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�
Abstract

We have inventeda new modemtechnologyfor transmittingdataon conventionaltele-
phonelines(twistedpairs)athighspeeds.Thisdiscovery is timely, asnew standardsarebeing
developedfor this Digital SubscriberLine (DSL) technologyat thisvery moment.Thepoten-
tial market for thenew modemtechnologyis massive,asthetelephoneserviceproviderswish
to offer Internetaccessto themassesusingthecurrentphonelinesinto thehome.

Key to the deployment of any new serviceis the distribution of powerover frequency,
for new servicesmustbedesignedto be robust to interferencethatmight becausedby other
servicesthatarecarriedby neighboringtelephonelines.As well, new servicescannotinterfere
with existingservices.

Wehavemadetwo discoveries.Thefirst is anoptimizationtechniquethatprovidesthebest
possibledistributionof power(over frequency) for any new DSL servicegiventheinterference
from otherknown servicesthatarecarriedby neighboringtelephonelines in thesamecable.
Thesecondis a power distribution schemethatminimizestheinterferencecausedby thenew
DSL serviceinto neighboringlines.

Thisnew modemtechnologycanbeappliedto many channelsbesidesthetelephonechan-
nel (for example,coaxialcables,power lines,wirelesschannels,andtelemetrycablesusedin
geophysicalwell-loggingtools).
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1 Background

1.1 Twistedpairs

Telephoneserviceis providedto mostbusinessesandhomesvia apairof copperwires(a “twisted
pair”). A telephonecablecontainsmany twisted pairs: ��` twisted pairs are groupedin close
proximity into � “binder groups,” andseveralbindergroupsarepacked togetherto form a cable.
The two terminationsof a telephonecableareat the user(subscriber)endandat the telephone
company (centraloffice, CO) end. We will usethe terms“twisted pair,” “line,” and“subscriber
loop” interchangeablyin thesequel.

Voice telephony usesonly thefirst 4 kHz of bandwidthavailableon the lines. However, one
canmodulatedatato over a MHz with significantbit rates. Only recentlyhave schemesbeen
developedto exploit theadditionalbandwidthof the telephonechannel.A plot of the frequency
responseof a typical telephonechannelis givenin Figure1.

1.2 Overview of services

In thepastfew years,a numberof serviceshave begunto crowd thebandwidthof the telephone
channel.Someof theimportantservicesare:

POTS — “Plain Old TelephoneService.” Thisis thebasictelephoneservicecarryingvoicetraf-
fic in the bdc�e kHz bandwidth.Conventionalanalogmodemsalsousethesamebandwidth.

ISDN — Integrated ServicesDigital Network. This serviceallows end-to-enddigital connec-
tivity atbit ratesof up to a��,f kbps(kilo-bits-per-second).

T1 — Transmission1. This is a physical transmissionstandardfor twisted pairs that uses �Ie
multiplexedchannels(eachat gIe kbps) to give a total bit rateof a�hi`Ie�e Mbps (Mega-bits-
per-second).It usescostlyrepeaters.

HDSL — High bit-rate Digital SubscriberLine. This is afull-duplex (two-way)T1-like( a,h1`Ie,e
Mbps)signaltransmissionserviceusingonly two twistedpairsandno repeaters.

ADSL — Asymmetric Digital SubscriberLine. Over onetwistedpair, this serviceprovidesa
high-speed(on the orderof g Mbps) downstream(from centraloffice (CO) to subscriber)
channelto eachuseranda low-speed(on theorderof g,ejb kbps)upstream(from subscriber
to thecentraloffice) channel.This servicepreservesthePOTS serviceovera singletwisted
pair.

VDSL — Very high bit-rate DSL. This yet-to-be-standardizedservicewill provide a very high
speed(on theorderof ��` Mbps)downstreamchannelto subscribersanda lower speedup-
streamchannelto thecentralofficeoverasingletwistedpairlessthank to g kft long. Further,
it will preserve thePOTSservice.
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Figure1: Frequency responseof a twistedpair telephonechannel.

HDSL2 — High bit-rate Digital SubscriberLine 2. This soon-to-be-standardizedservicewill
provide full-duplex a�hi`Ie�e Mbpssignaltransmissionservicein bothdirections(full duplex)
overasingletwistedpair ( tua
f kft long)without repeaters.

“GDSL” — GeneralDigital SubscriberLine. This hypotheticalservicewould (for illustration
purposes)carry ��` Mbpsfull-duplex datarateover a singletwistedpair (seeSections2.2.2
and4.6.10).

“VDSL2” — Very high bit-rate DSL Line 2. This hypotheticalservicewould (for illustration
purposes)carry a��vh�e Mbps full-duplex datarate over a single twistedpair lessthan k tog kft long (seeSections2.2.3and4.6.10).

Currently, all theabovementionedserviceshaveanANSI standardexceptfor VDSL, HDSL2,
“GDSL” and“VDSL2”. We usea genericDSL (xDSL) servicefor all our analysis.For concrete-
ness,wepresentresultsoptimizingtheHDSL2,“GDSL”, andVDSL2 services1 in thefaceof noise
andinterferencefrom neighboringservices.

1.3 Crosstalkinterference

1.3.1 NEXT and FEXT

Dueto thecloseproximity of the lineswithin a binder, thereis considerableamountof crosstalk
interferencebetweendifferent neighboringtelephonelines. Physically, thereare two typesof
interference(seeFigure2):

1Theideais generalandcanbeappliedto any communicationschannelthatexhibitscrosstalkinterference.
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Figure2: NEXT andFEXT betweenneighboringlinesin a telephonecable.Tx’saretransmittersandRx’s
arereceivers.

Tx Rx+ + + + +

AGN self-NEXT self-FEXT

DSIN-NEXT DSIN-FEXT

DSOUT-NEXT

DSOUT-FEXT

Figure3: NEXT (DSIN-NEXT andself-NEXT),andFEXT (DSIN-FEXTandself-FEXT)modeledasad-
ditiveinterferencesources.AGN denotestheadditiveGaussianchannelnoise.DSOUT-NEXT andDSOUT-
FEXT representtheinterferenceleakingout into otherneighboringservices.

Near-endcrosstalk(NEXT): Interferencebetweenneighboringlinesthatariseswhensignalsare
transmittedin oppositedirections. If the neighboringlines carry the sametype of service
thenthe interferenceis calledself-NEXT; otherwise,we will refer to it asdifferent-service
NEXT.

Far-endcrosstalk(FEXT): Interferencebetweenneighboringlines thatariseswhensignalsare
transmittedin thesamedirection.If theneighboringlinescarrythesametypeof servicethen
theinterferenceis calledself-FEXT; otherwise,wewill referto it asdifferent-serviceFEXT.

Figure 3 shows that crosstalkinterferencecan be modeledas additive interference. Since
neighboringlinesmay carryeitherthe sameor a differentflavor of service,therearethreecate-
goriesof interference(seeFigure3):

1. Self-interference(self-NEXTandself-FEXT)betweenlinescarryingthesameservice.

2. Interferenceinto a channelcarryingservicew fromotherlinescarryingservicesotherthanw (DSIN-NEXT andDSIN-FEXT).

3. Interferencefroma channelcarryingservicew into otherlinescarryingservicesotherthanw (DSOUT-NEXT andDSOUT-FEXT).

Channelnoisewill bemodeledasadditiveGaussiannoise(AGN).
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1.3.2 Notation for self-NEXT and self-FEXT

Hereis somenotationto keepthingsclearin thesequel.Numberthe � twistedpairs(lines)in the
cablewith index xzyC{9a�|2h2h2hQ|-�~} , anddenotethedirectionof transmissionwith index �=yC{���|��K} ,
with �<� upstream(to thecentraloffice) and �]� downstream(from the centraloffice). All the
twistedpairsin thecablebundleareassumedto carrythesameservice.Let � bethecomplement
directionof � : ���P� , ���R� . Denotethetransmittersandreceiverson line x as:�O�� : transmitter(Tx) on twistedpair x in direction � .� �� : receiver (Rx) on twistedpair x in direction � .

Ideally,
�O�� intendsto transmitinformationonly to

�d�� . In a realsystem,however,
�O�� ’s signal

leaksinto thereceivers
� �� and

� �� . Usingournotation,thisself-interferencecorrespondsto:

Self-NEXT: Crosstalkfrom
� �� into

� �� for all �'��Px , ��y�{���|��K} .
Self-FEXT: Crosstalkfrom

� �� into
� �� for all ����Px , ��y�{���|��K} .

In a full-duplex xDSL service,eachtwisted pair x supportstransmissionand receptionin
both directions(usingechocancelers),so eachline x hasa full setof transmittersandreceivers:{ � Z� | � Z� | � S� | � S� } . With perfectechocancellation,thereis no crosstalkfrom

� �� into
� �� . We

will assumethis for thebalanceof this document,althoughthis crosstalkcouldbedealtwith in a
fashionsimilar to self-NEXTandself-FEXT.

1.4 Capacity and performancemargin

TheChannelcapacity � is definedasthemaximumnumberof bits persecondthatcanbetrans-
mittedover a channelwith anarbitrarily small bit errorprobability. Theachievablerate

� $ for
a channelis any transmissionratebelow or equalto capacity, i.e.,

� $�� � . Anotherchannel
performancemetricis performancemargin (or margin). It is defined(in dB) as���j��� x��'��a
b���� � U��O�O N¡ ��¢¤£¦¥ N¡ �O§©¨«ªv¬ |
where  ­¡ ��¢¤£¦¥ is thereceivedsignal-to-noiseratio (SNR)and  N¡ ��§©¨«ª is theminimumreceived
SNRrequiredto achieve a fixedbit errorprobability(BER) at a giventransmissionrate.Theper-
formancemargin of achannelfor afixedbit errorprobabilitymeasuresthemaximumdegradation
(from noiseandinterference)in achievablebit ratethata channelcansustainbeforebeingunable
to transmitat that bit rate for a fixed BER (see[12]). The higher the performancemargin of a
channelatagiventransmissionrateandfixedBER,themorerobustit is to noiseandinterference,
i.e., thebetteris its performance.
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2 ProblemStatement

2.1 Generalstatement

Givenanarbitrarycommunicationschannelwith:

1. Self-interference(self-NEXTandself-FEXT)betweenusersof servicew ,

2. Interferencefrom usersof different serviceswith usersof service w (DSIN-NEXT and
DSIN-FEXT),

3. Interferencefrom usersof service w into usersof differentservices(DSOUT-NEXT and
DSOUT-FEXT), and

4. Otherinterference(includingnoise),

maximizethe capacityof eachuserof service w without significantperformance(capacityor
margin) degradationof theotherservices.

Hereservicescould refer to differentpossiblesignalingschemes.Usersrefer to the generic
Tx-Rx pairs.

2.2 Particular statementfor DSLs

2.2.1 HDSL2 service

As aspecialcaseof thegeneralproblem,wewill look into aparticularproblemof subscriberloops.
In particular, wecanphraseourstatementin thelanguageof HDSL2[2]. Here,thecommunication
channelis thecollectionof twistedpairsin thetelephonecable,interferenceis causedby:

1. Self-NEXT andself-FEXTbetweenneighboringHDSL2 lines (self-NEXTdominatesover
self-FEXT[8]) ,

2. DSIN-NEXT andDSIN-FEXTfrom T1, ISDN, HDSL andADSL,

3. Interferencefrom HDSL2into otherservices,suchasT1, ISDN, HDSL andADSL, and

4. Channelnoise,whichwewill modelasAGN.

We wish to maximizethe capacityof the HDSL2 servicein presenceof otherHDSL2, T1,
ISDN, HDSL, ADSL, VDSL linesandevenservicesnot yet imaginedwhile maintainingspectral
compatibilitywith them.We will considerHDSL2servicein Sections4.4to 4.7.

The HDSL2 serviceis intendedto fill a key needfor fast (1.544Mbps) yet affordablefull
duplex serviceover a single twistedpair. Efforts to definethe standardarebeing mountedby
severalcompaniesandtheT1E1standardscommittee.Thetwokey issuesfacingHDSL2standards
committeeare:
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Spectraloptimization. All currentproposedschemesfor HDSL2achieve therequireddatarates
with satisfactorymarginsonly in completeisolation.

However, dueto the proximity of the lines in a cable,thereis considerableDSIN-NEXT,
DSIN-FEXT, self-NEXT and self-FEXT interferencefrom T1, ISDN, HDSL, ADSL and
HDSL2 into HDSL2— this interferencereducesthecapacityof theHDSL2service.

Simultaneously, thereis considerableDSOUT-NEXT andDSOUT-FEXT interferencefrom
HDSL2 into T1, ISDN, HDSL andADSL. Thisproblemis known asspectral compatibility.
Theschemeultimatelyadoptedfor HDSL2mustnotinterfereoverlywith otherDSLservices
likeT1, ISDN, HDSL, andADSL.

Modulation scheme.At presentno systemhasbeendevelopedthatsystematicallyoptimizesthe
HDSL2 spectrumandreducesinterferenceeffectsboth from and into HDSL2. Further, a
modulationschemefor HDSL2hasnotbeendecideduponat this time.

2.2.2 “GDSL” service

The “GDSL” servicewill enablevery high bit-rate full-duplex, symmetrictraffic over a single
twistedpair. We assumethat the lines carryingGDSL servicehave goodshieldingagainstself-
NEXT. In thiscase,interferenceis causedby:

1. Self-NEXT andself-FEXTbetweenneighboring“GDSL” lines (self-FEXTdominatesover
self-NEXT),

2. DSIN-NEXT andDSIN-FEXTfrom T1, ISDN, HDSL, HDSL2andADSL,

3. Interferencefrom“GDSL” intootherservices,suchasT1, ISDN,HDSL,HDSL2andADSL,
and

4. Channelnoise,whichwewill modelasAGN.

We wish to maximizethecapacityof the “GDSL” servicein presenceof other“GDSL”, T1,
ISDN,HDSL,ADSL, HDSL2linesandevenservicesnotyet imaginedwhile maintainingspectral
compatibilitywith them.Thespectraloptimizationissueis similarto theonediscussedfor HDSL2
case,andwe needto find anoptimal transmitspectrumfor “GDSL”. Further, a goodmodulation
schemeneedsto beselected.

2.2.3 “VDSL2” service

Optical fiber lines having very high channelcapacityandvirtually no crosstalkwill be installed
in the futureup to thecurbof eachneighborhood(FTTC). Thefinal few thousandfeetup to the
customerpremisescouldbecoveredby twistedpairs.In suchascenario,highbit-rateasymmetric-
traffic services(like VDSL) and symmetric-traffic services(like “VDSL2”) over short length
twistedpariswould becomeimportant.For illustrationof sucha potentialfutureservicewe pro-
posea hypothetical“VDSL2” servicethat would carry very high bit-ratesymmetrictraffic over
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shortdistanceloopsonasingletwistedpair. In the“VDSL2” case,theinterferencewill becaused
by:

1. Self-NEXT andself-FEXTbetweenneighboring“VDSL2” lines (bothself-NEXTandself-
FEXTaredominant),

2. DSIN-NEXT andDSIN-FEXTfrom T1, ISDN, HDSL, HDSL2,VDSL andADSL,

3. Interferencefrom “VDSL2” into otherservices,suchasT1, ISDN, HDSL, HDSL2,VDSL
andADSL, and

4. Channelnoise,whichwewill modelasAGN.

Again,we wish to maximizethecapacityof “VDSL2” in presenceof all theotherinterferers.To
achieve thisweneedto find optimaltransmitspectraandagoodmodulationscheme.

3 PreviousWork

Herewe discussprior work pertainingto HDSL2service.

3.1 Static PSDMasksand transmit spectra

The distribution of signalenergy over frequency is known asthe powerspectral density(PSD).
A PSDmaskdefinesthe maximumallowablePSDfor a servicein presenceof any interference
combination. The transmitspectrumfor a servicerefersto the PSD of the transmittedsignal.
Attemptshave beenmadeby several groupsto comeup with PSD masksfor HDSL2 that are
robust to bothself-interferenceandinterferencefrom otherlines. Oneway of evaluatingchannel
performanceis by fixing thebit rateandmeasuringtheperformancemargins[12]: Thehigherthe
performancemargin for agivendisturbercombination,themorerobusttheHDSL2serviceto that
interference.Thetermcrosstalkhereimpliesself-interferenceplusinterferencefrom otherlines.

To thebestof our knowledge,no onehasoptimizedthePSDof HDSL2 lines in presenceof
crosstalkandAGN.Thesignificantcontributionsin thisarea,MONET-PAM andOPTIS,[1, 2,4,5]
suggesta staticasymmetrical(in input power)PSDmaskin orderto attemptto suppressdifferent
interferers. The PSD maskssuggestedin [1, 2, 4, 5] have a different maskfor eachdirection
of transmission.Furthermore,the techniquesin [1, 4] usedifferentupstreamand downstream
averagepowersfor signaltransmission.However, themaskis static, implying it doesnot change
for differingcombinationsof interferers.

Optis[5] is currentlytheperformancestandardfor HDSL2service.

The transmitspectrumalways lies below a constrainingPSDmask(whenimposed). Spec-
ifying a constrainingPSDmaskonly limits the peaktransmitspectrum.We do PSDs(transmit
spectra)andnotmasksin thisdocumentunlessstatedotherwise.In Section4.11we indicateideas
to getPSDmasks.
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3.2 Joint signaling techniques

Self-NEXTis thedominantself-interferencecomponentin symmetric-data-rate,full-duplex, long-
lengthline xDSL service(e.g.,HDSL2). Onesimpleway of completelysuppressingself-NEXT
is to useorthogonal signaling (for example,time division signaling(TDS), frequency division
signaling(FDS),or codedivisionsignaling(CDS)).In TDS,weassigndifferentdifferentservices
to differenttimeslots.In FDS,weseparatein frequency theservicesthatcouldinterferewith each
other. In CDS,a uniquecodeor signatureidentifieseachdirectionof transmission.Further, in
CDSeachtransmitspectrumoccupiestheentireavailablebandwidthfor all of the time. CDS is
similar to code-divisionmultipleaccess(CDMA), but hereinsteadof multipleaccesswe separate
theupstreamanddownstreamtransmitspectrausingdifferentcodes.

Thechoiceof orthogonalsignalingschemedependsontheintent.Wewill seethatFDSis in a
senseoptimalunderanaveragepowerconstraint(seeSection4.5.12).

To eliminateself-NEXT using FDS, we would force the upstreamtransmitters{ � Z� |�x®�a�|2h_h2h_|-��} andthedownstreamtransmitters{ � S� |¯x­�°a�|2h2h2hL|-�~} to usedisjoint frequency bands.
Theupstreamanddownstreamtransmissionsareorthogonalandhencecanbeeasilyseparatedby
thecorrespondingreceivers. Sincein a typical systemFDScutsthebandwidthavailableto each
transmitterto a
±�� theoverallchannelbandwidth,wehaveanengineeringtradeoff: FDSeliminates
self-NEXTand therefore increasessystemcapacity; however, FDS also reducesthe bandwidth
availableto each transmitter/receiverpair and therefore decreasessystemcapacity. Whenself-
NEXT is not severeenoughto warrantFDS,bothupstreamanddownstreamtransmittersoccupy
theentirebandwidth.In thiscase,theupstreamanddownstreamdirectionshavethesametransmit
spectrum;wereferto thisasequalPSD(EQPSD)signaling.

On a typical telephonechannel,theseverity of self-NEXT varieswith frequency. Therefore,
to maximizecapacity, wemaywishto switchbetweenFDSandEQPSDdependingontheseverity
of self-NEXT. Sucha joint signalingstrategy for optimizing the performancein the presenceof
self-NEXTandwhiteAGN wasintroducedin [3].

The schemein [3] is optimized,but only for an over simplified scenario(andthereforenot
usefulin practice).In particular, [3] doesnot addressself-FEXTandinterferencefrom otherlines
asconsideredin thiswork. Further, [3] doesnotaddressspectralcompatibilityissue.

All otherschemesfor joint signalingemploy adhoctechniquesfor interferencesuppression
[1, 2, 4, 5].

3.3 Multitone modulation

Multicarrieror discretemultitone(DMT) modulation[6] canbereadilyusedto implementacom-
municationsystemusinga widevarietyof PSDs.Multitonemodulationmodulatesdataovermul-
tiple carriersandadjuststhebit ratecarriedovereachcarrieraccordingto thesignalto noiseratio
(SNR)for thatcarriersoasto achieveequalbit errorprobability(BER)for eachcarrier(seeFigure
4).

OrthogonalFDSsignalingis easilyimplementedusingtheDMT: we simply assigntransmit-
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Figure4: Multicarrier or discretemultitone(DMT) modulationmultiplexesthedataontomultipleorthog-
onalcarrierwaveforms.

ter/receiver pairs to distinct setsof carriers. Note, however, that multitone modulation is def-
initely not the only modulation schemethat can be used to implement (optimal) transmit
spectra. Wecanjustaswell useothertechniques,suchasCAP, QAM, multi-level PAM, etc.

3.4 Summary of previouswork

Thecurrentstateof theartof DSL technologyin generalandHDSL2in particularcanbedescribed
asfollows:· Ad hocschemes(sometimesreferredto as“optimized”) have beendevelopedthatattempt

to dealwith self-interferenceandDSIN-NEXT andDSIN-FEXT aswell asspectralcom-
patibility of thedesignedservicewith otherservices.However, theseschemesby no means
optimizethecapacityof theservicesconsidered.· An optimalsignalingschemehasbeendevelopedin [3] for thecaseof self-NEXTonly. The
developmentof [3] doesnotaddresscrosstalkfrom othersources,suchasDSIN-NEXT and
DSIN-FEXT, or self-FEXT. Thedevelopmentof [3] alsodoesnotaddressspectralcompati-
bility of thedesignedservicewith respectto otherservices.

4 New, Optimized SignalingTechniques

Theproposedtechniquescombinea numberof ideasinto onesignalingsystemthatoptimizesits
performancegivenmany differentpossiblecombinationsof interferers.Theseideasinclude:
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1. Givenexpressionsfor thecrosstalkfrom otherservices(DSIN-NEXTandDSIN-FEXT)into
anxDSL channelandchannelnoise(AGN),ourschemecomputestheoptimaldistributionof
poweracrossfrequencythatmaximizesthecapacity(seeSection4.4).Thisdistributionuses
thesametransmitspectrum(EQPSDsignaling)in bothupstreamanddownstreamdirections.

2. Given expressionsfor the self-NEXT andself-FEXT crosstalkin an xDSL channelalong
with interferencefrom otherservices(DSIN-NEXT andDSIN-FEXT) andchannelnoise
(AGN), our schemecomputestheoptimaldistributionof poweracrossfrequencythat max-
imizesthecapacity. This distribution involvesequalPSD(EQPSD)signalingin frequency
bandswith low self-interference,orthogonalsignaling(FDS)in frequency bandswhereself-
NEXT dominatesotherinterferencesources(Section4.5),andorthogonalsignaling(multi-
line FDS introducedin Section4.3) in frequency bandswhereself-FEXT is high (Section
4.6).

3. Given differentchannel,noise,andinterferencecharacteristicsbetweenlines, our scheme
choosestheoptimalsignalingstrategy (EQPSD,FDSor multi-line FDS)in eachfrequency
bin (seeSection4.7) to maximizethechannelcapacity.

4. Givenanadditionalpeak-power constraintin frequency, our schemecomputestheoptimal
transmitspectrathatmaximizethecapacityandchoosetheoptimal joint signalingstrategy
(EQPSD,FDSandmulti-lineFDS)for agivenchannel,noiseandinterferencecharacteristics
(seeSections4.8and4.9).

5. Wepresentoptimalandnear-optimalsignalingstrategiesin caseof non-monotonicchannel,
self-NEXTandself-FEXTtransferfunctions(seeSection4.10onbridgedtaps).

Wewill presenttheaboveideasin thefollowing sectionsin thecontext of agenericxDSL line
carryingsymmetric-datarateserviceslikeHDSL2,“GDSL”, and“VDSL2” services.Notethatthe
techniquesdevelopedherecanbeappliedto a moregeneralcommunicationschannelwith inter-
ferencecharacteristicscharacterizedby self-interferenceanddifferent-serviceinterferencemodels.
Further, wecanextendthiswork to applyto channelsthatsupportasymmetricdatarates(different
in eachdirection),for e.g.,ADSL, andVDSL. Wecanfollow asimilarapproachof binningin fre-
quency andthenanalyzingthesignalingstrategy in eachbin. In theasymmetricaldata-ratecase,
theratioof theaveragepowerbetweenupstreamanddownstreamdirectionsneedsto beknown.

We will presentbackgroundmaterialandour assumptionsin Section4.1. In Section4.2 we
give detailsaboutthe interferencemodelsandthesimulationconditions.Section4.3 looksat the
varioussignalingschemeswe will employ. We will presenttheoptimal transmitspectrumusing
EQPSDsignalingin Section4.4 in thepresenceof only different-serviceinterferenceandAGN.
Sections4.5 and4.6 detail the new signalingstrategies to obtainan optimal and/orsuboptimal
transmitspectrumin the presenceof self-interference,different-serviceinterferenceand AGN.
Section4.7 derivessomeresultsapplicablewhen neighboringlines vary in channel,noiseand
interferencecharacteristics.Sections4.8,and4.9presentoptimaltransmitspectraunderadditional
peak-power constraintin frequency. We presentoptimalandnear-optimalsignalingschemesfor
non-monotonicchannel,self-NEXT, andself-FEXT transferfunctionsin Section4.10. Finally,
Section4.11presentsseveralnew ideas,extendingtheresultspresentedhere.
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Note: All the transmitspectra are optimal (i.e., yield themaximumpossiblebit ratesor per-
formancemargins)giventhe assumptionsin Section4.1 (seeSections4.4.2,4.5.3,and 4.6.3for
additionalassumptions)andthatoneof thespecificjoint signalingstrategiesis employedover the
channel(seeSections4.4,4.5,and4.6).

4.1 Assumptions,Notation, and Background

We presentbackgroundmaterialand someof the standardassumptionsmadefor simulations.
Theseassumptionsapplythroughoutthedocumentunlessnotedotherwise.

1. ChannelnoisecanbemodeledasadditiveGaussiannoise(AGN) [13].

2. Interferencefrom otherservices(DSIN-NEXTandDSIN-FEXT)canbemodeledasadditive
coloredGaussiannoise[13].

3. We assumethe channelcanbe characterizedasa LTI (linear time invariant)system. We
divide the transmissionbandwidth ¸ of the channelinto narrow frequency bins of width¹

(Hz) eachandwe assumethat the channel,noiseandthe crosstalkcharacteristicsvary
slowly enoughwith frequency that they canbe approximatedto beconstantover eachbin
(For a givendegreeof approximation,thefasterthesecharacteristicsvary, themorenarrow
thebinsmustbe.By lettingthenumberof bins º¼» ½ , wecanapproximateany frequency
characteristicwith arbitrary precision).2 We usethe following notationfor line x on the
channeltransferfunction[10]¾ ¿ÁÀGÂ�ÃTÄ
¾ 6 �ÆÅ ¿ �¤Ç È if

¾«Ã c Ã È ¾ �ÊÉ 6 |b otherwise| (1)

self-NEXTtransferfunction[8]¾«¿ÌË�Â�ÃTÄ
¾ 6 �ÆÅ�Í �ÎÇ È if

¾ Ã c Ã È ¾ �ÊÉ 6 |b otherwise| (2)

andself-FEXTtransferfunction[9]¾ ¿ÐÏNÂ�Ã[Ä�¾ 6 �ÊÅ!Ñ �¤Ç È if

¾ÒÃ c Ã È ¾ �ÊÉ 6 |b otherwiseh (3)

Here

Ã È arethe centerfrequencies(seeFigures5 and6) of the º subchannels(bins) with
index ÓDyu{9a,|2h2h2hQ|�º�} . We will employ theseassumptionsin Sections4.5.4,4.6.6,4.6.8
and4.7.1. TheDSIN-NEXT andDSIN-FEXT transferfunctionsarealsoassumedto vary
slowly enoughthatthey canbesimilarly approximatedby aconstantvaluein eachfrequency
bin.

Note that the conceptof dividing a transferfunction in frequency bins is very generaland
canincludenonuniformbinsof varyingwidthsor all binsof arbitrarywidth (i.e., the bins
neednotbenecessarilynarrow).

2Wedividethechannelinto narrow frequency bins(or subchannels)for ouranalysisonly. Thisdoesnotnecessarily
meanthatweneedto useDMT asthemodulationscheme.
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4. Echocancellationis goodenoughthatwecanignorecrosstalkfrom ÞOßà into á ßà . Wecanrelax
this assumptionin somecaseswherespectralregionsemploy FDS signaling(seeSections
4.5,4.6,4.7,4.9,and4.10).

5. All sourcesof DSIN-NEXT canbelumpedinto onePSD âäãTå�æ�çTè andall sourcesof DSIN-
FEXT canbelumpedinto onePSD âäã[éGæ�çTè .

6. All sourcesof self-NEXTcanbeaddedto form oneoverall self-NEXTsource.

7. All sourcesof self-FEXTcanbeaddedto form oneoverall self-FEXTsource.

8. Spectraloptimizationis doneundertheaverageinputpowerconstraint,i.e.,theaverageinput
power is limited to êìë�í�î (Watts).

9. ThePSDsof theupstreamanddownstreamtransmissiondirectionscanbewrittenusingthe
notationintroducedin Section1.3.2.Thereare ï interferinglinescarryingthesameservice
with index ð­ñ�ò9ó,ô2õ2õ2õLô-ï~ö . Denotethedirectionof transmissionwith index ÷�ñ"ò�øìô�ùMö , withø = upstream(to CO)and ù = downstream(from CO).Denotetheupstreamanddownstream
PSDson line ð as:ãûúà æüçTè : PSDon twistedpair ð in upstreamdirection ø .ãGýà æüçTè : PSDontwistedpair ð in downstreamdirection ù .
Further, we denotetheupstreamanddownstreamPSDon line ð in a genericfrequencybin
(or subchannel)þ as:ÿ úà æüçTè : PSDon twistedpair ð in upstreamdirection ø .ÿ ýà æüçTè : PSDontwistedpair ð in downstreamdirection ù .
Note:Whenwereferto ÿ ßà æüçTè wemeanPSDontwistedpair ð in agenericbin, demodulated
to baseband( ç�ñ������"ô���� ) for easeof notation.Whenwe referto ÿ ß
æüçTè we meanPSDon
a generictwistedpair in agenericbin, demodulatedto baseband( ç®ñ	�
���"ô��
� ) for easeof
notation.

10. We assumea monotonedecreasingchanneltransferfunction. However, in casethe chan-
nel transferfunction is non-monotonic(e.g., in the caseof bridgedtapson the line), our
optimizationtechniquescanbeappliedin eachindividual bin independently. This scenario
makesthepowerdistributionproblemmoredifficult however (seeSection4.10).

11. We assumewe desireequalchannelcapacitiesin upstreamanddownstreamdirections(ex-
ceptwhenthechannel,noise,andinterferencecharacteristicsbetweenlinesvary asin Sec-
tion 4.7).
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4.2 Interfer encemodelsand simulation conditions

Theinterferencemodelsfor differentserviceshave beenobtainedfrom Annex B of T1.413-1995
([9], the ADSL standard),with exceptionsasin T1E1.4/97-237[7]. TheNEXT couplingmodel
is 2-pieceUngermodelasin T1E1.4/95-127[8]. BER wasfixed at ó������ . Our optimal casere-
sultsweresimulatedusingDiscreteMultitoneTechnology(DMT) andwerecomparedwith thatof
MONET-PAM [1]. MONET-PAM usesDecisionFeedbackEqualizers(DFE) [20] in thereceivers
alongwith multi-level pulseamplitudemodulation(PAM) scheme.The margin calculationsfor
DFE margins weredoneper T1E1.4/97-180R1[11], Section �võ��Kõ�� õ��võ ó�õ ó . AGN of power ��ó����
dBm/Hzwasassumedin bothcases.MONET-PAM usesPAM with � bits/symbolandabaudrate
of fbaud= �vó�� õ���� ksymbols/s.The actualupstreamanddownstreampower spectracanbe ob-
tainedfrom [1]. MONET-PAM spectrais linearly interpolatedfrom 2  1552/3Hz sampleddata.
ThePAM line-transformerhpf corner, thatis, thestartfrequency is assumedto beat ó kHz. A �!�!�
Hz rectangular-rule integrationis carriedout to computemargins.TherequiredDFE SNRmargin
for ó������ BERis �!�võ�� dB.

To implementour optimal signalingscheme,we usedDMT with start frequency ó kHz and
samplingfrequency of ó MHz. Thisgivesusabandwidthof �!��� kHz and ���!� carrierswith carrier
spacingof � kHz. No cyclic prefix (usedto combatintersymbolinterference(ISI)) wasassumed,
so the DMT symbol rate is sameas the carrierspacingequalto � kHz. However, the scheme
caneasilybe implementedby accountingfor anappropriatecyclic prefix. Theadditionof cyclic
prefix lowersthesymbolrateandhencelowersthetransmissionrate.No limit wasimposedonthe
maximumnumberof bitspercarrier(thisis oftendonefor simulations).Evenwith a ó�� bits/carrier
limit, theresultsshouldnot changeverymuch,assomeof thetestrunsshow.

4.3 Signalingschemes

Thejoint signalingtechniquesusedin theoveralloptimizedsignalingschemesuseoneof thebasic
signalingschemes(seeFigure7) in differentfrequency binsdependingon thecrosstalkandnoise
combinationin thosebins.

Figure7 illustratesthethreesignalingschemes:EQPSD,FDSandmulti-line FDS(in thecase
of threelines).3 TheFigureshows in frequency bin þ thePSDsfor eachcase(recall thenotation
introducedin Section4.1,Item9):" Whencrosstalkandnoisearenot significantin a frequency bin, EQPSDsignalingis pre-

ferredas it achieveshigherbit rate than the other two orthogonalsignalingschemes(see
Section4.5.5). In EQPSDsignaling, the upstreamand downstreamPSDsare the same
( ÿ úà æüçTè$# ÿ ýà æ�ç[è )." Whenself-NEXT is high andself-FEXT is low in a bin andtherearea large numberof
neighboringlines carryingthe sameservicetogether, FDS signalingyields the highestbit
ratesby eliminatingself-NEXT (we prove this in Section4.5.5). In FDS signaling,each
frequencybin is further dividedinto two halves, with all theupstreamPSDsbeingsamefor

3ThesignalingschemesEQPSD,FDS,andmulti-line FDSwork in generalfor % lines.
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Figure7: Transmitspectrafor differentsignalingschemesin a frequency bin ( . EQPSD,FDSandmulti-
line FDSschemes(illustratedfor Ü lines,worksfor any numberof lines).
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Figure8: Model for combinedadditive interferencefrom otherservices(DSIN-NEXT andDSIN-FEXT)
pluschannelnoise(AGN).

all the lines andall the downstreamPSDsbeingsamefor all the lines ( ÿ úà æ�çTè*) ÿ ýà æ�çTè ).
This type of orthogonalsignalingcompletelyeliminatesself-NEXT but doesnot combat
self-FEXT." In frequency binswhereself-FEXTis high,usingFDSis notsufficientsinceself-FEXTstill
exists. In this case,doingmulti-line FDSeliminatesself-FEXTaswell asself-NEXT and
this achievesthehighestbit rateswhenthereareony a few linesandself-FEXTis high and
dominantover self-NEXT (we prove this in Section4.6). In multi-line FDSsignalingeach
line getsa separatefrequencyslot ( �,+2ï for ï linescarryingthesameservice)in eachbin
andthe upstreamanddownstreamPSDsfor eachline arethe same( ÿ ßà æ�çTè-) ÿ ß. æ�ç[è0/21�3#ð ôz÷�ñ"ò�øìô�ùMö ).

Wewill seein futuresectionstheexactrelationshipsthatallow usto determinewhichscheme
is optimalgivenaninterferenceandnoisecombination.

4.4 Optimization: Interfer encefr omother services(DSIN-NEXT andDSIN-
FEXT) – Solution: EQPSDsignaling

In thisscenario,eachxDSL line experiencesnoself-interference(Figure8 with neitherself-NEXT
norself-FEXT).ThereisonlyDSIN-NEXTandDSIN-FEXTfromotherneighboringservicessuch
asT1, ADSL, HDSL,etc.,in additionto AGN. Thesolutionis well known,but will beusefullater
in thedevelopmentof thesubsequentnovel (Sections4.5,4.6,4.7,and4.11)signalingschemes.

4.4.1 Problemstatement

Maximize the capacityof an xDSL line in the presenceof AGN andinterference(DSIN-NEXT
andDSIN-FEXT) from otherservicesundertwo constraints:

1. The averagexDSL input power in onedirectionof transmissionmustbe limited to êìë�í�î
(Watts).

2. Equalcapacityin bothdirections(upstreamanddownstream)for xDSL.

Do thisby designingthedistributionof energy overfrequency (thetransmitspectrum)of thexDSL
transmission.
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4.4.2 Additional assumption

Weaddthefollowing assumptionto theonesin Section4.1for thiscase:ó��võ Both directions(upstreamanddownstream)of transmissionexperiencethe samechannel
noise(AGN) anddifferentserviceinterference(DSIN-NEXT andDSIN-FEXT).

4.4.3 Solution

Considera line (line ó ) carryingxDSL service.Line ó experiencesinterferencefrom otherneigh-
boring services(DSIN-NEXT and DSIN-FEXT) and channelnoise 4 ß æüçTè (AGN) but no self-
NEXT or self-FEXT(seeFigure8).

TheDSIN-NEXT andDSIN-FEXTinterferencecanbemodeledascoloredGaussiannoisefor
calculatingcapacity[13]. Recallthat âäãTå�æ�çTè is the PSDof thecombinedDSIN-NEXT andletâäã[éGæ�çTè is thePSDof thecombinedDSIN-FEXT. Let ã ú æüçTè and ãGý�æ�çTè denotethePSDsof lineó upstream( ø ) directionanddownstream( ù ) directiontransmittedsignalsrespectively. Further,
let 5 ú and 5\ý denotetheupstreamanddownstreamdirectioncapacitiesof line ó respectively. Let687 æ�ç[è denotethe channeltransferfunction of line ó . The twistedpair channelis treatedas a
Gaussianchannelwith coloredGaussiannoise.In this casethechannelcapacity(in bps)is given
by [14] 5 ú #:9<;>=?�@�A�BDC EGFH IKJ�L�M0N óPO Q 687 æüçTè Q M ã ú æ�çTè4 ß æ�ç[èRO�âäãTå�æ�çTèSO�âäã[é­æüçTèUT ù4ç (4)

and 5 ý #V9W;>=?�X�A
B�C EGFH IYJ!L�M0N óPO Q 687 æüçTè Q M ã ý æüçTè4 ß æ�çTè èZO�â ãTå æüçTèRO�âäã[éGæ�çTè�T ù4ç õ (5)

Thesupremumis takenoverall possibleã ú æ�çTè and ãGýIæ�çTè satisfyingã ú æ�çTè\[]��/Tç ôCã ý æ�ç[è\[]��/TçYô
andtheaveragepowerconstraintsfor thetwo directions� E FH ã ú æüçTè ù4ç_^ ê�ë�í�îIôP`ba>cd� E FH ã ý æ�çTè ù4ç_^ êìë�í�îIõ (6)

It is sufficientto find theoptimal ãûúvæ�çTè whichgives 5;ú , sincesettingã ý æüçTè$#uãûúvæ�çTèe/TçYô givesthe
capacity5 ý #f5;ú asseenfrom (4) and(5). Thus,theoptimalupstreamanddownstreamchannel
capacitiesareequal( 5 ú #g5 ý ).

The optimal power distribution in this caseis obtainedby the classical“water-filling” tech-
nique[16]. Theoptimal ã ú æüçTè is givenbyã úhjiWk æüçTè$#mlgn � å>o A
B�CqpsrR?�tuA�B�CKpsrR?Uv>A�B�Cw xzy A
B�C w { | J�} ç®ñ�~� J!���>�U}W��� 9 � ô (7)

with n a Lagrangemultiplier and ~ the spectralregion where ãûúvæ�ç[è�[�� . We vary the value
of n suchthat ã úhji<k æ�çTè satisfieswith equalitytheaveragepower constraintin (6). Theequalityis

26



Start

Determine DSIN-NEXT, DSIN-FEXT,
and channel noise (AGN)

Divide channel into narrow bins 
(subchannels) of width W (Hz) each

Water-filling in each bin, Compute
channel capacity C  u

End

Figure9: Flowchartof theoptimalschemeto determinePSDmaskusingonly EQPSDsignaling.

satisfiedfor asinglevalueof n giving usauniqueoptimalPSD ã úhji<k æ�ç[è . PluggingtheoptimalPSDã úhji<k æ�çTè in (4) yieldsthecapacity5 ú undertheaveragepowerconstraint.This procedureyieldsa
uniqueoptimaltransmitspectrumã úhji<k æüçTè [14].

Keynote: ãNýIæüçTè$#uã ú æ�ç[è�/Tç — EQPSDsignaling.

Figure9 givesaflowchartto obtaintheoptimaltransmitspectrumusingonlyEQPSDsignaling
in thepresenceof DSIN-NEXT, DSIN-FEXT andAGN. It usestheclassicwater-filling solution
to obtain the transmitspectrum.The novelty is in applyingthis to xDSL scenarioto achieve a
dynamictransmitspectrum(differentfor eachinterferencetype).

Thechannelcapacitiescanbecalculatedseparatelyfor eachdirectionof transmissionin case
of nonuniforminterferencebetweenthe two directions,i.e., when the additionalassumptionin
Section4.4.2doesnot hold. Thetransmitspectrain generalwill bedifferent( ã ý æ�çTè03# ãûúvæ�çTè ) for
thiscase,but will still occupy thesamebandwidth.

4.4.4 Examples

In thisSection,wepresentsomeexamplesfor theHDSL2service.An averageinputpower( ê�ë�í�î )
of �b� dBmandafixedbit rateof ó�õ��!��� Mbpswasusedfor all simulations.Theperformancemargin
wasmeasuredin eachsimulationandthecomparisonwith otherstatictransmitspectra(obtained
from staticPSDmasks)proposedis presentedin Section4.5.11. Figure10 shows the optimal
upstreamanddownstreamtransmitspectrumfor HDSL2 in thepresenceof DSIN-NEXT from 49
HDSL interferersandAGN ( � ó���� dBm/Hz). Note the deepnull in the transmitspectrumfrom
approximately80 to 255kHz. This resultsfrom “water-filling” — thepeakof thefirst mainlobe
of HDSL lies in thevicinity of 80 to 255kHz.

Figure11 shows theoptimalupstreamanddownstreamtransmitspectrumfor HDSL2 in the
presenceof DSIN-NEXT from ��� T1 interferersandAGN ( ��ó���� dBm/Hz).
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Figure10: Optimaltransmitspectrumof HDSL2(onCSAloop � ) with � Ý HDSL DSIN-NEXT interferers
andAGN of ������� dBm/Hz.
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Figure11: Optimaltransmitspectrumof HDSL2(onCSAloop � ) with ��� T1 DSIN-NEXT interferersand
AGN of ������� dBm/Hz.
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The optimal transmit spectrafor the two casesaresignificantly different, evidenceof the
fact that the optimal transmit spectra will changedependingon the nature of the interfer-
ence.

Summary: Recallthediscussionon staticPSDmasksof Section3.1. We have seenthatthe
optimaltransmitspectrumvariessignificantlywith theinterferencecombination. Thewater-filling
solutionyields a uniquetransmitspectrumfor eachinterferencecombination[14]. The optimal
transmitspectrumadaptsto minimize the effect of the interferencecombination. The optimal
transmitspectrafor upstreamanddownstreamdirectionarethesame(EQPSDsignaling)andthus,
employ thesameaveragepower in eachdirection.

4.5 Optimization: Interfer encefr omother services(DSIN-NEXT andDSIN-
FEXT) plus self-interference(self-NEXT and low self-FEXT) –Solution:
EQPSDand FDSsignaling

In thisscenarioeachxDSL line experiencesself-interference(highself-NEXTandlow self-FEXT)
in addition to AGN andDSIN-NEXT andDSIN-FEXT from otherservices(seeFigure3) in a
genericxDSL service.This is the caseof interestfor HDSL2 service.

4.5.1 Self-NEXT and self-FEXT rejectionusingorthogonal signaling

As wesaw in Section3.2,orthogonalsignalingcancompletelyrejectself-NEXT. In addition,FDS
givesbetterspectralcompatibilitywith otherservicesthanotherorthogonalschemeslike TDS or
CDS(seeSection4.5.12for aproof). Therefore,wechooseto usetheFDSschemefor orthogonal
signaling.RecalltheFDSsignalingtradeoff: FDSeliminatesself-NEXT andthereforeincreases
systemcapacity;however, FDSalsoreducesthebandwidthavailableto eachtransmitter/receiver
pairandthereforedecreasessystemcapacity.

To eliminateself-FEXTusingorthogonalsignaling,wewouldforceeach upstreamtransmitterÞ úà to beorthogonalto all othertransmittersÞ ú. , 1�3# ð . Usingmulti-line FDS,we would separate
eachÞ úà into differentfrequency bands.Unfortunately, this would reducethebandwidthavailable
to eachtransmitterto ó�+2ï theoverallchannelbandwidth.In a typical implementationof HDSL2,ï will lie betweenó and ��� ; henceorthogonalsignaling(multi-line FDS) for eliminatingself-
FEXT is worth the decreasein capacityonly whenself-FEXT is very high. We will show later
in Section4.6 that multi-line FDS givesgainsin capacitywhenthereareonly a few numberof
interferinglinescarryingthesameservice( ï #
� to � )

In this scenario,we assumeself-NEXT dominatesself-FEXT and self-FEXT is not very
high (seeFigure6 and[8]), so we will designa systemherewith only self-NEXT suppression
capability. However, self-FEXTstill factorsinto our designin an importantway. This is a new,
non-trivial extensionof thework of [3].
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4.5.2 Problemstatement

Maximizethe capacityof anxDSL line in the presenceof AGN, interference(DSIN-NEXT and
DSIN-FEXT) from otherservices,andself-NEXTandself-FEXTundertwo constraints:

1. The averagexDSL input power in eachdirectionof transmissionmustbe limited to êìë�í�î
(Watts),and

2. Equalcapacityin bothdirections(upstreamanddownstream)for xDSL.

Do this by designingthedistribution of energy over frequency (thetransmitspectrum)of theup-
streamanddownstreamxDSL transmissions.

4.5.3 Additional assumptions

Weaddthefollowing assumptionsto theonesin Section4.1for thiscase:ó��võ The level of self-FEXTis low enoughin all bins that it is not necessaryto useorthogonal
signalingbetweendifferent transmitter/receiver pairsoperatingin the samedirection(see
Section4.5.1).ó�� õ All the ï linesconsideredareassumedto have thesamechannelandnoisecharacteristics
andfacethesameinterferencecombination(interferencecombinationrefersto combination
of differentinterferingservices)in bothtransmissiondirections(upstreamanddownstream).
We will develop someresultsin Section4.7 for when this doesnot hold true. Thus,we
assumethattheupstreamPSDsof all linesarethesame( ã ú æüçTè ) andthedownstreamPSDs
of all linesarethesame( ãGýIæ�çTè ). Thatis,ã ú æ�çTè:# ã úà æüçTèLô ð­ñ�ò9ó�ô2õ_õ2õQô�ï~öã ý æ�çTè:# ã ýà æüçTèLô ð­ñ�ò9ó�ô2õ_õ2õ_ô-ï�ö9õ (8)ó��Kõ Thecouplingtransferfunctionsof NEXT andFEXT interferencearesymmetricalbetween
neighboringservices. For example,eachline hasthe sameself-NEXT transferfunction6 å�æ�çTè andself-FEXTtransferfunction

6 éNæ�çTè for computingcouplingof interferencepower
with any otherline. However, wedevelopsomeresultsin Section4.7whentherearedifferent
NEXT andFEXT couplingtransferfunctionsbetweenlines.

4.5.4 Signalingscheme

Sincethe level of self-NEXT will vary with frequency (recall Figure6), it is clear that in high
self-NEXT regionsof thespectrum,orthogonalsignaling(FDS,for example)might beof usein
orderto rejectself-NEXT. However, in low self-NEXTregions,thelossof transmissionbandwidth
of FDSmayoutweighany gainin capacitydueto self-NEXTrejection.Therefore,we would like
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our signalingschemeto begeneralenoughto encompassbothFDSsignaling,EQPSDsignaling,
andthespectrumof choicesin between.Ourapproachis relatedto thatof [3].

Key to our schemeis that theupstreamanddownstreamtransmissionsusedifferent transmit
spectra. All upstream(to CO) transmittersÞ�úà transmitwith thespectrumãGúvæüçTè All downstream
(from CO) transmittersÞ ýà transmitwith thespectrumã ý æ�çTè Implicit in our schemeis thefact that
in this case, self-NEXTdominatesself-FEXTandself-FEXTis small. If not, it wouldnot bewise
to constrain all Þ úà to thesametransmitPSD.

Our goal is to maximize the upstreamcapacity ( 5 ú ) and the downstreamcapacity ( 5\ý )
givenan averagetotal power constraint of êìë�í�î and the equal capacityconstraint 5 ú #�5\ý .

Considerthecaseof two lineswith thesameservice.Line ó upstreamcapacityis 5 ú andline �
downstreamcapacityis 5\ý . UndertheGaussianchannelassumption,wecanwrite thesecapacities
(in bps)as5 ú #9<;>=?�@�A�BDC�� ?�XDA�B�C E FH IYJ�L!M N óPO Q 6�7 æ�çTè Q M ã ú æ�çTè4 ß æ�çTèZODâäãTå�æ�çTèRODâäã[éNæüçTèRO Q 6 å�æ�ç[è Q M ã ý æüçTèRO Q 6 éGæ�çTè Q M ã ú æ�ç[è T ù4ç ô

(9)

and5 ý #9W;>=?�@�A�B�C�� ?�X�A
B�C E FH IKJ�L M N óPO Q 687 æüçTè Q M ãGý�æ�çTè4 ß æ�ç[èRO�âäãTå�æ�çTèSO�âäã[é­æüçTèZO Q 6 å æüçTè Q M ã ú æ�çTèRO Q 6 éNæüçTè Q M ã ý æüçTè T ù4çYõ
(10)

Thesupremumis takenoverall possibleã ú æ�çTè and ãGýIæ�çTè satisfyingã ú æ�çTè\[]��/Tç ôCã ý æ�ç[è\[]��/TçYô
andtheaveragepowerconstraintsfor thetwo directions� E FH ã ú æüçTè ù4ç_^ ê�ë�í�îIôP`ba>cd� E FH ã ý æ�çTè ù4ç_^ êìë�í�îIõ (11)

We cansolve for thecapacities5;ú and 5 ý using“water–filling” if we imposetherestriction
of EQPSD,thatis ã ú æ�çTèP# ãGýIæ�çTè�/Tç . However, this giveslow capacities.Therefore,we employ
FDS( ã ú æüçTè orthogonalto ãGý�æ�çTè ) in spectralregionswhereself-NEXTis largeenoughto limit our
capacityandEQPSDin theremainingspectrum.Thisgivesmuchimprovedperformance.

To easeour analysis,we divide thechannelinto severalequalbandwidthsubchannels(bins)
(seeFigure5) andcontinueourdesignandanalysisononefrequency bin þ assumingthesubchan-
nel frequency responses(1)–(3). RecallthatFigure6 shows thatthechannelandself-interference
frequency responsesaresmoothandjustifiesourassumingthemflat overnarrow subchannels.For
easeof notation,in thisSectionset6 # 6 à � � ô��:#�� à � � ô Ñ # Ñ à � � in (1)–(3)ô (12)
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Figure12: Upstreamanddownstreamtransmitspectrain a singlefrequency bin ( �� ¡��¢ �¤£ EQPSD
signalingand �* �� £ FDSsignaling).

and 4¥#g4 ß æüç � èeO�âäãTå�æ�ç � èRODâäã[é­æ�ç � è-ô (13)

thenoisePSDin bin þ . Notethat 4 consistsof bothAGNplusanyinterference(DSIN-NEXTand
DSIN-FEXT)fromotherservices.Let ÿ ú æ�çTè denotethePSDin bin þ of line ó upstreamdirection
and ÿ ýIæüçTè denotethePSDin bin þ of line � downstreamdirection(recall thenotationintroduced
in Section4.1, Item 9). Thecorrespondingcapacitiesof thesubchannelþ aredenotedby ¦ ú and¦ ý .

We desirea signalingschemethat includesFDS,EQPSDandall combinationsin betweenin
eachfrequency bin. Thereforewedivideeachbin in half4 anddefinetheupstreamanddownstream
transmitspectraasfollows(seeFigure12):ÿ ú æ�çTè§# ¨©ª ©«

¬ Mj­�®¯ if Q ç Q ^ ¯ M ôæ4ó�� ¬ è Mj­�®¯ if
¯ M�° Q ç Q ^g��ô� otherwise

(14)

and ÿ ý æ�ç[è$# ¨©ª ©«
æ ó�� ¬ è Mj­�®¯ if Q ç Q ^ ¯ M ô¬ Mj­�®¯ if

¯ M ° Q ç Q ^g�°ô� otherwiseõ (15)

Here êe± is the averagepower over frequency range �²� ô���� in bin þ and � õ��³^ ¬ ^ ó . When¬ #´�võ�� , ÿ úvæ�çTèµ# ÿ ý æüçTè¶/Tç�ñ·��� ô��
� (EQPSDsignaling);when ¬ # ó , ÿ úvæüçTè and ÿ ý æüçTè are
disjoint(FDSsignaling).Thesetwo extremetransmitspectraalongwith otherpossiblespectra(for
differentvaluesof ¬ ) areillustratedin Figure12. ThePSDsÿ ú æüçTè and ÿ ý�æ�çTè are“symmetrical”or
powercomplementaryto eachother. Thisensuresthattheupstreamanddownstreamcapacitiesare
equal( ¦ ú # ¦ ý ). Thefactor ¬ controlsthepowerdistributionin thebin, and � is thebandwidthof
thebin.

4Thepower split-up in a bin doesnot necessarilyhave to be ¸D¹ % to the left sideof thebin and ¸D¹ % to the right
sideof thebin asshown in Figure12. In generalany ¸D¹�º¼»½¸�¹�º power-complementarysplit-upbetweenopposite
directionbinswill work.
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Next, we show thatgiventhis setup,theoptimalsignalingstrategyusesonly FDSor EQPSD
in each subchannel.

4.5.5 Solution: One fr equencybin

If wedefinetheachievablerateas

á�¾ûæ ÿ ú æ�çTè-ô ÿ ý æ�ç[è/è§# E ¯H IKJ�L M N óPO ÿ ú æüçTè 64mO ÿ ý æüçTè¿�ÀO ÿ ú æüçTè Ñ T ù4ç ô (16)

then ¦ ú # ÁÂ`�ÃH<Ä Å<Æ�Ç!ÆsÈ á�¾ûæ ÿ ú æ�ç[èLô ÿ ý æ�ç[è/èÉ`!a>c ¦ ý # ÁG`�ÃH<Ä Å<Æ�Ç!ÆsÈ á�¾ûæ ÿ ý æ�çTè-ô ÿ ú æ�çTè èLõ (17)

Dueto thepowercomplementarityof ÿ úvæ�çTè and ÿ ý æüçTè , thechannelcapacities¦ ú and ¦-ý areequal.
Therefore,wewill only considertheupstreamcapacity¦�ú expression.Further, wewill useáÊ¾ forá�¾ûæ ÿ ú æ�ç[èLô ÿ ý�æ�ç[è/è in the remainderof this Section.Substitutingfor thePSDsfrom (14) and(15)
into (16)andusing(17)wegetthefollowing expressionfor theupstreamcapacity¦ ú #� � ÁÂ`�ÃH<Ä Å<Æ�Ç!ÆsÈ ¨ª « IKJ�L�MÌËÍ óPO Ç Mj­�® x¯4mO A È � Ç C Mj­�®RÎ¯ O Ç Mj­ ® é¯ ÏÐ O IKJ�L�MÌËÍ óPO A È � Ç C Mj­�® x¯4dO Ç Mj­ ® Î¯ O A È � Ç C Mj­�® é¯ ÏÐ\Ñ ÒÓ õ

(18)

Let Ô
# Mj­ ®¯ å denotetheSNRin thebin. Then,wecanrewrite (18)as¦ ú # ÁG`�ÃH<Ä Å<Æ�Ç!ÆsÈ � � l IYJ�L M N óPO ¬ Ô 6óPO æ4ó�� ¬ èWÔ0�ÕO ¬ Ô Ñ T O IKJ�L M N óPO æ ó�� ¬ èWÔ 6óPO ¬ Ô0�·OPæ óÖ� ¬ èWÔ Ñ TR× õ
(19)

Note from (17) and(19) that the expressionafter the ÁÂ`�Ã in (19) is the achievablerate á�¾ .
Differentiatingtheachievablerate( á�¾ ) expressionin (19)with respectto ¬ givesusØ á�¾Ø ¬ # �� I a�� l N óPO æ ó�� ¬ èWÔ0�ÕO ¬ Ô Ñó\OPæ ó�� ¬ èWÔ0�·O ¬ Ô Ñ O ¬ Ô 6  

Ô 6 æ4óÙO æ ó�� ¬ èWÔ0�ÀO ¬ Ô Ñ è�� ¬ Ô 6 æÚ�ÊÔ0�·OÛÔ Ñ èæ óPO æ4ó�� ¬ èWÔ0�ÀO ¬ Ô Ñ è M T O
N óPO ¬ ÔÜ�ÀOPæ ó�� ¬ èÚÔ ÑóPO ¬ Ô0�ÕO æ4ó�� ¬ èWÔ Ñ OPæ ó�� ¬ èÚÔ 6Ý 
�ÊÔ 6 æ óPO ¬ ÔÜ�ÀOPæ ó�� ¬ èÚÔ Ñ è��Ræ4óÖ� ¬ èWÔ 6 æÞÔÜ�ß�àÔ Ñ èæ óPO ¬ ÔÜ�ÕOPæ ó�� ¬ èÚÔ Ñ è M Te× (20)

# Ô=æá� ¬ �!ó�è\â��Kæ��ß� Ñ èROÛÔ æ�� M � Ñ M è�� 6 æ óPOÛÔ Ñ èjãzä¯ô (21)
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Figure13: æ ¾ is monotonicin theinterval �èç_é���¢ �!ê �<ë .
with ä	ì]��/ ¬ ñ<æí� ô2óU� . Settingthederivative to zerogivesusthesinglestationarypoint ¬ #�� õ�� .
The achievablerate á�¾ is monotonicin the interval ¬ ñ æí� õ��vô2óU� (seeFigure13). If the value¬ #î� õ�� correspondsto a maximum,thenit is optimalto performEQPSDsignalingin this bin. If
thevalue ¬ #f� õ�� correspondsto a minimum,thenthemaximumis achievedby thevalue ¬ #°ó ,
meaningit is optimal to performFDSsignalingin this bin. No othervaluesof ¬ are an optimal
option(seeFigure14).

The quantity ¬ #:� õ�� correspondsto a maximumof áÊ¾ (EQPSD)if andonly if ïDð�ñï Ç ° �/ ¬ ñCæí�võ��vô_ó�� . For all ¬ ñCæí� õ��vô2óU� , thequantity æá� ¬ �<ó�è is positiveand ïUð ñï Ç is negativeif andonly
if (see(21)) �Kæò�ß� Ñ èRO	Ô=æò� M � Ñ M è�� 6 æ4óPO	Ô Ñ è ° �võ
This impliesthat Ô æ�� M � Ñ M � 6 Ñ è ° 6 �à�Kæ��ó� Ñ è-õ
Thus,theachievablerate á�¾ is maximumat ¬ #ô�võ�� (EQPSD)

if � M � Ñ M � 6 Ñ ° � and Ôõì 6 �à�Kæò�ó� Ñ è� M � Ñ M � 6 Ñ (22)

or

if � M � Ñ M � 6 Ñ ì�� and Ô ° 6 �Û� æò�ß� Ñ è� M � Ñ M � 6 Ñ õ (23)

In a similar fashion¬ #m� õ�� correspondsto a minimumof á�¾ if andonly if ïDð ñï Ç ìÝ�0/ ¬ ñæí�võ��vô_ó�� . This impliesthat ¬ # ó correspondsto a maximumof á�¾ (FDS)sincethereis only one
stationarypoint in theinterval ¬ ñ]�²� õ��vô2ó�� (seeFigure13). For all ¬ ñ!æí�võ��vô_ó�� , ïDð ñï Ç is positive if
andonly if �Kæò�ß� Ñ èRO	Ô=æò� M � Ñ M è�� 6 æ4óPO	Ô Ñ è\ì��võ
This impliesthat Ô æ�� M � Ñ M � 6 Ñ èPì 6 �à�Kæ��ó� Ñ è-õ
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Figure14: EQPSDandFDSsignalingin asinglefrequency bin.

Thus,theachievablerate á�¾ is maximumat ¬ #~ó (FDS)

if � M � Ñ M � 6 Ñ ° � and Ô ° 6 �à�Kæò�ó� Ñ è� M � Ñ M � 6 Ñ (24)

or

if � M � Ñ M � 6 Ñ ì�� and Ô¡ì 6 �Û� æò�ß� Ñ è� M � Ñ M � 6 Ñ õ (25)

Thus,we candeterminewhetherthe value ¬ #ß�võ�� maximizesor minimizesthe achievable
rateby evaluatingtheabove inequalities.If ¬ #m� õ�� correspondsto a maximumof á�¾ , thenwe
achieve capacity ¦ ú by doing EQPSDsignaling. If ¬ #:� õ�� correspondsto a minimum of á�¾ ,
thenwe achieve capacity ¦ ú by doing FDS signaling. This canbe summedin testconditionsto
determinethesignalingnature(FDSor EQPSD)in agivenbin. Using(22)and(24)wecanwrite

If � M � Ñ M � 6 Ñ ° � then

Ôî# �,êe±4�� ÷Pø0ùÙú2ûì°ü ûÜú
6 �Û�Kæò�ó�,ý�è� M �,ý M � 6 ý õ (26)
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Also, using(23)and(25)wecanwrite

If þ�ÿ��àý ÿ�� � ý���� then�	��

������ ���������������� � � 
! þ"�,ý$#þ ÿ �,ý ÿ � � ý&% (27)

Thus,wecanwrite theupstreamcapacity')( in a frequency bin * as

' ( � +,,,- ,,,. �0/2143 ÿ652798 :<;>=?A@CB : ;EDGF B!HJILKNM if O � � %QP M@ ÿ /2143 ÿ R 798 :<;S=?UT VSB : ; HEW M if O � 7 % (28)

Note: Its alwaysoptimal to do either FDS or EQPSDsignaling; thatis, O � � %XP or 7 only.
FDS signalingschemeis a subsetof the moregeneralorthogonalsignalingconcept. However,
of all orthogonalsignalingschemes,FDS signaling givesthe bestresultsin termsof spectral
compatibilityunder an average powerconstraint and henceis usedhere(seeproof in Section
4.5.12).

4.5.6 Solution: All fr equencybins

We saw in Section4.5.5how to determinetheoptimalsignalingscheme(FDSor EQPSD)in one
frequency bin for theupstreamanddownstreamdirections.In this Sectionwe will apply the test
conditionsin (26) and(27) to all the frequency bins to determinethe overall optimal signaling
scheme.Further, using“water-filling” (this comprisesof the classicalwater-filling solution[14]
andanoptimizationtechniqueto computecapacityin thepresenceof self-interference[16]) opti-
mizethepowerdistributionover thebinsgiventheaverageinputpower ( �EY�Z\[ ).

We divide the channelinto ] narrow subchannelsof bandwidth
�

(Hz) each(seeFigure
5). For eachsubchannel* , we computethe respective channeltransferfunction (

�_^  \`ba # , self-
NEXT (

� ?  \`ba # ), self-FEXT (
� H  \`ca # ), DSIN-NEXT ( dfe ?  \`ba # ), DSIN-FEXT ( dfe H  g`ca # ) and

AGN (
�$h  \`ca # ). Then,by applying(26) and(27) to eachbin * in thegenericxDSL scenario(with

theusualmonotonicityassumptionsasoutlinedin Section4.1),5 we candivide thefrequency axis
( ] bins)into i majorregions:

1. The right sideof  g

j # � � for bins k 7 M)lnmSo . Thesebins employ EQPSDsignaling(since
power in everybin is pq� ).

2. Theright sideof  g
4r # � � for bins k l H M ] o . Thesebinsemploy FDSsignaling(sincepower
in everybin is ps� ) and ltm � l H .

5Whenthechanneltransferfunctionis non-monotonic(asin thecaseof bridgedtaps)a bin-by-binapproachmay
berequiredto achievetheoptimalpowerdistribution(seeSection4.10).
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3. Thesignalingschemeswitchesfrom EQPSDto FDSsignalingatsomebin ltu ÿLv , whichlies
in therangeof bins  lnmwM)l H # .

Figure15 illustratesthe situationof the i bins lnm , l H and lnm ÿ H . In the next Sectionwe
developanalgorithmto find theoptimalbin lxu ÿLv andtheoptimalpowerdistribution.

4.5.7 Algorithm for optimizing the overall transmit spectrum

To find theoptimalEQPSDto FDSswitch-overbin ltu ÿLv andtheoptimalpowerdistributionover
all bins:

1. Setup equispacedfrequency bins of width
�

(Hz) over the transmissionbandwidthy of
thechannel.Thebinsshouldbenarrow enoughfor theassumptions(1)–(3)of Section4.1
to hold.

2. Estimatetheinterference(DSIN-NEXT, DSIN-FEXT, self-NEXTandself-FEXT)andnoise
(AGN) PSDs.LumpthecorrespondinginterferencePSDstogetherinto onePSD.

3. Computethebins lnm and l H using(26)and(27)asoutlinedin Section4.5.6.

4. Chooseaninitial estimateof ltu ÿLv ( lnm is agreatstart).

5. Chooseaninitial distributionof how muchproportionof thetotalpower( �EY�Z\[ ) shouldgoin
thespectrumto theleft of lxu ÿLv andhow muchshouldgo to theright. Denotethesepowers
by � m and � H � �EY�Z\[ � � m respectively.

6. Usewater-filling to distributethesepowers( � m and � H ) optimallyover frequency [14, 16]
with EQPSDsignalingin bins k 7 M)ltu ÿLv o andFDSsignalingin bins[ lxu ÿLv 8z7 M ] o . Compute
the subchannelcapacity ' ( in eachbin using(28). Calculatethe channelcapacity { ( by
summingall subchannelcapacities.

7. Re-estimatethepowers � m and � H .

8. Repeatsteps6 to 7 for a rangeof powers � m and � H in searchof the maximumchannel
capacity{ ( . This searchis guaranteedto converge[3].

9. Re-estimatetheoptimalEQPSDto FDSswitch-overbin ltu ÿLv .
10. Repeatsteps5 to 9 for a rangeof bin valuesfor ltu ÿLv .
11. Choosethebin numberwhichyieldsthehighestchannelcapacity{ ( asthetrueoptimalbinltu ÿLv afterwhich thesignalingswitchesfrom EQPSDto FDS.
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Notes:

1. Standardminimization/maximizationroutines(like fmin in thesoftwarepackageMATLAB)
canbeusedto searchfor theoptimalpowers � m and � H .

2. WecanusefastalgorithmsliketheGoldenSectionSearch[19] to find theoptimalbin ltu ÿLv .
This routinetries to bracket theminimum/maximumof theobjective function(in this case
capacity)usingfour function-evaluationpoints.We startwith a triplet (� M���M�� ) thatbrackets
theminimum/maximum.Weevaluatethefunctionatanew point ���  ��M�� # andcomparethis
valuewith thatat thetwo extremetiesto form anew bracketingtriplet (� M���M � ) or ( ��M � M�� ) for
theminimum/maximumpoint. Werepeatthisbracketingproceduretill thedistancebetween
theouterpointsis tolerablysmall.

4.5.8 Fast,suboptimal solution for the EQPSDto FDSswitch-over bin

In theestimationof the optimalbin lxu ÿLv we have observed in practicethat lxu ÿLvt� lnm , typi-
cally within 1 or 2 binsespeciallywhenself-interferencedominatesthetotalcrosstalk(seeSection
4.5.11).In thecaseof low AGN anddifferent-serviceinterferencethesuboptimalsolutionis asub-
stantiallyoptimizedsolution.Thus,with significantlylesscomputationaleffort thanthealgorithm
describedin Section4.5.7,a near-optimalsolutioncanbeobtained.Evenif a searchis mounted
for ltu ÿLv , wesuggestthatthesearchshouldstartat ltm (andmoveto theright).

Algorithm to implementthesuboptimalsolution:

1. PerformSteps1 and2 of thealgorithmof Section4.5.7.

2. Computethebin ltm using(26)asoutlinedin Section4.5.6.

3. SettheEQPSDto FDSswitch-overbin lxu ÿLv equalto lnm .

4. Obtainthe optimalpower distribution andthe channelcapacity { ( by performingSteps5
through8 of thealgorithmin Section4.5.7.

4.5.9 Flow of the scheme

Considera line carryingan xDSL servicesatisfyingthe assumptionsof Sections4.1 and4.5.3.
Lines carryingthe samexDSL serviceanddifferentxDSL servicesinterferewith the line under
consideration.Wewishtofind theoptimaltransmitspectrumfor thexDSL lineunderconsideration
(seeproblemstatementin Section4.5.2).

1. Determinetheself-NEXTandself-FEXTlevelsdueto otherxDSL lines,bin by bin. These
canbedeterminedeitherthrough:

(a) a worst-caseboundof their levelsdeterminedby how many linesof thatxDSL service
couldbeatwhatproximity to thexDSL line of interest;or
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(b) an adaptive estimation(training) procedurerun whenthe modem“turns on.” In this
processthe CO will evaluatethe actualnumberof active self-interferingxDSL lines
andtheproximity of thoselineswith theline of interest.

2. DetermineDSIN-NEXT andDSIN-FEXTlevels,bin by bin. Thesecanbedeterminedeither
through:

(a) a worst-caseboundof their levels determinedby how many lines of which kinds of
servicecouldbeatwhatproximity to thexDSL line of interest;or

(b) an adaptive estimation(training) procedurerun whenthe modem“turns on”. In this
procedureno signaltransmissionis donebut we only measurethe interferencelevel
on thexDSL line at thereceiver. Finally, thecombinedDSIN-NEXT andDSIN-FEXT
canbeestimatedby subtractingtheself-interferencelevel from the level measuredat
thereceiver.

3. anadaptiveestimation(training)procedurerunwhenthemodem“turnson”.

4. Optimizethespectrumof transmissionusingthealgorithmsof Section4.5.7or 4.5.8.

5. Transmitandreceivedata.

6. Optional: Periodicallyupdatenoiseand crosstalkestimatesand transmitspectrumfrom
Steps1–3.

Figure16 illustratesaflowchartshowing thestepsfor theoptimalandthesuboptimalsolution.

4.5.10 Grouping of bins and wider subchannels

Theoptimalandnear-optimalsolutionsof Sections4.5.7and4.5.8divide thechannelinto narrow
subchannels(bins)andemploy theassumptionsasdiscussedin Sections4.1and4.5.3.In thecase
of self-interference,the resultingoptimal transmitspectrumusesFDS andis “discrete” (a “line
spectrum”).Sucha transmitspectrumis easilyimplementedvia a DMT modulationscheme,but
is not easyto implementwith othermodulationschemeslike PAM, multi-level PAM, or QAM
[20]. In addition,theDMT schemecanintroducehigh latency which maybea problemin some
applications.Thus,onemaywanttouseotherlow-latency modulationschemes.In suchascenario,
we cancombineor groupFDSbinsto form wider subchannelsandthenemploy otherbroadband
modulationschemes.This may result in differentperformancemargins but we believe that the
changein margins would not be significant. An alternative broadbandmodulationschemelike
multi-level PAM or QAM would usea decisionfeedbackequalizer(DFE) [20] at the receiver to
compensatefor thechannelattenuationcharacteristic(seeSection4.11.4for furtherdiscussion).

Figure17 shows onepossibleway of groupingthebins. The left-hand-sidefiguresshow the
optimal upstreamanddownstream“discrete” transmitspectrae (  \` # and e��  \` # as obtainedby
thealgorithmof Section4.5.7.Theright-hand-sidefiguresshow thesameoptimaltransmitspectra
afterappropriategroupingof binsresultingin “contiguous”transmitspectra.While grouping,only
thebinsemploying FDSsignalingaregroupedtogetherandtheleftmostbinsemploying EQPSD
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Figure16: Flowchartof the optimal andsuboptimalschemesto determinethe transmitspectrumusing
EQPSDandFDSsignaling.
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signalingareretainedasthey are. In this particularcase,we have groupedthebinssuchthat the
upstreamanddownstreamcapacitiesareequal( { ( � {�� ). The upstreamtransmitspectrumis
completely“contiguous”while thedownstreamspectrumis “contiguous”exceptfor one“hole” as
shown in Figure17.

Note: This is not the only way that the bins can be grouped. The bins canbe groupedin
a variety of differentways giving many differentoptimal transmitspectra. Particular modula-
tion schemesandspectralcompatibilitywith neighboringservicesmayinfluencetheway binsare
grouped.Further, groupingof binsmay leadto differentinput powersfor oppositedirectionsof
transmission.

We look at anotherpossibleway of groupingbins suchthat we achieve equalperformance
marginsandequalupstreamanddownstreamaveragepowers. Thiscouldbeapreferredgrouping
for symmetricdata-rateservices.
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Algorithm for “contiguous” optimal transmit spectra: Equal margins and equal average
powers in both dir ections:

1. Solvefor theoptimaltransmitspectrumeA(  \` # accordingto thealgorithmsin Sections4.5.7,
4.5.8,or 4.6, where e (  \` # is the water-filling solution(refer to [14] if the spectralregion
employsEQPSDor multi-line FDSsignalingandto [16] if thespectralregionemploysFDS
signaling)(seeSections4.5and4.6). Thisgivesadiscretetransmitspectrume (  \` # .

2. Denotethe spectralregion employing FDS signalingas � vc��� andthe spectralregion em-
ploying EQPSDsignalingas � u4��� ��� .

Obtain e��  \` # from e (  \` # by symmetry, i.e., e��  \` # � e (  g` # in EQPSDandmulti-line FDS
regionsand e �  g` #9 �eA(  \` # in FDSspectralregions.Merge e �  g` # and eA(  \` # to form e  \` #
as e  \` # � e (  \` # � e �  g` # ¡ ` in � u4��� ��� Me  \` # � e (  \` #>¢£e �  g` # ¡ ` in � v¤�!� M (29)

where¢ representstheunionof thetwo transmitspectra.

3. Estimatebins l ^ �  lxu ÿLv M ] o , and lz¥ �  l ^ M ] o . Groupthe bins of e  \` # to obtain
upstreamanddownstreamtransmitspectraas

e (¦¨§ª©  g` # � +,- ,. e  \` #"¡ ` in � u���� �ª� M and¡ ` in bins  l ^ M«lz¥¬ogM� otherwiseM (30)

e �¦¨§�©  \` # � +,,,- ,,,. e  g` #"¡ ` in � u���� ��� M and¡ ` in bins  ltu ÿLv M)l ^ o\M and¡ ` in bins  lz¥AM ] ogM� otherwise% (31)

4. Iteratepreviousstepfor variouschoicesof l ^ and ln¥ . Thebin l ^ is chosensuchthatwe
getequalperformancemarginsin bothdirectionsof transmissionandthebin lz¥ is chosen
suchthatupstreamanddownstreamdirectionshaveequalaveragepowers.

The resultingtransmitspectraeA(¦¨§�©  \` # and e �¦¨§�©  \` # areanothermanifestationof the groupingof
bins and yield equalperformancemargins (equalcapacities)andequalaveragepowers in both
directionsof transmission.

4.5.11 Examplesand results

In this Section,we presentsomeexamplesand resultsfor the HDSL2 service. AGN of � 7®­ �
dBm/Hzwasaddedto theinterferencecombinationin all simulations.Table1 listsoursimulation
resultsperformancemargins and comparesthem with resultsfrom [1]. The simulationswere
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Table1: Uncodedperformancemargins(in dB) for CSANo. ¯ : MONET-PAM vs.Optimal.

MONET-PAM “Our-PAM”
Crosstalksource xDSL service Up Dn Up Dn Optimal Diff

49HDSL HDSL2 9.38 3.14 10.05 3.08 18.75 15.67
39self HDSL2 10.3 6.03 11.18 6.00 18.39 12.39
25T1 HDSL2 19.8 20.3 14.23 20.29 21.54 7.31

Bit ratefixedat 7 %XP4P 
 Mbps.
Diff = DifferencebetweenOptimalandworst-case“Our-PAM”.

Table2: Uncodedperformancemargins(in dB) for CSANo. ¯ : Optimalvs. Suboptimal.

Crosstalksource xDSL Optimal lxu ÿLv Fast,suboptimal lnm Diff
service scheme(dB) scheme(dB)

1 self HDSL2 27.68 11 27.68 10 0
10self HDSL2 21.94 10 21.94 10 0
19self HDSL2 20.22 8 20.22 8 0
29self HDSL2 19.13 8 19.13 8 0
39self HDSL2 18.39 9 18.39 9 0
10self+ 10HDSL HDSL2 12.11 60 11.46 19 0.65
10self+ 10T1 HDSL2 7.92 27 7.90 23 0.02

Bit ratefixedat 7 %XP4P 
 Mbps.
Diff = DifferencebetweenOptimalandsuboptimalscheme.

donefor theCarrierServingArea(CSA) loop numberj , which is a 

j AWG, ° kft line with no
bridgedtaps.Thecolumn“Our-PAM” refersto our implementationusingT1E1.4/97-180R1[11]
of thePAM scheme(MONET-PAM) suggestedby theauthorsin [1] usingtheir transmitspectra.
We believe the slight differencesin margins betweenMONET-PAM and“Our-PAM” exist due
to slight differencesin our channel,self-NEXT andself-FEXTmodels. The useof “Our-PAM”
marginsallows usa fair comparisonof our optimal resultswith otherproposedtransmitspectra.
ThecolumnsUp andDn referto theupstreamanddownstreamperformancemarginsrespectively.
ThecolumnOptimalrefersto theperformancemarginsobtainedusingtheoptimaltransmitspectra.
ThecolumnDiff shows thedifferencebetweentheperformancemarginsfor theoptimaltransmit
spectrumandtheMONET-PAM transmitspectrum(using“Our-PAM” margins).A full-duplex bit
rateof 7 %QP
P 
 Mbps anda BER of 7 ��±�² wasfixed in orderto get the performancemargins. The
HDSL2standardscommitteedesiresa high uncodedmargin (preferablymorethan6 dB). Table1
showsthatweachieveveryhighuncodedmarginsfar exceedingcurrentschemes.

Table2 shows thedifferencebetweentheoptimalsolutionof thesignalingscheme(usingthe
optimal ltu ÿLv ) andthefastapproximatesuboptimalsolution(using ltu ÿLv � lnm ) for a varietyof
interferinglines.ThecolumnDiff (in dB) notesthedifferencein performancemarginsbetweenthe
optimalschemeandthesuboptimalscheme.Notethat thereis hardlyany differencebetweenthe
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signalingtakesplaceto theright (indicatedby dashedline).

two whenself-interferencedominatesthetotal crosstalk.This is a very significantresultfrom an
implementationview point for it shows thatnear-optimal signaling can be obtained with very
little computational effort. Theoptimalsolutionrequiresa somewhatcomplicatedoptimization
over the bins startingfrom ltm andmoving towardsthe right. Our resultsclearly indicatethat
thenear-optimalsolutioncangive extremelyattractive resultswith no searchfor theoptimalbin.
Further, thissuggeststhattheoptimalbin ltu ÿLv is closerto ltm than l H andsooneshouldsearch
for it to theimmediateright of lnm .

An optimalupstreamtransmitspectrumin thecaseof self-interferenceis illustratedin Figure
18. TheFigureshows theoptimalupstreamtransmitspectrumfor HDSL2servicein thepresence
of self-NEXTandself-FEXTfrom i4° HDSL2disturbersandAGN of � 7�­ � dBm/Hz. Thedown-
streamtransmitspectrafor theHDSL2 servicearesymmetricwith theupstreamtransmitspectra
asdiscussedearlier.

Figure19 illustratesoptimal“contiguous”transmitspectrafor thesamecaseof i4° self-NEXT
andself-FEXTdisturberswith AGN of � 7�­ � dBm/Hz. The “contiguous”transmitspectrawere
obtainedby groupingthebinsasoutlinedin Section4.5.10( {�( � { � ). Theupstreamanddown-
streamdirectionsexhibit thesameperformancemarginsandusedifferentpowers.

Figure20 illustratesanothersetof optimal“contiguous”transmitspectrafor thesamecaseofi4° self-NEXTandself-FEXTdisturberswith AGN of � 7�­ � dBm/Hz.These“contiguous”transmit
spectrawereobtainedby groupingthebinsasoutlinedin thealgorithmof Section4.5.10suchthat
now wehavebothequalperformancemargins(equalcapacities)andequalaveragepowersin both
directionsof transmission.
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Figure19: Optimal “contiguous”upstreamanddownstreamtransmitspectrafor CSA Loop ¯ (HDSL2
transmitspectrumwith µ<¶ self-NEXT+ µ<¶ self-FEXT).EQPSDsignalingtakesplaceto theleft of bin 9.
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Figure20: Anothersetof optimal“contiguous”upstreamanddownstreamtransmitspectrafor CSALoop¯ (HDSL2 transmitspectrumwith µ<¶ self-NEXT + µ<¶ self-FEXT).Thesespectrayield equalperformance
margins (equalcapacities)andequalaveragepowersin bothdirectionsof transmission.EQPSDsignaling
takesplaceto theleft of bin 9.
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Table3: Spectral-compatibilitymargins:MONET-PAM vs. Optimal

MONET-PAM Dn “Our-PAM” Optimal
CrosstalkSrc xDSL Srvc CSA j CSA ­ CSA j CSA ­ CSA j CSA ­
49HDSL HDSL 8.53 8.09 8.09 7.78
39HDSL2Up HDSL 10.1 10.9 9.74 10.53 15.44 15.60
39HDSL2Dn HDSL 8.28 7.99 7.74 7.53
39HDSL ECADSL 8.43 9.55 7.84 9.02
39HDSL2 ECADSL 9.70 11.7 8.17 10.00 6.93 9.10
49HDSL ECADSL 8.12 9.24 7.52 8.7
49HDSL2 HDSL 7.10 6.91 14.95 15.12

4.5.12 Spectralcompatibility

Whenweoptimizethecapacityof anxDSL servicein thepresenceof interferers,we mustensure
that the optimizedxDSL serviceis not spectrallyincompatiblewith otherservices.That is, the
performancemarginsof otherservicesmustnot significantlydegradedueto thepresenceof that
xDSL. Our optimal xDSL transmitspectrainvolve water-filling (after choosingthe appropriate
joint signalingstrategy). To maximizexDSL capacitywe distribute more power in regions of
lessinterferenceand vice versa. This implies the serviceswhich interferewith xDSL seeless
interferencein spectralregionswherethey havemorepowerandviceversa.Thissuggeststhatthe
spectralcompatibilitymargins for otherservicesin thepresenceof optimizedxDSL PSDshould
behigh.

Table3 listsoursimulationresultsfor HDSL2serviceandcomparesthemwith resultsfrom[1].
Thesimulationsweredonefor theCSAloopnumberj ( 

j AWG, ° kft, nobridgedtaps)andCSA
loop number ­ ( 

j AWG, bridgedtaps). The column“Our-PAM” refersto our implementation
usingT1E1.4/97-180R1[11] of thePAM scheme(MONET-PAM) suggestedby theauthorsin [1]
usingtheir transmitspectra.We believe theslight differencesin marginsbetweenMONET-PAM
and“Our-PAM” exist dueto the differencesin our channel,self-NEXT andself-FEXT models.
ThecolumnOptimallists theperformancemarginsof thexDSL serviceunderconsiderationusing
the optimal transmitspectrumonly whenHDSL2 is a crosstalksource.The useof “Our-PAM”
margins allows us a fair comparisonof our optimal margins with the other proposedtransmit
spectra.FromTable3, we canclearlyseethattheoptimaltransmitspectrumhasa high degreeof
spectralcompatibilitywith thesurroundinginterferinglines.

Our optimal resultsin caseof self-NEXT andself-FEXT give rise to FDS signaling,which
hasa peaky PSDin binsemploying FDS.All orthogonalschemeslike FDS,TDS, andCDSgive
self-NEXTrejectionandcantransmitat thesamebit rate.But, usingFDSis betterthanCDSsince
thereis againin theperformancemargin of theinterferingline. Wenow provethatFDSsignaling
giveshigherspectralcompatibilitymarginsthanotherorthogonalschemeslikeCDS.

Theorem: Let the line underconsiderationbe the signalingline (with PSD e in a
singlebin) andtheline that interfereswith this line betheinterferingline (with PSD
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Figure21: Transmitspectraof signalingline ( ¹ ), interferingline ( º and » ), andlumpedchannelnoise( ¼ ).
FDSscheme(Case½ ) for interferingline yields highercapacityfor signalingline ( ¹ ) thanotherschemes
like CDS(Case� ).¾ (  \` # and ¾ �¤ \` # in a singlebin). Then,usinganFDSschemeinsteadof CDSscheme

for theinterferingline resultsin highercapacityfor thesignalingline underanaverage
powerconstraint andaGaussianchannelmodel.

Proof: Consider, asusualthescenarioof onesinglefrequency bin of width
�

(Hz) asillustrated
in Figure21. In this Figure, e is the transmitspectrumof thesignalingline underconsideration
(for exampleT1, HDSL, ADSL, etc.), ¿ and À representthedifferentserviceinterferencepowers
from a neighboringinterferingline (for exampleHDSL2) and

�
representsthe lumpedchannel

noise(AGN) andotherdifferent-serviceinterference.Therearetwo casesof interest:

Case7 : The interferingline usesa CDSsignalingscheme.In this casethepower in a singlebin *
( �E� ) is uniformly distributedthroughoutthebin resultingin aflat PSD,i.e.,¾ (  g` # � ¾ �  \` # �qÁ %
We assumethesubchannelfrequency responses(1)–(3)andthenotationintroducedin (12)
and(13). We assumeherethat the NEXT andFEXT couplingtransferfunctionsbetween
differentservicelines arethe sameasthat for same-servicelines. Thus,we canwrite the
differentserviceinterferencepower in signalingline bin * asdfe ?  \` # 8 dfe H  \` # � ¾ (  g` #¿þ 8 ¾ �  g` #ªÂ� Á þ 8 Á Â % (32)

Wedefine¿ and À as ¿ � Á  þ"�ÃÂ$#À � 
 Á Â % (33)

Using(33)wecanwrite theinterferencepower in (32)asdÄe ?  g` # 8 dfe H  \` # � ¿ 8 À %
49



Case
 : Theinterferingline usesanFDSsignalingscheme.In this casethepower in a singlebin *
( �E� ) is distributedin only half thebin, resultingin apeaky PSD,i.e.,¾ (  g` # �ÆÅ 
 Á M if Ç ` ÇÉÈ @ ÿ M� M if

@ ÿ � Ç ` ÇÉÈ � M
and, ¾ �  \` # �ÊÅ � M if Ç ` ÇÉÈ @ ÿ M
 Á M if

@ ÿ � Ç ` ÇÉÈ � %
We assumethesubchannelfrequency responses(1)–(3)andthenotationintroducedin (12)
and(13). We assumeherethat the NEXT andFEXT couplingtransferfunctionsbetween
differentservicelines arethe sameasthat for same-servicelines. Thus,we canwrite the
differentserviceinterferencepower in signalingline bin * asdfe ?  \` # 8 dfe H  \` # � ¾ (  \` #jþ 8 ¾ �  \` #ËÂ� Å 
 Á þ M if Ç ` ÇÉÈ @ ÿ M
 Á Â M if

@ ÿ � Ç ` ÇÉÈ � % (34)

Using(33)wecanwrite theinterferencepower in (34)asdfe ?  \` # 8 dfe H  g` # �ÆÅ 
 ¿ 8 À M if Ç ` ÇÉÈ @ ÿ MÀ M if
@ ÿ � Ç ` ÇÉÈ � %

Gettingbackto theproblem,weconsiderasinglesignalingline (line 7 ). Wedividethesignal-
ing line channelinto narrow subchannels(or bins)andweanalyzeanarrow subchannel* . Weuse
thestandardassumptionsof Section4.1. We canwrite theupstreamsubchannelcapacityof bin *
of thesignalingline in Case7 as' ( Ì (Case7 ) � �
 /ÎÍ 
ÐÏ /ÎÍ R 7�8 e¿ 8 À 8 � W 8 /ÎÍ R 7�8 e¿ 8 À 8 � W!Ñ M (35)

andin Case
 as' ( Ì (Case
 ) � �
 /ÎÍ 
 Ï /ÎÍ R 7�8 e
 ¿ 8 À 8 � W 8 /2Í R 7�8 eÀ 8 � W!Ñ % (36)

Computethecapacitydifferencesin thetwo casesas

d � ' ( Ì (Case
 ) �Ò' ( Ì (Case7 ) � �
 /2Í 
 /ÎÍzÓÔÕ�Ö 7�8 ×ÿ¨Ø B�Ù�B�?6Ú Ö 798 ×Ù�B�?6ÚÖ 7�8 ×Ø B�Ù�B�? Ú ÿ ÛÝÜÞ % (37)

Takingthepartialderivativeof d with respectto ¿ wegetß dß ¿ � �/2Í 
 eáà 7 ¿ 8 À 8 � #  ¿ 8 À 8 � 8 e�# � 7 \
 ¿ 8 À 8 � #  \
 ¿ 8 À 8 � 8 e�#�â %
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Let ã � ¿ 8 À 8 � Mä � ¿ 8 À 8 � 8 e %
Notethat

ã M ä ps� andthatwecanrewrite thepartialderivativeof d with respectto ¿ asß dß ¿ � �/2Í 
 e à 7ã ä � 7 ã 8 ¿ #  ä 8 ¿ # â � �/ÎÍ 
 e à ¿ ÿ 8  ã 8 ä # ¿ã ä  ã 8 ¿ #  ä 8 ¿ # â pq� % (38)

Further, åçæå Ø$èèè ØSé!ê � � . Theslopeof d with respectto ¿ is alwayspositiveandhence,' ( Ì (Case
 ) �' ( Ì (Case7 ) is alwaysincreasingwith ¿ , which impliesthat' ( Ì (Case
 ) �Ò' ( Ì (Case7 ) ¡ ¿ ps� %
When ¿ � � , i.e.,whenFEXT is higherthanNEXT in a bin ( ÂÆ�ôþ ), we canredefine¿ and À
as À � 
 Á þ M and, ¿ �ëÁ  Âë� þt# %
Wecanthenfollow thesameanalysisandshow thatthecapacity' ( Ì (Case
 ) isgreaterthan' ( Ì (Case7 ).

Thus,we have proventhatFDSschemeratherthanCDSschemefor interferinglines,results
in highercapacitiesfor signalinglinesunderanaveragepowerconstraint. Q.E.D.

Interestingly, thepower-peaky FDStransmitspectrashouldbeverycompatiblewith theADSL
standard,sinceADSL canbalancehow many bits it placesin eachof its DMT subchannelsusing
abit loadingalgorithm[17].

4.6 Optimization: Interfer encefr omother services(DSIN-NEXT andDSIN-
FEXT) plus self-interference(self-NEXT and high self-FEXT) – Solu-
tion: EQPSD,FDSand multi-line FDSsignaling

In thisscenariowehaveself-interference(self-NEXTandhighself-FEXT)in additionto AGN and
DSIN-NEXT andDSIN-FEXTfrom otherservices(seeFigure3) in agenericxDSL service.This
is the caseof interestfor “GDSL”, “VDSL2”, and HDSL2 (with a small number of lines).

4.6.1 Self-FEXT and self-NEXT rejectionusingmulti-line FDS

To rejectself-FEXT andself-NEXT, we usemulti-line FDS (seeSection4.3 andFigure7). In
multi-line FDSwe separateeachline by transmittingon eachin differentfrequency bands.This
reducesthe transmissionbandwidthto ìbí�î the total channelbandwidth,with î thenumberof
lines carryingthe serviceunderconsideration.Thus,multi-line FDS signalingcan increasethe
capacityonly whentherearea few numberof lines.

We will designa systemherethat hasboth self-NEXT andself-FEXT rejectioncapability.
Thus,thisservesasthecompletesolutionundertheassumptionsin Section4.1andtheconstraints
of limited averageinputpower( ïEð�ñ\ò ) andequalcapacityin bothdirections.
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4.6.2 Problemstatement

Maximizethe capacityof anxDSL line in the presenceof AGN, interference(DSIN-NEXT and
DSIN-FEXT) from otherservices,andself-NEXTandself-FEXTundertwo constraints:

1. The averagexDSL input power in eachdirectionof transmissionmustbe limited to ïEð�ñ\ò
(Watts),and

2. Equalcapacityin bothdirections(upstreamanddownstream)for xDSL.

Do this by designingthedistribution of energy over frequency (thetransmitspectrum)of theup-
streamanddownstreamxDSL transmissions.

4.6.3 Additional assumptions

Weaddthefollowing assumptionsto theonesin Section4.1:ìbó�ô All the î linescarryingthexDSL serviceareassumedto have thesamechannelandnoise
characteristicsandfacethe sameinterferencecombinationin both transmissiondirections
(upstreamanddownstream).Referto Section4.7for resultswhenthisdoesnot hold true.ì<õ�ô Thecouplingtransferfunctionsof NEXT andFEXT interferencearesymmetricalbetween
neighboringservices. For example,eachline hasthe sameself-NEXT transferfunctionö_÷ùø\úüû

andself-FEXTtransferfunction
ö_ýwø\úüû

for computingcouplingof interferencepower
with any otherline. However, wedevelopsomeresultsin Section4.7whentherearedifferent
NEXT andFEXT couplingtransferfunctionsbetweenlines.

4.6.4 Signalingscheme

Thelevel of self-NEXT andself-FEXTvariesover frequency (recallFigure6). In regionsof low
self-NEXT andlow self-FEXT, EQPSDsignalingis the bestchoice. In spectralregionsof high
self-NEXTbut low self-FEXT, orthogonalsignalingschemelikeFDSis preferred(dueto its self-
NEXT rejection,aswe saw in Section4.5). But, in regionsof high self-FEXT, multi-line FDS
signalingmightberequiredfor gainingcapacity.

Key to our schemeis that theupstreamanddownstreamtransmissionsof each of the î lines
usedifferenttransmitspectra.

4.6.5 Solution usingEQPSDand FDSsignaling: All fr equencybins

First, we assumethat self-FEXT is small andthen,usingEQPSDor FDS signalingin eachbin,
we find the solutionfor all frequency bins asoutlinedin Sections4.5.4— 4.5.8. Thus,we ob-
tain theoptimal (or suboptimal)EQPSDto FDSswitch-over bin îxþ4ÿ�� underthe low self-FEXT
assumption.
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Next, we relax the self-FEXT assumptionand openthe possibility of multi-line FDS. We
searcheachbin to seeif we needto switch from EQPSDto multi-line FDSor FDSto multi-line
FDS.This maynot necessarilyyield theoptimalsolutionfor thetransmitspectrumgiventhatwe
usea joint signalingschemecomprisingof thethreesignalingschemes(EQPSD,FDSandmulti-
line FDS). But, this analysisis tractableand givessignificantgainsin channelcapacityand is
presentednext.

4.6.6 Switch to multi-line FDS: One fr equencybin

Considerthe caseof î lines with significantself-FEXT interferencebetweenthem. We divide
thechannelinto severalequalbandwidth(

�
Hz) bins(seeFigure5) andperformour analysison

onefrequency bin � assumingsubchannelfrequency responses(1)–(3). We employ thenotation
introducedin (12) and(13). Let ��� � ø\úüû denotethePSDin bin � of line ì upstreamdirectionand�	� � ø\úüû denotethe PSDin bin � of line ì downstreamdirection(recall the notationintroducedin
Section4.1,Item9). Let ï�
 betheaveragepowerover thefrequency range��
�� ���

.

Next, we determinewhenwe needto switch to multi-line FDS in a givenbin to completely
rejectself-FEXT:

EQPSD to multi-line FDS: Figure22 illustratesthe two possiblesignalingschemesEQPSD
andmulti-line FDS in bin � of eachline for the caseof î � õ lines . We will considerline ì
for our capacitycalculations.Line ì upstreamanddownstreamcapacitiesfor EQPSDsignaling
aredenotedby � � ��� þ�������� and � � ��� þ�������� respectively. Similarly, line ì upstreamanddownstream
capacitiesfor multi-line FDSsignalingaredenotedby � � ��� � ��� � and �!� ��� � �"�#� respectively. Sincethe
upstreamanddownstreamtransmitspectraof line ì in bin � for EQPSDandmulti-line FDSare
thesame,wehave: � � ��� þ�������� �$� � ��� þ�������� � � � ��� � �"�#� �%� � ��� � �"�#�
Thus,wewill consideronly theupstreamcapacitiesin our futurediscussion.

UndertheGaussianchannelassumption,wecandefinetheEQPSDupstreamcapacity(in bps)
as

� � ��� þ�������� � �'&)(�* ÿ + ì-, � � � ø\úüûËö. ,/� � �10 ,/� � �3254 � (39)

where � � � øgúüû �6� � � ø\úSû �87:9<;= � if > ú >@?A�B
�� �6� �
 otherwiseô
Let C6� ÿ 9 ;= ÷ denotetheSNRin thebin. Thenwecanrewrite � � ��� þ�������� as� � ��� þ������D� � �E&)(�* ÿGF ì-, C öóH,/C 0 ,/C 25I ô (40)

Similarly, wecandefinethemulti-line FDSupstreamcapacity(in bps)as� � ��� � �"�#� � �î &J(�* ÿ + ìK, � � � ø\úüûËö. 4 � (41)
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Figure22: EQPSDandmulti-line FDSsignalingin frequency bin O for PRQTS line case.

where � � � ø\úüû �U7:V 9<;= � if > ú >�?6WX
�� =VZY �
�� otherwise�
and C[� ÿ 9<;= ÷ is theSNRin thebin. Thenwecanrewrite � � ��� � �"�#� as� � ��� � ��� � � �î &)(�* ÿGF ì-, î ó C ö I � (42)

Definethedifferencebetweenthetwo capacitiesas\ �$� � ��� � �"�#�^] � � ��� þ������D� ô (43)

Wewishto determinewhenit is betterto domulti-line FDSthanEQPSD,i.e.,whenis thecapacity� � ��� � ��� � greaterthan � � ��� þ�������� . Thismeansweneedaconditionfor when
\`_ 
 . Substitutingfrom

(40)and(42) into (43)weget
\`_ 
 if f2 _ �GóH,aC ø 0 , ö&û1� ]cb ì-, V ÿ C öedgfh ø ói,aC 0 ûCkj b ì-, V ÿ C öedlfh ] ì�m ô (44)
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Figure23: FDSandmulti-line FDSsignalingin frequency bin O for PnQTS line case.

Similarly, EQPSDis better(giveshighercapacity)thanmulti-line FDSwhen
\po 
 , i.e., if f

2 o �GóH,aC ø 0 , ö&û1� ] b ì-, V ÿ C ö d fh ø ói,aC 0 ûCkj b ì-, V ÿ C öed fh ] ì�m ô (45)

Wecancombine(44)and(45) into onetestconditionthattellsusthesignalingschemeto usein a
singlefrequency bin

2rqgs &)t�u ] &Ju)v wyx{z}|_o~-���y|�z �Ýói,aC ø 0 , ö&û�� ]�b ì-, V ÿ C öedgfh ø ó�,/C 0 ûC j b ìK, V ÿ C ö d�fh ] ì m ô (46)

FDSto multi-line FDS: Figure23 illustratesthetwo possiblesignalingschemesFDSandmulti-
line FDSin bin � of eachline for thecaseof î �qõ lines.Wewill considerline ì for ourcapacity
calculations.Line ì upstreamanddownstreamcapacitiesfor FDSsignalingaredenotedby � � ��� ��� �
and � � ��� �"�#� respectively. Similarly, line ì upstreamanddownstreamcapacitiesfor multi-line FDS
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signalingaredenotedby � � ��� � �"�#� and �!� ��� � �"�#� respectively. Sincethe upstreamanddownstream
transmitspectraof line ì in bin � for EQPSDandmulti-line FDSarethesame,wehave:� � ��� �"�#� �$� � ��� �"�#� � � � ��� � �"�#� �%� � ��� � �"�#�
Thus,we will consideronly theupstreamcapacitiesin our futurediscussion.UndertheGaussian
channelassumptionwecandefinetheFDSupstreamcapacity(in bps)as

� � ��� �"�#� � � ó &)(�* ÿ + ì-, � � � øgúüûªö. ,/� � �3254 � (47)

where � � � ø\úüû �U7 ÿ 9<;= � if > ú >@?A�B
�� = ÿ � �
�� otherwiseô
Let C6� ÿ 9 ;= ÷ denotetheSNRin thebin. Thenwecanrewrite ��� ��� �"�#� as� � ��� �"�#� � � ó &)(�* ÿGF ì-, C öì-,/C 2 I ô (48)

Similarly, wecandefinethemulti-line FDSupstreamcapacity(in bps)as� � ��� � �"�#� � �î &J(�* ÿ + ìK, � � � ø\úüûËö. 4 � (49)

where � � � øgúüû �U7 V 9<;= � if > ú >@?A�B
�� =V � �
�� otherwise�
and C[� ÿ 9 ;= ÷ is theSNRin thebin. Thenwecanrewrite � � ��� � �"�#� as� � ��� � ��� � � �î &)(�* ÿGF ì-, î ó C ö I � (50)

Definethedifferencebetweenthetwo capacitiesas\ ��� � ��� � �"�#�-] � � ��� �"�#� ô (51)

Wewishto find outwhenit is moreappropriateto performmulti-line FDSthanFDS,i.e.,whenthe
capacity� � ��� � �"�#� is greaterthan � � ��� �"�#� . For this,weneedaconditionfor when

\`_ 
 . Substituting
from (48)and(50) into (51)weget

\`_ 
 if f

2 _ ø ìy,/C ö&û ]cb ì-, V ÿ C öed}�hCkj b ì-, V ÿ C öed��h ] ì�m ô (52)

Similarly, FDSis better(giveshighercapacity)thanmulti-line FDSwhen
\po 
 , i.e., if f

2 o ø ìy,/C ö&û ]cb ì-, V ÿ C öed}�hCkj b ì-, V ÿ C öed��h ] ì�m ô (53)

56



Wecancombine(52)and(53) into onetestconditionwhich tellsusthesignalingschemeto use

2 qgs &)t�u ] &Ju)v wyx{z}|_ox{z}| ø ì-,aC ö&û ] b ìK, V ÿ C ö d}�hC�j b ìK, V ÿ C ö�d��h ] ì�m ô (54)

Thus,wecanwrite thegenericupstreamcapacity��� � for bin � of line ì as

� � � �
����������� ����������
��&J(�* ÿ W ì-, 9<;��÷ =�� 9<;���� � ý�� Y � if EQPSD�= ÿ &J(�* ÿGF ì-, 9 ; �÷�� � � 9 ; ý I � if FDS�= V &J(�* ÿ W ìK, V 9 ; �= ÷ Y � if multi-line FDSô (55)

4.6.7 Switch to multi-line FDS: All fr equencybins

We saw in the previous Sectionhow to determineif we needto switch to multi-line FDS from
EQPSDor FDSin a givenbin. We alreadyhave theoptimalsolutionassumingEQPSDandFDS
signalingscheme(from Section4.5). Now, we apply the conditions(46) and (54) to eachbin� . Interestingly, dueto theassumedmonotonicityof self-FEXT, self-NEXT andchanneltransfer
function,wecandivide thefrequency axis(all � bins)into 4 majorregions:

1. Usingtestcondition(46),wefind thatbins � ì��)îxþ4ÿ � �"�#� � employ EQPSDsignaling.

2. Using testcondition(46), we find thatbins �Ýîtþ
ÿ � ��� �H,	ì��)î � �"�#��ÿ��"�#� � employ multi-line
FDS signaling. Note that î � ��� ��ÿ��"�#��� îtþ
ÿ�� obtainedfrom optimizationprocedureof
Section4.6.5.

3. Usingtestcondition(54),wefind thatbins �Ýî � �"�#��ÿ��"�#�y,qì��«î��"�#��ÿ � �"�#� � employ FDSsig-
naling.

4. Using test condition(54), we find that bins �Gî��"�#�ªÿ � ��� ��,Êì���� �
employ multi-line FDS

signaling.

Figure24 illustratesthe õ bins îtþ
ÿ � ��� � , î � �"�#��ÿ��"�#� and î��"�#��ÿ � �"�#� andtheEQPSD,FDSand
multi-line FDSregions.In practicewemainlyseeó scenarios:

1. If îtþ4ÿ � �"�#� o î � �"�#��ÿ��"�#� then î��"�#��ÿ � �"�#��� î � �"�#��ÿ��"�#� , andwe get only ó distinct
spectralregionsasshown in Figure25:

(a) Bins � ì��)îtþ4ÿ � �"�#� � employ EQPSDsignaling.

(b) Bins �Gîxþ4ÿ � �"�#�y,qì�� � �
employ multi-line FDSsignaling.

FDSsignalingis notemployedin thiscase.
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Figure24: Upstreamtransmitspectrumof line ¢ employing EQPSD,FDSandmulti-line FDSsignaling
schemesfor P Q`S line case. The bins £¤¢	¥1P þ4ÿ � �"�#�3¦ employ EQPSD, £ P þ4ÿ � �"�#�¨§ ¢	¥1P � �"�#��ÿ��"�#�3¦
employ multi-line FDS, £ P � �"�#�ªÿ���� �K§ ¢	¥1P �"�#��ÿ � �"�#�!¦ employ FDS,and £ P ��� ��ÿ � �"�#�K§ ¢	¥1© ¦ employ
multi-line FDS.Thedownstreamspectrumof line ¢ ( ª ���«­¬�® ) is similar to ª ��¯«­¬�® exceptfor puttingpower in
thecomplimentaryhalvesof FDSbins.Theupstreamspectraof of lines ° and S aresimilar to ª �� «­¬�® except
for puttingpower in complementarythirdsof multi-line FDSbins. Thedownstreamspectrafor lines ° andS aresimilar to ª ��¯«­¬�® exceptfor putting power in the complementaryhalvesof the FDS bins andin the
complementarythirdsof multi-line FDSbins.

2. If îtþ4ÿ � �"�#��� î � �"�#��ÿ��"�#����îtþ4ÿ�� thenwe get õ distinct spectralregionsasshown in
Figure26:

(a) Bins � ì��)î � �"�#��ÿ��"�#� � employ EQPSDsignaling.

(b) Bins �Gî � ��� ��ÿ��"�#�y,qì��)î���� ��ÿ � �"�#� � employ FDSsignaling.

(c) Bins �Gî���� ��ÿ � �"�#�y,qì���� �
employ multi-line FDSsignaling.

There is no switch to multi-line FDS signalingwithin the EQPSDsignaling region (bins� ì��)îtþ
ÿ�� � ).
Notethatthebin î � �"�#��ÿ��"�#�¨� îtþ
ÿ�� is fixedfrom theoptimizationprocedurefrom Section4.6.5.
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Figure26: Practicalobservation number° : Bins £¤¢	¥1P � �"�#�ªÿ���� � ¦ employ EQPSD,bins £ P � �"�#�ªÿ���� � §¢	¥1P �"�#�ªÿ � ��� �!¦ employ FDS,andbins£ P �"�#��ÿ � �"�#��§ ¢	¥1© ¦ employ multi-line FDS.Thereis nomulti-line
FDSspectralportionwithin theEQPSDregion.
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4.6.8 Specialcase:Performanceof ó lines

Oftenin practicewemayhaveonly two twistedpair linescarryingthesameserviceandinterfering
with eachother. It is importantto derive theoptimaltransmitspectrumfor sucha scenario.In this
Sectionwe focuson this specialcaseof only ó lines. We will seethat in this caseit is optimal
to performeithermulti-line FDSor EQPSDsignalingin each bin. In this scenariowith arbitrary
self-FEXT andself-NEXT we easilyseethat thereis no needto performFDS signaling(reject
self-NEXT only) asmulti-line FDS rejectsboth self-NEXT andself-FEXT while achieving the
samecapacityasFDS.Thus,we choosebetweenEQPSDandmulti-line FDSsignalingschemes
for eachbin to achieve theoptimal transmit spectrum.

Let ´ �� ø\úSû and ´ �� ø\úüû denotetheupstreamanddownstreamtransmitspectraof line ì and ´ �ÿ ø\úSû
and ´ �ÿ øgúüû denotetheupstreamanddownstreamtransmitspectraof line ó respectively. Let thelineì upstreamcapacitybe µ �� and let the line ó downstreamcapacitybe µ��ÿ . Under the Gaussian
channelassumption,we canwrite thesecapacities(in bps)asµ �� � ¶ s ·¸º¹f �¼» � � ¸º½� �¤» � � ¸º¹� �¤» �º¾Z¿À&)(�* ÿ + ì-, > öÂÁwø\úSû > ÿ ´ �� øgúüû.�Ã<øgúüû , \ ´ ÷ùø\úSû , \ ´ ý�ø\úüû ,[> ö_÷�øgúüû > ÿ ´ �ÿ ø\úüû ,[> ö ýwøgúüû > ÿ ´ �ÿ øgúüû 4KÄ ú � (56)

and µ �ÿ � ¶ s�·¸ ½� �¼» � � ¸ ¹f �¤» � � ¸ ½ f �¤» � ¾ ¿À&)(�* ÿ + ì-, > öÅÁ�ø\úüû > ÿ ´{�ÿ ø\úüû.�Ã<øgúüû , \ ´ ÷ùø\úSû , \ ´ ý�ø\úüû ,[> ö_÷�øgúüû > ÿ ´ �� ø\úüû ,[> ö ýwøgúüû > ÿ ´ �� øgúüû 4KÄ ú ô (57)

Thesupremumis takenoverall possiblé �� ø\úüû , ´ �ÿ ø\úüû , ´ �� øgúüû and ´ �ÿ øgúüû satisfying´ �� ø\úSûKÆ 
��-´ �� øgúüû^Æ 
��-´ �ÿ ø\úüûKÆ 
��-´ �ÿ ø\úüûKÆ 
¯�ÈÇ ú �
andtheaveragepowerconstraintsfor thetwo directionsó ¾ ¿À ´ �� øgúüû Ä úeÉ ï�ð�ñ\ò��-Ê v Ë ó ¾ ¿À ´ �ÿ ø\úüû Ä úeÉ ïEð�ñ\ò¤ô (58)

We employ multi-line FDS ( ´ �� øgúüû and ´ �� ø\úüû orthogonalto ´ �ÿ øgúüû and ´ �ÿ ø\úüû ) in spectral
regionswheretheself-FEXTis largeenoughandEQPSDin theremainingspectrum.This gives
optimalperformance.

To easeour analysis,asusual,we divide the channelinto severalequalbandwidthsubchan-
nels(bins) (seeFigure5) andcontinueour designandanalysison onefrequency bin � assuming
subchannelfrequency responses(1)–(3). We usenotationintroducedin (12) and(13). Let � � � ø\úSû
and � � � øgúüû denotethePSDsin bin � of line ì upstreamanddownstreamdirectionsand � � ÿ øgúüû and�	�ÿ ø\úüû denotethePSDsin bin � of line ó upstreamanddownstreamdirections.Thecorresponding
capacitiesof thesubchannel� aredenotedby � � � , � � � , � � ÿ and � �ÿ .
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Figure27: Upstreamanddownstreamtransmitspectrain a singlefrequency bin ( ÍÎQ:Ï�ÐBÑrÒ EQPSD
signalingand ÍÓQÔ¢ÕÒ multi-line FDSsignaling).

We desirea signalingschemethatcanhave multi-line FDS,EQPSDandall combinationsin
betweenin eachfrequency bin. Thereforewedivideeachbin in half6 anddefinetheupstreamand
downstreamtransmitspectraasfollows(seeFigure27):

� � � ø\úüû �$� � � øgúüû � ��� ���Ö ÿ 9<;= if > ú > É = ÿ �ø ì ] Ö û ÿ 9<;= if
= ÿ o > ú > É%� �
 otherwise� (59)

and � � ÿ ø\úüû �$� �ÿ øgúüû � ��� �� ø ì ] Ö û ÿ 9<;= if > ú > É = ÿ �Ö ÿ 9 ;= if
= ÿ o > ú > É%� �
 otherwiseô (60)

Here, ï×
 is the averagepower over frequency range ��
�� ���
in bin � and 
�ôÙØ É Ö É ì . In this

discussionwewill only usethePSDs� � � ø\úüû and � �ÿ ø\úüû . When Ö �$
�ôÙØ , � � � øgúüû �6� �ÿ ø\úSû Ç ú ?T��
�� ���
(EQPSDsignaling);when Ö � ì , � � � ø\úüû and � �ÿ ø\úüû aredisjoint (multi-line FDS signaling). The
PSDs� � � ø\úüû and �	�ÿ ø\úüû are“symmetrical”or powercomplementaryto eachother. Thisensuresthe
capacitiesof thetwo linesareequal( � � � ��� �ÿ ). Thefactor Ö controlsthepowerdistribution in the
bin and

�
is thebandwidthof thebin.

Next, weshow thattheoptimalsignalingstrategyusesonlymulti-lineFDSor EQPSDin each
subchannel.

Theachievableratefor onefrequency bin canbewrittenasÚ�ÛAø � � � ø\úüû ��� �ÿ ø\úüû ��� � ÿ ø\úSû�û � ¾ =À &)(�* ÿ + ì-, � � � øgúüûªö. ,/� �ÿ øgúüû 0 ,/� � ÿ øgúüû 2 4KÄ ú � (61)

6Thepowersplit-upin abin doesnotnecessarilyhaveto be Ü!Ý % to theleft sideof thebin and Ü!Ý % to theright side
of thebin asshown in Figure27. In generalany Ü!Ý�ÞàßZÜ!Ý�Þ power complementarysplit-upbetweendifferent-line
binswill work.
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then � � � � q Ê"áÀ�â ã�äæå�ä � Ú�Û�ø � � � ø\úüû ��� �ÿ ø\úSû ��� � ÿ ø\úSû�û Ê v Ë � �ÿ � q Ê"áÀ�â ã�äæå�ä � Ú�ÛAø � �ÿ ø\úüû ��� � � ø\úüû ��� � ÿ ø\úSû�û ô (62)

Dueto thepowercomplementarityof ��� � øgúüû and � �ÿ ø\úSû , thechannelcapacitiesareequal( ��� �¨��� �ÿ ).
Therefore,wewill only considertheupstreamcapacity� � � expression.Further, wewill use

Ú¨Û
forÚ�ÛAø � � � ø\úSû ���	�ÿ ø\úSû ��� � ÿ øgúüû�û in theremainderof thisSection.Substitutingfor thePSDsfrom (59)and

(60) into (61)andusing(62)wegetthefollowing expressionfor theupstreamcapacity� � � � � ó q Ê"áÀ�â ã�äæå�ä � �� � &J(�* ÿlçè ìK, å ÿ 9<;��=. , � ��é å � ÿ 9<;ê�= , � ��é å � ÿ 9<; ý= ëì , &J(�* ÿ�çè ì-, � ��é å � ÿ 9 ; �=. , å ÿ 9 ; �= , å ÿ 9 ; ý= ëì-í îï ô
(63)

Let C6� ÿ 9<;= ÷ denotetheSNRin thebin. Then,wecanrewrite (63)as� � � � � ó q Ê"áÀ�â ã�äæå�ä � 7 &)(�* ÿ + ì-, Ö C öìK, ø ì ] Ö û C 0 , ø ì ] Ö û C 2 4 , &J(�* ÿ + ì-, ø ì ] Ö û C öìK, Ö C 0 , Ö C 2 4×ð ô
(64)

Using (62) anddifferentiatingthe achievablerate(
Ú�Û

) expressionin (64) with respectto Ögivesus ñ Ú¨Ûñ Ö � ø ó Ö ] ì û �Gó ø 0 , 2 û ,/C ø 0 , 2 û ÿ ] ö��	ò � (65)

with
ò/_ 
HÇ Ö ? ø 
���ì � . Settingthederivative to zerogivesusthesinglestationarypoint Ö ��
�ôÙØ .

Thus,theachievablerate
Ú�Û

is monotonicin theinterval Ö ? ø 
�ô¤Ø¯�®ì � (seeFigure13). If thevalueÖ ��
�ôÙØ correspondsto a maximumof
Ú�Û

, thenit is optimalto performEQPSDsignalingin this
bin. If thevalue Ö ��
�ôÙØ correspondsto a minimumof

Ú�Û
, thenthemaximumof

Ú�Û
is achieved

by thevalue Ö ��ì , meaningit is optimalto performmulti-line FDSsignalingin thisbin. No other
valuesof Ö areanoptimaloption(seeFigure28).

The quantity Ö ��
�ôÙØ correspondsto a maximumof
Ú¨Û

(EQPSD)if andonly if ó!ô¯õó å o 
Ç Ö ? ø 
�ô¤Øæ��ì � . For all Ö ? ø 
�ôÙØ¯��ì � , thequantity
ø ó Ö ] ì û is positive and ó!ô¯õó å is negative if f (see

(65)) ó ø 0 , 2 û ,/C ø 0 , 2 û ÿ ] öEo 
�ô
This impliesthat C o ö ] ó ø 0 , 2 ûø 0 , 2 û ÿ ô (66)

In a similar fashionÖ �U
�ôÙØ correspondsto a minimumof
Ú�Û

if andonly if ó!ôæõó å _ 
�Ç Ö ?ø 
�ô¤Ø¯�®ì � . This impliesthat Ö � ì correspondsto a maximum(multi-line FDS)sincethereis only

62



α = 0.5Ì
s  (f)

WW f

u

2

α = 0.5

WW f2

2a

a

0

2a

a

0

EQPSD

multi-line FDS

α = 1

WW f2

2a

a

0

α = 1

WW f2

2a

a

0

1
s  (f)d
L
1

s  (f)u
1

s  (f)d
L
1

Figure28: EQPSDandmulti-line FDSsignalingin asinglefrequency bin.

onestationarypoint in theinterval Ö ?T��
�ô¤Øæ��ì � (seeFigure13). For all Ö ? ø 
�ôÙØ¯��ì � , ó3ôæõó å is positive
if f ó ø 0 , 2 û ,/C ø 0 , 2 û ÿ ] öE_ 
�ô
This impliesthat C _ ö ] ó ø 0 , 2 ûø 0 , 2 û ÿ ô (67)

The above statementscanbe summedin a testcondition to determinethe signalingnature
(multi-line FDSor EQPSD)in agivenbin. Using(66)and(67)wecanwrite

C[� ó
ï�
.e� qls &)t u ] &Ju)v wKxöz}|_o~y���y|�z ö ] ó ø 0 , 2 ûø 0 , 2 û ÿ ô (68)

Thus,wecanwrite theupstreamcapacity� � � in a frequency bin � as

� � � � ���� ��� ��&J(�* ÿ W2ìK, 9<;��÷ =�� 9 ; ��� � ý�� Y � if Ö �$
�ô¤Ø@�= ÿ &J(�* ÿ W ì-, ÿ 9<;ê�÷ = Y � if Ö � ì
ô (69)
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Table4: Uncodedperformancemargins(in dB) andchannelcapacities(in Mbps)usingEQPSD,FDSand
multi-line FDSfor HDSL2 (CSANo. ÷ ).

Xtalk Src îtþ
ÿ � ��� � î � �"�#��ÿ��"�#� î��"�#��ÿ � �"�#� µ �ø µ �ø (MFDS) Mar gin Diff

1 HDSL2 8 11 11 1.5520 2.3763 27.682 9.852
1 HDSL2 0 0 0 0.8027 1.5520 37.534
2 HDSL2 9 9 30 1.5520 1.8293 25.934 4.543
2 HDSL2 4 4 19 1.1861 1.5520 30.477
3 HDSL2 8 8 112 1.5520 1.6067 24.910 0.985
3 HDSL2 7 7 100 1.4792 1.5520 25.791
4 HDSL2 8 8 246 1.5520 1.5520 24.186 0

Diff = Differencebetweenbottomhalf andtop half of eachrow of Margin.

Note: It is globally optimal to employeither multi-line FDS or EQPSDsignaling; that is,Ö ��
�ôÙØ or ì , only in thecaseof ó lines.

4.6.9 Flow of the scheme

1. Performsteps1–3of Section4.5.9.

2. Computebins îtþ4ÿ � �"�#� , î � �"�#�ªÿ���� � and î��"�#��ÿ � �"�#� andemploy signalingschemesin bins
asdescribedin Section4.6.5.

3. Transmitandreceivedata.

4. Optional: Periodicallyupdatenoiseand crosstalkestimatesand transmitspectrumfrom
Steps1–3of Section4.5.9.RepeatStep ó from above.

Figure29 givesa flowchartto obtaintheoptimal transmitspectrumusingEQPSD,FDS,and
multi-line FDS(MFDS)signalingin thepresenceof self-interference(self-NEXTandself-FEXT),
DSIN-NEXT, DSIN-FEXTandAGN.

4.6.10 Examplesand results

Optimaltransmitspectrawereusedin all examplesto computeperformancemarginsandchannel
capacities.

HDSL2 service: Table4 lists our simulationresultsperformancemarginsandchannelcapacities
usingtheEQPSD,FDSandmulti-line FDSsignalingschemes.

Notes:

1. Samplingfrequency
ú�ù � ì	
�
�
 kHz,Bin width

� � ó kHzandnumberof subchannels�ú� ó�Ø�
 . Averageinputpowerof ó�
 dBmin eachtransmissiondirection.
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Figure29: Flowchartof theoptimalschemeto determinethetransmitspectrumusingEQPSD,FDS,and
multi-line FDSsignaling.
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Table5: Uncodedperformancemargins(in dB) andchannelcapacities(in Mbps)usingEQPSD,FDSand
multi-line FDSfor “GDSL” ( S kft line).

Xtalk Src îtþ4ÿ � �"�#� î � �"�#��ÿ��"�#� î��"�#�ªÿ � ��� � µ �ø µ �ø (MFDS) Mar gin Diff

1 GDSL 505 1253 1253 25.0046 31.6188 8.21 8.49
1 GDSL 245 981 981 16.5141 25.0007 16.70
2 GDSL 952 1214 1214 25.0007 27.3923 6.13 2.91
2 GDSL 825 1116 1116 22.0076 25.0030 9.04
3 GDSL 1186 1212 1212 25.0004 25.6686 5.05 0.75
3 GDSL 1145 1186 1186 24.2172 25.0008 5.80
4 GDSL 1222 1222 2000 25.0018 25.0018 4.37 0

Diff = Differencebetweenbottomhalf andtop half of eachrow of Margin.

2. µ �ø denotestheupstreamcapacityof line ý usingEQPSDandFDSsignalingonly andµ �ø (MFDS) denotestheupstreamcapacityof line ý usingEQPSD,FDSandmulti-line
FDSsignalingschemes.All theratesarein Mbps.

3. The columnMargin lists the performancemargin whenthe bit rate is fixed at ì
ô¤Ø�Ø
ó
Mbps. In eachrow in the top half the capacityis fixed at µ �ø � ì4ôÙØ�Ø4ó�
 and in the
bottomhalf thecapacityis fixedat µ �ø (MFDS) ��ì
ô¤Ø�Ø
ó�
 .

4. ThecolumnDiff denotesthegainin performancemarginsbetweenusingEQPSDand
FDSversusEQPSD,FDSandmulti-line FDSsignaling,i.e., thedifferencein margins
betweenthebottomhalf andtophalf of eachrow.

5. EachHDSL2 line contributesNEXT andFEXT calculatedusing2-pieceUngermodel
[8].

6. Theserunsweredonewith nodifferentservice(DS)interferers.Theresultswouldvary
dependingon theparticularDS interferer(s)present.

Conclusions:

1. Significantgainsin margin for smallnumberof lines.Thegainsdecreasewith increase
in numberof lines.

2. Thereis no gain in margin usingmulti-line FDSfor Ø or morelines( þ Crosstalkdis-
turbers)for theseline andinterferencemodels.

“GDSL” service: Table5 listsoursimulationresultsperformancemarginsandchannelcapacities
usingtheEQPSD,FDSandmulti-line FDSsignalingschemesin thecaseof “GDSL”.

Notes:

1. Samplingfrequency
ú�ù �$ÿ�
�
�
 kHz,Bin width

� � ó kHzandnumberof subchannels�ú� ó�
�
�
 . Averageinputpowerof ó�
 dBmin eachtransmissiondirection.

2. µ �ø denotestheupstreamcapacityof line ý usingEQPSDandFDSsignalingonly andµ �ø (MFDS) denotestheupstreamcapacityof line ý usingEQPSD,FDSandmulti-line
FDSsignalingschemes.All theratesarein Mbps.
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Table6: Uncodedperformancemargins(in dB) andchannelcapacities(in Mbps)usingEQPSD,FDSand
multi-line FDSfor “VDSL2” ( S kft line).

Xtalk Src îtþ
ÿ � ��� � î � �"�#��ÿ��"�#� î��"�#��ÿ � �"�#� µ �ø µ �ø (MFDS) Mar gin Diff

1 VDSL2 58 236 236 12.4011 24.8234 16.022 18.913
1 VDSL2 8 50 50 2.5552 12.4001 34.935
2 VDSL2 160 219 219 12.4003 18.8073 14.074 13.476
2 VDSL2 46 78 78 4.4478 12.4036 27.550
3 VDSL2 217 217 217 12.4028 15.6002 12.985 7.765
3 VDSL2 127 127 127 7.3365 12.4002 20.750
4 VDSL2 219 219 553 12.4016 13.7787 12.250 3.275
4 VDSL2 179 179 359 10.1474 12.4012 15.525
5 VDSL2 224 224 1014 12.4014 12.9039 11.705 1.005
5 VDSL2 211 211 878 11.6945 12.4014 12.710
6 VDSL2 231 231 1455 12.4025 12.5278 11.280 0.212
6 VDSL2 229 229 1412 12.2521 12.4018 11.492
7 VDSL2 240 240 1880 12.4004 12.4049 10.945 0.007
7 VDSL2 240 240 1878 12.3954 12.4001 10.952

Diff = Differencebetweenbottomhalf andtop half of eachrow of Margin.

3. ThecolumnMargin lists theperformancemargin whenthebit rateis fixedat ó�Ø Mbps.
In eachrow in thetop half thecapacityis fixedat µ �ø ��ó�Ø andin thebottomhalf the
capacityis fixedat µ}�ø (MFDS) � ó�Ø .

4. ThecolumnDiff denotesthegainin performancemarginsbetweenusingEQPSDand
FDSversusEQPSD,FDSandmulti-line FDSsignaling,i.e., thedifferencein margins
betweenthebottomhalf andtophalf of eachrow.

5. Each “GDSL” line contributesself-NEXT and self-FEXT calculatedusing 2-piece
Ungermodel [8]. In “GDSL” casethe self-FEXT level is moredominantthanself-
NEXT. To model this we take only 1% of the self-NEXT power calculatedusing2-
pieceUngermodelin oursimulations.

6. Theserunsweredonewith nodifferentservice(DS)interferers.Theresultswouldvary
dependingon theparticularDS interferer(s)present.

Conclusions:

1. Significantgainsin margin for smallnumberof lines.Thegainsdecreasewith increase
in numberof lines.

2. Thereis no gain in margin usingmulti-line FDSfor Ø or morelines( þ Crosstalkdis-
turbers)for theseline andinterferencemodels.

“VDSL2” service: Table6 lists our simulationresultsperformancemarginsandchannelcapaci-
tiesusingtheEQPSD,FDSandmulti-line FDSsignalingschemesin thecaseof “VDSL2”.
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Notes:

1. Samplingfrequency
ú�ù �$ÿ�
�
�
 kHz,Bin width

� � ó kHzandnumberof subchannels�ú� ó�
�
�
 . Averageinputpowerof ó�
 dBmin eachtransmissiondirection.

2. µ �ø denotestheupstreamcapacityof line ý usingEQPSDandFDSsignalingonly andµ �ø (MFDS) denotestheupstreamcapacityof line ý usingEQPSD,FDSandmulti-line
FDSsignalingschemes.All theratesarein Mbps.

3. The column Margin lists the performancemargin when the bit rate is fixed at ìbó�ôBþ
Mbps. In eachrow in thetop half thecapacityis fixedat µ �ø � ì<ó�ô�þ andin thebottom
half thecapacityis fixedat µ��ø (MFDS) ��ìbó�ôBþ .

4. ThecolumnDiff denotesthegainin performancemarginsbetweenusingEQPSDand
FDSversusEQPSD,FDSandmulti-line FDSsignaling,i.e., thedifferencein margins
betweenthebottomhalf andtophalf of eachrow.

5. EachVDSL2linecontributesself-NEXTandself-FEXTcalculatedusing2-pieceUnger
model [8]. In VDSL2 caseself-NEXT andself-FEXT both arehigh but self-NEXT
dominatesself-FEXT.

Conclusions:

1. Significantgainsin margin for smallnumberof lines.Thegainsdecreasewith increase
in numberof lines.

2. Thereis no gain in margin usingmulti-line FDS for � or morelines ( ÿ crosstalkdis-
turbers).Theserunsweredonewith no differentservice(DS) interferers.Theresults
wouldvarydependingon theparticularDS interfererpresent.

4.7 Joint signalingfor linesdiffering in channel,noiseand interferencechar-
acteristics

We have sofar lookedat a scenariowhereall thelinesin a binderhave thesamechannelcharac-
teristicsandexperiencesimilar noiseandinterferencecharacteristicsin both directionsof trans-
mission. Theseassumptionsmadethe signalingschemesolutionsmoretractable.We alsoneed
to look atascenariobetweenneighboringlinesin bindergroupswherethechannelcharacteristics
vary (e.g.,differentlengthanddifferentgaugelines)andwe have differentnoiseandinterference
characteristicsbetweenupstreamanddownstreamtransmission(e.g.,asymmetricalserviceslike
ADSL andVDSL; differentcouplingtransferfunctionin differentdirections).In this Section,we
derive resultsfor neighboringlines carryingthe sameservicewhenthey differ in channel,noise
andinterferencecharacteristics.Specifically, wedeveloptestconditionsto determinethesignaling
naturein agivenbin � .

4.7.1 Solution for ó lines: EQPSDand FDSsignaling

Considerthecaseof ó lineswith differentchannel,noiseandinterferencecharacteristics.Weagain
divide the channelinto severalequalbandwidthbins (seeFigure5) andcontinueour designand
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analysisononefrequency bin � assumingthesubchannelfrequency responses(1)–(3).For easeof
notationin thisSection,for line ì wesetö � � ö ø � � � 0 � � 0 ø � � � 2 � � 2 ø � � asin (1)–(3)� (70)

andlet . � � .�Ã�ø\ú � û , \ ´ ÷ùø\ú � û , \ ´ ýwøgú � û � (71)

be the lumpednoisePSDin line ì bin � . Further, let ï�
 � and ï�
Nÿ be the averagepowersover
range ��
�� ���

Hz in bin � of line ì and ó respectively. Let � � � ø\úSû and � � � øgúüû denotethePSDsin bin� of line ì upstreamanddownstreamdirectionsand � � ÿ øgúüû and �	�ÿ øgúüû denotethePSDsin bin � of
line ó upstreamanddownstreamdirections(recall thenotationintroducedin Section4.1,Item 9).
Thecorrespondingcapacitiesof thesubchannel� aredenotedby ��� � , � � � , ��� ÿ and � �ÿ .

We desirea signalingschemethatcanhave FDS,EQPSDandall combinationsin betweenin
a frequency bin. Thereforewe divide eachbin in half anddefinethe upstreamanddownstream
transmitspectraasfollows(seeFigure30):

� � � ø\úüû � ��� �� Ö ÿ 9 ; f= if > ú > É = ÿ �ø ì ] Ö û ÿ 9<; f= if
= ÿ o > ú > É$� �
 otherwise� (72)

� �ÿ ø\úSû � ��� �� ø ì ] Ö û ÿ 9 ; �= if > ú > É = ÿ �Ö ÿ 9 ; �= if
= ÿ o > ú > É%� �
 otherwise� (73)

� � ÿ ø\úüû � ��� �� Ö ÿ 9 ; �= if > ú > É = ÿ �ø ì ] Ö û ÿ 9<; �= if
= ÿ o > ú > É$� �
 otherwise� (74)

and � � � ø\úSû � ��� �� ø ì ] Ö û ÿ 9 ; f= if > ú > É = ÿ �Ö ÿ 9 ; f= if
= ÿ o > ú > É%� �
 otherwise� (75)

where 
�ô¤Ø É Ö É ì . We assumethat theupstreamanddownstreamtransmitspectraobey power
complementarity, i.e. line ì putslesspowerwhereline ó putsmoreandviceversa.When Ö �$
�ôÙØ ,� � � ø\úüû �6� � � ø\úSû , � � ÿ ø\úüû �6� �ÿ ø\úSû Ç ú ?a�B
�� �6�

(EQPSDsignaling);when Ö � ì , � � � øgúüû and � �ÿ øgúüû are
disjoint (FDSsignaling).Thecapacitiesof oppositedirectionsareequalfor eachline:� � � �$� � � Ê v Ë � � ÿ ��� �ÿ ô
Thefactor Ö controlsthepowerdistribution in thebin, and

�
is thebandwidthof thebin.

Next, weshow thattheoptimalsignalingstrategyusesonlyFDSor EQPSDin each subchan-
nel. Wealsoderivea testconditionto determinetheoptimalsignalingschemeto use.

Theachievableratefor onefrequency bin canbewrittenasÚ¨Û�ø � � � øgúüû ��� �ÿ øgúüû ��� � ÿ ø\úüûªû � ¾ =À &J(�* ÿ + ì-, � � � ø\úüûËö �. � , � �ÿ øgúüû 0 � , � � ÿ ø\úSû 2 � 4KÄ ú ô (76)
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Figure30: Differentline characteristics:Upstreamanddownstreamtransmitspectrain a singlefrequency
bin ( ÍÓQ Ï�ÐBÑAÒ EQPSDsignalingand ÍÓQÔ¢�Ò FDSsignaling).

Thus, � � � � q Ê"áÀ�â ã�äæå�ä � Ú¨Û�ø � � � øgúüû ��� �ÿ øgúüû ��� � ÿ ø\úüûªû ô (77)

We will considerthe upstreamcapacity � � � expressionfor our analysis.Further, we will use
Ú�Û

for
Ú�Û�ø � � � ø\úüû ���	�ÿ ø\úüû ��� � ÿ ø\úüûªû in theremainderof thisSection.Substitutingfor thePSDsfrom (72),

(73)and(74) into (76)andusing(77)wegetthefollowing expressionfor theupstreamcapacity� � � � � ó q Ê"áÀ�â ã�äæå�ä ��� � &)(�* ÿ çè ì-, å ÿ 9 ; f � f=. � , � ��é å � ÿ 9<; � � f= , å ÿ 9 ; � ý f= ëì , &)(�* ÿ çè ì-, � ��é å � ÿ 9 ; f � f=. � , å ÿ 9 ; � � f= , � ��é å � ÿ 9<; � ý f= ëì í îï ô
(78)
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Let C � � ÿ 9 ; f= ÷ f , and CCÿ�� ÿ 9 ; �= ÷ f denotetheSNRsin thebin dueto line ì andline ó respectively.
Then,wecanrewrite (78)as� � � � q Ê"áÀ�â ã�äæå�ä � � ó7 &)(�* ÿ + ìy, Ö C � ö �ìK, ø ì ] Ö û CCÿ 0 � , Ö C�ÿ 2 � 4 , &)(�* ÿ + ì-, ø ì ] Ö û C � ö �ìK, Ö C�ÿ 0 � , ø ì ] Ö û C�ÿ 2 � 4êð(79)

Using (77) anddifferentiatingthe achievablerate(
Ú�Û

) expressionin (79) with respectto Ögivesus ñ Ú�Ûñ Ö � ø ó Ö ] ì û ��C ÿÿ ø 0 ÿ� ] 2 ÿ� û , ó�CCÿ ø 0 � ] 2 � û ] C � ö � ø C�ÿ 2 � ,qì û��<ò � (80)

with
ò/_ 
HÇ Ö ? ø 
���ì � . Settingthederivative to zerogivesusthesinglestationarypoint Ö ��
�ôÙØ .

Thus,theachievablerate
Ú�Û

is monotonicin theinterval Ö ? ø 
�ô¤Ø¯�®ì � (seeFigure13). If thevalueÖ ��
�ôÙØ correspondsto a maximumof
Ú�Û

, thenit is optimalto performEQPSDsignalingin this
bin. If thevalue Ö �[
�ô¤Ø correspondsto a minimumof

Ú�Û
, thenthemaximumis achievedby the

value Ö � ì , meaningit is optimalto performFDSsignalingin this bin. No othervaluesof Ö are
anoptimaloption.

The quantity Ö ��
�ôÙØ correspondsto a maximumof
Ú¨Û

(EQPSD)if andonly if ó!ô¯õó å o 
Ç Ö ? ø 
�ô¤Ø¯�®ì � . For all Ö ? ø 
�ô¤Øæ��ì � , ó!ô¯õó å is negative if andonly if (see(80))C ÿÿ ø 0 ÿ� ] 2 ÿ� û , ó�CCÿ ø 0 � ] 2 � û ] C � ö � ø C�ÿ 2 � ,qì ûKo 
�ô
This impliesthat C � _ C ÿÿ ø 0 ÿ� ] 2 ÿ� û , ó�CCÿ ø 0 � ] 2 � ûC�ÿ 2 � ö � , ö � ô (81)

In a similar fashion Ö � 
�ô¤Ø correspondsto a minimum of
Ú�Û

if and only if ó3ôæõó å _ 
Ç Ö ? ø 
�ôÙØ¯��ì � . This implies that Ö � ì correspondsto a maximum(FDS) sincethereis only
onestationarypoint in theinterval Ö ?T��
�ô¤Øæ��ì � (seeFigure13). For all Ö ? ø 
�ôÙØ¯��ì � , ó3ôæõó å is positive
if andonly if (see(80))C ÿÿ ø 0 ÿ� ] 2 ÿ� û , ó�CCÿ ø 0 � ] 2 � û ] C � ö � ø C�ÿ 2 � ,qì ûK_ 
�ô
This impliesthat C � o C ÿÿ ø 0 ÿ� ] 2 ÿ� û , ó�CCÿ ø 0 � ] 2 � ûC�ÿ 2 � ö � , ö � ô (82)

The above statementscanbe summedin a testcondition to determinethe signalingnature
(FDSor EQPSD)in agivenbin. Using(81)and(82)wecanwrite

C � � ó
ï�
 �. � � ~y�}�y|�z_ox{z}| C ÿÿ ø 0 ÿ� ] 2 ÿ� û , ó�CCÿ ø 0 � ] 2 � ûCCÿ 2 � ö � , ö � ô (83)
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Thus,wecanwrite theupstreamcapacity� � � of line ì in bin � as

� � �i� ���� ��� ��&J(�* ÿ W ì-, 9<; f � f÷ f =�� 9 ; � �Ù� f � ý f � Y � if Ö ��
�ô¤Ø@�= ÿ &J(�* ÿ W ìK, ÿ 9 ; f � f÷ f =�� ÿ 9<; � ý f Y � if Ö ��ì
ô (84)

4.7.2 Solution for î lines: EQPSDand FDSsignaling

It is straightforwardto generalizethe resultin thepreviousSectionto î lineswhereeachline ý
hasparameters

ö ø , C ø , ï�
 ø , 0 ø and 2 ø for ý ?��Éì���ô�ô®ô��)î�� . Further, weassumethattheself-NEXT
andself-FEXTcouplingtransferfunctionsbetweenlines ó¯�������3�)î andline ì areall thesame.The
testconditionto determinesignalingnature(EQPSDor FDS)in bin � of line ì for î line casecan
bewrittenas C � � ó
ï×
 �. � � ~y���y|�z_ox{z}| ø
	 Vø�� ÿ C ø û ÿ ø 0 ÿ� ] 2 ÿ� û , ó ø
	 Vø�� ÿ C ø û®ø 0 � ] 2 � ûø 	 Vø�� ÿ C ø û 2 � ö � , ö � ô (85)

We canwrite theupstreamcapacityof line ì in bin � as

� � � � ������ ����� ��&J(�* ÿGF ì-, 9 ; f � f÷ f =�� � 	 h��� � 9 ; � � ��� f � ý f � I � if Ö �%
�ô¤Øæ�= ÿ &J(�* ÿ F ìK, ÿ 9 ; f � f÷ f =�� ÿ � 	 h��� � 9 ; � � ý f I � if Ö � ì4ô (86)

4.7.3 Solution for ó lines: EQPSDand multi-line FDSsignaling

We saw in Section4.6.8thatin thecaseof two linesit is optimalto usemulti-line FDSinsteadof
FDSsignaling.In this Sectionwe will derive a testconditionto determinethesignalingnaturein
agivenbin. Weusethenotationasintroducedin Section4.7.1.

We desirea signalingschemethatsupportsmulti-line FDS,EQPSD,andall combinationsin
betweenin a frequency bin. Thereforewe divide eachbin in half anddefinethe upstreamand
downstreamtransmitspectraasfollows(seeFigure31):

� � � ø\úüû ��� � � øgúüû � ��� �� Ö ÿ 9 ; f= if > ú > É = ÿ �ø ì ] Ö û ÿ 9 ; f= if
= ÿ o > ú > É%� �
 otherwise� (87)

� �ÿ ø\úüû �$� � ÿ øgúüû � ��� �� ø ì ] Ö û ÿ 9 ; �= if > ú > É = ÿ �Ö ÿ 9 ; �= if
= ÿ o > ú > É%� �
 otherwise� (88)

where 
�ô¤Ø É Ö É ì . We assumethat theupstreamanddownstreamtransmitspectraobey power
complementarity, i.e., line ì putslesspowerwhereline ó putsmoreandviceversa.In furtherdis-
cussionwewill usetransmitspectra� � � ø\úSû and � �ÿ øgúüû . When Ö �$
�ôÙØ , � � � ø\úüû �$� �ÿ øgúüû , Ç ú ?T��
�� ���
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Figure31: Differentline characteristics:Upstreamanddownstreamtransmitspectrain a singlefrequency
bin ( ÍÓQ Ï�ÐBÑAÒ EQPSDsignalingand ÍÓQÔ¢�Ò multi-line FDSsignaling).

(EQPSDsignaling);when Ö � ì , � � � ø\úüû and �	�ÿ ø\úSû aredisjoint (FDSsignaling).Thecapacitiesof
oppositedirectionsareequalfor eachline:� � � �$� � � Ê v Ë � � ÿ ��� �ÿ ô
Thefactor Ö controlsthepowerdistribution in thebin and

�
is thebandwidthof thebin.

Next, weshow thattheoptimalsignalingstrategyusesonlyEQPSDor multi-lineFDSin each
subchannelandderivea testconditionto determinethesignalingschemeto use.

Theachievableratefor onefrequency bin canbewrittenasÚ¨Û�ø � � � øgúüû ��� �ÿ øgúüû ��� � ÿ ø\úüûªû � ¾ =À &J(�* ÿ + ì-, � � � ø\úüûËö �. � , � �ÿ øgúüû 0 � , � � ÿ ø\úSû 2 � 4 Ä ú � (89)

then � � � � q Ê"áÀ�â ã�äæå�ä � Ú¨Û�ø � � � øgúüû ��� �ÿ øgúüû ��� � ÿ ø\úüûªû ô (90)

Wewill considertheupstreamcapacity� � � expressionfor ouranalysis.Further, wewill use
Ú�Û

forÚ�ÛAø � � � ø\úSû ��� �ÿ ø\úSû ��� � ÿ øgúüû�û in theremainderof thisSection.Substitutingfor thePSDsfrom (72)and
(73) into (89)andusing(90)wegetthefollowing expressionfor theupstreamcapacity� � � � � ó q Ê"áÀ�â ã�äæå�ä ��� � &)(�* ÿ çè ì-, å ÿ 9<; f � f=. � , � ��é å � ÿ 9 ; � � f= , � ��é å � ÿ 9 ; � ý f= ëì , &)(�* ÿ çè ìy, � ��é å � ÿ 9 ; f � f=. � , å ÿ 9 ; � � f= , å ÿ 9 ; � ý f= ëì-í îï ô

(91)

Let C � � ÿ 9<; f= ÷ f , and CCÿ�� ÿ 9<; �= ÷ f denotetheSNRsin thebin dueto line ì andline ó respectively.
Then,wecanrewrite (91)as
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� � � � q Ê"áÀ�â ã�äæå�ä � � ó7 &J(�* ÿ + ì-, Ö C � ö �ì-, ø ì ] Ö û CCÿ 0 � , ø ì ] Ö û C�ÿ 2 � 4 , &J(�* ÿ + ì-, ø ì ] Ö û C � ö �ì-, Ö CCÿ 0 � , Ö CCÿ 2 � 4�ð ô(92)

Using (90) anddifferentiatingthe achievablerate(
Ú�Û

) expressionin (92) with respectto Ögivesus ñ Ú�Ûñ Ö � ø ó Ö ] ì û � C ÿÿ ø 0 � , 2 � û ÿ , ó�C�ÿ ø 0 � , 2 � û ] C � ö � �<ò � (93)

with
ò/_ 
HÇ Ö ? ø 
���ì � . Settingthederivative to zerogivesusthesinglestationarypoint Ö ��
�ôÙØ .

Thus,theachievablerate
Ú�Û

is monotonicin theinterval Ö ? ø 
�ô¤Ø¯�®ì � (seeFigure13). If thevalueÖ ��
�ôÙØ correspondsto a maximumof
Ú�Û

, thenit is optimalto performEQPSDsignalingin this
bin. If thevalue Ö �[
�ô¤Ø correspondsto a minimumof

Ú�Û
, thenthemaximumis achievedby the

value Ö ��ì , meaningit is optimalto performmulti-line FDSsignalingin thisbin. No othervalues
of Ö areanoptimaloption.

The quantity Ö ��
�ôÙØ correspondsto a maximumof
Ú¨Û

(EQPSD)if andonly if ó!ô¯õó å o 
Ç Ö ? ø 
�ô¤Ø¯�®ì � . For all Ö ? ø 
�ô¤Øæ��ì � , ó!ô¯õó å is negative if andonly if (see(93))C ÿÿ ø 0 � , 2 � û ÿ , ó�CCÿ ø 0 � , 2 � û ] C � ö � o 
�ô
This impliesthat C � _ C ÿÿ ø 0 � , 2 � û ÿ , ó�C�ÿ ø 0 � , 2 � ûö � ô (94)

In a similar fashionÖ �U
�ôÙØ correspondsto a minimumof
Ú�Û

if andonly if ó!ôæõó å _ 
�Ç Ö ?ø 
�ô¤Ø¯�®ì � . This impliesthat Ö � ì correspondsto a maximumof
Ú�Û

(multi-line FDS)sincethereis
only onestationarypoint in the interval Ö ?���
�ô¤Øæ��ì � (seeFigure13). For all Ö ? ø 
�ôÙØ¯��ì � , ó!ô õó å is
positiveif andonly if (see(93))C ÿÿ ø 0 � , 2 � û ÿ , ó�CCÿ ø 0 � , 2 � û ] C � ö � _ 
�ô
This impliesthat C � o C ÿÿ ø 0 � , 2 � û ÿ , ó�C�ÿ ø 0 � , 2 � ûö � ô (95)

The above statementscanbe summedin a testcondition to determinethe signalingnature
(EQPSDor multi-line FDS)in agivenbin. Using(94)and(95)wecanwrite

C � � ó
ï�
 �. � � ~y���y|�z_oqls &)t�u ] &)uJv w�x{z}| C ÿÿ ø 0 � , 2 � û ÿ , ó�C�ÿ ø 0 � , 2 � ûö � ô (96)
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Thus,wecanwrite theupstreamcapacity� � � of line ì in bin � as

� � � � ���� ��� ��&J(�* ÿ W ì-, 9<; f � f÷ f =�� 9 ; � �Ù� f � ý f � Y � if Ö ��
�ô¤Ø@�= ÿ &J(�* ÿ W ìK, ÿ 9 ; f � f÷ f = Y � if Ö ��ì
ô (97)

4.8 Optimizing under a PSDmaskconstraint: No self-interference

In this Sectionwe will imposean additionalpeakpower constraintin frequency, i.e., a limiting
staticPSDmaskconstraint.This implies that no transmitspectrumcanlie above thePSDmask
constraint.This constraintis in additionto theaverage powerconstraint.We shallobtainoptimal
transmitspectra for anxDSL line undertheseconstraints,in theabsenceof self-interference.

4.8.1 Problemstatement

Maximize the capacityof an xDSL line in the presenceof AGN andinterference(DSIN-NEXT
andDSIN-FEXT) from otherservicesundertwo constraints:

1. ThexDSLtransmitspectraarelimitedbyconstrainingstaticPSDmasks;� � ø\úüû for upstream
and � � ø\úSû for downstream.

2. The averagexDSL input power in eachdirectionof transmissionmustbe limited to ïEð�ñ\ò
(Watts).

Do thisby designingthedistributionof energy overfrequency (thetransmitspectrum)of thexDSL
transmission.

4.8.2 Solution

Considera line (line ì ) carryingan xDSL service. Line ì experiencesinterferencefrom other
neighboringservices(DSIN-NEXT and DSIN-FEXT) and channelnoise

.�Ã<ø\úüû
(AGN) but no

self-NEXTor self-FEXT(seeFigure8).

The twistedpair channelcanbe treatedasa Gaussianchannelwith coloredGaussiannoise
[13]. Recallthat

\ ´ ÷ùø\úSû is the PSDof the combinedDSIN-NEXT and
\ ´ ýwø\úSû is the PSDof

thecombinedDSIN-FEXT. Let ´ � ø\úüû and ´ � øgúüû denotethePSDsof line ì upstream( � ) direction
anddownstream( Ä ) directiontransmittedsignals,respectively. Further, let µ � and µ � denotethe
upstreamanddownstreamdirectioncapacitiesof line ì respectively. Let

öÂÁwø\úüû
denotethechannel

transferfunctionof line ì .
Thechannelcapacities(in bps)aregivenby [14]µ � ��¶ s ·¸ ¹ �¤» � ¾ ¿À &)(�* ÿ + ì-, > öÂÁwøgúüû > ÿ ´ö� ø\úüû.�Ã<ø\úSû , \ ´ ÷ùø\úüû , \ ´ ý�øgúüû 4KÄ ú (98)
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and µ � �ú¶ s ·¸ ½ �¼» � ¾ ¿À &J(�* ÿ + ì-, > öÂÁwøgúüû > ÿ ´ � øgúüû.�Ãbø\úüûªû , \ ´ ÷Uøgúüû , \ ´ ý�ø\úüû 4 Ä ú ô (99)

Thesupremumis takenoverall possiblé � ø\úüû and ´ � øgúüû satisfyingtheaveragepowerconstraints
for thetwo directionsó ¾ ¿À ´ � øgúüû Ä ú É ïEð�ñ\ònÊ v Ë ó ¾ ¿À ´ � ø\úSû Ä ú É ïEð�ñ\ò"� (100)

andthepositivity andnew peakpowerconstraints
 É ´ � øgúüû^É � � øgúüû Ç ú Ê v Ë 
 É ´ � ø\úüûKÉ � � ø\úüû Ç ú � (101)

Note that theseequationsarethesameas(4)–(6)exceptfor theadditionalpeakpower constraint
in frequency. For discussionpurposes,we will focuson the upstreamtransmission.The same
analysiscanbeappliedto thedownstreamchannel.

Wewish to maximize(98)subjectto theconstraints(100),(101).Theconstraints(100),(101)
aredifferentiableandconcave. Further, theobjective function to bemaximized(98) is alsocon-
cave (the

&J(�*
function is concave). Any solutionto this problemmustsatisfythenecessaryKKT

(Karush-Kuhn-Tucker) [22] conditionsfor optimality. For a concave objective functionandcon-
cave,differentiableconstraints,any solutionthatsatisfiesthenecessaryKKT conditionsis aunique
globallyoptimalsolution[22]. Thus,weseekany solutionthatsatisfiestheKKT conditions,since
it is automaticallytheuniqueoptimalsolution.

Theoptimalsolutionto (98),(99),(100),(101)is basicallya“peak-constrainedwater-filling”. 7

Theoptimaltransmitspectrumis givenby

´ ������ ø\úüû � ����� ���� � ] ÷�� �¼» � � ��� ¸ � �¤» � ��� ¸"! �¤» �# �%$��¤» � # � & (('�ú ?*) �+��, �
� � øgúüû & (('�ú ?*) ð�ñ\ò"�
 (�t�- w"'/.Hu ¶ w � (102)

with
�

aLagrangemultiplier. Thespectralregions ) �+��, and ) ð�ñ\ò arespecifiedby

) �+��, � � ú10 
 É ´ � øgúüûKÉ � � øgúüû �@� and) ð�ñ\ò � � ú10 ´ � ø\úüûK_ � � ø\úSû �Éô (103)

We vary thevalueof
�

to achieve theoptimaltransmitspectruḿ ������ ø\úSû thatsatisfiestheaverage
andpeakpowerconstraints(100),(101). It canbeeasilyshown thatthissolutionsatisfiestheKKT
conditionsfor optimality. SubstitutingtheoptimalPSD ´ ������ ø\úüû into (98) yields the capacityµ �
undertheaverageandpeakpowerconstraints.

Note that if the maximumallowed averagepower ( ïEð�ñ\ò ) exceedsthe power underthe con-
strainingmaskthen the optimal transmitspectrumis the constrainingPSDmaskitself. In the
absenceof an averagepower constraint(but with a peakpower constraint)the optimal transmit
spectrumis againtheconstrainingPSDmask.

7Peak-constrainedwater-filling can be likenedto filling water in a closedvesselwith uneven top and bottom
surfaces.

76



0 50 100 150 200 250 300 350 400 450
−54

−52

−50

−48

−46

−44

−42

−40

−38

−36

−34

Frequency (kHz)

A
m

pl
itu

de
 (

dB
m

/H
z)

Optimal−Dn
OPTIS−Dn  

Figure32: Optimal downstreamtransmitspectrumof HDSL2 (on CSA loop 2 ) underan OPTISdown-
streamconstrainingPSDmaskwith 354 HDSL DSIN-NEXT interferersandAGN of 68793;: dBm/Hz. The
‘o—o’ line shows thepeak-constrainedoptimaltransmitspectrumandthe‘—’ line shows theconstraining
OPTISPSDmask.

4.8.3 Examples

In thisSectionwe considera line carryingHDSL2serviceundertheOPTIS[5] constrainingPSD
maskandinputpowerspecifications.An averageinputpower( <>=>?
@ ) of A�BDC�EGF dBmandafixedbit
rateof A(CIHGH(J Mbpswasusedfor all simulations.

Figure32 shows the optimal downstreamtransmitspectrumfor HDSL2 with OPTISdown-
streamconstrainingmaskin the presenceof DSIN-NEXT from K(B HDSL interferersandAGN
( LMA�KON dBm/Hz).Thekey featuresin thecaseof HDSL interferersare:

1. Comparingthe peak-constrainedtransmitspectrumin Figure32 with the unconstrainedin
peakpower one in Figure10 indicatesthat the peak-constrainedoptimal solution tries to
follow the unconstrainedin peakpower optimal solution. The peak-constrainedoptimal
solutionhasanull in thespectrumaroundA;HPN kHz similar to theonein theunconstrainedin
peakpowerspectrum.Thenull in thetransmitspectraoccursin orderto avoid theinterfering
HDSL transmitspectrum.

2. An OPTIStransmitspectrum,achievedby tracking A dBm/Hzbelow theOPTISPSDmask
throughout,doesnot yield goodperformancemargins (seeTable7). The OPTIStransmit
spectrumlooksdifferentfrom thepeak-constrainedoptimalspectrum(seeFigure32). The
null in the peak-constrainedoptimal spectrum(which is not seenin the OPTIS transmit
spectrum)indicatesthatit is suboptimalto distributepoweraccordingto theOPTIStransmit
spectrum.
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Table 7: Uncodedperformancemargins (in dB) for CSA No. 2 : OPTIS vs. Peak-constrainedOptimal
“underOPTIS”

OPTIS Optimal Diff
CrosstalkSrc xDSL service Dn Up Dn Up Dn Up
49HDSL HDSL2 12.24 2.7 13.74 3.74 1.54 1.03
25T1 HDSL2 17.5 19.9 18.81 20.43 1.31 0.53
39self HDSL2 9.0 2.1 15.51 17.58 6.51 15.48
24self+24T1 HDSL2 1.7 4.3 4.74 4.52 3.04 0.22

Bit ratefixedat A(C�H(H(J Mbps.
AverageInputpower= A�BDC�EGF dBm.
Diff (Dn) = Differencein Downstreammargins(Optimal L OPTIS)
Diff (Up) = Differencein Upstreammargins(Optimal L OPTIS)

Figure33 shows the optimal upstreamtransmitspectrumfor HDSL2 with OPTISupstream
constrainingmaskin thepresenceof DSIN-NEXTfrom J(H T1 interferersandAGN( LQA"KON dBm/Hz).
Again,wecomparethepeak-constrainedtransmitspectrumin Figure33with theunconstrainedin
peakpower onein Figure11. Note that the peak-constrainedoptimal transmitspectrumputsno
power in thehigh-frequency spectrum(to avoid T1 interference)asopposedto anOPTIStransmit
spectrum.

4.9 Optimizing under a PSDmaskconstraint: With self-interference

Thesolutionoutlinedin thepreviousSectionappliesonly in theabsenceof self-interference.In
this Sectionwe will find an optimal transmitspectrumin the presenceof additionalself-NEXT
andself-FEXT. We will imposea peakpower constraintin frequency, i.e., a limiting staticPSD
maskconstraint,in addition to the averagepower and symmetricbit-rateconstraints.We will
obtainthe optimal transmitspectra for an xDSL line undertheseconstraintsin the presenceof
self-interference.

4.9.1 Problemstatement

Maximizethe capacityof anxDSL line in the presenceof AGN, interference(DSIN-NEXT and
DSIN-FEXT) from otherservices,andself-interference(self-NEXT andself-FEXT)underthree
constraints:

1. ThexDSLtransmitspectraarelimitedbyconstrainingstaticPSDmasks;RTSVU
WYX for upstream
and R[Z5U
W%X for downstream.

2. The averagexDSL input power in eachdirectionof transmissionmustbe limited to <\=>?
@
(Watts).

3. Equalcapacityin bothdirections(upstreamanddownstream)for xDSL.
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Figure33: Optimalupstreamtransmitspectrumfor HDSL2 (on CSA loop 2 ) underan OPTISupstream
constrainingPSDmaskwith ]�^ T1 DSIN-NEXT interferersandAGN of 68793;: dBm/Hz. The ‘o—o’ line
showsthepeak-constrainedoptimaltransmitspectrumandthe‘—’ line showstheconstrainingOPTISPSD
mask.

Do this by designingthedistributionof energy over frequency (thetransmitspectra)of thexDSL
transmissions.

Additional assumptionsaremadein this caseasgivenin Section4.5.3or 4.6.3dependingon
thesignalingschemeused.

4.9.2 Solution

Considera line (line A ) carryingxDSL service.Line A experiencesinterferencefrom otherneigh-
boringservices(DSIN-NEXTandDSIN-FEXT),channelnoise_Q`�U
WYX (AGN),andself-interference
(self-NEXTandself-FEXT)(seeFigure3).

Weneedto find peak-constrainedoptimaltransmitspectrafor upstreamanddownstreamtrans-
mission.Welet theconstrainingPSDmaskRaU
W%X bethemaximumof thetwo upstreamanddown-
streamconstrainingmasks( R S U
WYX and R Z U
WYX ). We then employ the solutionsas describedin
Sections4.5 or 4.6 but limit the peakpower to the constrainingmask RaU
W%X . Thus,we obtaina
peak-constrainedtransmitspectrumbdc�egf+U
WYX . Using this mask,we optimally groupthe bins (see
Section4.5.10)to obtainoptimalupstreamanddownstreamtransmitspectra( bhSi U
WYX and b Zi U
WYX ).
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4.9.3 Algorithm for peak-constrainedoptimization of the transmit spectra

1. ChoosetheconstrainingPSDmaskas

RjU
WYXlknmao5p%U
R S U
WYX+qrR Z U
WYXgXtsYWuC
2. Solve for the optimal transmitspectrumb Sc�e�f U
WYX accordingto the algorithmsin Sections

4.5.7,4.5.8,or 4.6with thefollowing addedconstraint:

b Sc�e�f U
WYXvk
wx y RjU
WYX sYW{z}| w"~Dw b S U
WYX���RaU
W%X�qb S U
WYX �P�9| w ~ z}��� w q (104)

whereb S U
W%X is thewater-filling solution(referto [14] if thespectralregionemploysEQPSD
or multi-line FDSsignalingandto [16] if thespectralregion employs FDSsignaling)(see
Sections4.5 and 4.6). This is the peak-constrainedwater-filling solution in the presence
of self-interference.As arguedin thepreviousSection,this solutionsatisfiesthenecessary
KKT conditionsfor optimalityandthereforeis theuniqueoptimalsolution.

3. Denotethe spectralregion employing FDS signalingas �}�5��� andthe spectralregion em-
ploying EQPSDsignalingas �}�(�D�O��� .

Obtain b Zc�e�f U
W%X from bhSc�e�f U
WYX by symmetry, i.e., b Zc�e�f U
WYXlk�bhSc�egf U
W%X in EQPSDandmulti-line
FDSregionsand b Zc�e�f U
WYX���b�Sc�e�f U
WYX in FDSspectralregions.Merge b Zc�e�f U
WYX and bhSc�e�f U
WYX to
form bdc�e�f�U
WYX as

bdc�e�frU
WYX�k b Sc�e�f U
W%Xlk�b Zc�e�f U
WYX sYW in ���O�D�(���hq
bdc�e�frU
WYX�k b Sc�e�f U
W%X���b Zc�e�f U
WYX sYW in ���5���Pq (105)

where� representstheunionof thetwo transmitspectra.

Groupthebinsto obtainupstreamanddownstreammasksas

b Si U
WYX�k bdc�e�frU
WYX sYW in �}�5��� and z}| w"~Dw R S U
WYX���R Z U
WYX�q
b Zi U
WYX�k bdc�e�frU
WYX sYW in �}�5��� and z}| w"~Dw R S U
WYX���R Z U
WYX (106)

in �}�5��� and b Si U
WYXvk�b Zi U
WYXlknbdc�e�f+U
WYX sYW in ���O�D�(���hC (107)

4. Checkif theaveragepowerconstraintis violatedfor upstreamor downstreamtransmission.

5. If theaveragepowerconstraintis violatedfor direction � (i.e.,thetotal transmitpower in the
direction� is morethan <>=>?
@ )8 thentransferpowerfrom b `i U
WYX to b `i U
W%X . Transferpowerfirst
from spectralregionsof b `i U
WYX to b `i U
WYX with theleastb `i U
WYXdL*b `i U
WYX difference.Repeatthis
successively in spectralregionswith increasingb `i U
WYXlL�b `i U
WYX differenceuntil theaverage

8Notethatif thetotal transmitpower in direction   is morethan ¡V¢�£¥¤ thenthetransmitpower in direction   is less
than ¡¦¢�£
¤ .
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power in bothdirectionsis thesame.9 We transferpower from onedirection � to theother
direction � in spectralregionswherethedifferencein power betweenthetwo transmission
directionsis theleastuntil thepowerbetweenthetwo directionsbecomesequal.Thispower
transferschemeis in a senseoptimal as it tries to even out the powersbetweenthe two
directions,with theleastlossin thetotal sumof thetransmitpowersof thetwo directions.

If thedifferenceb `i U
WYX�LQb `i U
WYX is thesame(ormarginally varying)for arangeof frequencies,
then transferpower from direction � to direction � in thosespectralregions that give the
maximumgainin bit ratesfor direction � .

4.9.4 Examplesand results

In thisSectionwe considera line carryingHDSL2serviceundertheOPTIS[5] constrainingPSD
maskandinputpowerspecifications.An averageinputpower( <>=>?
@ ) of A�BDC�EGF dBmandafixedbit
rateof A(CIHGH(J Mbpswasusedfor all simulations.

Figure34 shows theoptimalupstreamanddownstreamtransmitspectrafor HDSL2with OP-
TIS constrainingmasksin thepresenceof self-NEXT andself-FEXTfrom 39 HDSL2 interferers
andAGN ( LMA�KON dBm/Hz). Note that theoptimalupstreamanddownstreamtransmitspectraare
separatedin frequency (using FDS signaling)in a large spectralregion in order to avoid high
self-NEXT. On theotherhand,OPTIStransmitspectrahave a largespectraloverlapat lower fre-
quencies(self-NEXT is high here)that significantlyreducesits performancemargins (seeTable
7).

Figure35 shows theoptimalupstreamanddownstreamtransmitspectrafor HDSL2with OP-
TIS constrainingmasksin thepresenceof self-NEXTandself-FEXTfrom JPK HDSL2 interferers,
DSIN-NEXT from JPK T1 interferers,andAGN ( LMA�KON dBm/Hz). Again,we seethattheupstream
anddownstreamoptimal spectraareseparatedin frequency (usingFDS signaling)over a large
spectralregion. However, the EQPSDspectralregion towardsthe beginning of the spectrumis
largerherethanin thepreviousexample,sincewehavemoreDSIN-NEXT from T1.

Key hereis thatoptimaltransmitspectraemploy optimalseparationin frequency of upstream
anddownstreamservicesin thepresenceof interference.The“ A dBbelow OPTIS”transmitspectra
donotdo this,andsohave inferior performance.

Table7 comparestheperformancemarginsof theOPTIStransmitspectra(obtainedfrom the
OPTISPSDmaskby uniformly subtractingA dBm/Hzover theentirefrequency rangeasin [5])
with theoptimaltransmitspectraundertheOPTISPSDmaskconstraints.Table7 shows that the
optimalschemesignificantlyoutperformsOPTISin thecaseof self-interference.In casesinvolving
differentserviceinterferers(HDSL andT1) theoptimalschemeconsistentlyoutperformsOPTIS
by A dB or more. Further, comparingtheseresultswith thosein Table1 suggeststhat theOPTIS
PSDmaskis notagoodconstrainingPSDmask,sincetheunconstrainedin peakpowermarginsin
Table1 aresignificantlyhigherthantheonesin Table7. ComparingTables1 and7 suggeststhat
optimalsignalingwith nopeakpowerconstraint(staticPSDmask)giveshighperformancemargin

9This approachof transferringpower from direction   to direction   canbelikenedto “stealingfrom therich and
giving to thepoor.”
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Figure34: Optimal upstreamanddownstreamtransmitspectrafor HDSL2 (on CSA loop 2 ) underthe
OPTISupstreamanddownstreamconstrainingPSDmaskswith §�4 HDSL2 self-NEXT andself-FEXTin-
terferersandAGN of 68793;: dBm/Hz. The‘o—o’ linesshow thepeak-constrainedoptimaltransmitspectra
andthe‘- - -’ linesshow theconstrainingOPTISPSDmasks.
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Figure35: Optimal upstreamanddownstreamtransmitspectrafor HDSL2 (on CSA loop 2 ) underthe
OPTISupstreamanddownstreamconstrainingPSDmaskswith ]"3 HDSL2 self-NEXT andself-FEXTin-
terferers,]"3 T1 interferers,andAGN of 68793;: dBm/Hz.The‘o—o’ linesshow thepeak-constrainedoptimal
transmitspectraandthe‘- - -’ linesshow theconstrainingOPTISPSDmasks.
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gains.

4.10 Bridged taps

Bridged taps (BTs) are short segmentsof twisted pairs that attachto anothertwisted pair that
carriesdatabetweenthe subscriberandthe CO. BTs areterminatedat the otherendwith some
characteristicimpedance.BTs reflectthesignalson thedata-carryingline. Thesereflectionsde-
structively interferewith thetransmittedsignalovercertainfrequencies.This leadsto nulls in the
channeltransferfunctionandtheself-FEXTtransferfunctionat thesefrequencies(seeFigure37).
Thesenulls in thechanneltransferfunctionsignificantlyreducethedatatransmissionrate. Thus,
bridgedtapsposeanimportantproblemin achieving highbit ratesoverxDSL lines.10

Bridgedtapspresence,location,andlengthvaryaccordingto eachloopsetup.Thus,theeffect
of BTs on thetransmissionsignalsis differentfor eachloop. This meansthatthechanneltransfer
functionnulls(in frequency) varyfor eachseparateline. Weneedto adaptthetransmitspectrumto
thechannelconditionsin order to achievehigh bit-rates.We needtheoptimalpower distribution
thatmaximizesthebit-ratesin thepresenceof bridgedtapsandinterference.This furtherenforces
the needfor optimal dynamictransmitspectraand indicatesthat static transmitspectraarenot
a goodidea. In this Section,we presentoptimal andnear-optimal solutionsto find the transmit
spectrain thepresenceof BTs.

4.10.1 Optimal transmit spectra

Optimalsignalingis morecomputationallyexpensiveto implementin thepresenceof bridgedtaps
[3], as the channeltransferfunctionhasnulls and thuslosesits monotonicity. In this scenario,
eventheself-FEXTtransferfunctionhasnulls. In spiteof this, theoveralloptimalsolutioncanbe
obtainedby abin by bin analysis:

1. Divide thefrequency axisinto narrow binsor subchannels.Computechanneltransferfunc-
tion, variousinterferencetransferfunctions,andAGN.

2. Chooseaninitial powerdistributionof <\=>?
@ overall bins.

3. Given the powersin eachbin decidethe optimal signalingschemein eachbin. Compute
capacitiesfor eachbin andhencecomputechannelcapacity.

4. Re-distributethepowersin eachbin by water-filling [14], [16], decidetheoptimalsignaling
schemein eachbin, andre-calculatethe channelcapacity. Repeatthis stepuntil we find
themaximumpossiblechannelcapacity. It canbeexceedinglycomputationallyintensiveto
find theoptimalpower distributionover all bins. Therecanbeseverallocal maximafor the
channelcapacitycurve, andthereis no guaranteethat a searchalgorithmwill converge to
theglobalmaximum.

10Bridgedtapscanberemovedfrom xDSL lines,but this is anexpensive(labor-intensive)procedure.

84



TheoptimalpowerdistributionalgorithmsuggeststhatEQPSD,FDS,andmulti-line FDSbins
couldberandomlydistributedthroughoutthetransmissionbandwidth.Thesearchfor theoptimal
switchoverbinsfrom onesignalingschemeto theothercouldbeexceedinglyexpensive(involving
amulti-dimensionalsearch).

4.10.2 Suboptimal transmit spectra

We saw in the previous Sectionthat the optimal transmitspectrumcould be very expensive to
obtain.However, wecanalwaysgetagoodsuboptimalsolutionfor line ¨ asfollows:

1. Dividethefrequency axisinto narrow binsor subchannelsasin Section4.1.Computechan-
nel transferfunction ( ©{ªlU
WYX ), the variousinterferencetransferfunctions( ©{«¬U
WYX , ©®­vU
WYX ,¯ bY«¬U
W%X , and

¯ b%­vU
WYX ), andAGN ( _Q`;U
WYX ). Obtainsubchannelvalues( ©±°�² ³ , ´{°�² ³ , µ>°�² ³ ) for
eachbin using(1)–(3)and(13). Let ¶ denotethebin number.

2. Usetheconditionevaluationsin (26) and(27) to determinethesignalingscheme(EQPSD
or FDS)in eachbin. For eachbin:· If ( ´*¸°�² ³ L�µM¸°�² ³ L¹©±°�² ³"µ>°�² ³*�ºN ) andthe right sideof (26) �»N , thenemploy EQPSD

signalingin thatbin (sincepower in everybin �¼N ).· If ( ´*¸°�² ³ L{µ[¸°½² ³ L{©±°�² ³"µ\°�² ³T��N ) andtheright sideof (27) ��N , thenemploy FDSsignaling
in thatbin (sincepower in everybin ��N ).· Employ FDSsignalingif boththeaboveconditionsarenotsatisfied.

3. Performtheoptimalpowerdistributionunderaveragepowerconstraintof <>=>?
@ usingwater-
filling technique[14], [16].

4. Useconditionevaluationsin (46)and(54) to determinebinsemploying multi-line FDS.Re-
distributepower optimally usingwater-filling technique.This stepis optionalandindicates
whichbinsemploy multi-line FDSsignaling.

Thesuboptimalsolutiondeterminesthesignalingstrategy in eachbin by simple,fastcomparisons
involving transferfunctionsandSNRs. This is followedby a simpleoptimalpower distribution
schemeusingthewater-filling technique.

Notethat theoptimalandsuboptimalalgorithmscanbeimplementedundera peakfrequency-
domainpowerconstraint (static PSDmask). This is achievedby usingpeak-constrainedwater-
filling technique(insteadof justwater-filling) for optimalpowerdistribution(seeSections4.8and
4.9) in thealgorithmsgivenin Sections4.10.1and4.10.2.

4.10.3 Examplesand discussion

Optimal transmit spectra: Theoretically, the optimal transmitspectrumin thepresenceof BTs
canhaveseveralswitchoverbinsfrom onesignalingschemeto theother(for e.g.,EQPSDto
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FDSandFDSto EQPSDswitchoverbins). However, we arguethatin mostof thesymmet-
rical data-rateservices(like HDSL2 and“VDSL2”) thereis only oneswitchover bin from
EQPSDto FDSinspiteof bridgedtaps.

As frequency increases,theself-NEXTtransferfunctionrapidlyincreasesbut theself-FEXT
andthechanneltransferfunctionsgenerallydecreaseevenfor bridgedtapscase(seeFigures
6 and 37). Thus, the quantity ´*¸°�² ³ L¾µ[¸°�² ³ L»©±°�² ³ µ\°�² ³ tendsto be an increasingfunction
of frequency or bin number ¶ , andstayspositive onceit becomespositive. Similarly, the
quantity ©±°�² ³8L�J�U¿´À°½² ³¬L¼µ\°�² ³�X tendsto decreasewith frequency or bin number¶ andstays
negativeonceit becomesnegative. Usingtheconditionevaluations(26) and(27) for all the
frequency bins indicatethat thereis only oneEQPSDto FDSswitchover bin. Our studies
indicatethat is indeedtrue for a wide rangeof loopshaving bridgedtapsandemploying
HDSL2, “VDSL2” or similar symmetricservices.The optimal switchover bin alongwith
theoptimaltransmitspectrumcanbedeterminedusingthealgorithmin Section4.5.7.

Figure36 illustratesa caseof “contiguous”optimal transmitspectrain caseof a loop with
bridgedtaps(CSA loop K ). We canclearlyseethat theoptimal transmitspectrahave only
onetransitionregion from EQPSDto FDS signaling. The transmitspectrawereobtained
suchthatwe have equalperformancemarginsandequalaveragepowersin bothdirections
of transmission.

Suboptimal transmit spectra: Wepresentedstrongargumentsin supportof only oneEQPSDto
FDSswitchover bin in thepreviousparagraph.However, therecanbeexceptionswhenthe
argumentsdonothold,andwehavemultipleEQPSDandFDSregions(seeFigure37).

Considera hypotheticalcaseof a short loop ( A(CÁK kft with Â bridged taps) carrying the
“GDSL” service. Thechanneltransferfunction,self-NEXT, andself-FEXT transferfunc-
tions areillustratedat the top of Figure37. Note that for “GDSL” servicethe self-NEXT
is assumedvery low. Sincethe self-NEXT is low, thenon-monotonicityof the self-FEXT
and the channeltransferfunction lead to distributedEQPSDandFDS regionsacrossthe
transmissionbandwidthas illustratedin the bottomof Figure37. In sucha scenario,the
optimalpowerdistributionalgorithmof Section4.10.1is exceedinglydifficult to implement.
Howeverwe caneasilyimplementthesuboptimalsolutionasgivenin Section4.10.2

4.11 Extensions

4.11.1 Moregeneralsignaling techniques

The signalingtechniquesoutlinedearlierarenot the only techniquesthat cangive us improved
capacityresults.Onepossibleschemeis illustratedin Figure38. In thisFigure, ÃÄ<T° and

¯ÆÅ±Ç _È°
referto line ¨ , upstreamanddownstreamdirectionPSDsrespectively. In thisscheme,weusemulti-
line FDSbetweengroupof lines( A and J ) having highself-NEXTandhighself-FEXTwith other
groupof lines( Â and K ). However, thereis EQPSDamonggroupof lines( A and J employ EQPSD
asdo Â and K ) that have low self-NEXT andlow self-FEXTwithin the group. This schemecan
beextendedfor É self-interferinglines (with differentself-NEXT andself-FEXTcombinations

86



0 100 200 300 400 500
−54

−52

−50

−48

−46

−44

−42

−40

−38

−36

−34
Upstream

Frequency (kHz)

A
m

pl
itu

de
 (

dB
m

/H
z)

0 100 200 300 400 500
−54

−52

−50

−48

−46

−44

−42

−40

−38

−36

−34
Downstream

Frequency (kHz)

A
m

pl
itu

de
 (

dB
m

/H
z)

M   =E E2FM      = 13 M   = 59C 
Ê M   = 182G 

Ë

Figure 36: Optimal “contiguous” upstreamand downstreamtransmitspectrafor CSA Loop 3 (having
a non-monotonicchanneltransferfunctiondueto bridgedtaps) (HDSL2 transmitspectrumwith §�4 self-
NEXT + §�4 self-FEXT).Thesespectrayieldequalperformancemargins(equalcapacities)andequalaverage
powersin bothdirectionsof transmission.Notethatthereis only onetransitionregionfrom EQPSDto FDS
signaling.
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Figure37: Thetopfigureshowsthechanneltransferfunction,self-NEXT, andself-FEXTtransferfunctions
for a shortloop with bridgedtaps. “GDSL” service(notethatself-NEXT is very low for this hypothetical
service)is employedonthisloop. ThebottomfigureshowsthedistributedEQPSDandFDSspectralregions
for theupstreamanddownstreamtransmitspectra.A : indicatesEQPSDsignaling,a 7 indicatesFDS,and
a :(ÎÁ^ indicatesEQPSDor FDSsignaling.Notethatin thiscasethenon-monotonicityof thechanneltransfer
functionleadsto severaldistributedsignalingregions.

betweenthem)usingcombinationof EQPSD,FDS,andmulti-lineFDSsignalingschemesbetween
differentlinesandfrequency bins.

Theaboveschemecanbeappliedin thecaseof groupsof lineswith differentself-interference
(self-NEXTandself-FEXT)characteristicsbetweendifferentsetof lines.

4.11.2 Moregeneralinterferer models

If theself-NEXT andself-FEXTinterferermodelcannotbeeasilycharacterizedby monotonicity
in regions,(thatis, if they vary rapidlyandnon-monotonouslyfrom onesubchannelto theother),
thenwe mustsearchfor theoverall optimalsolutionon a bin by bin basis.This searchis outlined
in theSection4.10onbridgedtaps.

88



f 

PSD

UP1 UP2

DOWN1 DOWN2
Ï UP3

Ð
DOWN3

Ð

Number of self-interfering lines = M = 4

UP4

DOWN4
Ñ

BB / 2

Lines 1 and 2 orthogonal
to lines  3 and 4
(Using multi-line FDS)
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Figure38: Alternativesignalingscheme:In presenceof highdegreesof self-NEXTandself-FEXTbetween
groupof lines 7 and ] andlines § and 3 we employ multi-line FDS.Thereis EQPSDsignalingwithin each
groupof lines( 7 and ] employ EQPSDasdo § and 3 ) thathave low self-interference.

4.11.3 Channelvariations

Somechannels(e.g.,thegeophysicalwell-loggingwirelinechannel)undergo asignificantchange
in channeltransferfunction ©{ªlU
WYX asa function of temperature.Temperaturevariationsarea
partof natureandhencewe needto continuouslyupdateour channeltransferfunctions.Changes
in channelcharacteristicscanchangethe channelcapacity. We candevelopan adaptive optimal
transmitspectrumto adjustto theseaswell asany othervariations.

4.11.4 Broadbandmodulation schemes

Wesaw in Section4.5.10thatwecaneasilygroupthebinsof theoptimaltransmitspectrumtomake
it smoother(with fewer discontinuities),so that we could apply differentbroadbandmodulation
schemes.Onecanapply differentbroadbandmodulationschemes(like multi-level PAM, QAM,
CAP, etc.)over largespectralregionsto theoptimaltransmitspectrumobtainedaftergroupingthe
binsanddeterminetheperformancemargins. In this case,we needto usea DFE at the receiver
to compensatefor theseverechannelattenuationcharacteristics.All thesebroadbandmodulation
schemesdo not suffer from latency asDMT does,but theDFE structureis complex. It is worth-
while to comparethemarginsobtainedwith broadbandmodulationschemeswith thoseobtained
usingDMT aswell ascomparethecomplexity andimplementationissuesinvolved.

4.11.5 Linear power constraints in fr equency

Wesaw in earlierSections4.4— 4.10,optimalpowerdistributionusingwater-filling techniqueun-
deranaveragepowerconstraint,andpeak-constrainedwater-filling techniqueunderapeakpower
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constraintin frequency or averageplus peakpower constraintin frequency. In general,we can
determinetheoptimalpower distribution underany setof generallinearpower constraintsin fre-
quency. Further, we canemploy oneof the joint signalingtechniquesdiscussedin this document
underthesenew constraintsusingsimilaranalysis.

5 Summary of Contrib utions

Thekey differencesfrom theprior artare:

1. Increasedcapacityfor xDSL linesusingoptimalandsuboptimaltransmitspectrainvolving
joint signalingschemes.

2. “Symmetrical” (or powercomplementary)upstream/downstreamoptimaltransmitspectrum
for a xDSL line in presenceof self-NEXT, self-FEXT, AGN, andotherinterferinglineslike
T1, HDSL, andADSL usingEQPSDandFDSsignaling.

3. Fastnear-optimalsolutionfor thetransmitspectrumwhichis computationallyveryattractive
andveryeasyto implementfor xDSL lines.

4. Spectraloptimizationgivesgoodspectralcompatibilitywith otherservices(FDSbetterthan
CDSfor spectralcompatibilityunderanaveragepowerconstraint).

5. Dynamictransmitspectrumthatadjustsautomaticallyaccordingto theinterferencetype.

6. Multi-line FDSsignalingtechniqueto combatself-FEXT.

7. Increasedcapacityfor HDSL2,“GDSL”, and“VDSL2” linesusingmulti-line FDSsignaling
whenappropriate.

8. Increasedcapacityin genericxDSL lines whenneighboringlines have differentchannel,
noiseandinterferencecharacteristics.

9. Conceptof staticestimationof interferencevaluesby readinglook-uptableof thetopology
of thecables(whichself-interferinglinesarewhere)atpowerup.Theself-interferencevalues
canbe estimatedin this manner. Dynamicmeasurementof interferencevaluesis doneby
“listening” to theinterferenceduringpowerup.(Subtracttheestimatedself-interferencefrom
thismeasuredinterferenceto getthedifferentserviceinterference.)

10. We canalsointerpretour resultsascapacityestimatesgivena fixedmargin in thepresence
of fixedinterferers.

Finalnotes:

1. We have framedour work within thecontext of theHDSL2, “GDSL”, and“VDSL2” trans-
missionformats.However, ourresultsaremoregeneral,andapplytoall channelsthatexhibit
crosstalkinterferencefrom neighboringchannels.Wesummarizea few channelswherethis
techniquecouldbepotentiallyapplied:
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(a) Twistedpair lines(standardtelephonelines)

(b) Untwistedpairsof copperlines

(c) Unpairedcables

(d) Coaxialcables

(e) Power lines

(f) Geophysicalwell-loggingtelemetrycables

(g) Wirelesschannels.

2. If astaticmaskisdesired(e.g.,for easeof implementation),weproposethatathoroughstudy
bemadeof theoptimalsolutionsin differentinterferenceandnoisescenariosasproposedin
thisdocumentandthenabeststaticcompromisingPSDmaskbechosen.

91



References

[1] S.McCaslin,“PerformanceandSpectralCompatibilityof MONET-PAM HDSL2with Ideal
TransmitSpectra-PreliminaryResults,” T1E1.4/97-307.

[2] M. Rude,M. Sorbara,H. TakatoriandG.Zimmerman,“A Proposalfor HDSL2Transmission:
OPTIS,” T1E1.4/97-238.

[3] A. Sendonaris,V. Veeravalli andB. Aazhang,“Joint SignalingStrategiesfor Approaching
theCapacityof TwistedPair Channels,” IEEETrans.Commun.,vol. 46,no.5, May1998.

[4] S. McCaslin and N.V. Bavel, “Performanceand SpectralCompatibility of MONET(R1)
HDSL2with IdealTransmitSpectra-PreliminaryResults,” T1E1.4/97-412.

[5] J. Girardeau,M. Rude,H. TakatoriandG. Zimmerman,“UpdatedOPTISPSDMask and
PowerSpecificationfor HDSL2,” T1E1.4/97-435.

[6] J.A.C.Bingham,“Multicarrier Modulationfor DataTransmission:An IdeaWhoseTimehas
Come,” IEEECommun.Magazine, May1990.

[7] G. Zimmerman,“PerformanceandSpectralCompatibility of OPTISHDSL2,” T1E1.4/97-
237.

[8] K. Kerpez,“Full-duplex 2B1QSingle-pairHDSL PerformanceandSpectralCompatibility,”
T1E1.4/95-127.

[9] AmericanNationalStandardfor Telecommunications,“Network andCustomerInstallation
Interfaces–AsymmetricDigital SubscriberLine (ADSL) Metallic Interface,” T1.413-1995,
Annex B.

[10] AmericanNationalStandardfor Telecommunications,“Network andCustomerInstallation
Interfaces–AsymmetricDigital SubscriberLine (ADSL) Metallic Interface,” T1.413-1995,
Annex E.

[11] G.Zimmerman,“NormativeText for SpectralCompatibilityEvaluations,” T1E1.4/97-180R1.

[12] M. BartonandM.L. Honig,“Optimizationof DiscreteMultitoneto MaintainSpectrumCom-
patibility with OtherTransmissionSystemson TwistedCopperPairs,” IEEE J. Select.Areas
Commun.,vol. 13,no.9, pp.1558-1563,Dec.1995.

[13] K.J.Kerpez,“Near-EndCrosstalkis almostGaussian,” IEEETrans.Commun.,vol. 41,no.1,
Jan.1993.

[14] R.G.Gallager, “InformationTheoryandReliableCommunication,” New York: Wiley, 1968.

[15] I. Kalet,“The MultitoneChannel,” IEEETrans.Commun.,vol. 37,no.2, Feb. 1989.

[16] J.T. Aslanisand J.M. Cioffi, “Achievable InformationRateson Digital SubscriberLoops:
Limiting InformationRateswith CrosstalkNoise,” IEEE Trans.Commun.,vol. 40, no. 2,
Feb. 1992.

92



[17] P.S. Chow, J.M. Cioffi and J.A.C. Bingham,“A PracticalDiscreteMultitone Transceiver
LoadingAlgorithm for DataTransmissionover SpectrallyShapedChannels,” IEEE Trans.
Commun.,vol. 43,nos.2/3/4,Feb./Mar./April 1995.

[18] I. Kalet andS.Shamai(Shitz),“On theCapacityof a Twisted-Wire Pair: GaussianModel,”
IEEETrans.Commun.,vol. 38,no.3, Mar. 1990.

[19] W.H. Press,S.A.Teukolsky, W.T. VellerlingandB.P. Flannery, “Numericalrecipesin C–The
Art of ScientificComputing,” CambridgeUniversityPress,2ndedition,1997.

[20] J.G.Proakis,“Digital Communications,” McGrawHill, 3rd edition,1995

[21] S. Verdu,“Recent-Progressin MultiuserDetection”in “Multiple AccessCommunications,”
Editedby N. AbramsonIEEEpress,1993

[22] , R. Horst,P. M. PardalosandN. V. Thoai, “Introduction to GlobalOptimization,” Kluwer
AcademicPublishers,1995

93



Glossary

ADSL: Asymmetricaldigital subscriberline

AGN: AdditiveGaussiannoise

BER: Bit errorrate(or probability)

BT: Bridgedtap

CAP: Carrierlessamplitude/pulsemodulation

CDMA: Code-divisionmultipleaccess

CDS: Code-divisionsignaling

CO: Centraloffice

CSA: Carrierservingarea

DFE: Decisionfeedbackequalization

DMT: Discretemultitonetechnology

DSL: Digital subscriberline

EQPSD: Equalpowerspectraldensitysignaling

FDS: Frequency divisionsignaling

FEXT: Far-endcrosstalk

“GDSL”: Generaldigital subscriberline

HDSL: High bit-ratedigital subscriberline

HDSL2: High bit-ratedigital subscriberline J
ISDN: Integratedservicesdigital network

ISI: Intersymbolinterference

MFDS: Multi-line Frequency divisionsignaling

NEXT: Near-endcrosstalk

PAM: Pulseamplitudemodulation

POTS: Plainold telephoneservices

PSD: Powerspectraldensity
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QAM: Quadratureamplitudemodulation

SNR: Signalto noiseratio

T1: Transmission1 standard

TDS: Timedivisionsignaling

VDSL: Veryhighbit-rateDSL

“VDSL2”: Veryhighbit-rateDSL 2

xDSL: Any genericDSL service
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Notation

� : Orthogonal

� : UnionÒ
: Kind of service,suchasADSL, HDSL, HDSL2,VDSL, etc.Ó
: ChanneltransmissionbandwidthÔ
: Channelcapacityor line capacity¯
: Differencebetweentwo capacities

� : Spectralregion

µ : MagnitudesquaredFar-endcrosstalk(self-FEXT)transferfunctionin asinglebinÕ
: Signalto noiseratio (SNR)in asinglebin

© : Magnitudesquaredchanneltransferfunctionin asinglebinÖ
: Kind of signalingscheme,suchasEQPSD,FDS,multi-line FDS,etc.×
: Totalnumberof binswithin channeltransmissionbandwidthØ
: Functionof line parameters(

Õ
, µ , ´ , © ) in asinglebin; it is alwaysapositivequantity

É : Numberof interferinglinescarryingthesameservice

_ : Total additiveGaussiannoise(AGN) powerplustotaldifferentserviceinterference

< : Power

R : ConstrainingPSDmaskÙ
: Receiver

b : Powerspectraldensity(PSD)Ú
: Transmitter

Ã : Positivequantityequalto Û¹Ü�ÝÞÜ¼_ß
: Positivequantityequalto ÛnÜ¼ÝÞÜ¼_àÜ�bÇ
: Bandwidthof abin or asubchannel

´ : MagnitudesquaredNear-endcrosstalk(self-NEXT) transferfunctionin asinglebin

Û : Partof crosstalkpower thatcouplesinto anotherserviceline
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Ý : Partof crosstalkpower thatcouplesinto anotherservicelineá : An amplitudelevel of a transmitspectrumâ
: An amplitudelevel of a transmitspectrumã : Capacityof abin or asubchannelä
: Downstreamdirection

W : Frequency

¨ : Line numberå
: Line number

¶ : Bin indexæ : Fractionto choosepowerdistribution, N®ç æ ç»A
� : Directionindex �éè�ê;ë>q ä�ì
ë : UpstreamdirectionÔ `° : Capacityof line ¨ in transmissiondirection �Ô ` : Capacityof a line in direction �Ô ° : Capacityof a line ¨
���P��� : Spectralregionemploying FDSsignaling

�}í��P��� : Spectralregionemploying multi-line FDSsignaling

µ\°½² ³ : Magnitudesquaredself-FEXTtransferfunctionon line ¨ andbin ¶
µ\° : Magnitudesquaredself-FEXTtransferfunctionof line ¨ in asinglebinÕ ° : Ratioof signalpower in line ¨ to noisepower in line A in asinglebin

©±°�² ³ : Magnitudesquaredchanneltransferfunctionof line ¨ andbin ¶
©±° : Magnitudesquaredchanneltransferfunctionof line ¨ in asinglebin

_Q`�U
WYX : Channelnoise

_M° : AGN plusdifferentserviceinterferenceon line ¨
<\î\° : Power in positivefrequency range( ïÁNDq Ç�ð

) of asinglebin of line ¨
<\î : Power in positivefrequency range( ïñNDq Ç�ð

) of asinglebin

<\=>?
@ : Total averagepowerover theentirefrequency range( ï�L Ó q ÓQð
) of thechannel
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R ` U
WYX : ConstrainingPSDmaskin direction �ÙÄò
: Achievableratein a singlebin or subchannelÙ `° : Receiveron line ¨ in direction �

b `° U
WYX : PSDof line ¨ in direction �
b ` U
WYX : PSDof a line in direction �Ú `° : Transmitteron line ¨ in direction �
´{°�² ³ : Magnitudesquaredself-NEXTtransferfunctionon line ¨ andbin ¶
´{° : Magnitudesquaredself-NEXTtransferfunctionon line ¨ in asinglebinã `°�² ó : Capacityof a singlebin of line ¨ usingsignalingscheme

Ö
.ã `° : Capacityof asinglebin of line ¨ in direction �ã ` : Capacityof asinglebin in direction �ô `° U
WYX : PSDin asinglebin of line ¨ in direction �ô ` U
WYX : PSDin asinglebin in direction �
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