has been leveraged for efficiency purposes in previous works, and one such
research direction is pruning, which exploits parameter sparsity and sets neurons
or connections in a neural network to zero. This thesis focuses on a specific type
of sparsity, namely, dynamic sparsity. We define dynamic sparsity to describe the
evolving nature of sparsity patterns, specifically highlighting that the distribution of
zero elements is not fixed but rather adjusted based on the current data. The analogy
is obvious to draw. Each part of our brain is reactive to certain stimulations only.
Dynamic sparsity offers the opportunity to preserve the same model capacity while
allocating computing resources to the sub-part of the network that is crucial to the
current data.

This thesis investigates the presence of dynamic sparsity within a trained ML
model and validates its potential for efficiency gains without touching the model
weights or compromising accuracy. Our approach involves efficiently forecasting
critical computations or activations for each input, thus reducing the computational
load by executing only essential computations or conserving memory by storing only
critical activations. Additionally, we delve into the advantages of dynamic sparsity

during the training phase, illustrating its impact on mitigating catastrophic forgetting.



1.1 Contribution
1.1.1 Contextual Sparsity for Efficient LLMs at Inference Time

Large language models (LLMs) with hundreds of billions of parameters have sparked
a new wave of exciting Al applications. However, they are computationally expensive
at inference time. Sparsity is a natural approach to reduce this cost, but existing
methods either require costly retraining, have to forgo LLM’s in-context learning
ability, or do not yield wall-clock time speedup on modern hardware. We hypothesize
that contextual sparsity, which are small, input-dependent sets of attention heads and
MLP parameters that yield approximately the same output as the dense model for a
given input, can address these issues. We show that contextual sparsity exists, that it
can be accurately predicted, and that we can exploit it to speed up LLM inference in
wall-clock time without compromising LLM’s quality or in-context learning ability.
Based on these insights, we propose DEJAVU, a system that uses a low-cost algorithm
to predict contextual sparsity on the fly given inputs to each layer, along with an
asynchronous and hardware-aware implementation that speeds up LLM inference.
We validate that DEJAVU can reduce the inference latency of OPT-175B by over 2x
compared to the state-of-the-art FasterTransformer and over 6x compared to the

widely used HuggingFace implementation without compromising model quality.

1.1.2 Exploiting the Persistence of Importance Hypothesis for KV Cache

Compression at Inference Time

Hosting LLMs at scale requires significant memory resources. One crucial memory
bottleneck for the deployment stems from the context window. It is commonly

recognized that model weights are memory-hungry; however, the size of key-value



embedding stored during the generation process (KV cache) can easily surpass the
model size. The enormous size of the KV cache puts constraints on the inference batch
size, which is crucial for a high throughput inference workload. Previous methods
have shown that the attention mechanism is sparse during training. A large portion
of tokens receive attention scores close to zeros, and only a few tokens would sum up
to approximately the full attention score.

Inspired by an interesting observation of the attention scores, we hypothesize the
persistence of importance: only pivotal tokens, which had a substantial influence at one
step, will significantly influence future generations. Based on our empirical verification
and theoretical analysis around this hypothesis, we propose SCISSORHANDS, a system
that maintains the memory usage of the KV cache at a fixed budget without finetuning
the model. In essence, SCISSORHANDS manages the KV cache by storing the pivotal
tokens with a higher probability, resulting in a sparse KV cache adjusted based on the
inputs. We validate that SCISSORHANDS reduces the inference memory usage of the
KV cache by up to 5X without compromising model quality. We further demonstrate
that SCISSORHANDS can be combined with 4-bit quantization, traditionally used to

compress model weights, to achieve up to 20X compression.

1.1.3 Hashing Large Output Space for Cheap Inference

Efficient inference in large output space is an essential yet challenging task for large-
scale ML models, including recommender systems and language models. Previous
approaches reduce this problem to Approximate Maximum Inner Product Search
(AMIPS) and focus the computation only on the retrieved top candidate, which is
based on the observation that the prediction of a given model corresponds to the logit

with the largest value. However, models are not perfect in accuracy, and the successful



retrievals of the largest logit may not lead to the correct predictions. We argue that
approximate MIPS approaches are sub-optimal because they are tailored for retrieving
largest inner products class instead of retrieving the correct class. Moreover, the logits
generated from neural networks with large output space lead to extra challenges for
the AMIPS method to achieve a high recall rate within the computation budget of
efficient inference. In this paper, we propose HALOS, which reduces inference into
sub-linear computation by selectively activating a small set of output layer neurons
that are likely to correspond to the correct classes rather than to yield the largest
logit. Our extensive evaluations show that HALOS matches or even outperforms the

accuracy of given models with 21x speed up and 87% energy reduction.

1.1.4 Retaining Knowledge for Learning with Dynamic Definition

Machine learning models are often deployed in settings where they must be constantly
updated in response to the changes in class definitions while retaining high accuracy
on previously learned definitions. A classical use case is fraud detection, where new
fraud schemes come one after another. While such an update can be accomplished by
re-training on the complete data, the process is inefficient and prevents real-time and
on-device learning. On the other hand, efficient methods that incrementally learn from
new data often result in the forgetting of previouslylearned knowledge. We define this
problem as Learning with Dynamic Definition (LDD) and demonstrate that popular
models, such as the Vision Transformer and Roberta, exhibit substantial forgetting
of past definitions. We present a first practical and provable solution to LDD. Our
proposal is a hash-based sparsity model RIDDLE that solves evolving definitions
by associating samples only to relevant parameters. We prove that our model is a

universal function approximator and theoretically bounds the knowledge lost during



the update process. On practical tasks with evolving class definition in vision and
natural language processing, RIDDLE outperforms baselines by up to 30% on the

original dataset while providing competitive accuracy on the update dataset.



Chapter 2

Background

2.1 Locality Sensitive Hashing

In this section, we first provide a review of Locality Sensitive Hashing(LSH) functions,
a essential technique in this thesis. An LSH family is a set of functions that maps
similar inputs to the same hash value (with high probability). LSH is an incredibly

powerful and well-studied framework, with the following formal definition [1, 2] 3], [4].

Definition 1 ((Sy, ¢So, p1, p2)-sensitive hash family). A family H is called (So, cSo, p1, p2)-
sensitive with respect to a similarity function sim(-,-) if for any two points x,y € RP

and h chosen uniformly from H satisfies:
o If sim(x,y) > Sy then Pr[h(z) = h(y)] > p

o If sim(x,y) < ¢Sy then Prh(z) = h(y)] < po

The probability Prlh(x) = h(y)] is known as the collision probability of = and y,
where we use the term “collision” to mean that two points map to the same hash
value. For the purpose of our arguments, we use a stronger notion of LSH, in which
the collision probability is a monotonic increasing function of the similarity between x
and y. That is Pr[h(z) = h(y)] o< f(sim(z,y)).

Under the above conditions, the collision probability Prh(z) = h(y)] forms a

positive semi-definite radial kernel [5]. A number of useful kernels can be obtained via



LSH, including MinHash for the Jaccard kernel [6], signed random projections for the
angular kernel [7], and p-stable LSH for a kernel in Euclidean space [3].

Recent works have shown that LSH can be used for efficient statistical estimation [8]
9, (10} B, 1T}, 12, T3], 14], compressive machine learning [15], nearest neighbor search [16],
2, [I7] and to accelerate neural network training and inference [18, [19] 20}, 2], 22].



Chapter 3

Contextual Sparsity for Efficient LLMs at Inference
Time

3.1 Introduction

Large language models (LLMs), such as GPT-3, PaLLM, and OPT have demonstrated
that an immense number of parameters unleashes impressive performance and emergent
in-context-learning abilities—they can perform a task by conditioning on input-output
examples, without updating their parameters [23, 24] 25| 20, 27]. However, they are
very expensive at inference time, especially for latency-sensitive applications [28]. An
ideal inference-time model should use less computation and memory while maintaining
the performance and special abilities of pre-trained LLMs. The simplest and most
natural approach is sparsification or pruning, which has a long history before the
LLM era [29]. Unfortunately, speeding up inference-time sparse LLMs in wall-clock
time while maintaining quality and in-context learning abilities remains a challenging
problem.

While sparsity and pruning have been well-studied, they have not seen wide
adoption on LLMs due to the poor quality and efficiency trade-offs on modern
hardware such as GPUs. First, it is infeasible to retrain or iteratively prune models at
the scale of hundreds of billions of parameters. Thus, methods in iterative pruning
and lottery ticket hypothesis [30, B1] can only be applied to smaller-scale models.

Second, it is challenging to find sparsity that preserves the in-context learning ability
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Figure 3.1 : (1) LLMs have up to 85% contextual sparsity for a given input. (2)
Contextual sparsity has much better efficiency-accuracy trade-offs (up to 7x) than

non-contextual sparsity or static sparsity.

of LLMs. Many works have shown the effectiveness of task-dependent pruning [32, 33],
but maintaining different models for each task conflicts with the task independence
goal of LLMs. Lastly, it is hard to achieve wall-clock time speed-up with unstructured
sparsity due to its well-known difficulty with modern hardware [34]. For example,
recent development in zero-shot pruning like SparseGPT [35] finds 60% unstructured
sparsity but does not yet lead to any wall-clock time speedup.

An ideal sparsity for LLMs should (i) not require model retraining, (ii) preserve
quality and in-context learning ability, and (iii) lead to speed-up in wall-clock time
on modern hardware. To achieve such demanding requirements, we go beyond static
sparsity in previous works (e.g., structured /unstructured weight pruning). We instead
envision contextual sparsity, which are small, input-dependent sets of attention heads
and MLP parameters that lead to (approximately) the same output as the full model for
an input. Inspired by the connections between LLMs, Hidden Markov Models [36, 37],

and the classic Viterbi algorithm [38], we hypothesize that for pre-trained LLMs,
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contextual sparsity exists given any input.

The hypothesis, if true, would enable us to cut off specific attention heads and
MLP parameters (structured sparsity) on the fly for inference-time, without modifying
pre-trained models.

However, there are three challenges.

Fxistence: It is nontrivial to verify if such contextual sparsity exists, and naive
verification can be prohibitively expensive.

Prediction: Even if contextual sparsity exists, it is challenging to predict the
sparsity for a given input in advance. Efficiency: Even if the sparsity can be predicted,
it might be difficult to achieve end-to-end wall-clock time speedup. Taking OPT-175B
as an example, the latency of one MLP block is only 0.2 ms on an 8xA100 80GB
machine. Without a fast prediction and optimized implementation, the overhead can
easily increase the LLM latency rather than reduce it.

In this work, we address these challenges as follows:

Existence: Fortunately, we verify the existence of contextual sparsity with a
surprisingly simple approach. To achieve essentially the same output, contextual
sparsity is on average 85% structured sparse and thereby potentially leads to a 7x
parameter reduction for each specific input while maintaining accuracy (Figure .
During explorations of contextual sparsity, we make important empirical observations
and build a theoretical understanding of major components in LLMs that help address
the prediction and efficiency challenge.

Prediction: We discover that contextual sparsity depends not only on individual
input tokens (i.e., non-contextual dynamic sparsity) but also on their interactions
(contextual dynamic sparsity). Figure shows that with pure dynamic information,

sparsity prediction is inaccurate. Only with token embeddings with sufficient contextual
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information can we predict sparsity accurately. Another finding is that contextual
dynamic sparsity for every layer can be predicted based on the “similarity” between
layer parameters (heads/MLP) and the output from the previous layer, which carries
the immediate contextual mixture of token embeddings.

Efficiency: Because at inference time, model parameters are static, inspired by
the classical nearest neighbor search (NNS) literature and its applications in efficient
deep learning, it is possible to formulate the above similarity-based prediction as an
NNS problem [39, [40, 41]. However, as mentioned, the overhead might be difficult
to overcome as we would need to perform on-the-fly predictions before every layer.
Luckily, we exploit a phenomenon of LLM where token embeddings change slowly
across layers due to residual connections (well-known in computer vision [42]). Since
the inputs to a few consecutive layers are very similar, we can design an asynchronous
lookahead predictor (Figure [3.2)).

Based on our findings, we present a system, DEJAVU, that exploits contextual

sparsity and realizes efficient LLMs for latency-sensitive applications.

e In Section |3.4.1]and Section |3.4.2] we present a low-cost learning-based algorithm
to predict sparsity on the fly. Given the input to a specific layer, it predicts a
relevant subset of attention (heads) or MLP parameters in the next layer and

only loads them for the computation.

e In Section [3.4.4] we propose an asynchronous predictor (similar to classic branch
predictor [43]) to avoid the sequential overhead. A theoretical guarantee justifies

that the cross-layer design suffices for accurate sparsity prediction.

After integrating hardware-aware implementation of sparse matrix multiply (Sec-

tion |3.4.5)), DEJAVU (written mostly in Python) can reduce latency of open-source
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Figure 3.2 : DEJAVU uses lookahead predictors to side-step prediction costs: given the

input to the attention layer at block &, they (asynchronously) predict the contextual
sparsity for the MLP at block k, and given the input to the MLP at block k, they

predict the sparsity for the attention head at the next layer.

LLMs such as OPT-175B by over 2x end-to-end without quality degradation com-
pared to the state-of-the-art library FasterTransformer from Nvidia (written entirely in
C++/CUDA), and over 2x compared to the widely used Hugging Face implementation
at small batch sizes. Furthermore, we show several ablations on different components

of DEJAVU and its compatibility with quantization techniques.

3.2 Related Work and Problem Formulation

We introduce the latency breakdown for LLM inference, and then we provide a formal

problem formulation.
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3.2.1 LLM Inference Latency Breakdown

The generative procedure of LLMs consists of two phases: (i) the prompt phase takes
an input sequence to generate the keys and values (KV cache) for each transformer
block of LLMs, which is similar to the forwarding pass of LLMs training; and (ii) the
token generation phase utilizes and updates the KV cache to generate tokens step by
step, where the current token generation depends on previously generated tokens.
This paper studies the setting where the token generation phase easily dominates
the end-to-end inference time. As shown in Table generating a sequence of length
128 takes much longer time than processing a sequence of length 128 as prompt
due to I/O latency of loading model parameters. In addition, Table shows that

attention and MLP are both bottlenecks in LLMs, e.g., in 175B models, loading MLP

1
3

parameters takes around % of the total I/O and attention heads take the other
Further, in the tensor-parallel regime, there are two communications between GPUs,
one after the attention block, and the other one after the MLP block. As shown in
Table communication between GPUs takes around 15 % token generation latency.
This paper focuses on making attention and MLP more efficient. Communication

cost implies that the upper bound of such speed-up is around 6x when skipping all

transformer blocks.

Table 3.1 : Theoretical breakdown for prompting versus token generation (tensor

model parallelism on 8 A100-80G GPUs).

TFLOPs| I/O | Compute Latency (ms) | I/O Latency (ms)

Prompting 128 44.6 330 GB 17.87 20.6

Token Generation 128 44.6 41 TB 17.87 2600
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Table 3.2 : Theoretical breakdown for Attention block versus MLP block in one
transformer layer when generating one token (tensor model parallelism on 8 A100-80G

GPUs).

GFLOPs | I/O (GB) | Compute Latency (ms) | I/O Latency (ms)

Attention Block 1.21 1.12 0.00048 0.07

MLP Block 241 2.25 0.00096 0.14

Table 3.3 : Latency breakdown of generating 1 token under the setting of batch size 1
and prompt length 128 on 8 A100-80GB.

All Reduce | MLP Block | Attention Block (ms) | Others

6 ms 19ms 13ms 2ms

3.2.2 Problem Formulation

The goal is to reduce the generation latency of LLMs by exploiting contextual sparsity.
In the following, we formally define the sparsified attention and MLP blocks.
Sparsified MLP: There are two linear layers in one MLP block, W?, W? ¢ R4x44,
Denote y € R'™? as the input to the MLP block in the current generation step.
Let each column (the weight of i-th neuron) of linear layers be W}, W2 € Ré*L,
With contextual sparsity, only a small set of them are required for computation. Let

Sy C [4d] denote such set of neurons for input y. The sparsified MLP computation is

MLPSM(y) = J<yW,51'M)(W52M)T’ (31>
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where o is the activation function, e.g., ReLU, GeLU. Note that since the compu-
tation in the first linear results in sparse activations, the second linear layer is also
sparsified.

Sparsified Attention: Let X € R"*? denote the embeddings of all tokens (e.g.,
prompts and previously generated tokens). Let y € R1*? be the input to the Multi-
Head-Attention (MHA) in the current generation step. Suppose there are h heads. For
each i € [h], we use WK, WZ-Q, WY € R¥dr to denote key, query, value projections for
the i-th head, and W € R%*4 for output projections. With contextual sparsity, we
denote S4 as a small set of attention heads leading to approximately the same output
as the full attention for input y. Following the notation system in [44], sparsified MHA
computation can be formally written as

MHAs, (y) = > Hily) W,
€Sa T e

where H;(y) : R? — R% and D;(y) € R can be written as

H;(y) == Di(y) " exp(yW (W) "X ) xWY, (32)

Dy(y) = exp(yW2 (W) TX)1,.

For both MLP and Attention, given a compute budget, the goal is to find Sy, and

S 4 that minimize the error between the sparse approximation and full computation.

3.3 Pre-trained LLMs are Contextually Sparse

In this section, we present several key observations and theoretical understandings of
sparsity in LLMs, upon which the DEJAVU design is based. We first test the contextual

sparsity hypothesis and verify that contextual sparsity exists in pre-trained LLMs in
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Section |3.3.1} Then, we build an understanding of why contextual sparsity happens
naturally even when LLMs are densely trained in Section [3.3.2] Finally, we present
an observation on residual connections and explain their relationship to contextual

sparsity analytically in Section [3.3.3]
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Figure 3.3 : In Figure (a), we plot the percentage of not-activated attention heads. By
only keeping heads that yield large output norms, we can silence over 80% attention
heads for a given token. In Figure (b), we plot the average sparsity we impose on

MLP layers. We can zero out over 95% of MLP parameters for a given token.

3.3.1 Contextual Sparsity Hypothesis

Inspired by prior pruning literature [45], we find a surprisingly simple method is
sufficient to study and verify our hypothesis. In this section, we describe the testing
procedure, observation details, and insights of this study.

Verification: Our test is performed on OPT-175B, 66B, and 30B models and
various downstream datasets such as OpenBookQA [46] and Wiki-Text [47]. We
find the contextual sparsity for every input example with two forward passes of the

model. In the first pass, we record a subset of parameters, specifically which attention
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heads and MLP neurons yield large output norms for the input. In the second pass,
each input example only uses the recorded subset of parameters for the computation.
Surprisingly, these two forward passes lead to similar prediction or performance on all
in-context learning and language modeling tasks.

Observation: Figure shows that on average, we can impose up to 80% sparsity
on attention heads and 95% sparsity on MLP neurons. As mentioned in Section [3.2]
OPT-175B model has 2x MLP parameters than those of attention blocks. Therefore
total sparsity here is around 85%. Since these are all structured sparsity (heads and
neurons), predicting them accurately could potentially lead to 7x speedup.

Insight: It is intuitive that we can find contextual sparsity in MLP blocks at
inference time because of their activation functions, e.g., ReLU or GeLU [48]. Similar
observations were made by [49]. However, it is surprising that we can find contextual
sparsity in attention layers. Note that, finding contextual sparsity in attention is
not the same as head pruning. We cross-check that different examples have different
contextual sparsity. Although 80% of the parameters are not included in the paths
for a given example, they might be used by other examples. Next, we will try to

understand why contextual sparsity exists in attention blocks.

3.3.2 Token Clustering in Attention Layers

In the previous section, we have verified that there exists contextual sparsity for a given
input in LLMs. In this section, we try to understand the reason for such phenomena,
especially in attention layers. We first show an in-depth observation of attention. Then
we present a hypothesis that self-attentions are conceptually clustering algorithms.
Last we show analytical evidence to support this hypothesis.

Observation: Figure [3.4] shows the attention map of three different heads from
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the same layer for an example input. The next token it should predict is “Truck”.
Darker color represents higher attention scores. We observe that the middle head is
a relatively uniform token-mixing head while the top and bottom ones are “heavy
hitter” attention heads (with high attention to “like” and “shipping”). Unsurprisingly,
only selecting heavy hitter heads but not uniform heads does not affect the prediction,
since uniform heads do not model or encode important token interactions. In the next
section, we will also explain in detail how the criteria for selecting uniform attention
heads and heads with small output norms are highly correlated.

Hypothesis: We hypothesize that the attention head is performing mean-shift
clustering [50].

Recall the notation defined in Section [3.2.2] For i-th head at current layer,
X =[z1,...,7,]" € R"™? are the token embeddings in the previous time steps. X W[
and XW) are the projection of embedding. For an input embedding y, the output
U; = H;(y), where H;(y) is defined in Eq. 3.2

For each i € [h], if we let K;(x;,y) == exp(yW 2 (WK)Tx;) measure the similarity
between z; and y, and define m;(y) := %,

Further, if we set W.” = I and consider the residue connection followed by layer

then we have 7; = m;(y)W,".

norm, then in the next layer, the embedding 7; of the current token becomes 7; =
Normalize(y + ;) = Normalize(y +m;(y)), which has a fixed point y = ym;(y) for any
scalar . This iteration bears a resemblance to mean-shift clustering, which simply
performs iteration y < m;(y) until convergence. This has an obvious fixed point
y = mi(y)-

Therefore, the self-attention head can be regarded as one mean-shift step to push
input embeddings of different tokens together, if they are already neighbors in a

projection space specified by WiQ(WZ-K )T. Different heads learn different projection
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Figure 3.4 : We visualize the attention scores of three different heads for an exemplary
sentence. Head 42 and Head 44 give heavy attention scores on particular tokens while

Head 43 is more uniform.

spaces to perform clustering. These dynamics explain the precise reason why token
embeddings tend to cluster after going through more layers, resulting in high attention
scores among cluster members, and low scores for non-members. Furthermore, the
cluster patterns are different at different heads.

The above analysis not only provides an understanding of why contextual sparsity
exists naturally in pre-trained LLMs, but also inspires our design of “similarity”’-based

sparsity prediction for DEJAVU in Section (3.4}

3.3.3 Slowly Changing Embeddings across Layers

We first present our observation that embeddings change slowly across consecutive
layers. Then we provide a detailed analysis on the phenomenon. Finally, we show its
close connection with contextual sparsity.

High similar embeddings in consecutive layers: In Figure , we show

that for the same given input, the cosine similarity between embeddings or activations
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Figure 3.5 : Slowly Changing Embedding. Figure (a) shows the median cosine
similarity between representations at two consecutive layers across all layers for
different OPT models. All models show a similarity greater than 95%. Figure (b)
shows cosine similarity stays high even a few layers apart. For the residual connection
X' = X + F(X) inside each block, we plot the ¢, norm of X and F(X) in Figure (c)
and Figure (d). || X]| is significantly higher than ||F'(X)]||, which explains the slowly

changing embedding.
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in two consecutive layers is exceptionally high on 7 different sizes of OPT models.
Specifically, we collect activations from each layer while performing OPT model
inference on C4 validation set [51]. Taking OPT-175B as an example, starting from
the second layer, the similarity between any two consecutive layers is around 0.99,
which indicates that when an input is passed through the model, the direction of its
embedding changes slowly. Interestingly, the most drastic change happens in the first
layer. Furthermore, we increase the gap and investigate the similarity between the
embedding at layer [ and at layer [ +n shown in Figure . As we increase the gap,
the similarity decreases as expected while the differences in cosine similarity between
various choices of n are smaller at the shallower layer. We plot the mean similarity,
and the standard deviation is indicated by the shading.

Connection to residuals: We verify that the high similarity in embeddings in
LLM inference is due to the residual connection. We first dissect the computation
graph inside each transformer layer to understand the cause behind this phenomenon.
There are two residual connections inside a transformer layer, one around the attention
block, and the other one around the MLP block. The residual connection can be
written as X 4+ F'(X), where F' is either the Multi-Head Attention or two MLP Layers.
In Figure and Figure indeed we can see that || X|| is significantly greater
than || F'(X)||, confirming that embeddings are changing slowly because the residual
norm is large.

Connection to Contextual Sparsity: We take a step deeper trying to under-
stand the reason behind the large residual norm with mathematical modeling. We
discover that one possible reason for small || F(X)|| is due to high sparsity. For the
MLP Block, high sparsity may contribute to the small norm of F/(X) because a large

portion of outputs have small norms. Similar reasoning applies to the Attention Block,
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and thus a large number of attention heads yield small norm outputs.
Residual Two Sides Bound: Besides empirical reasoning, we formally define
the computation of LLMs mathematically. Under our computation model, we can

show that a shrinking property which is observed by our practical experiments.

Lemma 1 (Informal). Let 0 < ¢; < €3 < 1 be the lower and upper bound of the
shrinking factor. Let x be the y be the output. We have the residual connection

y =x+ F(x). For the MLP block F(x), we have ¢; < ||y — ||z < es. For the attention

block F(z), we have €1 < ||y — x||2 < €.

3.4 DeJavu

In this section, we present our framework for inference-time contextual sparsity search
for LLMs. We introduce the sparsity predictor for MLLPs in Section and for atten-
tion heads in Section [3.4.2] DEJAVU’s workflow is shown in Figure [3.2] Section [3.4.4
discusses exploiting our observation on LLMs to avoid the sparse prediction overhead
with theoretical guarantees. In Section|3.4.5] we present our optimized implementation

that enables end-to-end latency reduction.

3.4.1 Contextual Sparsity Prediction in MLP Blocks

As explained in Section [3.2) MLP blocks are one of the major bottlenecks for the
LLM generation (3 of the FLOPs and IOs). In this section, we discuss how we achieve
wall-clock time speed-up with contextual sparsity in the MLP blocks.

Challenge Figure shows that for a given token, the contextual sparsity
of 95% is possible. The contextual sparsity in the MLP block can be identified after
computing the activation. However, this only demonstrates the existence of contextual

sparsity but brings no benefits in terms of efficiency. A fast and precise prediction is
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needed to exploit contextual sparsity for end-to-end efficiency. The naive way is to
select a subset of neurons randomly. Unsurprisingly, random selection fails to identify
the accurate contextual sparsity, resulting in drastic model degradation.

A Near-Neighbor Search Problem: Recall that we verify the existence of
contextual sparsity by recording which neurons yield significant norms. Essentially,
given the input, the goal is to search for the neurons that have high inner products with
the input, because the activation function “filters” low activation. Thus, we formulate
the contextual sparsity prediction of an MLP layer as the classical near-neighbor

search problem under the inner product metric.

Definition 2 (Approximate MaxIP in MLP). Let ¢ € (0,1) and 7 € (0,1) denote
two parameters. Given an n-vector dataset W' C S%=! on a unit sphere, the objective
of the (c,7)-MaxIP is to construct a data structure that, given a query y € St

such that max,ecw1(y,w) > 7, it retrieves a vector z from W1 that satisfies (y, z) >

C - MaXyew! <y> ’lU> :

Remark 2. Our W' (first linear layer) and y (input embedding) in MLP blocks can

be viewed as the dataset and query in Definition |4 respectively.

Design The standard state-of-the-art near-neighbor search methods and implemen-
tations slow down the computation. Take OPT-175B where d is 12288 as an example.
HNSW [52] requires more than 10ms, and FAISS [53] requires more than 4ms, while
the MLP computation is only 0.2ms. The high dimensionality and complications of
data structure implementation on GPU make the search time longer than the MLP
computation. Therefore, we choose a neural network classifier as our near-neighbor
search method to exploit the fast matrix multiplication on GPU. For each MLP block,

we train a small two-layer fully connected network to predict contextual sparsity.
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Collecting training data is straightforward because we know the contextual sparsity
using dense computation. The training algorithm is summarized in Algorithm ?7. The
sparsified computation in W' has two steps: (1) Given y, the sparsity predictor SPj,
predicts a set Sy, of important neurons in weights W?. (2) Compute the sparsified

MLP defined in Eq. (3.1)). Note here the sparsity in MLP is highly structured.

3.4.2 Contextual Sparsity Prediction in Attention Blocks

Attention blocks take around 30% I/Os in the generation. In this section, we describe
how DEJAVU exploits contextual sparsity to speed up the Attention blocks.

Challenge: As discussed in Section [3.3.1], only a few heads perform important
computations for a given input token. Similar to the MLP blocks, a fast selection of
attention heads without full computation is required to reduce end-to-end latency.
Furthermore, one particular challenge of sparse prediction in attention blocks is
attention’s dependence on previous tokens. On the one hand, it is unclear whether
the past token’s key and value caches are needed for sparse prediction. On the other
hand, it is unclear how to handle the missing KV cache of past tokens for the current
token computation at the selected head.

A Near-Neighbor Search Problem: Head prediction can also be formulated
as a near-neighbor search problem based on our understanding in Section Since
each head is performing mean-shift clustering, after the first few layers, the current
token embedding alone is sufficient for the prediction thanks to the token-mixing
nature of the transformer. Therefore, the prediction can be based on the similarity
between y and head parameters.

Approach: We design our attention sparse predictor to be the same architecture

as the MLP sparse predictor. Each head is regarded as one class and a similar training
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process is used. Then, similar to how MLP prediction is performed, the attention
sparsity predictor SP 4 selects a set Sy of heads H; (see Eq. ) To address the
problem of missing KV cache for a past token, we exploit the fact that the generation
latency is I/O bounded while computation is essentially “free”. Specifically, for the
predicted attention head of input y, we compute the corresponding keys, and values
and store them in the KV cache. But we also save a copy of y for all the other
non-selected heads. Then during the future token generation, if there is missing KV
cache in the selected heads, we could load stored token embeddings and compute the
keys and values together. This requires almost minimal extra memory access (the

main cost is loading the weight matrices).

3.4.3 Detailed workflow

Figure [3.6] presents a more detailed workflow of DEJAVU. The left diagram shows how
an input y performs the sparse MHA with selected indices 0, 3, predicted by the head
predictor. Similarly, the right diagram shows how an input y performs the sparse

MLP with selected indices 0, 2, predicted by the neuron predictor of that layer.

3.4.4 Reducing Overhead with Asynchronous Execution

Sparse prediction overhead may easily increase the end-to-end latency rather than
reduce it despite the reduction in FLOPs. Therefore, we introduce a look-ahead sparse
prediction method, inspired by our observations in Section [3.3.3]

Challenge: Denote ; € R? as the input to transformer layer I. We can write the

computation at layer [ as ; < MHA' (), 7 < MLP'(%;). With predictors SP!, and
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Figure 3.6 : Detailed diagram on the sparsified computation process of MLP and

Attention. Notation refers to Section W

SPé\/[, the computation at the transformer layer [ can be re-written as

Sy SPu(u). %+ MHAY (1),

Shr = SPu (@), G+ MLPG (7)

where set SY is the contextual sparsity for the Attention block, and set S}, is the
contextual sparsity for the MLP block at [-th layer. Note that the computation
at Attention and MLP blocks have to wait for the sparse predictor decision. This
overhead potentially outweighs the saving from Attention and MLP blocks in terms of
latency.

Approach: In Section [3.3.3] we present the slowly evolving embedding phe-
nomenon, which provides opportunities to relax the sequential computation to parallel
computation. Along with the observation of low computation intensity during gen-

eration, we parallel the sparse prediction with the computation of each block ( See
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Figure [3.2)). The computation can be written as follows:

Ui MHAG (), 31 + MLPg (30),

S SPu(m), Syt SP(w),

We remark Si‘“ and Sﬁ\}l can be computed in parallel with g; or 7;, while the previous
4 steps are sequential.

Theoretical guarantee: The sparse predictor can make further cross-layer
decisions because of the residual connection. We present an informal lemma statement
regarding cross-layer prediction. It is well-known that MaxIP is equivalent to £5 nearest

neighbor search. For convenience, we use MaxIP here.

Lemma 3 (Informal). Let e € (0,1). Let y; be input at l-th layer. Let y,—; be the
input at (I — 1)-th layer. Suppose that ||y; — yi—1||2 < €. For any parameters c, T
such that € < O(ct). Then we can show that, solving MaxIP(c, ) is sufficient to solve

MaxIP(0.99¢, 7).

3.4.5 Hardware-efficient Implementation

We describe how DEJAVU is implemented in a hardware-efficient manner to realize the
theoretical speedup of contextual sparsity. Taking into account hardware characteristics
leads to over 2x speedup compared to an optimized dense model, and 4x faster than
a standard sparse implementation.
We highlight some hardware characteristics of GPUs:
e Small-batch generation is bottlenecked by GPU memory 1/Os [54} 55, 56]. This is
because of low arithmetic intensity. For each element loaded from GPU memory,

only a small number of floating point operations are performed.
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e GPUs are block-oriented devices: loading a single byte of memory takes the same
time as loading a block of memory around that same address [57]. The block size is
usually 128 bytes for NVIDIA GPUs [5§].

These characteristics present some challenges in implementing contextual sparsity.

However, they can be addressed with classical techniques in GPU programming.

Kernel fusion: A standard implementation of sparse matrix-vector multiply (e.g.,
in PyTorch) that separately indexes a subset of the matrix WSIM before multiplying
with input y would incur 3x the amount of memory 1/Os. Therefore, to avoid such
overhead, we fuse the indexing and the multiplication step. Specifically, we load a
subset of WéM to memory, along with y, perform the multiply, then write down the
result. This fused implementation (in Triton [59]) yields up to 4x speedup compared
to a standard PyTorch implementation.

Memory coalescing: In the dense implementation, the weight matrices of
two linear layers in MLP are stored as (W?!)T and W? so that no extra transpose
operation is needed. They are conventionally stored in row-major format. In the
sparse implementation, it allows us to load (WL%M)T optimally (the second dimension is
contiguous in memory). However, for cases where we need to load (WgM), this format
significantly slows down memory loading, as indices in S, point to non-contiguous
memory. We simply store these matrices in column-major format (i.e., store (W?)T
in row-major format), then use the same fused kernel above. Similarly, in attention
blocks, we store attention output projection W column-major format.

These two techniques (kernel fusion and memory-coalescing) make DEJAVU hardware-
efficient, yielding up to 2x speedup end-to-end compared to the state-of-the-art

FasterTransformer (Section [3.5.1)).
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3.5 Empirical Evaluation
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Figure 3.7 :  Accuracy Trend for dejavu-OPT-175B. This figure shows the
accuracy of DEJAVU-OPT-175B on language modeling datasets and downstream tasks
when we set different sparsity at test time. In general, DEJAVU-OPT-175B incurs no

accuracy drop until 75% sparsity.

In Section [3.5.1, we present the end-to-end results that show DEJAVU achieves
over 2x reduction in token generation latency compared to the state-of-the-art Faster-
Transformer and over 6x compared to Hugging Face with no accuracy loss. In
Section [3.5.2] we perform a list of ablation studies such as independent evaluation on

the inference-time contextual sparsity of the MLP block and the Attention block.

3.5.1 End-to-End Result

Experiment Setting: We compare the accuracy of DEJAVU-OPT against the original
OPT model on two language modeling datasets Wiki-Text [47] and C4 [51] and seven
few-shot downstream tasks: CB [60], COPA [61], Lambada [62], OpenBookQA [46],
PIQA [63], RTE [64], Winogrande [65]. We use Im-eval-harness [66] for zero-shot and

five-shot tasks. We collect training data for the sparsity predictor using 500 random
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Figure 3.8 : Average per-token latency (ms) with batch size 1 on 8 A100-80GB with
NVLink when generating sequences with prompt lengths 128, 256, 512, and 1024,
using FP16. DEJAVU speeds up generation by 1.8-2x compared to the state-of-the-art

FT and by 4.8-6x compared to the widely used HF implementation.

data points from the C4 training dataset. Our experiments are conducted on NVIDIA
A100 80GB GPU servers.

No accuracy drop until 75% sparsity: In Figure 3.7, we present DEJAVU-
OPT-175B’s accuracy trend. In a zero-shot setting, the average accuracy across
tasks does not drop until 75% sparsity. A similar trend can be observed for the
five-shot setting, which verifies the model’s ability for in-context learning. This result
is exceptionally encouraging given our observation in Figure 3.1(a), where we could
impose 85% sparsity when allowed full computation.

Over 2x latency reduction: Figure presents the latency speed-up for
the token generation with OPT-175B at batch size 1, where DEJAVU achieves the
best performance. At around 75% sparsity, DEJAVU speeds up generation by 1.8-2x
compared to the state-of-the-art FasterTransformers (FT and by 4.8-6x to Hugging

Face (HF) implementation]

*http://github.com/NVIDIA /Faster Transformer
thttp://github.com /huggingface/transformers
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Table 3.4 : Accuracy of zero-shot tasks and language modeling when sparsifying
the MLP block and the Attention block separately. The sparsity is set at 85% for

MLP-block and 50% for Attention-block. DEJAVU incurs no accuracy drop across the

boards.
Model CB  COPA Lambada OpenBookQA PIQA RTE Winogrande | Wikitext — C4
OPT-175B 0.3523  0.86 0.7584 0.446 0.8096 0.6029 0.7261 10.8221  7.7224
DEJAVU-MLP-OPT-175B 0.3544  0.85 0.7619 0.446 0.8096 0.6065 0.7206 10.7988  7.7393
DEJAVU-Attention-OPT-175B | 0.3544  0.86 0.7586 0.4460 0.8063 0.5921 0.7245 10.8696  7.7393

3.5.2 Ablation Results

Contextual Sparsity for Larger Batches: Although this paper focuses on latency-
sensitive settings, we demonstrate that DEJAVU generalizes to larger batches. we
present the Union contextual sparsity (fraction of neurons/heads that are not used
by any of the inputs in the batch) of different batches sizes for MLP and Attention
blocks, respectively in Figure [3.9] The union operation is essential to realize a fast
sparse GEMM. Surprisingly the number of MLP neurons and Attention heads that
DEJAVU activated does not grow linearly with the batch size. This suggests a power
law distribution rather than a uniform distribution of parameter access from all input
examples. This provides an opportunity for potentially extending Dejavu to the
high-throughout setting. For example, we can first pre-process the inputs and batch
similar inputs to enjoy a higher level of union contextual sparsity.

Contextual sparsity on MLP blocks: We study the contextual sparsification
of the MLP block in OPT-175B. We leave the Attention block as dense computation.

Table [3.4] shows the model performance at 85% sparsity. The MLP sparse predictor



33

introduces no accuracy loss on both zero-shot tasks and language modeling. In the
training of the MLP sparse predictor, we observe that the sparse predictor achieves
high validation accuracy. The shallow layer seems easier to model because the predictor
has validation accuracy over 99% in the shallow layers and drops to around 93% in
the ending layers.

Contextual sparsity on attention blocks: In this section, we study the sparse
predictor for the Attention block on OPT-175B and leave the MLP block as dense
computation. Table displays the test accuracy on zero-shot tasks and perplexity on
the language modeling datasets. In summary, the Attention sparse predictor introduces
no accuracy loss at around 50% sparsity. During the training of the Attention sparse
predictor, we observe different trends compared to the MLP sparse predictor. The
validation accuracy is around 93% in the middle layers and near 99% in the shallow
and deep layers.

Contextual Sparsity on Smaller Models: Our main experiments focus on
OPT-175B. Here, we verify DEJAVU’s effectiveness on a smaller model, specifically
OPT-66B. In Table we summarize the accuracy on zero-shot task at 50% sparsity.
Similar to DEJAVU-OPT-175B, we notice no accuracy loss.

Contextual Sparsity on Other Models: We expand the evaluation to another
model family. In Table , we summarize the accuracy at attention sparsity 50% and
MLP sparsity 30%. Similar to OPT family, we notice no accuracy loss. The lower
sparsity level in MLP is due to the difference in activation function.

Non-Contextual Sparsity: As we mentioned in Section one could predict
sparsity without contextual information. For non-contextual sparsity, we rely on
the original embedding at the input layer. At every block, we first pass the original

embedding to record a subset of parameters yielding a large norm. In the second pass,
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Table 3.5 : DEJAVU-OPT66B on zero-shot downstream task.

Model CB  COPA Lambada OpenBookQA PIQA RTE Winogrande
OPT-66B 0.3928 0.87 0.7508 0.426 0.7921 0.6028 0.6890
DEJAVU-OPT-66B | 0.4285  0.87 0.7458 0.434 0.7933 0.5884 0.6898

Table 3.6 : DEJAVU-BLOOM on zero-shot downstream task.

CB  COPA OpenBookQA PIQA RTE Winogrande Lambada

BLOOM 0.455 0.8 0448 0.79 0.617 0.704 0.677

Dejavu-BLOOM | 0.448 0.8 0.44 0.787 0.606 0.710 0.675

the embedding at every layer only uses the recorded subset. As shown in Figure |3.1
non-contextual prediction is not sufficient and leads to accuracy losses even at 50%
sparsity. This result verifies our design choices of relying on the activation at every

layer as input to make contextual sparsity predictions. Compatibility with Quan-

Table 3.7 : DEJAVU-OPT-175B with 4-bit quantization.

CB  COPA OpenBookQA PIQA RTE Winogrande Lambada
OPT-175B 0.352  0.86 0.446 0.809 0.602 0.726 0.758
Dejavu-OPT-175B 0.402  0.85 0.450 0.802 0.592 0.726 0.753
OPT-175B + W4A16 0.356  0.85 0.44 0.806 0.574 0.714 0.757
Dejavu-OPT-175B + W4A16 | 0.365  0.86 0.452 0.805 0.592 0.726 0.754

tization: Quantization is another promising direction for efficient language models.
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Figure 3.9 : Union contextual sparsity with larger batch size.

We investigate the possibility of combining contextual sparsity with quantization
techniques. For DEJAVU-OPT-175B, we set the entire model sparsity at 75%. For
quantization, we apply 4-bit quantization on model weights (W4A16). As shown in
Table the combination of quantization and DEJAVU almost always achieves better
accuracy than DEJAVU or quantization alone. This suggests that the approximation

errors from these two directions do not get compounded.



36

Chapter 4

Exploiting the Persistence of Importance
Hypothesis for KV Cache Compression at Inference
Time

4.1 Introduction

Large language models(LLMs), trained on immense amounts of text data, have
demonstrated an incredible ability to generate text that is both logically connected
and contextually relevant [23] 24] 25| 26 27]. LLM inference follows an autoregressive
fashion, generating one token at each step conditioned on the previous steps. At each
step, the key-value embedding in attention is stored in memory to avoid repetitive
key-value projection computation at future steps. Unfortunately, the memory of the
key-value cache( KV cache), including prompts and previously generated tokens, can
be surprisingly large. Using OPT-175B as an example, the impressive 175 billion
parameters consume around 325 GB of memory. At the same time, at batch size 128
and sequence length 2048, the KV cache requires around 950 GB of memory, three
times larger than the model weights. Considering that 8 Nvidia A100-80GB offers
640GB GPU memory, the memory usage of the KV cache is truly concerning.
LLMs are typically deployed on fixed memory hardware, and the size of model
weights is also fixed once deployed. Apart from a small memory buffer typically
reserved for communication and computation, the rest of the available memory is for

the KV cache. The size of the KV cache depends on batch size, sequence length, and
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model dimension. Thus, at a given inference sequence length, compression in the KV
cache memory translates almost linearly into an increase in the batch size. And any

increase in batch size is significant for high-throughput inference systems [28] [67].

Attention Head Attention Head
4 3 2 1 0

Attention Head

(c) Attention map at position 278

Figure 4.1 : Repetitive Attention Pattern. We plot the attention map at three
token positions in a sentence. Only five attention heads are plotted for a clearer
presentation. We discretize the attention score such that the high score is dark green,
and the low score is light green. In Figure the token at position 178 pays heavy
attention to positions 27, 63, 98, etc. This pattern is also present in the attention

maps of position 228 and position 278.

Quantization and sparsity approaches [68, 69, [70, [71], 35, B3] [72] have been studied

in LLMs to reduce the model sizes. However, compressing the KV cache remains
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an open but challenging problem. First, training models at the scale of hundreds of
billions of parameters on a large amount of data is prohibitively expensive. Thus, an
ideal compression algorithm should be applicable without training. Second, emerging
applications such as dialogue systems require an extremely long context window. The
maximum sequence length of LLMs is growing to over 32K [73]. The size of the KV
cache also grows linearly with sequence length. For scalability, an ideal compression
algorithm should reduce the memory from the sequence length dimension. At last,
compression should preserve LLMs’ quality and in-context learning ability.

We go beyond the traditional model compression techniques to achieve such
demanding requirements. We envision that not all tokens must be stored in memory
for LLM to understand the context. Just like humans can skim through an article
and grasp the main idea, LLMs may also be able to skim and comprehend. It is
commonly observed that the attention score from one token follows a strong power
law distribution [74] [75] 19} [76], [77], meaning that one token will only heavily attend
to a small number of tokens. More importantly, we observe Repetitive Attention
Pattern from different tokens in the sequence in a trained LLM( Figure . Certain
tokens are more important throughout the paragraph. Specifically, for two different
tokens, there are similarities between which tokens they are heavily attending to and
similarities between which tokens they are ignoring.

Inspired by the above observation, we articulate the Persistence of Importance
Hypothesis: Only pivotal tokens, which had a substantial influence at one previous
step, will have a significant influence at a future step.  This hypothesis, if true,
suggests that it is possible to foresee which token is likely to be important for future
generations. Fortunately, we empirically verify that later tokens in the sentence mostly

only attend to tokens that were heavily attended from the early tokens in a sentence.



39

And the overlapping ratio is surprisingly high, over 90% in most of the transformer
layers (Figure [4.2).

Based on the above two findings, we present SCISSORHANDS that exploits the
persistence of importance hypothesis to realize LLM inference with a compressed KV
cache. In Section [4.4] we present an efficient algorithm such that the size of KV cache
is always less than a predetermined budget. A theoretical guarantee justifies that
such a compressed KV cache can approximate the attention output. In Section |4.5
we empirically evaluate SCISSORHANDS and show that SCISSORHANDS reduces the
memory usage of KV cache 2 —5x without compromising model quality. Reduction in
the KV cache can directly result in a larger batch size. Further, we adopt quantization

and show its compatibility with SCISSORHANDS.

4.2 Problem Description and Related Work

This paper considers the LLM inference workflow, specifically focusing on memory
usage for storing the keys and values in attention. Let d be the hidden dimension of
the model, b be the batch size, and p be the length of prompt sentences. We are given
the trained model weights, Wi, € R4 Wi, € R for the key and value projection
matrix at the i*" transformer layer.

The standard LLM inference consists of two stages: prompting and token generation.
In the prompting stage, the model takes the prompt sentences as the input, and the
key/value embedding in attention is stored as a cache to reduce repetitive computation.

Denote z°

Hompt = (T4, o ab] ah o € RPPXD as the input to attention at the 4"

02 <“ply “promp

transformer layer. Denote the key cache and value cache at layer i as K?, Vi € R?>Pxd,

T i
ICO - xprompt

Wi Vi=al Wi

prompt

In the generation stage, the model starts with the stored KV cache in the prompting
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stage and generates one token at each step. At each step, the KV cache gets updated.
Given the input to attention at step t in the i'* transformer layer z¢ € R®>1x4,

i—&-l - [szxftWIZ{]v ti—l—l = [thaletW\z/]

4.2.1 LLM Inference Memory Breakdown

In this section, we provide the memory consumption breakdown of LLMs. The memory
footprint consists of three parts: model weights, KV cache, and activation buffer.
The size of model weights depends on model configuration, such as the number of
transformer layers and hidden size. The size of the KV cache depends on model
configurations, sequence length, and batch size. The size of the activation buffer
depends on parallelism strategy, model configurations, and implementation. The size
of the activation buffer is considerably smaller than the previous two. As shown in
Table the size of the KV cache, 2.5x-5x larger than model weights, can quickly
become the bottleneck in memory consumption. At the same time, much research has
been spent on extending the length of the context window. GPT-4-32K can process
up to 32,768 tokens [73]. Longer sequence length would make the KV cache memory
problem even more severe.

Assuming LLM generates until its maximum sequence length, we summarize the
maximum batch size before going out of GPU memory on a box of 8 A100 80GB GPU
in Table 4.2l At the GPT-3 scale with a maximum sequence length of 2048, batch
size cannot exceed 35 without offloading. Small batch size limits the model inference

throughput.
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Table 4.1 : The memory consumption of model weights and KV cache for three
different LLMs at batch size 128 and sequence length 2048 shows that the KV cache

dominates the memory consumption.

Model # of Layer | Hidden Size | Weights (GB) | KV cache (GB)

OPT-175B 96 12288 325 1152
LLaMA-65B 80 8192 130 640
BLOOM 70 14336 352 950

Table 4.2 : Maximum batch size before hitting out of memory on a box of 8 A100

80GB GPU when models are deployed with its maximum sequence length.

Model OPT-175B | LLaMA-65B | BLOOM

Maximum Batch Size 34 102 36

4.2.2 Efficient Attention

Computing the attention matrix necessitates a time complexity of O(n?), where n is
the sequence length. As a result, a line of work has been proposed to mitigate the
computation burden of the attention mechanism [74) [75] (19, 76}, [77]. These approaches
exploit low-rank or sparsification to approximate the attention output. Besides, [50]
realized exact efficient attention with wall-clock speed by optimizing the number
of memory reads and writes. However, these approaches were evaluated mostly for
training, focused on computation complexity, and did not address the KV-Cache
memory usage introduced by auto-regressive language models.

Recently, there is active research attempting to apply quantization or pruning in

LLM [68, 69, [70] [7T], B5, B3] [72]. However, they mostly focus on reducing the size of
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model weights. Flexgen [67] applies quantization and sparsification to the KV cache;
however, the memory of the KV cache is not reduced regarding sequence lengths. It
stores the quantized KV cache for all tokens in CPU memory and loads all attention
keys from CPU memory to compute attention scores. At the same time, methods
such as Multi-Query-Attention(MQA) [78] change the attention design such that keys
and values are shared across all attention heads. MQA requires training the model

from scratch, while our works focus entirely on the inference stage.

4.3 The Persistence of Importance Hypothesis

We first present one interesting observation upon which the persistence of importance
hypothesis is derived in Section [4.3.1} In Section [4.3.2, we discuss the hypothesis
in detail with empirical verification. Then, in Section [4.3.3] we provide theoretical

intuition on the reason behind such model behaviors.

4.3.1 Repetitive Attention Pattern.

Observation. We are interested in the attention score from the position ¢ over all the
words that come before it in the sentence. In Figure 4.1, we provide three attention
maps of a sentence randomly drawn from the Colossal Clean Crawled Corpus (C4) [51]
using OPT-6B. Each attention map is a discretized attention score calculated at a
random position. We consider a score larger than % as significant as % indicates an
averaging mixing score. High attention scores are marked with dark green.

Result. High attention scores are observed at the same set of tokens from various
positions in the sentence. In all three plots, we see dark green at sequence positions
27, 63, 98, 121, 152, and 177, suggesting that these tokens received high attention at

all three positions. We observe similar model behavior at different transformer layers
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with different text inputs.

Implication. Even though small differences exist, repetitive attention patterns
are evident in the attention maps. There exist specific tokens that keep receiving high
attention. Meanwhile, these attention maps show sparsity: only a few tokens have

high attention scores.

4.3.2 The Persistence of Importance Hypothesis

The repetitive attention pattern suggests that specific tokens are influential throughout
the sequence. A stricter claim is that these tokens are the only ones that could
be significant for a future step. Thus, we articulate the persistence of importance
hypothesis.

The Persistence of Importance Hypothesis. With a trained autoregressive
language model, only pivotal tokens, which had a substantial influence at one previous
step, will have a significant influence at a future step.

If true, this hypothesis indicates the possibility of foreseeing what information
in the previous sequences could be vital for future steps. This hypothesis is trivial
when pivotal tokens include all tokens in the entire sentences. However, a much more
interesting case is when pivotal tokens are a subset of previous words. This would
enable us to reduce the size of the KV cache by throwing away the embedding of
non-important tokens.

Pivotal Token. One natural indication of a token’s influence is the attention
score. We consider a token pivotal for position ¢ if this token receives an attention
score larger than threshold « from the token at position ¢. Let S; denote the set of

pivotal tokens for position t. S,_,;, denote the set of pivotal tokens for every position
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Figure 4.2 : Persistence ratio and the corresponding size of the pivotal token set.
The persistence ratio is over 95% in most layers, with decreases at the later layers.
Meanwhile, the number of pivotal tokens is considerably smaller than the sequence
length. This suggests that the pivotal tokens of later half sentences are almost all

included in the set of first halves.

from a to b.

Sa—>b - Uizgst

Verification. We measure persistence ratio as an empirical test the hypothesis.
Persistence ratio measures how many tokens in the pivotal token sets of the later part
of the sentence are also in the pivotal token sets of the initial part of the sentence.
Let | denote the length of the sentence. We record S, € {x1,...7;}, tokens in
{x1, ..., 2} who received high attention from every position until ¢. Then, we record
Sit1-1 € {x1,...2¢ }, tokens in {z1, ..., z;} who received high attention from position

after t. The persistence ratio is the intersection divided by the size of Sy, 1_,;. Formally,

|St+151 N Soost]

Persistence Ratio =
{z|x € Sip1m1, ¢ € {z1, ..., 21} }

At the same time, we measure @ |So—s¢| = t indicates that every token substantially



45

impacted at least one position, which is the trivial case of persistence of importance
hypothesis. Our test is performed with OPT models [79] with different datasets such

as OpenBookQA [46] and Wiki-Text [47]. In our verification, we set t = 5, which

L
2
measures the overlapping between the first and later half of the sentences. Same as in
Section we set o = %, which suggests an average score.

Result. We present our main results in Figure [4.2] First, given the current
criterion of pivotal token and ¢ value, the size of Sy_,; is considerably smaller than
half of the sentence length. This verifies that we are not considering the trivial case of
our hypothesis. Second, the persistence ratio is generally over 95%, with dips in the
later transformer layers. The pivotal token set of the later half sentences is mostly
included in the set of the first half sentences. Combining these two pieces of empirical
evidence, we see positive evidence for our hypothesis test.

Implication. The hypothesis provides insights for understanding the behavior
of LLMs and opens up new opportunities for reducing the KV cache memory. The
hypothesis suggests the possibility of predicting the potentially influential tokens for
future steps. The non-influential tokens are unnecessary to store in the memory, as
they are unlikely to have high attention scores. This reduces the number of tokens

stored in the KV cache and the computation required at the attention.

4.3.3 Attention Weights Decides the Pivotal Tokens

In the previous section, we verified that the significant tokens would continue to be
significant. In this section, we try to understand the reasons for such phenomena. We
consider the token generation process of a simplified model: a single-layer transformer

model with single-head attention.

Tyy1 = Fag, where a; = softmaxlt - xtWQW;XtT_lXt_lWVWO (4.1)
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r, € R is a row vector. X,_; € Rt-D*4 denotes the aggregation of z1,...,x,_1,
where the jth row is z;. Wgo, Wk, Wy € R4 and Wy € R¥™? are the attention

weights. Lastly, F : R4 — R*? denotes the MLP block following attention block, a

two-layer MLP with skip connections, given by
F(x) = x + Warelu(Wix) (4.2)

We are interested in the attention scores oy = softmax(1t - x,WoWi X, |). Notice
that ay ; scales with xtWQW;ij. The following theorem characterizes the behavior

of x,WoWya]

Theorem 4. Let A = Wy WoWoWE and let Aic, \g, \v, Ao denote the largest singular
values of Wg, Wq, Wy, Wo, respectively. Consider the transformer in with
normalized inputs ||zl = 1 for all t. Let c,e > 0 be constants. Assume that
ar) > (1= 0)|a|2 with § < m? Then for all z, satisfying x,Az,] > ¢ and

xpAxy > ! Max; ey, j£¢ a;ijz, it holds that

roAz,

llarll2

(e —3e) < xtHWQW;ij < (e + 3€) (4.3)

Theorem 4| shows that under an assumption on the MLP in , for all x, such
that z,Ax, is large enough, :L“HlWQWI—{rij satisfies Equation . The assumption
on the MLP a;x/,; > (1—6)|la:||2 essentially requires a large cosine similarity between
the input and output of F. This behavior can be empirically verified. Essentially,
skip connection dominates the output because ||z||y > ||[Warelu(W;x)|2, resulting in
a cosine similarity close to one between input and output. Equation (4.3|) shows that
despite a factor of %, xtHWQW[—(rij almost scales with oy . Since xtHWQW[—(rxJT

directly affects ayi1 ¢, this property shows that a larger oy, will potentially imply a

large cvpy1 .
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Algorithm 1 Inference with Budget KV cache
Input: Memory Budget B, Maximum Sequence Length T},

Key Cache K € R"*? Value Cache V € R™¢ where n =0
while t < T, do
Model update K,V such that n < n + 1
if n > B then:
Compress KV cache using Algorithm [2 such that n < B.
end if
tt+1

end while

Our theorem shows that the property in Equation property only holds for
zp such that z,Ax/ is large. A are trained attention weights. This condition may
suggest that the trained weights A selects x, as a pivotal token. Each attention is
learned to identify some subspace. Only those tokens embedded inside these regions
are pivotal for this attention. This would explain why only some specific tokens are

always relevant.

4.4 Sequential Token Generation Under budget

In this section, we present SCISSORHANDS, which reduces the KV cache memory
from the sequence length dimension without fine-tuning the model. In Section [4.4.1]
we describe how SCISSORHANDS maintains the KV cache under a given budget.
Section provides a theoretical analysis of the algorithm and the approximation

error.
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Algorithm 2 Compress KV Cache
Input: Key Cache K € R"*?, Value Cache V € R™*?, History Window Size w,

Recent Window Size r, Drop Amount m, Generation Step ¢,

Importance Record I + 0 € R

fori e [t —w,t] do > Consider tokens within history window
I T+4+q;< % > Increment the counter for low score token

end for

I[: =r] « 0 > Keep cache within the recent window

Keep set S; < Argsort(I) [: —m]

Keep everything in S, in K € R"*?, V € R"*? such that n < n —m

4.4.1 Budget KV Cache for Single Attention Head

In this section, for the sake of the discussion, we drop the layer number notation ¢ and
batch size dimension. C;, V, € R**? denote for the KV cache until step ¢. z; € R™*? ig
a row vector that denotes the input to attention at step . The output of an attention

head at step t can be written as,

exp((#:Wa, Kilil))
> i1 exp({@ W, Kili]))

t
a; = E az; V]i]s, where ay; =
i=1

Intuition. As shown in Section , the attention scores a; follow a strong
power-law distribution. For the autoregressive generation process, if there exists an
oracle such that we can identify the heavy score tokens before the future generation
step, then the memory of the KV cache can be significantly reduced by only storing the
heavy score tokens. Fortunately, the persistence of importance hypothesis provides us
with such an oracle. It states that only historical tokens with significant contributions

toward previous generated tokens will have significant contributions toward future
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tokens.

Challenges. LLMs are deployed on hardware with a fixed memory. The algorithm
should maintain the cache under fixed memory to meet the hard requirement. Further,
LLMs are already computationally intensive. The algorithm should avoid introducing
much extra burden on computation.

A fixed memory budget for one attention head is B tokens. In other words, we
can store key and value embedding for B previous tokens. We describe the problem

as follows,

Definition 3 (Sequential generation at an attention head under budget B). Given a
stream of token embedding, including prompt and previously generated tokens, denotes
their input to the head as {xy,...,xz,...}. The problem of sequential generation at an
attention head under budget B is maintaining a key cache KC; and value cache V, such

that K, V, € R™¢ and n < B.

Approach. Inspired by the textbook solution of reservoir sampling and the Least
Recent Usage cache replacement algorithm, SCISSORHANDS reserves a fixed memory
buffer for the KV cache. When the buffer is full, SCISSORHANDS drops stored but
non-influential tokens from the cache. We present the main algorithm in Algorithm
and Algorithm [2|

When the KV cache size exceeds the budget, SCISSORHANDS drops tokens from
the KV cache according to Algorithm [2l The importance record is a counter that
indicates how many times a token is deemed non-important. We choose attention
scores as the importance indicators, following our methodology in Section [4.3.2] The
importance record is collected over a history window w to reduce variance. A higher

counter suggests dropping from the cache. Recent tokens are always kept because of
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the lack of information on their importance by setting the counter for all tokens in
the recent window r to 0.
With a sampled KV cache, attention output can be computed by the following

estimator

exp({r W, Kili])
S exp((e g, Kilil)

Overhead Tradeoff At the compression step, an extra attention computation is

n
a = E az i Ve[i], where ay; =
i=1

introduced to collect the importance measurements over a history window. However,
such compression is not required at every generation step. m controls the frequency,
and we use m = 0.5B in our experiment. Further, steps after the compression have
reduced attention computation because of the reduction in the KV cache. On the other
hand, one can trade a tiny amount of memory to avoid the overhead by maintaining
the importance record during generation steps in Algorithm

Allocating Budgets Across Attention Heads. An LLM typically consists of
L transformer layers where each layer has H heads. A total memory budget has to
be distributed over layers and heads. Within each transformer layer, the budget is
distributed evenly across heads. Within the entire model, we distributed the budget
according to Figure [£.2] The rule of thumb is to allocate more budget to later layers

to compensate for the lower persistence ratio.

4.4.2 Theoretical Analysis.

We study how much the tokens generated by the compressed KV cache deviate from
the tokens generated by the original transformer using our simplified model in (4.1)).

Let {7;}_, denote the tokens generated by the transformer with budget KV cache as
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in Algorithm [2 with m = 1:
ZEtJrl = fﬁt, where Eit =1t :’ftWQié;r]’}tTWO

Notice that when m = 1, i.e., in each iteration, we drop one token with the lowest
score, the cache will always maintain B tokens. If the ranking of the attention scores
does not change in each iteration, Algorithm [2| will always drop tokens with the
smallest attention scores.

For reference purposes, let {x;}L, denote the tokens generated by a vanilla

transformer defined in (4.1)). We will bound the difference ||z, — Z|2.

Theorem 5. Let A\, Ay denote the largest singular values of Wi and Wy in . Let

exp 1t - TWWrx,
S lexp It - ZWWEa]

Brj =

and assume that each B, ; = cv, j, where vy ; are sampled from a power-law distribution

with pdf f(z) = c(x + b)™". Suppose that AyAo(1 + MA2)(1 + AgAk) < 5. Let

Tin and Thay denote the starting and mazimum sequence lengths, respectively, and
let B < Thax denote the budget as in Algorithm @ If for all t € [Tiin, Trmax), St
contains only tokens with at most the largest B wvalues of f;, that is, |S;| = B

and minjeg, B;; > max;gs, Bij, then for all € € (0,1), with probability at least 1 —

2b?(Timin—1)
(k—2)%(u—b)?

hold for all t € [Tinin, Timax)

— Trnax €XP —Q(T"‘i“_(11)£152BT'“‘*")2, the following error bound must

Thnax €Xp —

2.1(1 — BT s 1—¢ k=D
( )k: — (k — 1)—6
(1—e¢)? BTax — €

The definition of 3; ; means the attention scores computed on the tokens generated

Bz — 2 < (4.4)

by the compressed approach. Our theorem assumes that dropping the tokens depends

on the attention score of the current iteration. (4.4) provided a bound on the expected
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difference between the tokens generated in the budget and the original approach. The

upper bound scales with 1 — BT},... When B = T},.,, meaning that we are keeping

all of the tokens, the error becomes zero. The term k — (k — 1) 5=

1—e 1(k—1

) depends on

the distribution that the attention scores are fitted to and is always less than one.

With a strong power-law distribution, this term provides a further decrease to the

error bound in (4.4]).
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Figure 4.3 : Accuracy trend of SCISSORHANDS on language modeling dataset and

downstream tasks with different KV cache compression. In general, SCISSORHANDS

incurs no accuracy drop until 5x compression on OPT-66B.
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4.5 FEmpirical Evaluation

In this section, we present the results that demonstrate SCISSORHANDS achieves up
to 5X reduction in the KV cache memory compared to the standard model with no
accuracy loss. We also show that SCISSORHANDS is compatible with 4-bit quantization.

Experiment Setting. We compare the accuracy of SCISSORHANDS-OPT against
the original OPT on one language model datasets C4 [51] and a number of few-shot
downstream tasks: Hellaswag [80], MathQA [62], PIQA [63], Winogrande [65]. We
use lm-eval-harness [66] to evaluate few-shot tasks. Our experiments are conducted
on NVIDIA 4 A100 40GB GPU servers.

No Accuracy Drop untill 5x. In Figure [4.3] we present SCISSORHANDS’s
accuracy trend where 1x denotes the original OPT. In the language modeling setting,
perplexity is the lower the better. For OPT-6B, perplexity is maintained until 50%
of the original KV cache size for OPT-13B. For OPT-66B, perplexity is maintained
until 75% of the original KV cache. We observe a flatter accuracy trend as the model
size grows, which is exceptionally encouraging. This suggests that SCISSORHANDS can
scale with the model size. Downstream tasks are usually less sensitive to perturbation
and bear more variance in terms of accuracy. We evaluate the 5-shot setting and
1x denotes the original OPT model. For Winogrande and MathQA, accuracy is
maintained even after 5x compression for OPT-66B. Similar to the language modeling
setting, SCISSORHANDS performs better at larger models. Generally, accuracy is
maintained with 15% - 30% of the original KV cache size.

Ablation on the Importance of Pivotal Tokens We divide C4 into three
subsets depending on the sequence length. C4-[256-512] contains data sequences that
are longer than 256 tokens but less than 512 tokens. C4-[512-1024] contains data

sequences longer than 512 tokens but less than 1024 tokens. C4-[1024-2048] contains
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data sequences that are longer than 1024 tokens but less than 2048. Results are
summarized in Table Local Windows refers to only keeping tokens in the recent
window, while SCISSORHANDSkeeps both recent tokens and pivotal tokens. We observe
the perplexity of the full model degrades slightly with the growing sequence length.
At all sequence lengths, SCISSORHANDS’s performance is comparable against the full
cache model, while Local Window incurs a significant quality loss. This demonstrates
that keeping the pivotal tokens is important to reserve model performance. It is
also interesting to note that at longer sequence lengths, the local window has higher
accuracy. This also shows at longer sequence length, the attention mechanism in

current architecture tends to focus on recent context.

Table 4.3 : Perplexity on C4 with different sequence lengths.

256 - 512] | [512- 1024] | [1024- 2048

OPT-13B 8.7968 9.1017 9.3005
OPT-13B + Local Window 81.8297 29.3823 15.5883
OPT-13B + SCISSORHANDS 8.7972 9.1011 9.3009

Table 4.4 : Applying 4-bit quantization on top of SCISSORHANDS on Hellaswag.

OPT-6B

Original SCISSORHANDS SCISSORHANDS+H 4-bit

0.702 0.706 0.704

OPT-13B

Original SCISSORHANDS SCISSORHANDS+ 4-bit

0.720 0.720 0.720
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Compatible with 4-bit Quantization We test the compatibility of quantization
and SCISSORHANDS at 2Xx compression. We adopt 4-bit quantization following [67].
Even Hellaswag is most sensitive based on Figure [4.3] adding quantization doesn’t

introduce compounded errors.

-1.0 -08 -06 -04 -0.2 0.0
Change Ratio

Figure 4.4 : Score between OPT and SCISSORHANDS.

Ablation on Attention Score Error. We present the change ratio in attention
score between original OPT-13B and SciSSORHANDS OPT-13B at 3x compression on
C4 in Figure [£.4] We observe the attention score generated from SCISSORHANDS is
almost the same as the original KV cache, which also echoes Theorem [5] The change
ratio is calculated as aa;oc“” where oy is the SCISSORHANDS attention score and «,, is
the original score. From Figure[£.4] we observe that the change ratio is centered around
0. -1 indicating that ay is significantly smaller compared to the original, suggesting
that a small portion of the important tokens are dropped in the cache. To explain
the above observation of SCISSORHANDS, we denote the n number of tokens with

top-n

the highest score as {z,”’""}]_,. Then, for any other sets of tokens {z}}._, that has

no greater than n tokens, we can easily prove that similarity <x§°p B xt) < (), xp).
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Thus, SCISSORHANDS gives the most similar output as the original model at all layers.

Attention Head
4 3 2 10

Attention Head
4.3 2 10

(c) Attention map of the token at position 228

Figure 4.5 : We plot the attention map corresponding to Section [4.3.1| but with a

randomly initialized OPT. We observe no repetitive attention for a randomly initialized

model.

Ablation on Randomly Initialized LLM We discover repetitive attention
patterns given trained language models. One interesting question that needs to be
answered is whether such behavior is a model architecture bias or an unexpected
training outcome. For such purpose, we perform the same experiment with a randomly
initialized OPT, and compare it against the results presented in Section[4.3.1] As shown
in Figure [4.5] the repetitive attention pattern does not exist in randomly initialized

models. Apart from an efficiency deployment perspective, could such repetitive
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attention patterns contribute to some known problems in language generation, such
as repetitions? It may be worth investigating the relationship between repetitive

attention patterns and undesired generations.

Table 4.5 : Generated examples using OPT-13B with full cache and SCISSORHANDSat

different compression ratio.

Hi. Does Asus ever plan to update the intel and nvidia display drivers on the UL30VT laptop?
The only downloadable drivers from the Asus website are at least 3 years behind and new

features for both graphics chips have been released since then. I sent a message to Asus but no

Fromet response was given. Intel and Nvidia will not allow the user to download the new drivers
directly. problem is the drivers won’t install. states something about your notebook needs
custom drivers from the manufacturer due to customized this that or the other.

I have the same problem. I have a laptop with an Intel HD Graphics 4000 and an Nvidia

OPT-13B GeForce GT 740M. I can’t install the drivers from the Asus website. I have to use the

drivers from the Nvidia website.

I have the same problem. I have a laptop with an Intel HD Graphics 4000 and an Nvidia
3x Compression | GeForce GT 740M. I can’t install the drivers from the Asus website. I have to use the

drivers from the Nvidia website.

6x Compression | I have the same problem. I have a custom laptop and I can’t install the drivers.
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Chapter 5

Hashing Large Output Space for Cheap Inference

5.1 Introduction

In recent years, neural networks(NN) with large output space have obtained promising
results in recommendation systems [81) [82] and language processing [83, 84] [85], [R6), [87].
For example, the output space of the recommendation system corresponds to the
item catalog. At the scale of the Amazon product catalog, the output dimension can
easily surpass millions of neurons [88]. To deploy such networks in the real world and
perform online inference with low latency, one main challenge lies in the expensive
computational of giant matrix multiplications in the large output layer.

Existing methods reduce computations by formulating the problem as Approximate
Maximum Inner Product Search (AMIPS) [89] 90| O], 40]. Specifically, neurons from
the output layer are pre-processed and treated as indexed data. During inference, input
embedding from the last hidden layer serves as a query to retrieve a small number of
candidate neurons for output layer computation. This formulation is natural because
NN treats the class with the largest score as prediction. And the score is calculated by
a monotonic function given the inner products between input embedding and output
layer neurons. The goal is to search for neurons that have the maximum inner product
with the query in sub-linear time. Current AMIPS algorithms focus on indexing the
data via different data structures including graphs, trees or quantized dictionary to

greatly reduce computation cost.
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Label Logits
Not Label Logits

-1.2 -1.0 -0.8 -0.6 —-0.4 —0.2

-14 -12 -10 -08 —0.6

22 -21 -20 -19 -1.8 -1.7 -1.6

Figure 5.1 : Top 10 logit values for three randomly sampled testing data from extreme
classification dataset Wikil0-31k. Logit dots correspond to label class is marked in
yellow. The gap between label logits and non-label is narrow, creating difficulties for

AMIPS algorithms

Shortcomings of AMIPS Formalism: AMIPS approaches degrade model
performance in practice for two reasons. First, AMIPS methods are optimized for
retrieving the maximum inner product, which is different from the NN task’s objective.
NNs cannot generalize perfectly to testing data in practice. The maximum inner
product might not lead to the correct class. For example, on Delicious-200K dataset[92],
the average rank for correct class neuron in logits is only 498.14 out of 205443 for a
converged state-of-art NN trained with Softmax function. Second, AMIPS is inaccurate
when the gaps between the maximum inner product value and the rest of values are
narrow. With a large number of classes, the maximum score is not significantly larger
than the rest, and many classes may have roughly the same score, as shown in Figure
b1

An ideal solution would (1) approximate last layer output with sub-linear com-
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putation without incurring much overhead, and (2) further optimize for NN task
accuracy. Suppose we have an oracle that retrieves a set of neurons from the output
layer and only activates retrieved neurons for last layer computation. If such an oracle
retrieves a tiny number of neurons, we expect a considerable computation saving,
assume retrieval is efficient itself. Moreover, if the retrieved set has the following two
properties: 1) The neuron representing the correct label is in the set and, 2) all other
neurons in the retrieved set have a smaller score than the correct label. We expect
the correct class to have the highest score in this retrieved set, even it may not have
the highest score in the full last layer computation, leading to even better accuracy
than regular inference.

Therefore, based on the above observation, we design a hashing based neuron re-
trieval mechanism, which enforces the two objectives mentioned above. We summarize

our contribution as following:

e We identify an objective gap between efficient inference and the classical AMIPS
formulation. Moreover, to bridge this gap, we observe that inference over a

perfect subset of output layer neurons is both efficient and accurate.

e Based on the above observation, we propose HALOS, a hashing-based method
that uses a learning mechanism to incorporate ground truth information and
adapt to logit distribution in the retrieval function. This retrieval mechanism
can sample a small subset from last layer neurons with a high probability of

including label neurons.

e We provide rigorous evaluations on four large benchmark datasets using two
different NN architectures in recommendation systems and language modeling.

We show that HALOS achieves up to 5x speed up and at most 87% energy
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Figure 5.2 : HALOS works in two stages: (1) Offline Processing: We first build hash

table with randomly initialize hash functions. Output layer neurons are treated as

data, and their indexes are stored in the hash table. Input embedding from last hidden

layer is treated as query. Based on current hash table and groud truth information

from NN training dataset, we train the randomly initialized hash functions so that

input embedding query can find its according label neuron(marked in orange). We

rebuild hash tables with the updated hash function for online inference. (2) Online

Inference: NN prediction is computed on a subset of neurons retrieved by the input

embedding from hash tables rather than the entire last layer neurons.

reduction without any loss in accuracy compared to full computation inference.

e We provide extensive ablation studies on HALOS considering efficiency, accu-

racy, and tuning parameters. We show that HALOS outperforms graph and

quantization AMIPS methods in query efficiency. Specifically, we achieve at

most 2.2 times speedup over state-of-the-art baselines at 0.9 recall.
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5.2 Bridging the Gap Between AMIPS and NN Inference

In this section, we first present problem formulation for NN inference with Large
Output Spaces. Then, we demonstrate two major challenges for AMIPS methods. At

last, we introduce HALOS to solve the above challenges.

5.2.1 Notation and Formulation

We denote the output layer weight matrix as W € R™*? and its bias vector as b € R™,
where m is the size of output layer (number of classes) and d is the embedding
dimension. The last layer can be represented by a set of neurons C = {¢; |0 < i < m},
where each neuron constitutes w;, the i* row of W, and b; the i*" element of b.
Typically, m > d in wide output layer setting. During inference, given an input
embedding ¢ € R? from the last hidden layer, the output of NN’s forward pass
is o(gW?T + b), where o is some activation function that translates the logits into
probabilities; then, the indices of the largest logits are returned as the predicted classes.
This formulation can be applied to the softmax output layer in language modeling [40],
extreme multi-label classification, as well as the matrix factorization in collaborative

filtering [93].

5.2.2 The Hardness of Inference by AMIPS

Naively adopting AMIPS for NN inference introduces an objective gap between AMIPS
and NN tasks. We all know that NN models cannot generalize perfectly to testing
data in practice. AMIPS methods are optimized to retrieve the highest inner product
neuron, while the highest inner product neuron may not be the correct prediction.
Further, when highest inner product corresponds to the correct class, the logits

distribution from a NN with large output space creates extra difficulties for AMIPS
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methods to retrieve the highest inner product item within a tight computation budget.
We randomly select three test data from Delicious200K [02]. With a converged,
state-of-art NN model, we plot the top 10 logits for each test data in Figure [5.1] We
observe that for inputs that NN models make correct predictions, the gap between
their label logits and the following non-label logits can be narrow. In this situation,
separating the correct label logits from the rest of top logits becomes challenging for
AMIPS algorithms. The primary reason behind this is that these indexing approaches
have limitations in dividing a cluster. Therefore, a learning approach is necessary to

partition the prediction efficiently.

5.2.3 The Retrieval Oracle

Our goal is to construct the retrieval oracle introduced in Section5.1, We formulate
the objective of the retrieval oracle as the construction of a Perfect Retrieval Set.
For each input embedding (query), we retrieve a subset of neurons S such that k£ = |S|
and k << m. k decides the amount of computation saving, as only k£ number of
neurons will be activated instead of m. In the retrieval process, we want to maximize
the probability of retrieving label neurons. Moreover, label neurons should have the

highest inner products within the subset. Formally,

Definition 1 (Perfect Retrieval Set). Given a large output layer with neurons C =
{c;]1=1,2,..m}, for each input embedding q, with labels Y in the multi-label setting,

we want to retrieve a subset of neurons S C C with |S| < m such that,

argmaxq w; +b; €Y.
CjES
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Algorithm 3 Offline Preprocessing
1: Input: Q, Y, W, HT, H, ti, t5

2: P+:{}7P—:{}
3: fort:=1: N do

4: Compute H(g;).

5 s={)

6: for{=1:L do

7 S = SU Query(H,(q;), HT))
8: end for

9:  Pp=P,U{(q,wy,)

yi & S, qfwy,, >t}

10:  Po= P U{(qw)lw; € S\ yi, ¢/ wj <z}
11: end for

12: shuffle P, P_

13: g = min(|P.],|P-|)

14: H < TUL(H, Pair,[: g], Pair,[: m])

15: HT + Rebuild(HT, H')

16: Return HT', H’

5.2.4 Algorithm Overview

To construct the ideal retrieval oracle, which returns a Perfect Retrieval Set, we
introduce HALOS. HALOS exploits Locality Sensitive Hashing (LSH) along with an
efficient hash function learning procedure to approximate the computation in large
output layer using label information from training dataset. Note that we choose a
particular variant of LSH called SimHash [94], which is parameterized by hyperplanes

in the dimensionality of the query. The full workflow is illustrated in Figure |5.2
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Algorithm 4 Online Inference
1: Input: ¢, W, b, HT', H'

2: Compute H (q)

S={)
4: forl=1:L do

w

ot

S = SU Query(H,(q), HT,)
6: end for

7. Return arg max ¢Wi

HALOS works in two separate stages: an offline preprocessing stage (Section
and an online inference stage (Section . We summarize the offline preprocessing
as the following three steps: (1) Given any trained NN, we index last layer weights in
hash tables(HT') via hash functions (H), which are randomly generated hyperplanes.
(2)We leverage the NN training data to iteratively update H using Index Updating
Loss(introduce in Section based on the neurons retrieved from H7T by each
training data embedding query. (3) We rebuilt HT using new hash functions and
store HT' for online inference stage. We summarize the online inference phase as the
following two steps: (1) Given input from the test set, we compute the forward pass
until the output layer and get an embedding ¢q. Then, we query the hash tables with
q. (2) We set retrieved neurons as ”active”, and all other neurons as ”inactive” for
this input. Finally, we perform matrix multiplication on the ”active” neurons and the

top-ranked neurons (with highest logits) are returned as the prediction.
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5.2.5 Offline Preprocessing: Index Output Layer Neurons

Following the standard LSH scheme, we construct L hash tables and each hash table
has a capacity of 2% bucket, where K is the number of binary hash functions per table
(Each hash table key is concatenated by the K binary codes together). In total, we
have K x L hash functions. Each neuron ¢; can be represented by the concatenation
of its weight and bias parameters ¢; = |[w;, b;]. For each [w;, b;], we generate K x L
hash codes, which constitute L hash table keys, and insert neuron’s index ¢ into L
hash tables.

For each data in the training set, we collect its output from last hidden layer as
embedding ¢ and [g, 1] is used as the embedding query to account for bias. For each
embedding query, we generate L hash table keys and retrieve neuron indexes from L
hash tables. For simplicity, we omit [w, b], and [g, 1] and directly use w and ¢ in the
following sections.

Every binary hash code for an input x is generated by function f(x) = sign(67x),
where 6 is drawn i.i.d. from N(0,1). This is equivalent to the method used in
Simhash [94]. Geometrically, each 6 represents a projection hyperplane in R4*1, such
that the space is partitioned by K hyperplanes.

In order to possess the properties of a Perfect Retrieval Set, the hash functions
should have the following properties: (1) the collision probability between the input
embedding query and its ground truth label neuron is high, (2) the collision probability
between the input embedding query and its non-label neurons is low (3) neurons are
distributed evenly over all buckets for better load-balancing, which leads towards lower
query overhead for efficiency purpose. We formally define our ideal hash function as

the following:
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Definition 2 (Label Sensitive Hash Family). A hash family H is called (1,0, p1, p2)-
sensitive if for a triplet (q,x,y) € (]RdJr1 x R+ % {0, 1}), a hash function h chosen
uniformly from H satisfies:

e if y =1 then Pr(h(q) = h(x)) > m

e if y =0 then Pr(h(q) = h(x)) < po

We approximate hash functions from such a family using an iterative learning
mechanism, which encourages the above three properties through Index Updating
Loss (IUL) on pairwise data. Inspired by contrastive learning [95], the key to this
learning process is the collection of positive and negative pairwise training samples.
For each data embedding ¢ from the NN training dataset, we retrieve its corresponding
set of neurons S from the existing L hash tables. Then, pairwise training samples are
collected according to the following criterion: (1)Positive pair consists of the input
embedding, and its label class neuron which was not retrieved from current hash table.
(2) Negative pair consists of the input embedding, and a retrieved, non-label neuron.
Formally,

e Positive Pair P, = (g, w;)

if ;e C\ Sandc €Y and ¢7w; >t
e Negative Pair P_ = (¢, w;)

if ;€S andc; ¢ Y and g7 w; < ty

Index Update Loss (IUL): IUL is based on the classic triplet loss [96] and we
customize it specifically for updating hash table bucket assignment. The intuition
behind IUL is that positive pairs are encouraged to land in the same bucket while
negative pairs are allocated towards different buckets. We use Hamming distance
as an approximation of the difference between the hash codes. Since sign is a

discrete function, we use tanh as a differentiable approximation. We know that
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disthamming (¢, W) = %(K — q"w) [97].Formally,

TUL(Py, P) = Y —log(a(K(w:)"K(g:)))

qi,wi; €Py

_ Z log(1 — o(K(w;)"K(g;))),

qjwjEP-
where K(w) = tanh(#Tw), K(q) = tanh(q), and o(z) = 1/1 + e~ 7.

Positive samples are used to maximize the probabilities of retrieving correct label
neurons. Concurrently, it increases the relative ranking of label neurons on the
inner product by decreasing the probabilities of retrieving other non-essential neurons.
Negative samples are used to maintain a relatively small bucket size by pushing out low
inner product neurons from the bucket. Otherwise, all the neurons would ultimately
converge to the same bucket in each table. We collect the pairwise training data based
on each retrieved set because it directly reflects the circumstances on how last layer
neurons are separated by the current hyperplanes. t; and t, are two inner product
ranking thresholds, that control the inner product quality of positive and negative
pairs. Usually, we have t; > t5 in any valid settings. Otherwise, in the situation that
the NN predict a certain label neuron with a small logit, due to the nature of LSH, it
would be challenging to train hash functions in the manner that low inner product
neurons are retrieved while high inner product neurons are excluded.

Difference from Standard Learning for AMIPS: The positive and negative
pair construction is essential. It should be observed that standard learning approaches,
focused on AMIPS objective and use every positive and negative pair for training the
hash function, potentially solving a harder problem. Instead, we only use the negative
pairs arising from the buckets, and positive pairs missed by buckets if they are the
correct labels. Overall, our training is aware of the current retrieval mechanism and

only enforces what is needed for classification.
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5.2.6 Online Inference

In this section, we introduce the online inference process. The NN parameters, hash
functions, and hash tables from processing stages are frozen for deployment. For
each test data, forward computation until the last layer is computed and the input
embedding from last hidden layer is used for hash table query. Specifically, the K x L
hash codes of the input embedding are generated using the stored hash functions.
Based the hashcodes, a subset of output layer neurons is retrieved from the store
hashed table. Here, we have a smaller output layer consisted of only retrieved neurons.
Specifically, instead of performing the full computation over the output layer, we only
compute the logits for each retrieved class, and the highest probability class among all
retrieved classes are returned as the prediction. Note that unlike pruning, which set
weights as zeros, we construct a much smaller output layer weight matrix and perform
a smaller matrix multiplication.

Analysis on Computation Efficiency We focus on the output layer computation
for the discussion here as computation before the output layer are not changed. With
regular NN inference, the computation at output layer can be expressed as o(¢W? +1b).
Output layer weight matrix W is of dimension m x d where m is the size of output
layer. With HALOS inference, the weight matrix is of dimension k x d where k is
the number of neurons retrieved. The computation overhead HALQOS introduced is
the cost to compute K x L hash codes and hash table look up, which are known
to be cheap. HALOS reduce inference cost by computing a much smaller matrix

multiplication and nonlinear function, and usually, we have % < 5%.
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Figure 5.3 : Plot of Label Recall versus Query Per Second. On all four dataset, the
line for HALOS (in red) is higher than all AMIPS baselines. Specifically, at every
query speed, HALOS recalls more label neurons comparing to AMIPS baselines. This
validates our arguments that naively applying AMIPS on the output layer is not
sensitive to the label class, which may hurt model accuracy as shown in Table [5.1]
Wiki-Text2 refers to the LSTN network.

5.3 Evaluation

In this section, we evaluate the effectiveness of HALOS method for efficient inference
with large output spaces on two large scale extreme classification and two language
modeling datasets. Specifically, we investigate from the following three perspectives

(1) How does HALOS perform compared with established efficient inference baselines
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in terms of the accuracy and efficiency trade-off? (2) How does HALOS perform in
terms of optimizing for NN accuracy compared with AMIPS baselines? (3) How does
HALOS perform compared to AMIPS baselines in terms of both query efficiency and
inference efficiency?

Datasets and NN Models As we focus on NN with large output space, we
choose two applications with such characteristics: language modeling and extreme
classification, which concerns problems in webpage and production categorization,
as well as webpage-to-webpage and product-to-product recommendation tasks [8§].
For extreme classification, we use a standard fully connected neural network with
one hidden layer of size 128. We evaluate on two datasets: Wikil0-31K [98] and
Delicious200K [92]. For language modeling, we use a standard fully connected network
with one hidden layer of size 128 for Text8 [99]. A two-layer LSTM network with
hidden dimension of 200 is used for Wiki-Text2 [I00],denotes as Wiki2-LSTM in
the results. For mask language modeling, a 6 layer, 4 head Transformer model for
Wiki-Text2,(denoted as Wiki2-Trans) and PTB [I01]. The datasets are under MIT
license. We refer the readers to Section [6.3.1] for more details.

Baselines: We compare HALOS with following approaches:(1) Full is the regular
and paralleled NN inference using all neurons in NN last layer. (2) SLIDE [102] is a
deep learning system utilizing locality-sensitive hashing for faster training, written
in C++. We implement this method for inference. (3) Graph Decoder (GD) is
an AMIPS method proposed for efficient Softmax inference in [40] that combines
the asymmetric transform in [I03] with HNSW [52]. Here we use the original
implementation of HNSW [104] and pre-process the data according to [40]. (4)
ip-NSW is a state-of-the-art graph-based AMIPS algorithm proposed in [105]. Tt

belongs to the direct MIPS category and shows performance improvement over GD. (5)
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Product Quantization (PQ) [106] is an AMIPS solver with K-means and asymmetric
transformation. We implement this method following the popular open-source ANNS
platform from Facebook [53]. (6) NeuralLSH [I07] is a LSH based indexing with
partition learning from the k-NN graph.

Implementation and Experiment Setting: Following standard NN inference
procedure, we set test batch size as 1. All the experiments are conducted on a machine
equipped with two 20-core/40-thread processors (Intel Xeon(R) E5-2698 v4 2.20GHz).
The machine is installed with Ubuntu 16.04.5 LTS. HALOS for the output layer
is written in C++ and compiled under GCC7 with OpenMP. The Full inference
baseline is implemented in PyTorch. GD, ip-NSW, PQ are implemented in C++
with OpenMP. All implementation is parallelized with multi-threading with full usage
of CPU cores. All baselines report the best results after a hyperparameter search.

Energy Measurement We further investigate efficiency from the energy consump-
tion perspective. We measure the energy usage of each method using a monitoring
tool. Command line utility tools, including s-tui, were used to monitor the CPU power
consumption, in Watts (Joules / second), over the inference times for each dataset
and each method, in intervals of 1 second. The base power consumption would be
subtracted from the average power of the inference time, in order to measure and
compare the energy expenditure of only the inference step of each method.

Evaluation Metric: We compare HALOS against other baselines on the following
evaluation metrics: (1) p@k for top k accuracy classification tasks. (2) Label recall
is the times of retrieval set including label neurons divided by total number of testing
data.(3) Time is measured as the average wall-clock time for passing one testing data
through the last layer in milliseconds. (4) Energy, measured in Joules, is the average

CPU power over the inference period, multiplied by the inference time. It is then
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averaged over each testing data.

5.3.1 Main Result

Table and Table summarize inference accuracy, wall-clock time and energy
usage for HALOS and all other baselines. We report the performance in Table
when each method achieves maximum retrieval efficiency, denoted as the ratio between
p@1 and time usage. This selection criterion is chosen to reflect the balance between
accuracy and efficiency. We observe that: (1) Comparing to full inference, HALOS
achieves up to 20x reduction in time and 8.2x reduction in energy consumption with
no or minor accuracy drops. Note that on Text8 and Wiki2-LSTM, HALOS achieves
both higher than full-inference accuracy and significant time and energy reduction.(2)
HALOS achieves the highest label recall compared to all other baselines on most
datasets. (3) HALOS achieves the highest accuracy, lowest time, and energy usage
compared to other AMIPS baselines.

Discussion: [40, [108] compared the performances of different methods under a
single CPU thread setting, which is not a practical simulation for real-world cloud
systems. Moreover, despite their decent performance on a single thread, methods such
as ip-NSW or GD are ill-suited to exploit the full parallelization offered by multi-core
CPUs and tend to have a large number of irregular memory accesses. This limitation
significantly degrades their performance even compared to exact MIPS computation

on CPU with the current deep learning framework such as PyTorch.

5.3.2 Study on HALOS for Label Sensitivity

Both HALOS and baselines have tuning parameters that control the accuracy-efficiency

trade-offs. Figure plots Label Recall vs. Query Per Second(QPS) for HALOS
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and AMIPS baselines. At every QPS level, HALOS retrieves more label neurons.

Meanwhile, from Table [5.1, AMIPS baselines, which target on the largest inner

product, have a lower label recall rate on all datasets. This phenomenon validates our

arguments regarding the shortcomings of applying AMIPS methods in NN Inference.

AMIPS methods struggle in retrieving the label neuron at a given time budget.

failing to retrieve the labels directly leads to incorrect prediction.
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Figure 5.4 : Plot of Recall versus Query Per Second. The lines representing HA-

LOS (red) is the highest across datasets. At every recall level, HALOS processes more

data, leading to better query efficiency comparing to AMIPS baselines.
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5.3.3 Study on HALOS for Efficiency

The major overhead introduced by HALOS in inference efficiency lies in the query
time. Large overhead may cancel out the computation savings from smaller matrix
multiplication and even result in longer than regular inference time, as we observe
in Table for some baselines. In this section, we purely focus on HALOS’s query
efficiency in perfect model settings, where the MIPS results correspond to the label.

Setting: We use four recommendation datasets and the task is to directly retrieving
the item that yields the largest inner product between user and item embedding. To
generate user and item embedding, we use deep matrix factorization (DMF) [&1]
for Movielens and Netflix dataset, and alternating least squares (ALS) based MF
method [109] for Yahoomusic and Nuswide dataset. Then, the preference of an user
towards an item is described by their inner product in the embedding space.

Analysis: Figure shows the standard Recall vs. Query Per Second(QPS) plots.
The line for HALOS lies consistently above other baselines, which means HALOS
processes more data at every recall level. HALOS outperforms RANDOM LSH on all
datasets, which validates our arguments that learned hashing functions could better
adapt to data distribution and improve query efficiency. HALOS also achieves up to
4x QPS compared to iIP-NSW and PQ, which validates our choice of hashing tables
as indexing data structures. Despite lower time complexity during the preprocessing
phase, hash table look-up operations are faster than the greedy walk on tree or graph
structures in the query phase. Moreover, hashing methods are more amenable towards
less computation and multi-threading [I10] compared to MIPS solvers [91] and graph
methods [105] 40].

One common concern about the hash table is its memory usage. However, since

we only store neuron indices, memory usage is limited. For example, the output
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dimension of Delicious-200K is 205,443. Each integer cost 4 bytes, and assuming we
set L as 10 (same parameters as our main result), the total memory usage is only

SMB.

5.3.4 Ablation Studies on HALOS

Collision Probability: Collision probability denotes the probability that a pair
of inputs are hashed to the same bucket. Figure shows the collision probability
for both positive and negative pairs we collect during hash function training. On
Text8 and Delicious200K, collision probability between positive pairs increases and
converges to a level above 0.9. Meanwhile, collision probability between negative
pairs decreases throughout the training process. On Delicious200K, the collision
probability of negative pairs converges to around 0.1. On Text8, it converges close
to zero. These plots confirm that the proposed hash functions learning mechanism
adjusts the randomized initialized hyperplanes to index input embedding and its
label neurons into the same bucket with a much higher probability. This observation
explains HALOS’s high label recall in Table

Influence of Hyper Parameters: K, the number of hashes, and L, the number
of hash tables, are two key parameters to balance HALOS’s retrieval quality and
efficiency. In general, fewer hash tables improve efficiency by reducing query time and
retrieval size, while more hash table improves retrieval quality and help with accuracy.
Here retrieval size represents the average number of items returned by the hash tables
in each query. Fewer hashes decrease hash code computation but increase retrieval
size(including unnecessary neurons). More hashes increase hash code computation but
decrease retrieval size(missing important neurons with high probability). In Table ,

we summarize the effects of varying K and L on Delicious200K. L =1 and K =4
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Figure 5.5 : Collision probability is measured as the probability a pair of inputs
hashed in the same bucket. Blue line plots the collision probability between positive
pairs. Green line plots the collision probability between negative pairs. The starting
point represents the probabilities with randomized initialized hashing functions. It is
evident that the proposed learning mechanism pushes positive pairs to land in the
same bucket while seperates negative pairs. And since positive pairs are collected as
input embedding with its label neurons, HALOS is more sensitive to label class and

achieve high label recall.

(parameters for our main result) have the lowest accuracy but lead to the smallest
overhead and the most computation reduction: it requires less hash code computations
(determined by K), fewer hash table lookups (determined by L), and smaller last layer

matrix multiplication (determined by retrieval size). Different choices of K and L
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have limited effect on PQ1 and PQ5((up to 3.5% on PQ1 and 1.3% on PQ5).

5.3.5 Study on HALOS for Accuracy

Our hashing learning mechanism was designed for the purpose of constructing the
Perfect Retrievel Set as described in SectionSection [5.2.4] In this section, we deviates
from focusing on efficiency, purely investigate the possibility of achieving higher
accuracy than regular Softmax inference. Table summarizes the highest accuracy
HALOS achieves during our hyper parameter search. On Delicious200K and Wiki-
Text2 for language modeling, HALOS outperforms full inference accuracy by up to
2%. The major reason behind this increase is that the probability of predicting the
correct class from a subset of neurons is naturally higher than the probability of
predicting the correct class from the entire output space. Specifically, we observe a
larger retrieval size to surpass regular inference accuracy. A larger retrieval size along
with the query overhead may not lead to efficiency gain but may be of the separate

interest for accuracy.



Method Dataset Accuracy | Label Recall | Avg.Time(ms) | Avg.Energy( 1073 J)
Full Wiki2-LSTM | 0.4044 1 0.63 9.31
HALOS. | Wiki-2LSTM | 0.4265 1 0.36 (1.7x) 3.20 (2.9x)
PQ Wiki2-LSTM | 0.2234 0.6654 10.57 128.76

ip-NSW | Wiki2-LSTM | 0.3995 0.8705 1.60 23.92
GD Wiki2-LSTM | 0.1369 0.9215 1.76 27.07

NeuralLSH | Wiki2-LSTM | 0.2299 0.8826 1.99 39.98
SLIDE | Wiki2-LSTM | 0.3309 0.8695 3.33 45.54
Full Text8 0.9129 1 1.88 31.99
HALOS. Text8 0.9132 1 0.56 (3.3x) 4.98 (6.4x)
PQ Text8 0.6138 0.6084 12.99 100.26
ip-NSW Text8 0.8299 0.8977 2.07 22.66
GD Text8 0.9129 0.9908 2.09 20.40
NeuralLSH Text8 0.8990 0.9011 2.55 28.44
SLIDE Text8 0.6517 0.9799 3.92 29.33
Full Wiki2-Trans | 0.8538 1 5.66 8.77
HALOS. | Wiki2-Trans | 0.8519 0.9993 0.28(20x) 1.66(5.28x%)
PQ Wiki2-Trans | 0.7631 0.8566 7.02 10.33
ip-NSW | Wiki2-Trans | 0.8164 0.9661 0.37 4.02
GD Wiki2-Trans | 0.8221 0.9787 0.39 3.94
NeuralLSH | Wiki2-Trans | 0.8300 0.9804 0.36 3.98
SLIDE Wiki2-Trans | 0.8056 0.9511 0.49 2.33
Full PTB 0.8534 1 0.55 7.42
HALOS. PTB 0.8531 | 0.9997 0.32(1.7x) 1.33(5.6x)
PQ PTB 0.7442 0.8777 2.67 8.98
ip-NSW PTB 0.8325 0.9903 0.52 2.34
GD PTB 0.8401 0.9908 0.54 2.19
NeuralLSH PTB 0.8231 0.9775 0.51 247
SLIDE PTB 0.7799 0.8994 0.60 2.66

language datasets.
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Table 5.1 : This table summarizes the performance of HALOS and other baselines on



Method Dataset Accuracy | Label Recall | Avg. Time(ms) | Avg.Energy( 1073 J)
Full Delicious200K | 0.4391 1 4.16 71.34
HALOS | Delicious200K | 0.4245 0.889 0.81 (5.1x) 8.7 (8.2x)
PQ Delicious200K | 0.3547 0.6677 9.33 113.22

ip-NSW | Delicious200K | 0.4122 0.6900 2.66 31.66

GD Delicious200K | 0.4362 0.7000 2.29 29.05
NeuralLSH | Delicious200K | 0.3928 0.6450 3.33 30.21
SLIDE Delicious200K | 0.4024 0.8542984 5.12 37.75
Full Wikil0-30K 0.8232 1 0.76 10.69
HALOS. Wikil0-30K 0.8018 0.9779 0.39 (1.9x) 3.53 (3.0x)
PQ Wikil0-30K 0.6766 0.8905 4.06 39.28
ip-NSW Wikil0-30K 0.7703 0.8854 1.65 15.75
GD Wikil0-30K 0.7636 0.9163 1.69 15.80
NeuralLSH | Wikil0-30K 0.7001 0.9000 0.99 19.77
SLIDE Wikil0-30K 0.8079 0.9995 6.22 25.45
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Table 5.2 : This table summarizes the performance of HALOS and other baselines on

recommondation datasets.
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K=4| K=6 | K=38

pPal 0.4245 NA NA
L=1 pa@s 0.3473 NA NA
Retrieval Size | 424 0 0
pa1l 0.4602 | 0.4488 | 0.4408
L=10 pas 0.3676 | 0.3733 | 0.3598

Retrieval Size | 2560 | 875.53 | 153.31

pal 0.4405 | 0.4455 | 0.4457
L=50 pP@5s 0.3659 | 0.3599 | 0.3615

Retrieval Size | 15568 | 2122.47 | 360

Table 5.3 : Effect of L and K on PQ1 and PQ5 on Delicious-200K. K is the number
of hash functions, L is the number of hash functions. Retrieval Size measures the

number of output layer neurons retrieved from hash tables.

Dataset Wikil0-31k | Delicious200k | Text8 | Wiki2-LSTM
HALOS p@1 0.82 0.46 0.913 0.427
HALOS p@5 0.48 0.37 0.740 0.084
Retrieval Size 2372 2560 965 3071

Full p@1 0.82 0.44 0.913 0.404

Full p@5 0.57 0.36 0.740 0.077

Table 5.4 : This table summarizes the highest accuracy of HALOS on four dataset.

Bold indicates that HALOS is higher than the full accuracy shown in Table .
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Chapter 6

Retaining Knowledge for Learning with Dynamic
Definition

6.1 Introduction

Motivation: A common machine learning pipeline is to first define a task objective
based on historical experience, then deploy a model trained to optimize the objective
over collected data. However, machine learning models rarely operate in such a static
environment. Instead, models must be dynamically updated to accommodate changes
in class definitions without forgetting previous knowledge. Consider the case of fraud
detection, where models must adapt to emerging scam patterns while also providing
protection against previously-known patterns. Machine learning models are also used
to identify harmful microbes given gene sequences, where it is important to perform
well on new variants or newly discovered microorganisms. A similar situation arises
when models are used to filter inappropriate content such as hate speech and violence.
New phrases or previously-innocuous language may become inappropriate due to
world events or attempts by users to circumvent the filter. While the classification
task remains the same (fraud or safe, harmful or not, inappropriate or appropriate,
etc.), class definitions evolve over time and likely differ significantly from the point of
the initial training. We refer to this setting as Learning under Dynamic Definition
(LDD). It should be noted that this notion is very different for several other notions

of distribution shift in the literature, which we review in the next section.
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A standard solution is to re-

train the model on all available .
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dealing with large models and

streaming data. Furthermore, it

prevents real-time and on-device Figure 6.1 : The figure demonstrates a toy RIDDLE

learning. An ideal and efficient model with L =5 and R = 4. Given an input z, we

solution is to update the trained calculate its hash code h(z) and access the weights

model incrementally only with at those locations. We return the average as the

data for the new definitions (e.g. output.

using online gradient descent).

However, this is a challenging process due to the tendency of machine learning
models, in particular neural networks, to forget previous knowledge. This situation,
known as collapse/catastrophic forgetting [I11], causes performance decay on the old
definitions.

Our Proposal: Catastrophic forgetting occurs because gradient updates from
training examples in the update process are able to change parameters that are tuned
for optimal performance on the original dataset [I112]. Inspired by recent connections
between random partitions and distribution models [5], we propose RIDDLE (Retaining

Information in a Dynamically Defined Learning Environment), a novel architecture

with meaningful parameter groupings. RIDDLE works by partitioning the input space
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and assigning a set of parameters to each partition. Gradient updates are restricted only
to locally relevant parameters, identified by cheap hashing computations. RIDDLE can
be viewed as a Mixure-of-Expert-Layer where the gating function is Locality Sensitive
Function (LSH) and each expert is just one number. At the same time, RIDDLE can be
viewed as a kernel method where the prediction is an efficient weighted kernel density
estimation. RIDDLE can be plugged into diffirent neural network architectures, just
like fully connect layers, to ease the memory loss while utilizing the learned features,

as shown in Figure [6.2l We summarize our technical contributions below.

e We introduce the RIDDLE (in Section [6.3), consisting of a set of parameters
indexed by locality-sensitive hash functions. RIDDLE is computationally efficient
and requires less memory than popular machine learning models with similar

accuracy.

e We prove that RIDDLE is universal function approximator and can therefore
represent any function( Section [6.4). We prove a formal connection between

parameter usage and distribution similarity in Theorem [13]

e In Section 6.6, we apply RIDDLE in the dynamic definition setting for four
real-world tasks. Our method outperforms baselines by up to 30% on the original

dataset while achieving competitive accuracy on the new dataset.

6.2 Related Work

Continual Learning: Continual learning refers to learning and remembering multiple
tasks from a stream of information. Current approaches can be split into three main
categories (1) memory replay to complement neural networks [113, 114], (2) constraints

on network updates [I15], 116, 117], and (3) dynamic architectural adjustments to
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accommodate new information, such as additional layers [118| [119]. Recently, few-shot
learning methods are also applied into continue learning to solve sequential learning
with limited data [120] 121], 122]. Continual learning methods encounter similar
challenges to the ones presented by learning under dynamic distribution, most notably
catastrophic forgetting. However, continual learning attempts to solve a sequence of
related tasks, often expressed as task embeddings, over data that does not necessarily
reflect changes in class definitions.

Train-Test Distribution Shift: Transfer learning and test-time adaptation
attempt to remedy misalignments between the training and test distribution. Although
such methods may seem relevant in learning with dynamic definition, they have
dramatically different goals. Transfer learning attempts to adapt a model from a
data-rich source domain to a data-scarce target domain, without regard for the
performance on the source domain [123], 124, [125]. While several works on train-test
distribution shift focus on robustness, it is from the perspective of out-of-distribution
detection [120, 127] or uncertainty estimation [128|, 129, 130]. Our objective is to
provide models that perform well on both the original dataset and new dataset, where
class definitions are different, rather than simply detect or adapt to the distribution
change.

Online Learning: Online learning regards optimization as a process where a
model is trained by interacting with a stream of data. Online learning algorithms
attempt to minimize the regret, or difference between the loss of the predictions by
the incrementally-trained model and the loss of the globally optimal model [131], 132].
Online learning methods attain minimal regret against adaptive adversaries and could
be expected to perform well in the dynamic distribution setting. However, the best

performing methods for non-convex online learning require retraining over all previous
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data at every time step [133], making them practically unsuitable for the tasks we

consider.

6.3 RIDDLE for Learning with Dynamic Definition

Learning with Dynamic Definition: We formally define the problem as follows.

Definition 4. Given a model f(x;0) and a loss ((f(x;0),y), consider an original
dataset D° = {(x2,y?)}™, drawn i.i.d. from a distribution P° and an update dataset
D = {(z¥, y")}y drawn i.i.d from distribution P". Let 6° be the parameters that
optimize L,(0) = > 5o £(f(x;0),y). The dynamic definition learning problem is to

find a solution minimizing L,,(0) when we are only given access to 0° and D™.

Low(®) = > L @0),y)+ > f(w:0),y)

(z,y)eDe (z,y)eDv

In this paper, we consider the model performance in response to the changes from
P° to P, specifically by allowing x to be drawn from different input spaces. Note that
Definition [4] generalizes in a straightforward way to sequences of dataset updates by
considering D° to be the union of all prior data. The difficulty of the problem may be
expressed in terms of the Kullback-Leibler divergence Dy (P°[|P*). Intuitively, small
changes in distribution are easier to handle because 6 need not change substantially

to perform well on D",

6.3.1 Architecture

RIDDLE is a 2D parameter array S that contains L rows and R columns S € R¥*E,
The model is indexed by a set of L randomly generated LSH functions h; — {1,... R} €

Z for I =1,... L. The prediction evaluated at a query x is defined as following:
L

f(x;5,h) Z [0, hy(
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Pretrained Model

o
£

(@ ' (b)

Figure 6.2 : RIDDLE can be used as a stand-alone model, as shown in (a). We use this
setting for experiments on MNIST-binary and all experiments studying expressiveness
and efficiency. RIDDLE can also be combined with existing neural networks, as shown
in (b). We replace the classification layer with RIDDLE for experiments on CIFAR10,

ImageNet, and News

Algorithmically, the process consists of three steps: (1) hash code computation,
(2) partition look-ups, and (3) output averaging. Specifically, the model output for a
query x is an average over the L parameters retrieved from S using the hash codes
h(zx).

For a classification problem with C' classes, the 2D array is repeated C times,
resulting in a 3D tensor of parameters S € RE*F*E, The same LSH functions are used

for all C' repetitions, and the classification prediction for query x is defined as follows:

L
1
f(z; S, h) = argmax, . (Z ; Sle,l, hl(x)])
RIDDLE can be used as a stand alone machine learning model on simple datasets

but can also be combined with existing neural networks. Specifically, RIDDLE

can use the learned representation from neural network (Figure[6.2). RIDDLE can
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also be implemented in standard deep learning frameworks and trained using SGD
(Algorithm [f). It should be noted that the parameters of LSH functions h(z) are
not trainable. Only the values in S € R¥*® will be updated by SGD. The inference
process consists only of inexpensive hash evaluations and memory look-ups. We use
LSH functions based on sparse projections [134], which compute h(z) via an inner
product with parameter vectors randomly drawn from {—1,0,1} with probability
{1/6,2/3,1/6}. With such a hash function, computation can be reduced to addition,

subtraction and memory lookup.

6.3.2 Intuition

RIDDLE may seem conceptually different from neural networks at first gasp, however,
RIDDLE can be viewed as a combination of Mixture-of-Expert-Layers [135] with
Kernel Methods [136]. To understand RIDDLE as a mixture of experts, observe
that the gating function for every row in RIDDLE is a randomly initialized hashing
function h;, and the expert is one number stored at S[i, h;(z)]. RIDDLE can be viewed
as an ensemble of L such Mixture-of-Expert-Layers. On the other side, RIDDLE is
also a kernel density estimation process where the LSH collision probability is the
kernel function. The number stored at S|i, h;(x)] is an efficient estimation of the

weighted kernel values between the test sample and training samples.

6.3.3 RIDDLE for Learning with Dynamic Definition

Before we determine the class of functions that are representable using our model, we
first demonstrate that this architecture addresses the problem from Definition 4] We
consider a RIDDLE model f(z;S, h) following the notation from Section That

is, we are given a model with parameters 6 = (S, h) trained on D°. We wish to adapt
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Algorithm 5 RIDDLE Training

Input: Training Dataset D, |D| = m, number of rows L, number of cells R, learning

rate 7, error function E(-), number of epochs e, batch size b, random seed s.
Output: Trained Model S, Counters C'
Initialize: Zero initialize S € RY*®; Zero initialize counters C' € RY*%: Randomly
generated L independent LSH functions hq,..., Az using random seed s;
fori=1—edo
Shuffle dataset D
for j=0—m/b—1do
Take b samples {@p, Tjpi1, - - - T(j+1)p—1} With labels {yjp, Yjp11, - - -, Ygr1p-1}
Compute gradient g = Vs>, E(fsn(z:), v:)
Apply update S — S — ng
end for
end for
for every x; € D do
Increase counters C|l, hy(x;)|+=1 forl=1...L

end for

the model on D" using gradient descent.
Parameter Separation: The RIDDLE partitions parameters in such a way
that inputs from different distributions are likely to use different parameters. The

parameter update may be written as:

L
1
Si1 = Su[l, hu(z)] + ngll] for I =1... L, where g = V¢ (Z > S[I ()], y)
=1

From this expression, we can see that L parameters are involved in the computation of
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f(z; S, h) - specifically, the parameters selected by the hash functions {h(x)...hy(x)}.
Based on the LSH property (Definition , we expect unrelated inputs to have different
hash values and therefore use different parameters. When P" is significantly different
from P°, x* € D" and x° € D" are likely to activate different partition and thus use
different parameter sets.

We formalize this intuition below by showing that the difference between f(x; S, h)

and its initialization is bounded by an estimate of the distribution P°.

Theorem 6. Given a dataset D, train a RIDDLE model f(x;S,h) by running Algo-
rithm [5 for e epochs with learning rate n and initialization Sy. Suppose the gradient

norms are bounded by G. Then
[Enlf(2; 5, h) = f(@; S0, h)]| < enG KDE(z, D)

where KDE(x, D) is the kernel density of x over D wusing the kernel of the LSH function

h.
Theorem [13] allows us to prove the following guarantee:

Theorem 7. Using the notation from Definition[]} let S, be the sketch that optimizes
the loss L,(S) over D° and S,y be the sketch obtained by training over D" for e epochs
with learning rate n and initialization S,. If the loss is L-Lipschitz with G-bounded
gradients, then:

Eh[‘co(so-i-u) - ‘CO(SO)] S Z GL@UKDE(% Du)

zeDe°

The loss difference in Theorem [7| quantifies the amount of information about D°
that is forgotten by the model when trained on D*. The excess loss on example x € D°

is bounded by the kernel density estimate KDE(z, D*). When D° and D" are drawn
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from different distributions, which is the characteristic of learning under dynamic
distribution, the density becomes small (i.e. as the divergence Dy (P°||P*) — oo,
KDE(z, D) — 0).

Parameter Importance: The RIDDLE allows us to determine the importance
level of each parameter for encoding information from the original distribution with
simple counting. We may do this by counting the number of inputs from D¢ that fall
into each partition, using a set of counters C' € R¥*f. Parameters with a large counter
¢ can be regarded as important for the original distribution, as they participate in
prediction for a large fraction of examples from D°. Our intuition is that parameters
corresponding to partitions with large count values are critical for performance on D°
and should not be adjusted. We use this idea to improve performance via partition-
dependent learning rates. Specifically, we allow the learning rate n(c) depend on the
partition count ¢. We find that the following update rule provides good empirical

results:
c+a

o —— , where « is a constant
cloge+1

n(c)

6.4 RIDDLE is a Universal Function Approximator

In this section, we analyze the class of functions that can be represented using the
RIDDLE. Using techniques from the sketching literature, we prove a probabilistic
guarantee.

Intuition: To see why it is reasonable for our model to be a universal function
approximator, observe that the function learned by RIDDLE is a piecewise-constant
spline function. Splines are an incredibly powerful representation that can approximate
any function, given sufficient flexibility in choosing the partitions (or knots) of the

spline [137, [138]. For example, many neural networks can be written as compositions
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of piecewise-linear splines over a constrained set of partitions[139, 140} 14T, 142]. In
our case, the partition boundaries are determined by the intersection of LSH functions.
With sufficient independent overlapping partitions (large L), our model attains a
high-quality representation.

Proof Sketch: We prove that the expected output of our model is a universal
function approximator, where the expectation is taken over the choice of LSH functions.
We begin with a proof that any continuous and bounded function can be approximated
arbitrarily well by a weighted kernel sum over an /N point dataset. We then develop a
process that constructs a RIDDLE S € R/ whose expected output is this kernel
sum. Using Chernoff bounds, we show that the error between the model and the kernel
sum becomes arbitrarily small as L. — oo (with high probability). Taken together, we
have a probabilistic guarantee for the error between the RIDDLE and any continuous
and bounded function.

Simplified optimization in practice: Constructing a RIDDLE over a carefully
chosen N point dataset can approximate any continuous and bounded function.
However, learning both the data and data weights with N being arbitrarily large
poses difficulty in optimization. We simplify the optimization by observing that the
output of the learning process is not a dataset but a model. Therefore, we consider
the easier task of learning the model parameters values directly in practice as shown in
Algorithm [5] This is a slight relaxation of the problem, however, we argue that with a
row-sum constraint and a reasonable uniqueness assumption about the hash partitions,
the two processes are equivalent in practice. Thus, the RIDDLE is a universal function

approximator.
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6.4.1 Weighted LSH Kernel Sums are Universal Function Approximators

We are interested in the representation capabilities of weighted kernel sums over an
N-point dataset D = {z1,...xx}. We consider the specific case where the kernel is the
collision probability of an LSH function. Such kernels are referred to in the literature

as LSH kernels [5].

N
f(z) = ZOQ’IC(.CC, ;)
i=1
The crucial property is that LSH kernels are universal. Informally, a kernel is
universal if a weighted kernel sum over a carefully-chosen point set can approximate
any function with arbitrary accuracy [143]. Some restrictions apply; the size of the
point set is allowed to be arbitrarily large and the accuracy is computed over any

compact subset of R? rather than the entire space.

Definition 5. Universal Kernel [1}3]: Let S(X) denote the space of bounded and
continuous functions on a compact domain X. Then a kernel IKC(z,y) is universal if it

is continuous and induces a reproducing kernel Hilbert space that is dense in S(X).

Applied to our problem, a universal kernel is one which can approximate any
well-behaved function over compact subsets of R? using a linear combination of kernels.
The theory of universal kernels allows for a convergence-style proof for weighted LSH
kernel sums. We begin by showing that the p-stable LSH functions are universal

kernels. We defer proofs to the appendix.

Lemma 8. The L2 LSH kernel [5] induced by the p-stable LSH function [3] is shift-

variant and universal.

Theorem 9. Given a continuous and bounded function g(q) and any e > 0, there
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exists a set of coefficients {c,}, set of points {x,} and an integer N such that

In(@) = anK(zn,q)  Ilfn(a) = g(a)llx < e

where K(x,,,q) is the L2 LSH kernel and X is any compact subset of R.

6.4.2 RIDDLE for Weighted LSH Kernel Sums

The next step of our proof is to construct a RIDDLE capable of approximating fx(q)
from Theorem [0l We consider a RIDDLE model with S € RF*® constructed from a
set of points {x,} with coefficient {«,} in the following way. For every data point
x € {x,}, we calculate the indices of = using a collection of L2 LSH functions h;(z) for
l=1,...,L. Then, we increment the value of S at location (I, hj(x) with the weight
«a. To query the model, we calculate the index of the query ¢ using the same LSH
functions and retrieve the values S[l, hy(q)] for l = 1,..., L, which we aggregate and
return. It should be noted that recent algorithms from the sketching literature propose
similar constructions [5l [144], but with the weights constrained to a,, € {+1, —1}.
One can prove S yields a sharp unbiased estimator for the weighted kernel sum

(Proofs in appendix).

Theorem 10 (RIDDLE Estimator). Given a dataset D of weighted samples { (o, ;) },
let h(zx) be an LSH function drawn from an LSH family with collision probability IC(-, ).

Let S be a 2d parameter array constructed using h(x). For any query q,

2
| |

E(S[h(q)]) = Z K (2, q), var (S[h(q)]) < Z VK24, )

The key insight is that each row of S is an unbiased estimator for weighted sums

of LSH kernels. By finding the central tendency of the L rows, we can obtain a sharp
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concentration around fy(q). Although we often use the average to do the aggregation
in practice, we analyze the median-of-means estimator [145] [9], as it allows us to prove
an exponential concentration of the estimate around the weighted KDE. Note that
while this simplifies the proof, it does not affect the convergence to fn(q) as L — oc.
We combine the variance bound from Theorem [10] with the median-of-means guarantee
to obtain a relationship between the RIDDLE parameters S, weighted kernel values,

and estimation error.

Theorem 11 (Weighted-KDE Estimation Error). Let Z(q) be the median-of-means

estimate constructed using the L unbiased estimators. Then with probability 1 — 9,

J?K(Q) 1
VL

where fx(q) and fx(q) are the weighted KDE with kernels K(z,q) and /K(z,q),

1Z(q) — fx(@)| <e €=6

ogl/é

respectively.

The universal approximation property of our model follows by observing that the

error € in Theorem [I1] goes to zero as N — oo and € — 0 in Theorem [ as L — oo.

6.5 Distributed Efficiency Analysis

In this section, we investigate Representer Sketch for distributed setting and argue
that it is inherently efficient because of the “parallel-ability” and “merge-ability.”
Why are neural networks hard to distribute? There are two standard ways
to distribute a model’s training process: model parallel and data parallel. Model
parallel splits a model among multiple devices while each device holds a complete
copy of all training data. For neural networks, the previous step’s results must be

combined for the next step. As a result, devices must communicate activations during
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the forward pass and gradients during the backward pass for each layer and every
round of gradient descent. Data parallel splits the data among devices, with each
device holding a complete copy of the model. Due to the lack of interpretation of
neural network parameters and gradient descent training process, neural networks
trained on different data source cannot be simply merged together. To obtain one
single model, neural networks either require communication during training to sync
parameters or the use of ensemble techniques, which requires full computation for

every model during inference.

6.5.1 Parallel Models with the Representer Sketch

Consider a Representer Sketch with a sketch of L rows and R columns S € RE*F_ and
L LSH functions hy — {1,... R} € Z for | = 1,... L. Following the model parallel
setting, we split our model to P computing devices. Every device ¢ holds a sub-model
S; € R7*R and % hash functions h;. For example, S|0 : %] and hg ... h%—1 on device
0; S[% : %] and h% e h%q on device 1,etc. Then, Equations ?? can be re-organized

into

(6.1)

It is clear that only the final output from each sub-model is required to communicate
between devices. Hashing computation and array look-ups happening at every row in
the sketch is entirely parallel-able. Thus, the communication cost is independent of

model structure, and solely depends on the number of computing devices.
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6.5.2 Mergeable Models with the Representer Sketch

We seek to understand the properties of the average of independently-trained Repre-
senter Sketch models. We begin with an intuitive connection between the averaged

sketch and bagging ensembles.

Theorem 12. Given m datasets {Dy,...D,,}, construct m representer sketch models
{f(x; 81, h),...f(x; Sa, h)} with the same hash functions h. Let f(x;S,h) be the model

obtained by averaging the sketch parameters {Sy,...Sm}. Then

fla; S, h) = 2it fﬁf; Si, h)

The averaged sketch output fg ) () is the ensemble average over a bagged ensemble
with disjoint bags. One benefit over the traditional ensemble method is that only
one final model is required for inference. Note that we are free to use the same hash
functions h without affecting model quality, as h is not trainable parameter.

In the more difficult case where the training data on each device are not distributed
i.i.d, we require further analysis. We consider query data being outside of training

distribution.

Theorem 13. Given a dataset D, construct a representer sketch model fisp)(x) by

running Algorithm[J for e epochs with learning rate 1. Suppose the gradient norms

are bounded by G. Then
[En[f(sm(2)]| < enG KDE(x)

where KDE(z) is the kernel density of x over D using the kernel of the LSH function

h.

Our intuition is that the model outputs values near zero for queries that are out of

the training distribution, because these queries will land in array cells that were not
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modified during the training process. Theorem [13| proves this behavior by showing
that the expected output value is bounded by the density of the query over the dataset.
This result provides theoretical justification for averaging Representer Sketch models
even with non-i.i.d. data. If = is out-of-distribution for device D;, it will have a low
KDE(z) over D; and thus a low f(x;S;,h). As a result, S; contributes little to the
ensemble average when queried with low-confidence inputs. By naturally encoding
this out-of-distribution information in the sketch, our models are robust to non-i.i.d.
distributions.
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Figure 6.3 : Accuracy on the original test set while training on the update distribution.
We observe that the RIDDLE performance remains nearly constant for all datasets,

while baseline methods degrade rapidly with inputs from the new distribution.
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6.6 Experiments

In this section, we first evaluate RIDDLE on practical dynamic distribution learning
task in Section [6.6.1 Further, since we prove RIDDLE as a universal function
approximator, we provide an extensive study on the expressiveness and efficiency of

RIDDLE in Section [6.6.3]

6.6.1 RIDDLE for Learning under Dynamic Definition

Here, we investigate whether RIDDLE can adapt to new distributions while retaining
good performance on the original distributions. We consider four datasets that reflect
dynamic distributions. Every dataset is organized into two parts: the original dataset
D? and the update dataset D*. D° and D" have significant semantic differences and
do not share any overlapping training data.

MNIST Binary: We randomly partitioned digits into two groups (e.g. 4,1,7,5,3
and 9,0, 8,6,2) and train the model to predict the group assignment of an image. For
the original distribution, we randomly choose 3 digits from the first group and 3 digits
from the second group such as D° only consists images of 4, 1, 7, 9, 0, 8. The update
dataset consists of images of the remaining digits.

CIFARI10: The task is to predict whether the object in the image is capable of
carrying things (e.g. car and horse can carry things, while a frog cannot). The original
dataset D° contains images of 6 out of 10 objects that can and cannot carry things,
and the update dataset D" contains the remaining 4 objects.

ImageNet: The task is to predict whether a person is allergic to the object in the
image. We select the image classes overlapping with national allergen directctory [146],
and assign images to the allergen and non-allergen classes based on the common

allergen group in national allergen directory [146]. The original dataset D° contains
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Trained on original dataset | Updated on update dataset
Dataset Method Original Update Original Update
Update-MLP 99.2 59.1 69.1 98.9
MNIST Binary EWC-MLP 99.2 59.8 90.9 96.7
RIDDLE 99.2 60.2 98.3 98.0
Update-Resnet18 93.3 69.4 63.22 88.9
Update-ViT 93.3 72.6 74.4 92.7
EWC-Resnet 92.0 71.8 75.9 83.9
CIFAR10
EWC-ViT 91.3 75.5 84.5 90.5
RIDDLE 93.0 5.7 89.0 90.9
Update-Resnet18 76.0 45.2 46.53 62.5
Update-ViT 74.3 45.3 55.6 71.5
ImageNet EWC-Resnet 74.0 46.6 52.8 68.2
EWC-Vit 71.8 41.2 54.5 71.8
RIDDLE 74.3 45.8 67.1 70.5
Update-RoBERTa 96.1 54.8 74.0 85.7
EWC-RoBERTa 96.5 45.5 86.1 87.5
News
RIDDLE 96.6 54.6 89.7 86.4

Table 6.1 : This table summarizes the accuracy after training on original dataset,
and after training on update dataset. The RIDDLE obtains comparable accuracy on
original test set and update test set after trained on corresponding train set. The
RIDDLE’s accuracy is significantly higher than all baselines on original test set after

updating.

a subset of allergens and non-allergens, while the update dataset D" contains the
remaining objects. This task was built to mimic the the seasonal addition and
sensitization of new allergens.

News: The original task for the News dataset [147] is to predict the news topics
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given a caption and short description. We re-task the dataset to predict whether a
person would be interested in a new article by assigning some topics as interesting
and the rest as not-interesing. The original dataset D° contains news from a subset of
interesting and non-interesting topics, while the update dataset D" contains the rest.
We organize this dataset to reflect changes in a user’s interests.

We compare RIDDLE with two updating strategies on different architectures.

Update: We train a neural network to full convergence on the original dataset
D°. Then, for updating, we train models only on the update dataset D", where the
initialization is the parameters obtained on D°. This approach does not require data
storage nor training computation over the original dataset.

Elastic Weight Consolidation(EWC): [148] was proposed to mitigate catas-
trophic forgetting by selectively slowing down learning on the weights important for

previous tasks using Fisher information.

Experiment Details

For tasks where it is reasonable (CIFAR10, ImageNet and News), we exploit recent
advances in large scale pretrained models and replace the final layer with RIDDLE.
Pretrained models are usually trained on a diverse corpus of unlabeled data and
are likely to provide good featurization across distributions. [149] also observe that

pretrained models are more resistant to forgetting.

6.6.2 Main Results

Table [6.1] summarizes the test accuracy of all models after training on the original
dataset and after the update. After training on the original dataset, we observe

that all models achieve roughly the same accuracy on original test set. Accuracy on



102

update test dataset is much worse, which is expected since the update distribution is
significantly different from the original distribution.

We are interested in the accuracy on original dataset after updating the model on
update dataset. We observe a 20% to 30 % accuracy drop on the original accuracy
with naive updating. Models such as Resnet18 and ViT display catastrophic forgetting
behavior, eventually performing no better than random. EWC is effective in prevent
forgetting to some extend, reducing the degradation to around 10% to 20%. The
RIDDLE significantly outperforms both baselines combined with all architectures
across datasets up to in terms of original test set accuracy. Indeed, the RIDDLE
keeps the accuracy degradation below 7 %. For example, the accuracy drop is only
0.9% on Mnist-Binary. On the updated test set, the RIDDLE achieves competitive
accuracy (Table , indicating that it is learning the properties of both distributions.

Figure shows the accuracy on the original test set during the update process.
Unsurprisingly, the baseline performance decreases as we see more training samples
from update test set. Models such as Resnet18 and ViT display catastrophic forget-
ting behavior, eventually performing no better than random. The RIDDLE model
performance, on the other hand, remains nearly constant and lies above all baselines
throughout the update process, especially on image datasets.

Note that ViT outperforms Resnet18 on both CIFAR10 and ImageNet, which
confirms our intuition that pretrained models are inherently more robust to distribution
changes. By switching the final classification layer to the RIDDLE, we increase the
accuracy by a large margin. The experiment results strongly support our hypothesis
that the RIDDLE retains the ability to adapt to new distributions while being less

vulnerable than established methods to knowledge loss.
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MLP | Global Learning Rate

n(e) o

¢
clog c+1

Test accuracy on original

69.1

94.9

98.3

Table 6.2 : This table displays the effect of the partition-dependent learning rate.

“Global Learning Rate” means that the learning rate is not related to parameter counts.

Ablation on Update Rule

There are two main drivers of performance when training RIDDLE over dynamically

evolving definitions: the hash function and the parameter-dependently learning rate.

Without a learning rate that depends on parameter importance, the test accuracy

on the original MNIST test set after updating is 94.9%, which is 26 % higher than

Update-MLP, 4 % higher than EWC-MLP. Using the dynamic learning rate, RIDDLE

achieves 98%. There could be smarter or simpler update functions based on the

parameter count, which we leave for future work.

Dataset LightGBM | Random Forest | XGBoost | NN1 NN2 | RIDDLE
Susy 0.7903 0.7880 0.7926 | 0.8019 | 0.8024 | 0.7924
HAR 0.8532 0.8387 0.8532 | 0.9027 | 0.9123 | 0.9001

Covtype 0.9565 0.9932 0.9874 | 0.9836 | 0.9936 | 0.9853

Connect4 0.8171 0.8335 0.8171 | 0.8558 | 0.8657 | 0.8586
Fashion MNIST 0.8848 0.8777 0.8848 | 0.8852 | 0.8889 | 0.8852
Boston Housing 1.77 2.05 1.62 2.57 2.16 1.74

Table 6.3 : This table summarizes the accuracy comparison. NN1 and NN2 denote

two different deep learning models. RIDDLE achieves higher accuracy than at least

half of the baselines on all datasets.
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Dataset Method | Accuracy | Memory(MB) | Flops (M) | Inference Time (ps)
NN 0.9815 3.59 0.90 164.177
MNIST
RIDDLE | 09784 | 1.36(1.6X) | 0.15(6.1X) |  42.003 (3.9X)
NN 0.8852 2.59 0.65 131.385
Fashion MNIST
RIDDLE | 0.8852 | 1.92(1.6X) | 0.13(5X) 30.228 (3.3X)
NN 0.9027 2.11 0.53 166.584

HAR
RIDDLE | 0.9001 | 1.18(1.8X) |0.18 (2.9X)|  46.567 (3.6X)

NN 2.16 1.96 0.51 61.338

Boston Housing

RIDDLE | 1.74 0.53(3.7X) | 0.03 (17X) 21.862 (2.8X)

Table 6.4 : This table summarizes the efficiency comparison between the RIDDLE
and a neural network (NN) with similar accuracy. The RIDDLE reduces memory by

up to 3.7x, FLOPs by up to 17x and inference time by up to 3.9x.

6.6.3 Study on Expressiveness and Efficiency

In this section, we investigate whether RIDDLE is competitive among popular
machine learning models in terms of expressiveness and efficiency. Our goal is to show
that RIDDLE provides a good model representation for a variety of tasks. We curated
a diverse set of datasets from UCI and Kaggle. These datasets cover a wide range of
tasks and domains and are widely used as benchmarks in other works [I50} 151]. All
experiments are conducted on a machine with 96 24-core/2-thread/2-socket processors
(Intel Xeon(R) Gold 5220R 2.20GHz) and 8 Nvidia V100 32GB.

In Table 6.1 we observe that RIDDLE outperforms popular linear methods
and is competitive compared to deep learning methods. NN1 and NN2 denote two
different neural network architectures(Details in Appendix). Both the architecture

and evaluation metric is included in Table [6.3] We also investigate the efficiency
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and memory requirement. This is important, as it shows that RIDDLE does not
outperform other methods due to an increased parameter size. Table [6.4] shows that
RIDDLE attains the same accuracy as baseline methods with a smaller memory
footprint, fewer FLOPs and a faster inference speed. Specifically, we use up to 3.7X
less memory, use 17X less FLOPs, and achieve 3.9x faster inference speed. The
memory improvements likely arise from the meaningful parameter groupings, while the
computational improvements are because it only uses addition, subtraction and array
lookup operations. This experiment confirms that even though the RIDDLE allocates
different parameters to different distributions, we do not require more parameters

than existing methods to achieve robustness or accuracy.
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Chapter 7

Conclusion

This thesis centers on addressing the computational challenges encountered in large-
scale machine learning models. Specifically, out investigations delved into harnessing
dynamic sparsity to achieve efficiency objectives.

First, our focus lies on ML models during the inference phase. We verified that
within a trained ML model, dynamic sparsity inherently exists, where a subset of
parameters and hidden states is necessitated to produce nearly identical outcomes for
input data. MMoreover, we establish that predicting the dynamic sparsity pattern for
individual inputs can be achieved inexpensively, drawing inspiration from the literature
on nearest neighbor search. Subsequently, we demonstrate the feasibility of conducting
model inference using predicted sparsity parameters/activations, yielding substantial
computational savings without compromising accuracy. Our analysis extends to
diverse model components, encompassing the transformer block, classification layer,
and key-value cache in large language models (LLMs). These findings hold promising
implications for the efficient deployment of models and the sustainable advancement
of machine learning. Such methodology could be a step towards making large-scale
ML models more accessible to the general community, which could unlock exciting
new Al applications.

Subsequently, our exploration extends to the fine-tuning stages, where we introduce
a novel architecture intentionally designed to accentuate dynamic sparsity. This design

ensures that varying input distributions route to distinct sets of parameters. We
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illustrate such a model featuring dynamic sparsity is inherently resilient to forgetting,
as gradient updates naturally confine themselves to parameters relevant to the input

data.
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