SMOOTH BIORTHOGONAL WAVELETS FOR APPLICATIONS IN IMAGE COMPRESSION^�

Jan E. Odegard C. Sidney Burrus

Department of Electrical and Computer Engineering Rice University, Houston, Texas 77005-1892, USA odegard@rice.edu, csb@rice.edu http:==www-dsp.rice.edu

ABSTRACT

In this paper we introduce a new family of smooth, symmetric biorthogonal wavelet basis. The new wavelets are a generalization of the Cohen, Daubechies and Feauveau (CDF) biorthogonal wavelet systems. Smoothness is controlled independently in the analysis and synthesis bank and is achieved by optimization of the discrete ^nite variation (DFV) measure recently introduced for orthogonal wavelet design. The DFV measure dispenses with a measure of differentiability (for smoothness) which requires a large number of vanishing wavelet moments (e.g., Hĺolder and Sobolev exponents) in favor of a smoothness measure that uses the fact that only a ^nite depth of the ^lter bank tree is involved in most practical applications. Image compression examples applying the new ^lters using the embedded wavelet zerotree (EZW) compression algorithm due to Shapiro shows that the new basis functions performs better when compared to the classical CDF 7/9 wavelet basis.

1. INTRODUCTION

Signi^cant attention [1Ű7] has been given to the potential importance of wavelet smoothnessversus regularity (e.g., vanishing wavelet moments) for wavelet based image compression. Although the choice of ^lter and hence the associated properties of the corresponding wavelet basis is sensitive to the compression algorithm considered (e.g., the quantization and bit allocation scheme) some form of smoothness is deemed to be of importance. This paper assumes the zerotree based compression algorithm as ^rst proposed by Shapiro [8].

The paper presents a new class of biorthogonal wavelet basis (^lters). The new class is based on a generalization of the well known biorthogonal Cohen, Daubechies and Feauveau (CDF) wavelet system [9Ű11]. In particular, we compare performance of the new basis to the classical CDF 7/9 wavelet basis (see Figure 2) successfully applied in a number of zerotree based image compression algorithms. The new design is based on optimizing a measure of smoothness on the iterated ^lter bank tree and takes in to account that only a ^nite number of ^lter bank stages (levels) are involved in any application. The measure, discrete ^nite variation (DFV) [5, 4] is related the Hĺolder measure of smoothness (in the limit) but does not require that: (1) the wavelets have a minimal number of vanishing moments to achieve smoothness of the functions or (2) underlying continuous basis functions have continuous higher order derivatives. For a given support (e.g., length ^lters) the new measure gives rise to a whole family of ŞsmoothŤ orthogonal [5, 4] and biorthogonal wavelets.

1.1. Biorthogonal wavelet systems

Figure 1 shows a one level ^lter bank associated with a biorthogonal wavelet expansion. By iterating on the lowpass output (e.g., the h0 branch) a multiscale wavelet expansion can be obtained. Associated with the analysis ^lter h0 and synthesis ^lter g0 are the

�_{This work was supported by ARPA under grant number F49620-94-}

I0006 sponsored by Air Force and the Texas Advanced Technology Program

cj

-

-

h1 h0

-

-

↓2

↓2

-

-

dj�1 cj�1

-

-

↑2

↑2

-

-

g1 g0

6

?i_+ -cj

Figure 1: One level biorthogonal ^lter bank for implementing the biorthogonal wavelet analysis and synthesis.

scaling function ϕ(x) and the dual ~ϕ(x) respectively de^ned by ϕ(x) = √ 2 ∑ n h0(n)ϕ(2x − n) (1)

~ϕ(x) = √ 2 ∑ n g0(n)~ϕ(2x − n). (2) Equations (1) and (2) converges to compactly supported basis functions if both ∑ n h0(n) = √ 2 (3)

and ∑ n g0(n) = √ 2 (4)

are satis^ed. Associated with the scaling function ϕ(x) and its dual ~ϕ(x) are the wavelets ψ(x) and ~ψ(x) de^ned by ψ(x) = √ 2 ∑ n h1(n)ϕ(2x − n) (5)

~ψ(x) = √2 ∑ n g1(n)~ϕ(2x − n). (6) The system is then said to be biorthogonal if the following three conditions holds: ∫ R ϕ(x)~ϕ(x − k)dx = δ(k) (7a) ∫ R ϕ(x) ~ψ(x − k)dx = 0 (7b) ∫ R ~ϕ(x)ψ(x − k)dx = 0. (7c)

under grant number TATP 003604-018 Appears in Proc. DSP Workshop 1996, Loen, Norway.

Equations (7a)-(7c) are equivalent to the following two conditions on the scaling and wavelet ^lters and their duals ∑ n h0(n)g0(n − 2l) = δ(l) (8a) ∑ n h0(n)g1(n − 2l) = 0 (8b) ∑ n g0(n)h1(n − 2l) = 0 (8c)

Hence, using the conditions in (8a)-(8c) a nonlinear constrained optimization problem for designing biorthogonal wavelets can be posed over the free ^lter parameters. Furthermore, by imposing that the ^lters be symmetric, linear phase solutions can be obtained. In fact, the CDF 7/9 wavelet system is the solution to this optimization problem if all free parameters are used for setting a maximal number of moments of the wavelets (ψ and ~ψ) to zero.

2. DISCRETE FINITE VARIATION

Let f : R → Rand let f(xi) for i = 0, . . . , m − 1 be m equally spaced samples of f. Now de^ne the ^rst order discrete difference operator Dm : R^m → R^m�^1 as Dmf(xi) = f(xi) − f(xi�1) 1 < i ≤ m (9) then the nth order discrete difference operator D^n_m : R^m → R^m�^n is de^ned by D^n_mf(xi) = n∑ j=0 (−1)^j ( n j ) f(xi�j) n < i ≤ m. (10) A measure of smoothness (related to both bounded variation as well as Hĺolder in the limit), discrete �nite variation is then de^ned as follows:

De�nition 1 (Discrete �nite variation). Let J be the number of stages of the iterated �lter bank and let ϕ^J (xi), supportedon [0, N− 1], be the length L sequence of samples of the scaling function such that 0 = x0 < x1 < · · · < xL�1 = N − 1 with xi − xi�1 = Δx for all i = 1 . . . , L − 1. Then the discrete �nite variation of order n is de�ned as Vn =^|D^nLϕ^J (xi)^| (11) The above measure is easily generalized to the biorthogonal case by applying the above de^nition to both the analysis scaling function ϕ as well as the synthesis scaling function ~ϕ. Using this, a general nonlinear constrained optimization problem is formulated for which the cost function is a linear combination of the DFV measures of each of the two scaling functions.

2.1. Design example

The class of ^nite scale smooth biorthogonal wavelets are obtained by solving the following problem.

min_{h0,g0} [ | |D^n_Lϕ^J (x_i) | | | |D^n_L ~ϕ^J (xi) | | ] [ 1 α ] (12)

subject to

a) Linear constraints (e.g., (3) and (4)) b) Bi-linear constraints (e.g., (8a)-(8c))

For given lengths ^lters a range of solutions can be obtained by varying α and the number of vanishing moments desired of the wavelets associated with the analysis wavelet and it dual the synthesis wavelet.

In Figure 3 we show a particular solution of the 7/9 wavelet system optimized according to (12) and requiring that both the analysis and synthesis wavelet have 2 vanishing moments. For comparison we have also included plots of the roots for the corresponding lowpass ^lters and it is interesting to notice as was the case for the orthogonal solution [4, 5] that the optimal DFV solution has zeros on the unit circle in the stop band.

2.2. Image compression example

In Figure 4 we show the face of the image ŞBarbaraŤ compressed 30:1 using both the CDF 7/9 and the optimal DFV 7/9 solution. The compressed image using the DFV 7/9 wavelet system results in a 0.25dB improvement in peak signal to noise ratio (PSNR) over the CDF 7/9 wavelet system. We also include a rate distortion curve for the same image comparing the two wavelet systems.

3. SUMMARY

Results of applying the new ^lters show in Figure 3 for image compression (see Figure 4) using the zerotree compression [8] algorithm shows improvements in PSNR compared to the well known CDF 7/9 wavelet system. It is visually hard to choose which of the two wavelet systems is the better (the difference in PSNR is only 0.25dB at 30:1 compression) of the two compressed images and an extensive study would be required. Furthermore, computing rate distortion curves on 10 different images indicates that the new ^lters achieves equal or better PSNR for compression ratios in the range of 8:1 to 80:1 for gray scale images.

REFERENCES

[1] E. A. B. da Silva and M. Ghanbari. On the performance of linear phase wavelet transforms in low bit-rate image coding. IEEE Trans. on Image Processing, 5(5), May 1996.

[2] M. Unser. Approximation power of biorthogonal wavelet expansion. IEEE Trans. SP, 44(3), March 1996.

[3] M. Lang and P. N. Heller. The design of maximally smooth wavelets. In IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, volume 3, pages 1463Ű1466, Atlanta, GA, May 1996.

[4] J. E. Odegard and C. S. Burrus. Discrete ^nite variation: A new measure of smoothness for the design of wavelet basis. In IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, volume 3, pages 1467Ű1470, Atlanta, GA, May 1996.

[5] J. E. Odegard. Moments, smoothness and optimization of wavelet systems. PhD thesis, Rice University, Houston, TX 77251, USA, May 1996.

[6] P. N. Heller, J. M. Shapiro, and R. O. Wells, Jr. Optimally smooth symmetric quadrature mirror ^lters for image coding. In Wavelet Applications II, volume 2491, pages 119Ű130, Orlando, FL, April 1995. SPIE.

[7] P. N. Heller and H. L. Resnikoff. Regular M-band wavelets and applications. IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, III:229Ű232, April 1993.

[8] J. M. Shapiro. Embedded image coding using zerotrees of wavelet coef^cients. IEEE Trans. SP, 41:3445Ű3462, 1993.

[9] A. Cohen, I. Daubechies, and J. C. Feauveau. Biorthogonal bases of compactly supported wavelets. Comm. Pure Applied Math., 1992.

[10] M. Antonini, M. Barlaud, P. Mathieu, and I. Daubechies. Image coding using the wavelet transform. IEEE Trans. on Image Processing, 2(2), April 1992.

[11] I. Daubechies. Ten Lectureson Wavelets. SIAM, Philadelphia, PA, 1992. Notes from the 1990 CBMS-NSF Conference on Wavelets and Applications at Lowell, MA.

(a) (b)

(c) (d)

(e) (f) Figure 2: CDF (biorthogonal) 7/9 wavelet system. (a) Scaling function. (b) Wavelet function. (c) Dual scaling function. (d) Dual wavelet function. (e) Roots of analysis scaling ^lter. (f) Roots of synthesis scaling ^lter.

(a) (b)

(c) (d)

(e) (f) Figure 3: Optimal DFV (biorthogonal) 7/9 wavelet system. (a) Scaling function. (b) Wavelet function. (c) Dual scaling function. (d) Dual wavelet function. (e) Roots of analysis scaling ^lter. (f) Roots of synthesis scaling ^lter.

(a) (b)

(c) (d)

(e) (f) Figure 4: (a) Original ŞBarbara.Ť (b) Rate distortion. (c) 30:1 using CDF 7/9 (PSNR = 27.58dB). (d) Error image for CDF 7/9 (e) 30:1 using optimal DFV 7/9 (PSNR = 27.84dB). (f) Error image for optimal DFV 7/9.