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Abstract

High-Dimensional Integration for Optimization
Under Uncertainty

by

Timur Takhtaganov

This thesis focuses on the problem of evaluating high-dimensional integrals arising
in optimization under uncertainty. Uncertainties in the input data affect the behavior
of the physical system and need to be accounted for at the design stage or in the way
the system is controlled. This translates into evaluating integrals of the quantities
of interest with respect to the random parameters. This task becomes challenging
when the dimension of the random parameters is high. Without guidelines for the
choice of favorable integration methods the optimization algorithm might encounter
prohibitively high computational cost. This thesis provides a comprehensive overview
of methods for high-dimensional integration and exposes their relative strengths and
weaknesses. Emphasis is placed on problems with moderately high dimension and
with non-smoothness. The performance of integration methods in high dimension is

assessed on several simple model problems.
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Introduction

Many engineering applications are affected by uncertainty in the data. This uncer-
tainty might be due to incomplete knowledge (epistemic uncertainty) as is the case,
for example, in oil reservoir simulation where the properties of the subsurface me-
dia are only known at a few locations and have to be inferred everywhere else. It
might also be the case that the physical system has some intrinsic variability and our
knowledge cannot be improved by additional measurements (aleatoric uncertainty).
An example would be fluctuations of the flow field around the aircraft wing due to
the gusts of wind. In either case, in order for our mathematical model of the system
to give good predictions we need to account for the uncertainty in the input data and
find the ways to “quantify” the uncertainty in the outputs of interest.

This thesis addresses the problem of uncertainty quantification in the context of
optimization. The emphasis is placed on the task of efficient evaluation of integrals
of the outputs of interest with respect to the random parameters, i.e., expectations,
deviations, etc. The challenges addressed are: potentially high dimensionality of
the random input parameters, high cost of evaluating the objective function, and
non-smoothness in the integrand.

This thesis provides a comprehensive overview of the methods for high-dimensional
integration and assesses their applicability for optimization under uncertainty. The
first chapter is dedicated to the review of available literature on the topics of nu-
merical solution of PDEs with random inputs, uncertainty quantification via “risk

measures”, and high-dimensional interpolation and integration methods. The second



chapter sets the stage for the discussion of optimization problems with PDE con-
straints with random inputs. The main goal of this chapter is to provide motivation
for the following overview of the integration methods. Chapter 3 provides the detailed
description of these methods along with known convergence results. Numerical ex-
periments are presented in chapter 4. Finally, the conclusions drawn from numerical

simulations are summarized in the last chapter.



Chapter 1

Literature Review

Optimization problems under uncertainty arise in many application areas. In order to
tackle such problems one needs to combine methods from diverse fields, such as opti-
mization theory, probability and statistics, functional analysis and numerical analysis.
This thesis presents some of the theoretical background required to understand gen-
eral approaches to optimization problems under uncertainty. Particular emphasis is
placed on one of the main challenges in the numerical solution of such problems -
multivariate integration.

In practice many problems are formulated as systems of partial differential equa-
tions (PDEs). The uncertainty is incorporated into such systems in the form of
random inputs: coefficients, source terms, boundary and initial data, geometry. In
general, uncertainty is described as a random field, i.e., a random variable indexed
by a spatial or temporal variable. PDEs in which random effects are manifested in
parameters are called random PDEs [75, Sec. 4.7]. The optimization problems stud-
ied in this thesis are constrained by random PDEs. In contrast, stochastic PDEs
(SPDEs) "are forced by ’an irregular process such as a Wiener process or Brownian
motion.” [75, Sec. 97].

The solutions to random PDEs are also random fields. Representation of random

fields is, therefore, one of the first important problems that needs to be considered.



Two main approaches to describing random fields exist and are used in practice:
Karhunen-Loeve expansion (Karhunen (1947) [39], Loeve (1948) [50]) and expansions
in terms of global orthogonal polynomials (Wiener (1938) [82], Ghanem and Spanos
(1997) [23]). Both types of expansion represent a random field in terms of an infinite
number of random variables. In this thesis I will use the Karhunen-Loeve (KL)
expansion. The KL expansion represents the random field as an infinite series by
utilizing the eigenvalues and eigenfunctions of its covariance function. In practice
this series is truncated to obtain an approximation of the random field. In particular,
for correlated random fields with correlation length comparable to the size of the
domain only few terms are needed to describe random field with sufficient accuracy
([18], [51, Ch. 7]). Finite dimensional representation of random fields allows numerical
solution of corresponding random PDEs.

Once the inputs of a system, e.g., coefficients and source terms of a random
PDE, are described by a finite dimensional random vector, the task of uncertainty
quantification becomes that of obtaining statistical information about the outputs of
interest that depend on the solution of a random PDE. In many cases in the literature
this is limited to obtaining expected value and other statistical moments ([2, 57]).
In the context of optimization under uncertainty, for example in optimal control
under uncertainty problems, obtaining solution that holds “on average” is usually not
sufficient ([66]). For most practical cases the problem needs to be reformulated to
account, for example, for rare events or large deviations from the expected value. This
results in problems where the goal is to minimize the risk associated with a certain
choice of control. The risk in this context is understood as a measure of variation of
the objective with respect to the random parameters. Of particular interest is the
class of “coherent risk measures” - a term first introduced by Artzner et al. [1] and
rigorously studied by many others ([65, 70]). Coherent risk measures are particularly
well suited for optimization due to their properties (convexity, monotonicity).

Whether seeking to approximate the expected value of the objective function



or estimate some other risk measure associated with it, we are faced with a task
of integrating with respect to the random parameters. As the number of random
parameters grows, numerical integration becomes challenging. The simple strategy
of using tensor products of one-dimensional integration rules fails due to the so-
called “curse of dimensionality” - a term coined by Bellman ([4]) that refers to the
exponential growth of the number of nodes required to evaluate multivariate integral.
For example, evaluating an integral of a function of 10 variables using just 5-point rules
requires 5'° function evaluations. In the framework considered here, each evaluation
of the objective function requires solving an random PDE, hence it becomes crucial to
cut the number of integration points as much as possible while preserving the desired
accuracy.

In this thesis I consider several methods for multivariate integration starting with
the simplest Monte Carlo (MC) approximation which is abundantly covered in liter-
ature (e.g., [34, 49]). Although the MC method has some attractive features, such as
embarrassingly parallel implementation, in many cases its probabilistic rate of con-
vergence of O(1/v/N) is considered too slow. The desire to improve on this rate
resulted in the development of quasi-Monte Carlo methods in the 1950s and 1960s.
Quasi-Monte Carlo methods are purely deterministic methods that heavily rely on
number-theoretic concepts ([54, 11]). Development of QMC methods was further
motivated by applications. In particular, option pricing problems have prompted
many theoretic developments ([26, 29]). A comprehensive survey of QMC methods is
presented in [16].

In the context of solving random PDEs MC methods have been combined with the
multilevel methods in order to further reduce computational burden ([25, 14, 46, 47]).
The main idea behind these methods is to use the hierarchy of spatial discretizations
of the PDE in combination with discretizations of random variables. Although outside
the scope of this thesis these methods provide an important direction to consider for

the future work.



Another family of methods aimed at circumventing the curse of dimensionality
are known under the common name of sparse grid methods. These methods stem
from the Smolyak algorithm for approximating the high-dimensional tensor product
quadrature ([76]). Smolyak’s construction uses the combination of tensor products
of one-dimensional quadrature formulas in a way that reduces the dependence of the
total number of integration nodes on the dimension up to logarithmic factors (for
certain classes of functions). Smolyak algorithm has been applied to the problems of
numerical integration ([58, 59, 60, 20]), solution of stochastic PDEs ([8, 56, 57]) and
many other problems. In this thesis I review the algorithm and the error estimates
that are available in literature (e.g., [3]).

As mentioned above Smolyak’s construction is general enough to be applied in dif-
ferent contexts. For the problems of multivariate integration and interpolation, which
are the main focus of this thesis, this construction can be applied in two settings. The
difference between the two is the type of bases used. The global polynomial bases, e.g.,
Lagrange polynomials, are good for sufficiently smooth integrands but are ineffective
for the integrands that have, for example, sharp gradients or jump discontinuities. By
contrast methods based on locally supported piecewise polynomial bases are better
suited for non-smooth integrands and allow adaptivity. If the global polynomial ap-
proaches achieve greater interpolation accuracy by increasing the polynomial degree,
the piecewise polynomial approaches do so by keeping the polynomial degree fixed
and refining the grid instead.

The sparse grid approach based on piecewise linear functions was introduced by
Zenger in 1991 [83]. It has since been extensively covered in literature (in particular,
by Bungartz and Griebel [8]) and generalized to higher order polynomial bases ([5, 6]).
The hierarchical construction of such bases proved to be particularly well-suited for
implementation of spatial adaptivity ([28, 7]).

Adaptive sparse grids have been a subject of many studies. Gerstner and Griebel

in [21] have introduced dimension-adaptive sparse grids that allowed for detection of



“important” dimensions, i.e., dimensions corresponding to higher variability of the
function of interest. Locally adaptive sparse grids using hierarchical basis functions
have been applied in the context of solving stochastic PDEs ([19, 52]), solving re-
gression and classification problems ([63, 64]), and multivariate quadrature ([7]). The
attempts to consolidate both dimension and local adaptivity were also reported ([38]).

The implementations of various sparse grid methods that are publicly available
include the library spinterp by Klimke and Wohlmuth written in Matlab ([40]), the
TASMANIAN toolbox developed at the Oak Ridge National Laboratory ([79]), and
the SG++ toolbox by a group at the Technische Universitdt Miinchen ([63]).



Chapter 2

Optimization Under Uncertainty

The motivation for this thesis comes from the optimization problems governed by
random partial differential equations (PDEs). Random PDEs are PDEs for which
the input data (such as advection/diffusion/reaction coefficients, forcing terms,etc.)
is modeled as random variables, or more generally, random fields. This thesis does
not consider stochastic differential equations which require different techniques for
solving and analysis (for explanation of the difference see [75, Sec. 4.7]).

In this chapter I first introduce the general optimization problem with a constraint
given by a random PDE. I outline a general theory for solving random PDEs and
provide some examples that will be used in numerical simulations. Finally, I describe
the notion of the risk measure and motivate the exploration of adaptive integration

methods later in the thesis.

2.1 General Problem Setting

As a motivation for the rest of the thesis I first introduce an abstract optimization
problem with equality constraints in general Banach spaces.

Let U, Z be reflexive Banach spaces and VW be a Banach space. Consider opti-



mization problems of the form

min J(u, z) (2.1.1a)

subject to
e(u,z) =0, (2.1.1b)
U E Uy, 2 € Zaq, (2.1.1¢)

where U,y; and Z,4 are admissible subsets of the state space ¢/ and control space Z,
respectively. The objective function J : U4 x Z — R represents the “cost” corre-
sponding to the state u and control z, and the equality constraint e : U X Z2 — W
describes the dynamics of the system and represents a PDE or a system of PDEs.
Optimization problems in Banach spaces of the type (2.1.1) are discussed, e.g., in the
book by Hinze et al. [37].

When the data of the system are not known completely, this uncertainty can be
modeled by introducing random variables. Therefore, assume that the state equation
e(u, z) depends on some stochastic parameter w € €2, where (2 is a set of outcomes
(future states of knowledge). Assume that the control variable z needs to be chosen
before the outcomes of w become known. Thus z does no depend on w. The state
equation now reads:

e(u(w), z,w) =0 a.e. in Q (2.1.2)

where “a.e.” stands for almost everywhere.

Introducing randomness in the constraint equation (e.g., random diffusion coef-
ficient in advection-diffusion equation) forces the state u to be a random variable
depending on parameter w. The solution space for the state equation (2.1.2) is a

Bochner space, which I introduce next.

Definition 2.1.1 Let X be a Banach space and (2, F, P) be a measure space. The
Bochner space L (€; X) is defined as the space of strongly measurable functions v :

Q — X such that
/Hv(w)y\f;dp(w) < 00 (2.1.3)
Q
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forp € [1,00) and

esssup |[v(w)|lx < oo (2.1.4)
wel

for p = o0.

Let u € L% (2;U) be a solution to the state equation (2.1.2). For a fixed z the map
w— J(u(w),z) : © — R is now a random variable as well. To handle the uncertainty

the problem (2.1.1) is reformulated as follows:

mino(J(u(+), 2)) (2.1.5a)
subject to
e(u(w), z,w) =0, a.e. in € (2.1.5b)
u(w) € Uya, a.e. in (2.1.5¢)
2 € Zu, (2.1.5d)

where o is a risk measure (“measure of the risk of loss” in [65]). The precise meaning
of this term along with some examples will be provided later in the chapter.
I postpone the discussion of the risk measures until the end of the chapter. First

I introduce the theory of random PDEs.

2.2 Random Partial Differential Equations

Let D C R? with d = 1,2, or 3. Let (Q,F,P) be a complete probability space,
where € denotes the set of outcomes, F is a o-algebra of events, and P : F — [0, 1]
is a probability measure. Let £ be a differential operator, linear or nonlinear, that
depends on some coefficients a(w, z) with w € Q and = € D.

Consider the following informal statement of a random boundary value problem:

find a function u : Q2 x D — R, such that P-almost everywhere in w, or in other words
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almost surely (a.s.), the following equation holds:

L(a(w,-))(u) = f(w,") in D, (2.2.1a)

u=g(w,-) on 0D. (2.2.1b)

Here the forcing term f and the boundary data g can also be random fields (f(w, z),
g(w,x)), or they can be deterministic (f(z), g(x)).
The precise statement of (2.2.1) and its well-posedness need to be discussed for

the specific examples considered in the following.

Example 2.2.1 Consider the following random linear elliptic partial differential equa-

tion:

-V - (a(w, z)Vu(w,z)) = f(w,x) + z(x) (w,x) € Q x D, (2.2.2a)
u(w,z) =0 (w,x) € Q x ID. (2.2.2b)

Here a(w, ), f(w,z) : 2 x D — R are random fields, i.e., collections of realizations
indexed by a random variable. Hence, the solution u(w, x) of (2.2.2) is a random field
as well.

In the following, I will follow [41] to show that, under suitable conditions, for
almost all w € Q there exist a weak solution u(w,-) € H}(D) of (2.2.2).

For the purpose of solving (2.2.2) I consider the Bochner space U := L%(Q; Hj (D)),

which is a Hilbert space with the inner product

(u,v)y = /(u(w,x),v(w,x)}Hé(D)dP(w) (2.2.3)

Multiplying left-hand side of (2.2.2) by a test function v € U, integrating over
2 x D and applying Green’s identity we get

- / / V- (afw, 2)Vu(w, ))v(w, z)drd P(w) =

/ / a(w, 2)Vu(w, z) - Vo(w, ¢)dzdP(w / /8 ) dndP(w),
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where the second term on the right-hand side is 0 since v(w,z) = 0 almost surely

(a.s.) for z € OD.
Thus, the weak formulation of (2.2.2) is: find u € U such that

// (w, 2)Vu(w, ) - Vo(w, 2)drdP(w //fwx (w, 2)dzdP(w)

// v(w,z)drdP(w)  (2.2.4)

Under the assumption that a € L*>°(2 x D) is bounded away from zero almost

for all v € U.

everywhere on €2 x D, that is
3 Gpmin > 0such that a(w, ) > e, ae. in Q x D, (2.2.5)

and f(w,z) € L%(Q; (HY(D))), one can apply Lax-Milgram theorem to show the
existence of a unique solution u € U to the problem (2.2.4) (for details see [41]). In

fact, one can show the existence of ¢ > 0 such that

|w(w, Mazpy < ellf(w, )la-1(p) for almost all w € Q.

2.2.1 Finite Noise Assumption

In general, random fields a(w, z) and f(w,x) (and any other possible sources of un-
certainty) are not related to each other, therefore, they are defined on different prob-
ability spaces (4, Fu, Py) and (2, Ff, Py). The solution u is then defined on the
product probability space (2, F, P) = (Q x Qp, F, X Fy, P, x Pf). Thus, a and f
are functions of w, and wy respectively.

For numerical purposes I will need the finite noise assumption, which states that
the random fields a(w,, z) and f(wy,x) depend on a finite number of random vari-

ables. Formally, I assume that there exists a vector of random variables Y, (w,) =
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[Yoi(wa)s ..., Yan, (we)] such that a(w,,x) = a(Yy(w,),x) and a vector of random
variables Yy (wy) = [Yy1(wy), ..., Yy, (wy)] such that f(wy,x) = f(Yy(wy), ).
Further, I can relabel the elements of the random vectors Y, and Y; and define a
vector of random variables Y = [Y3,...,Yy] = (Y,,Y}) with N = N, + N;. Denote
the image of the random variables Y; to be I'; C R for ¢ = 1,..., N and set I' =
[} x--xTy. NowY : Q — T Cc RY. Assume that there exists a joint probability
density function (pdf) for {Y;}Y, denoted by p : I' — R, with p € L®(I'). In
this case the probability measure dP(w) can be replaced by the Lebesgue measure
p(y)dy and one can perform the change of variables in (2.2.4) to obtain the following

parametrized deterministic PDE:

/Fp(y>/Da(y7w>W(y,x)-Vv(y,x)dxdyZ/Fp<y)/l)f(y,ﬂf)v(y,w)dwdy
—i—/Fp(y)/Dz(x)v(y,x)dxdy (2.2.6)

for all v € L2(I'; Hy(D)). Here the solution space is defined analogously to previously
defined Bochner space L% (Q; X):
LA X) = {u: ' = X : uis strongly measurable, / p(y)|lu(y)|5dy < co}. (2.2.7)
r
Under the finite noise assumption and by the Doob-Dynkin’s lemma ([61]) the so-
lution u(w, x) can be characterized by the same vector Y (w) as are a and f. Therefore,
it has a deterministic parametric equivalent u(y, ).
I provide two examples of the random field a(w,x) that satisfy the finite noise
assumption. In the first example the random field is finite-dimensional by definition.
In the second, the infinite-dimensional random field is represented by an expansion

of which only a few terms are retained.

Example 2.2.2 Piecewise constant random fields
Consider problem (2.2.2) where the spatial domain D = UY,D;; D; N D; = { for

i # j. Let the diffusion coefficient ay(w,z) be piecewise constant and random on
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each subdomain D;, i.e.,
N
an(w, 2) = Amin + Y _ 0:Yi(w)xp, () (2.2.8)
i=1

where xp,(z) is a characteristic function of the set D;, 0y, amin > 0 and random

variables Y; are nonnegative with unit variance. o

Example 2.2.3 Karhunen-Loeve expansion

According to Mercer’s theorem (Theorem 11, chapter 30, section 5 of [48]), any
second-order correlated random field a(w,z) with continuous covariance function
COV(z1,x2) can be represented as an infinite sum of random variables. One ex-
ample of such an expansion is the Karhunen-Loeve (KL) expansion ([39, 50, 51]),
which is an extension of singular value decomposition. In this case the random field

a(w, ) can be approximated by a truncated KL expansion:

N
a(w,z) ~ ay(w,z) = Ela](z) + > v/ Aubn(2)Ya(w) (2.2.9)
n=1
where A, and b,(z) for n = 1,..., N are the dominant eigenvalues and correspond-

ing eigenfunctions of the covariance function and Y, (w) are uncorrelated real-valued
random variables.
In order to keep the property that a random input coefficient is bounded away

from zero, I will use KLi expansion for the logarithm of the random field

log((ay = Amin) (@, 7)) = bo(z) + > v/ Aubn(2) Y (w) (2.2.10)

where a,,;,, is the lower bound on a.

Similar expansions are used for the random field f(w,x) when applicable.
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2.3 Risk Measures

Consider the general optimization problem under uncertainty (2.1.5). Under the finite

noise assumption it becomes:

min o (J(u(+), 2)) (2.3.1a)
subject to
e(u(y), z,y) =0, a.e. in I’ (2.3.1b)
u(y) € Uya, a.e. in I’ (2.3.1c)
2 € Zu, (2.3.1d)

Assume that for every z € Z,4 equation e(u(y), z,y) = 0 has a unique solution
denoted by wu(y;z). Then the mapping y — J(u(y;z),z) : I' — R is a random
variable. This randomness in the objective is handled using risk measures. By a risk
measure we understand an operator that acts on the space of functions with domain
' and codomain R such as LI(I") = LI(T;R) for ¢ = [1,00) or ¢ = oo. Denote it by
o: Li(T) = R.

Next I introduce several examples of risk measures ¢. In order to simplify notation
I will denote the random variable J(u(y; z), z) for a fixed z by X (y). The assumptions

on X (y) will be stated separately for each of the risk measures.

2.3.1 Examples

Expected value

The simplest and most commonly used choice is
o(X) =E[X] (2.3.2)

This choice requires that X € L})(F). Although easy to deal with, the expected
value is not sensitive to the possibilities of high values of X, and, thus, incorporates

no level of risk averseness, i.e., does not take into account possibility of high cost and
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associated consequences. ([65]).

Worst case

The choice

o(X) = itellroX (W)p(y) (2.3.3)

for X € L3°(T') accounts for the “worst case scenario”. In most situations it is overly
conservative (infinite for normal and exponential distributions), as it ignores all in-

formation about the distribution of X except its highest possible realization.

Mean plus deviation
The expected value risk function can be modified by adding a penalty term. To this
end define the L7 norm of a random variable X € LI(I') = L4(T;R) by

(E[|X|] for g =1
1 X, = 4 (E[IX])Y? for 1< q< o0 (2.3.4)
sup | X| for ¢ =00
\ yel
and consider
o(X) =E[X]+ ¢[|X — E[X]], (2.3.5)

with ¢ > 0. For ¢ = 2 this corresponds to mean plus ¢ units of standard deviation.
This risk measure introduces safety margins for the expected value, thus, assuring
that high costs are incurred only for the outcomes corresponding to the upper part of
the distribution of X lying more than ¢ deviation units above the mean. However, it
does so in a symmetrical manner, thus, penalizing not only outcomes with cost higher

than average but also those that are lower.

Mean plus semi-deviation

The mean plus semi-deviation risk measure is defined as o(X) = E[X]| + ¢||[X —
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E[X]]+|l; with ¢ > 0. Here we denote by [-]; the function max (-,0). Using this risk
measure as an objective in the minimization we penalize only costs that are higher
than average.
We can rewrite o(X) in terms of auxiliary function &, : R x L%(T') — R defined
by
alt, X) = t+ cll[X = 1)1 (2.3.6)

by simply taking o(X) = ¢,(E[X], X).

Conditional-value-at-risk
In order to account for tail probabilities and extreme events one might want to employ
the conditional-value-at-risk (CVaR), which is defined as

o(X)=mint + (1 —a) "E[[X —t]] (2.3.7)

teR

with a € (0,1) ([67)).

It too can be written in terms of the auxiliary function (2.3.6) as o(X) = mineg 01 (¢, X)
with c = (1 —a)™%

The conditional-value-at-risk satisfies the following property ([65]):

CVaR,(X) depends continuously on « € (0,1) with

lim,_,1 CVaR,(X) = sup,r X(y)p(y) and lim, o CVaR,(X) = E[X].

2.3.2 Application to optimization problems

Among the introduced risk measures some are more useful in the context of optimiza-

tion under uncertainty than the others. One desired property is coherency.

Definition 2.3.1 (Coherent Risk Measure). A functional o : Li(T') — R is
called a coherent measure of risk in the sense of Artzner, Delbaen, Eber, and Heath

[1], if it satisfies the following properties:
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convegity: for all X1, Xy € LI(I') and X € [0, 1]

o(AX1+ (1= X)Xs) < Ao (Xy) + (1 —N)o(Xy)

monotonicity: for all X1, Xy € LY(T) such that X; < X3 a.s.

o(X) < o(Xy)

translation equivariance: for all X € Li(T') and c € R

o(X+c)=0(X)+c

positive homogeneity: for all ¢ >0 and X € L(T')

o(cX) =co(X)

The main consequences of coherency for optimization problem (2.3.1) are summa-

rized in the following theorem from [65]:

Theorem 2.3.2 Suppose the functional o in (2.3.1) is a coherent measure of risk.

e Preservation of convezity. If the mapping z — J(u(y; z), z) is convex for each
y, then z — o(J(u(+, 2), z)) is convex. Thus, if the problem without uncertainty
were a problem of convex programming, this advantage would be inherited by the

formulation (2.3.1).

e Preservation of certainty. If J(u(y; z), z) is a constant random variable for each
z, t.e., J(u(y; 2),z) = J(u(z), z) with no contibution from y, then

a(J(ul:,2), 2)) = J(u(2), 2).

e [nsensitivity to scaling. The problem (2.3.1) remains the same even if the values

of J(u(y; z), z) are denominated or rescaled.
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Among the risk measures introduced earlier the expected value, the supremum,
the mean plus semi-deviation with ¢ € [0, 1] and CVaR are coherent measures of risk
(65, 70]. The mean plus deviation risk measure for ¢ > 1 violates the monotonicity
property [71], [74, Sec. 6.3].

Another property of risk measures that is often considered in literature is averse-

ness [68], which is simply understood as
o(X) > E(X) (2.3.8)

In this sense the expected value is a risk-neutral risk measure, while mean plus
semi-deviation and CVaR are risk-averse.

Some of the risk measures that might be used in the context of optimization under
uncertainty introduce non-smoothness in the objective via the [-], function. My goal
is to adress this issue carefully when considering discretization methods. In particular,
I will compare performance of various methods for high-dimensional integration on

the functions with non-smoothness introduced by [-]; function.



Chapter 3

High-dimensional Integration

Methods

In the problems of evaluating risk measures of quantities of interest that depend on
the solution of a PDE we have to deal with integrating over a high-dimensional do-
main of random parameters. Moreover, for certain risk measures, such as mean plus
semi-deviation and CVaR, the integrand becomes non-smooth ([-]4+ function). The
convergence of integration methods based on global polynomial interpolation deteri-
orates for such problems, that is such methods converge slowly or do not converge at
all. Therefore, I consider methods based on local approximations.

In the following I give an overview of methods for evaluating multivariate inte-
grals, starting with Monte Carlo and quasi-Monte Carlo methods. Next I describe
quadrature methods based on global polynomials. Finally, I focus on methods based
on local polynomial approximations and adaptive refinement strategies.

Let y € R y = (y®),...,y@). Consider a problem of integrating a function
f:R? = R from a function class F to be specified later over I' C R,

Denote the exact integral of f with respect to the weight function p(y) over the
domain I' by

If] = /Ff(.‘/)p(y)dy (3.0.1)

20
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3.1 Monte Carlo Method

The classical Monte Carlo (MC) method is an equal-weight cubature rule given by

N
1
McC
N =5 g f(y:) (3.1.1)
where y1, ...,y are independent and identically distributed (i.i.d.) random samples

drawn from p(y).

Theorem 3.1.1 (MC root-mean-square error) For all square-integrable functions

I
JEIZ — Qxelnp) = AR (312)
P N \/N
where the expected value is taken with respect to the random samples y,...,yn, and

VAR[f] = I,[f*] - (Z;[f])* (3.1.3)

is the variance of f.

For proof see, e.g., Theorem 2.1 in [16].

It is easy to see that E[QNC[f]] = IZ[f], i.e., that MC method is unbiased, and
VAR[QYMC] = E[|QXMC[f] — Ig[f]ﬂ = %Rm. By the Central Limit Theorem, if
0 < VAR[f] < oo, then

lim P(\fﬁm— %C[fnso\/mﬁ[f])z =~ exp (<), (3.14)

(See e.g. [11]).

This gives a probabilistic error bound with a convergence rate of O(N~/2). Note,
that the convergence rate is independent of the dimension.

Perhaps one of the main advantages of MC method is its simplicity that allows for
embarassingly parallel implementation. However, the convergence rate of O(N -1/ 2)

is in many cases too slow, especially, in the context of solving random PDEs. The
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efficiency of MC methods can be improved using variance reduction techniques, such
as, importance sampling, stratified sampling, correlated sampling (see, for example,
[11, Sec. 4]), or multi-level MC method (see [36, 24, 25]). But often MC method is
still considered too slow. This is the main motivation for the switch to quasi-Monte

Carlo methods.

3.2 Quasi-Monte Carlo Methods

In the following assume that I' = [0, 1]¢ and p(y) = 1. Thus, we are concerned with
approximating I¢[f].
Quasi-Monte Carlo (QMC) methods are equal-weight cubature rules of the form

P = (321)

just like MC method, however, the points y1,...,yy are now chosen deterministically.

There are two types of QMC methods:

e the “open” type rules use the first N points of an infinite series, thus, increasing

N only requires evaluation of the integrand at the newly added points;

e the “closed” type rules use a finite point set depending on N. Different values

of N require evaluating integrand at completely different points.

In order to provide some examples of QMC rules I need the following definition.

Definition 3.2.1 Leti > 0 and b > 2 be integers. The radical inverse function ¢(i)

s given by

|5

i) =y - (3.2.2)

where i = Y 1,0 and i, € {0,1,...,b— 1}. In other words, if i = (.. .i%i1)p is a
a=1
representation of i in base b, then ¢p(i) = (0.i1ig -+ )p.
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Example 3.2.2 van der Corput sequence

The van der Corput sequence in base b is the one-dimensional sequence
0(0), ¢u(1), 2(2), . .-
For example, let b = 2. Write down the natural numbers 0,1,2,... in base 2:
0, 15,109,115, 1005, 1015, 1104, . ..
Applying ¢, to each number we obtain the sequence
0,0.15,0.015,0.115,0.0015,0.1015,0.0115, . ..
which in decimal form is a sequence

0,0.5,0.25,0.75,0.125,0.625,0.375, . ...

Example 3.2.3 Halton sequence
Let py,pa, ..., pq be the first d prime numbers. The Halton sequence yi,ys, ... in

d dimensions is given by

Vi1 = (Pp, (3), op2(3), ..., p, (), 1=0,1,2,... (3.2.3)

that is, the j-th components of points in the Halton sequence form the van der Corput
sequence in base p;, where p; is the j-th prime. The Halton sequence is an example

of an “open” QMC method. Explicitly,

0,0,0,...,0),

= (

= (0.13,0.15,0.15,...,0.1,,),
= (0.013,0.23,0.25,...,0.2,,),
(

Y4 = 0. 112,0 013,0 35, . 70‘3pd)7
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The Halton sequence satisfies the error bound

(log N)?
N

1] — QFLf < Cu V[f], for N >2

as shown in [33] with the constant C; depending on dimension d, and V[f] being a

total variation in the sense of Hardy and Krause (to be defined later).

Example 3.2.4 Hammersley point set
Let p1,pa2,...,pa—1 be the first d — 1 prime numbers. The Hammerseley point set

Y1i,-..,¥n in d dimensions is given by
Yirt = (o0 (1), Oy i), 20 (@), =01, N =1 (3:24)
The Hammersley point set leads to a “closed” QMC method. Explicitly,
y1 = (0,0,...,0),

1
y2 = (—70.1270-137 .. 70'1pd71)7

N
2
Ys = (N, 0.012, 0.23, Ce 70‘2pd—1)7
N -1
YN = <T’ c)
o
The Hammersley point set satisfies the error bound
loc N d—1
1) - Q2] < B v, for N0 (3.25)

as shown in [33] with the constant Cy depending on the dimension d. Note that there
is one less power of log N compared to the error bound for the Halton sequence. In
general, the error bounds for QMC methods based on “closed” point sets are better
than those based on “open” sequences.

The examples provided so far and the ones that will follow are examples of so-
called “low discrepancy sequences”. In the next subsection some of the main notions

related to the theory of low discrepancy sequences are defined.
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3.2.1 Theory of low discrepancy sequences

The infinite sequence of numbers is called a low-discrepancy sequence if for all values
of N its subsequence y1,...,yy has a low discrepancy. Let yi,...,yx be N numbers

in I' = [0, 1]¢. If B is a subset of I', then

N
A(B;N) = xs(yn) (3.2.6)
n=1
counts the number of points y,, that fall into B.

Definition 3.2.5 The discrepancy Dy of the N numbers yy,...,yn is defined, using
Niederreiter’s notation ([54]), as

A(B;N) _ |B\‘ (3.2.7)

Dy = sup N

BeJ

d

where J is the family of d-dimensional bozes of the form []la;,b;) = {y € R¢ : a; <
i=1

y® < b;} contained in T and |B| denotes the d-dimensional Lebesque measure of B.

A useful variant of the above definition is a so-called star-discrepancy.

Definition 3.2.6 The star-discrepancy Dy of the N numbers yq,...,yn in I' is
defined by

A(B; N
Dy = sup ABN) _ |B\‘ (3.2.8)
Bes-| N

where J* is the family of bozes of the form [][0,t;) contained in T'.
i=1

d
The star-discrepancy is perhaps the more natural one in statistics, since it mea-
sures the maximum difference between the empirical cumulative distribution function

of the points y1,...,yy and the uniform distribution of measure on the unit cube. If

we construct the empirical cumulative distribution function of the points yy,...,yn

Fa(y) =+ 3 Lye <) (3.29)
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where 1(E) is the indicator function of event F, and compare it with the theoretical

uniform distribution on I' given by
F(y)=F@W,. .. y®) =min{1,y® -y .. .y@D} ifall 4@ >0, (3.2.10)

then the star-discrepancy D} is the Kolmogorov-Smirnov distance between these two

cumulative distribution functions

Dy = sup | Fy(y) — F(y)|. (3.2.11)
y
For an infinite sequence of points in I' the conditions limy_. Dy = 0 and

limy 0o Dy = 0 are equivalent to the sequence being uniformly distributed in I
([45, Chapter 2, § 1]). Thus, finite sequences of points with small discrepancy provide
a good approximation to uniform distribution.

It makes intuitive sense that the points yq,...,ynx should be chosen so that the
discrepancy is small for each N. This intuition is supported by theoretical results,
at least in the case of smooth integrands with smooth partial derivatives. In order
to present these results I need a notion of total variation for a function of several
variables.

For a function f on T = [0,1]¢ and a box B = [{", 4] x -+ x [1\?, 457) C T let

2 2

A(f; By =Y D (=1)ntafyth oy,

Next define a partition P of I' to be a union of boxes of the form [yi(ll), yl(llzrl] X - X

[yz.(j),yi(jll] with 0 <4; <mj for j =1,2,...,d.

Definition 3.2.7 For a function f on ' set

Vs = sup > IA(f;B)] (3.2.12)

BeP

where the supremum is taken over all partitions P of T'. If VD[f] is finite, then f is

said to be of bounded variation on I' in the sense of Vitali.
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For sufficiently regular functions V(¥[f] can be represented by an integral ([54,

Sec. 2]): X 1 oy
D7 = _ZJ
v [f]—/o‘--/o Oty ...0tq

whenever the partial derivative under the integral is continuous.

dty . ..dy (3.2.13)

Note that if function f is constant with respect to some of the variables, then
A(f; B) = 0 and, hence, V®[f] = 0. Since such a function might still be irregular, a
more suitable notion of variation is required.

The next definition generalizes the notion of total variation to the case when

function f does not depend on all d variables.

Definition 3.2.8 Let f be a function onT'. For 1 < k<dand1 <1 <ip < -+ <
ir < d, denote by VO[f;iy, ..., ix] the k-dimensional variation in the sense of Vitali
of the restriction of f to {(t1,...,tq) €I : t; =1 forj #iy,... ik} If all variations
VB[ fiiy, ... i) are finite, then f is said to be of bounded variation on T in the sense

of Hardy and Krause.

Since V@[] = V@[f;1,2,...,d], a function of bounded variation in the sense of
Hardy and Krause is automatically a function of bounded variation in the sense of
Vitali. For more information on these types of variation see [45].

Denote by V|[f] the total variation of f in the sense of Hardy and Krause defined

as

VIA=Y" Y VO, (3.2.14)

k=1 1<i1 <io<--<ip <d

The following inequality provides an estimate of the error in the approximation

of the multi-dimensional integral by quasi-Monte Carlo methods.

Theorem 3.2.9 (Koksma-Hlawka inequality) If f is a function of bounded vari-

ation on I in the sense of Hardy and Krause and yi,...,yn are points in I', then

<VI[f|Dy (3.2.15)

ROMLOR BT



28

For proof see [45, Chapter 2, § 5].
The bound in the theorem above allows a separation between the regularity prop-
erties of the integrand and the degree of uniformity (or level of discrepancy) of the

sequence. As stated earlier the sequences used in quasi-Monte Carlo methods aim to

achieve low level of discrepancy (on the order of W)

For the one-dimensional van der Corput sequence introduced earlier, we have

that Dy = O(lova). The Halton sequence, which is a generalization of van der
Corput sequence to multi-dimensional setting satisfies D} = de with a constant
C, depending on dimension d. This constant, in fact, is asymptotic to d? ([55]),
thus, the uniformity of the points in the sequence degrades rapidly with increasing

dimension. The following examples provide an improvement over Halton sequence for

high dimensions.

Example 3.2.10 Faure sequence

Faure sequence is similar to the Halton sequence in that each dimension is a per-
mutation of the van der Corput sequence. However, to construct the Faure sequence
the same prime is used as the base b for each component of the vector. This prime is
usually chosen to be the smallest prime greater than or equal to the dimension d.

Recall, that in the van der Corput sequence the natural numbers i = 1,2, ... were
written in the form ¢ = i i,b®! and then mapped into the point i 1,b~% in the
unit interval via the radiggll inverse function ¢,(i). For the Faure seqflzeilce the same
construction is used but with different permutations of the coefficients i, for each of

the coordinates. The first coordinate still repeats the van der Corput sequence. For

the j-th coordinate with 7 > 2 we generate the point

o0

> b (3.2.16)

a=1
where

Ca = Z ( " )(j—l)m_“+1im+1 mod b (3.2.17)
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For example, for the case b = 2 the first two coordinates of the first 10 Faure

numbers are

d=1:0 1/2 1/4 3/4 1/8 5/8 3/8 7/8 1/16  9/16
d=2:0 1/2 3/4 1/4 5/8 1/8 3/8 7/8 15/16 7/16

The first two coordinates of the first 1000 points of Faure sequence in d = 3 are

plotted in Figure 3.1a.

. oo, ®o® 0, % o0 P00, g 0 o0 oo, .“

okl a0 g0%° oo o 0 %0 0000 0% 4 % 9% "0, 0 L% o0 %, 0% L% 7%, o°,

0 0.5 1 0 0.5 1
(a) Faure sequence (b) Sobol’ sequence

Figure 3.1: The first two coordinates of the first 1000 QMC points in d = 3.

Example 3.2.11 Sobol’ sequence

The Sobol’ sequence is generated using a set of so-called direction numbers v; = 7,
i =1,2,..., where m; is an odd positive integer less than 2!. The values of m, are
chosen to satisfy a recurrence relation using the coefficients of a primitive polynomial
in the field Zy. A primitive polynomial is a polynomial of order p that is irreducible
(i.e., cannot be factored into polynomials of smaller degree) and does not divide the

polynomial " + 1 for r < 27 — 1. For example, the polynomial 22 + = + 1 has no

non-trivial factors over the field Z, and it does divide 2 + 1 but not " + 1 for r < 3.
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Corresponding to a primitive polynomial
Pt gzt

is the recursion

2
m; = 2cim—1 + 2%comy_g + - - + 2Pcmyy,

where the addition is carried out using binary arithmetic. For the Sobol’ sequence
the binary digit i, is then replaced by 7,v,.
The first two coordinates of the first 10 Sobol’ numbers generated using irreducible

polynomials z + 1 and 2% + z + 1 are

d=1:0 1/2 1/4 3/4 3/8 7/8 1/8 5/8 5/16  13/16
d=2:0 1/2 1/4 3/4 1/8 5/8 3/8 7/8 11/16 3/16

The first two coordinates of the first 1000 points of Sobol’ sequence in d = 3 are
plotted in Figure 3.1b.

o

The Faure and Sobol’ sequences are particular cases of (¢, s)-nets. In order to

define them we need the concept of an elementary interval.

Definition 3.2.12 An elementary interval in base b is an interval E in [0,1) of the

form

a; (a;+1)
E = H [bTJJ’ dej ) : (3.2.18)
where d; >0, 0 < a; <b%, and a;, d; are integers.

Definition 3.2.13 ((¢,m, s)-net) Let 0 <t < m be integers. A (t,m,s)-net in base
b is a finite sequence with b™ points from [0,1)% such that every elementary interval
in base b of volume b'~™ (i.e., di+dy+---+dg = m—t in the definition of elementary

interval) contains exactly b* points of the sequence.
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Definition 3.2.14 ((t, s)-sequence) An infinite set of points {y;} € [0,1)? is a
(t, s)-sequence in base b if for allk > 0 and m > t, the finite block yypm, ..., ¥ (k+1)pm—1

of b™ points forms a (t,m,s)-net in base b.

The van der Corput sequence in base b is a (0, 1)-sequence in base b; the Sobol’
sequence is a (t, s)-sequence in base 2, where t is a non-decreasing function of s; the
Faure sequence is a (0, s)-sequence ([16]).

For a (¢, s)-sequence in base b the low discrepancy is ensured ([55, Theorem 4.17]):

D% < clog N)* +0 ((log—]]\\;)d_l) . (3.2.19)

The theory of low-discrepancy sequences and QMC methods based on them is
rich and remains an area of active research. For the purposes of this thesis I only use
the sequences introduced as examples in this section. For low to moderate dimension
problems there is not much of a difference between Halton, Faure or Sobol’ sequences
in terms of performance for general problems. Therefore, in my numerical section I

will use interchangeably Faure and Sobol’ sequences.

3.3 Tensor Product Quadrature and Sparse Grids

This section closely follows [20]. In the following let T = [[, Ty = [~1,1]¢ and
p(y) = [1L, pi(y®) with p;(y®) being a one-dimensional weight function of a variable
y@ in T;.

The quadrature rule that integrates f over the domain I" with respect to the

weight function p(y) is defined by the nodes {y;}¥, C I' and weights {w;}¥, C R:

Lf] ~ sz‘f(Yi)- (3.3.1)
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3.3.1 One-dimensional Quadrature Formulas

I provide a short review of univariate quadrature formulas for functions f € C, where

’f
oy*

C,={f:T; =R | ‘ < oo, s <r}. (3.3.2)

oo

I will focus on formulas that are based on nested sets of points meaning that the
grid corresponding to level [ rule is a subset of a more refined, level [ + 1, grid. The
reason for this will become clear in the section on sparse grids. Moreover, the number

of points at level 1 is always set to 1 and Q:[f] =2 - f(0).

Example 3.3.1 Trapezoidal Rule

The Newton-Cotes formulas use equidistant nodes with weights obtained from
integration of Lagrange polynomials constructed using these nodes. They are known
to become numerically unstable for large number of points, i.e., some of the weights
become negative, therefore, in practice iterated versions of low degree formulas are
most commonly used. An example is iterated trapezoidal rule: the number of points
at level [ is defined

n=2"141, 1>2

and the rule is defined as
1 s 1
Q) =2+ <§f(—1) D=1 2 —) §f<1)> .

The error bound is well known to be O(27%) for the functions f € Cy [15].

Example 3.3.2 Clenshaw-Curtis Formulas
The Clenshaw-Curtis formulas [13] use nodes given by the extreme points of the

Chebyshev polynomials:
w-(i—1)

Yi,i = — COS
n; — 1
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with n; = 271 4 1 for [ > 2 and weights given by

1
Wy = Wy, = (i —2)
(m—3)/2 . . .
2 1 2n(i —1)j,  cos(m(j —1))
= 142 .
L, n — 1 + ]Zl 1—442 cos ( n —1 )+ ny(n; — 2)

for2<i<n; —1.
The polynomial degree of exactness is n; — 1 and the error bound for f € C, is

O(271r) [15].

Example 3.3.3 Gauss and Gauss-Patterson Formulas

Gauss formulas have the maximum possible polynomial degree of exactness of
2n — 1 for n points ([77, pp. 172-175]). For the case of the unit weight function the
nodes are the zeroes of the Legendre polynomials and the weights are computed by
integrating the associated Lagrange polynomials.

In general Gauss-Legendre formulas are not nested. Kronrod [44] extended an
n-point Gauss quadrature formula by n + 1 points in a way to achieve maximal
polynomial degree of exactness of teh resulting (2n+ 1)-point formula. Patterson [62]
iterated Kronrod’s scheme recursively and obtained a sequence of nested quadrature
formulas with maximal degree of exactness. However, Patterson extensions do not
exist for all Gauss-Legendre formulas. Gauss-Patterson rules are only available for
orders of 1, 3, 7, 15, 31, 63, 127, 255 or 511.

If Q; for | > 3 is the (I —2)-nd Patterson extension, then the error is O(27'") [20].

o

3.3.2 Tensor Product Quadrature

For7=1,...,d consider a sequence of one-dimensional quadrature formulas {Ql(i)}j’il

defined on I'; = [—1, 1], where subscript [ denotes the level of the rule. When applied



34

to a univariate function f the rule Qgi) has a form:
Zwldf u). (3.3.3)

Here n; denote the number of nodes of the rule Ql(i) so that n; < ny1. Suppose that
the rules are chosen so that Ql(i) [P] = I.[P] holds exactly for all polynomials P of
degree at most m; on I';. We denote the nodes and the weights of the rule Qgi) b
{yl(? }iLy and {wy;}iL, respectively.

Applying the quadrature rules Ql(i) to evaluate the integral Ig[ f] coordinate-wise

we obtain the following approximation

Y g fGuie) = Q@I (334)

a=1l ja=1 i=1
This quadrature is typically referred to as a tensor product quadrature. Note that
the total number of nodes here, and therefore the number of evaluations of f, grows
exponentially with d. This phenomenon is referred to as a curse of dimensionality.
An improvement over the tensor product rule comes in the form of Smolyak quadra-

ture.

3.3.3 Smolyak quadrature

For the construction of Smolyak quadrature [76] consider f € C? where

a\allf

oy < oo, a; <1} (3.3.5)

={f:T >R | H

with |a|; = a; + - -+ + ag, that is f has bounded mixed derivatives of order r. The
integer 7 is called the regularity of the function f € C¢.
Let {Ql(i)}j’il be a sequence of univariate quadrature defined on the intervals I,

1=1,...,d. For each dimension i define the difference quadrature rule in I'; by

AP =QP, A =Y, — Q" for 1=1,2,.... (3.3.6)
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Definition 3.3.4 The d-dimensional Smolyak quadrature rule of level | in I' is de-

fined by
d
=Y @Al (3.3.7)
lae| <l+d—1 i=1
where o = (aq,...,qq) is a multi-index denoting the level of difference quadrature

. . , d
rule in each dimension and |a| = ;_; ;.

Using the difference quadrature rules the full tensor product rule can be rewritten

as

K= > QAL (3.3.8)

max o; <l =1
Smolyak’s formula can be written in terms of Q(()fl) instead of A(()fl) using a so-called

combination technique [20]:

W=y <—1>“d1'°‘(|a| )®@% (3:3.9)

I<|a|<I4d—1

It is also important to notice that the Smolyak rule is dimension recursive [81]:
-1
fy[f]zz k- 1®A (3.3.10)
k=1

3.3.4 Sparse grids

The points of a multivariate Smolyak formula form a so-called sparse grid [83].

Denote the set of nodes required to evaluate Ql(i) by ./\/'l(i), that is
N Sl 3.3.11
{yl] } =1 - ( i )

If the one-dimensional quadrature formulas Ql(l) are nested, i.e., /\/'l(i) - /\/'l(j)l, then

define the one-dimensional difference grid by

Dl(z') ZNZ@\Nz@l for [=1,2,... (3.3.12)
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with /\/'O(i) = (). The number of elements in Dl(i) is p; == n; — ny_1 with ng = 0. In the
non-nested case, set

DY = NP for 1=1,2,... (3.3.13)

and p; == n,.
Now, the points of the multivariate Smolyak quadrature are given by the union

over pairwise disjoint grids D&ll) X oo X Da‘?:

d
NM= | QDL (3.3.14)
ler| <l+d—1 i=1

The number of points in a sparse grid can be determined from

nyM = Z Doy - Doy (3.3.15)
lot| <l+d—1

If the number of points in the one-dimensional rule is O(2!), then the sparse grid
constructed using this rule has O(2!-1971) points. This is in contrast to the full tensor
product rule that involves O(24) points. The order of ny™ is the same in both the
nested and the non-nested case, however, the constants in the non-nested case are

considerably larger, thus, in general the nested sequences are preferrable.

3.3.5 Weights

The Smolyak quadrature formula (3.3.7) can be written as [20]

pa1 p&d

= Y0 )Y wayf (Vay) (3.3.16)

lae| <i+-d—1 j1=1 Ja=1

(@) (@)

where yo; = <ya1,j1> e ,yamd). In the nested case the weights are given by
Wa,j = Z V(a1 +61),71 ~ """ V(ag+Ba),ja (3317)
la+B|<l+2d—1
where 8 € N¢ and
wa,j, lf ﬁ = 1,

V(a+8)j = '
W(atp-1)r — Watp-2),5> I B >1, Yaj = Yat+p-1)r = Y(a+p-2)s
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In the non-nested case wq; can be found using
wa)j - walajl et wad,jd' (3318)

In both cases weights can be precomputed.

Smolyak quadrature formula can contain negative weights even if the underlying
one-dimensional quadrature formulas are positive. The absolute values of the weights,
however, remain relatively small. It can be shown [59] that

Pay Pay

Do DD lwal = O((log(ni™))*) (3.3.19)

lee| <l+d—1 j1=1 Ja=1
In order to avoid numerical cancellation due to the existence of negative weights

it is preferrable to perform summation coordinate-wise [20]

I o l—a1—...—ag Pay Poy
A =D > YD waif(yay) (3.3.20)
a1=1 as=1 ag=1  ji=1 ja=1

as opposed to summing-up with increasing I:

Pay Pay

Q?[f] = Z Z Z e Z Waif (Yaj)- (3.3.21)

m=1|a|=m+d—1j1=1  js=1
3.3.6 Generalized sparse grids

The Smolyak quadrature rule can be generalized. Instead of using the set of multi-
indices a such that |a| < [+ d — 1 as in the Smolyak rule we could construct a

different set of multi-indices M and define a generalized sparse-grid quadrature rule

Salfl=>_ QAL (3.3.22)

aceM i=1
In order to be able to rewrite (3.3.22) in terms of the original 1D quadrature

operators as we did in (3.3.9), we need to restrict possible sets M to admissible ones.
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Definition 3.3.5 The multi-index set M € N? is admissible if for alla = (ay, ..., aq) €
M the following holds:

a—e eM for 1<j<d a;>1 (3.3.23)
where e; denotes j-th unit vector.

To apply the combination method to the generalized sparse grid quadrature rule
(3.3.22) we introduce a characteristic function y ¢ of M:

1, if aeM
Xm(e) = (3.3.24)

0, else.

Then the combination method leads to

Sal1=>"1 D D)Pxumla+8) | QU (3.3.25)

aceM \Be{0,1} i=1

By defining

Ia)= > (=1)Pxu(a+p) (3.3.26)
Befo,1}4

we can determine the set of points required to evaluate Q/G\;f’d (i.e., the sparse grid

associated with M) from

d
NG = U . (3.3.27)

{aeM : 9(a)#0} i=1

The choice of admissible set M affects the computing cost of the integral. In
general, the number of points in Nﬁls is considerably smaller than in the full tensor
product grid, as we have already seen in the case of classical Smolyak grid (M =
{a | |a| < 1+d—1}). The cost can be reduced further if the underlying 1D
quadrature rules are nested.

The index set M can be obtained a-priori - if the behavior of the integrand is
known - or by adaptive procedure. An algorithm that builds up an index set M by
adaptively selecting most important dimensions has been developed by Gerstner and

Griebel in [21].
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3.3.7 Error bounds

First, consider polynomial degree of exactness of Smolyak quadrature rule. Let Pl(i)
be the space of one-dimensional polynomials of degree at most [ corresponding to

dimension 7. Define the space of multivariate polynomials as

d
P = {@P&?, | :l+d—1}. (3.3.28)

i=1
It can be shown that if Ql(z) is exact for Pl(i), then leé” is exact for P (see [58]).
To formulate an error bound for Smolyak’s formula first consider error bounds
for one-dimensional quadrature rules. Suppose that for a univariate function f with
bounded derivatives up to the order 7 the quadrature error E}[f] == |} [f] — Ql(i) ¥l

satisfies

Ei[f] = O((m) ™) (3.3.29)

This bound holds for example for interpolatory quadrature formulas with positive
weights, such as Clenshaw-Curtis, Gauss-Patterson and Gauss-Legendre formulas [20].
Using one of such formulas as a basis for the Smolyak construction one can show that

for f € C¢ and n; = O(2') the quadrature error is on the order of (see [81])

El[f] = 027" - =Dy, (3.3.30)

3.4 Hierarchical Interpolation and Locally Adap-
tive Sparse Grids

Quadrature methods described earlier are based on global Lagrange polynomials and
require high regularity of the function of interest f in order to achieve high accuracy.
For efficient integration of functions with locally sharp behavior (e.g. steep gradients)
I consider methods using hierarchical bases. I start with the piecewise linear inter-
polation of the function of interest in hierarchical setting. Given the interpolation

formula for the function of interest the quadrature formula can be obtained simply
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by integrating the basis functions. Therefore, in the following I focus on interpolation

problem keeping in mind its relation to quadrature.

3.4.1 One-dimensional hierarchical interpolation

Consider an interpolation problem for a function f : [—-1,1] — R: Given a set of
ng

points (yx j, f(yk.;)), where the points YV = {y;w'}j:al partition the interval [—1, 1],
i.e., yoo =0 for £ =0 and

—1=yro <UYr1 < <Ypme-1 =1, for E>1 (3.4.1)

we seek to construct a linear interpolant Zy[f] that satisfies Zy[f](yx,;) = f(yx;) for
j=1,...,n—1. The index k stands for the level of refinement of the interval [—1, 1],
k >0, and ny, is a number of points at level k. Assume that {n;}3°, is an increasing
sequence.

I will consider the grid with equidistant nodes defined as follows

1 k=0

2k 41, k>1

0, j=0,k=0
Ykj = (3.4.3)
Ghe—1, §=0,.. . ng—1k>1
with hy = 1/2%7! for k > 1 denoting the mesh size.
Next I define the usual nodal basis functions ¢y ;(y). They are derived from the

“mother” hat function

¢(y) = max{0, 1 — |y[} (3.4.4)

using dilation and translation:

mﬁw=¢(£%%ﬁ)ﬂwkzl. (3.4.5)
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The resulting basis functions ¢y ;(y) are centered at v ; and have local support [y ; —

P, Yj + . Set ¢oo(y) = 1.
Using functions ¢y, ;(y) the linear interpolant Zy[f] can be constructed as follows

ng—1

k[ f1(y) = Z S Wr,5) P (v)- (3.4.6)

Now consider the sequence of finite-dimensional subspaces {V}}72, spanned by

the nodal basis functions {¢k7j(y)}?k:0 corresponding to level k:
Vi =span{¢p; | j =0,...,2"} for k=0,1,.... (3.4.7)

Each of the subspaces V}, is a standard finite-element subspace of continuous linear
functions on [—1,1], and {¢ ;(v) 32‘);0 is a standard nodal basis for V.

The sequence of subspaces {V}} is nested, that is Vo C V; C -+ C Vi C Viy1, and
is dense in L*([—1,1]), i.e., U Vi = L*([-1,1]).

Alternative to the nodal basis for Vj, is the hierarchical basis, which is constructed
in the following manner.

First, define the interpolation difference operator Ay|[f] as

Ailf] = Ti[f] — Zia[f] for k =0,1,... (3.4.8)
with Z_1[f] = 0 and Z,.[f] := Zx[f](y). Recall that Z,[f] = Zy f(Wr,5)Or,5(y). Using
the fact that V,_; C V), we have that o

Lyl f] = L[y [ 1])- (3.4.9)
Therefore,
Aelfl = D (Flurs) = Tea ) wes))drs(v). (3.4.10)

Yk,j EYE

Observe also that f(yr—1,;) — Zr—1[f](yk—1;) = 0 for all yx_1; € Vi_1. Since

Yi—1 C Y, we can write

Melf1 =D (Fukg) = TealF1We) s (v), (3.4.11)

Yk,j EAYy,
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where AY, = Vi\Vi—1. Here AY); consists of the points y; ; with indices j from the

set
(

{0} for k=0

By, = 4 {0, 2} for k=1 (3.4.12)

{(jeEN|j=1,35,...,2"—1} fork=23,...
\
Thus, Ay = Yo = {0}, AYy = {-1,1}, AY, = {-0.5,0.5} and so on.

Coefficients of the basis functions in (3.4.11) are usually referred to as hierarchical

surpluses. I denote them by sy, ;:

Sk = J(Wk;j) = Te-1[fl(yx;) for j € By. (3.4.13)
Thus,
ARlf] =) sijory(y) for k=0,1,.... (3.4.14)
JE€B

With the incremental interpolation operators Ag[f] we can decompose interpolant

Zx[f] at any level k in the form

Telfl = Tea[f] + Aelfl == > Af]. (3.4.15)

1=0
For each Ag[f] the set of functions {¢y ;}jcp, generate a so-called hierarchical

subspace:

Wi, = span{on;(y) | j € By} for k=0,1,.... (3.4.16)

Due to the nestedness of subspaces V,, we have that V, = V,_1 @ W), and W, =
Vk\@f;& Vi for k=1,2,.... We also have a hierarchical subspace splitting of V}, given
by

Vi=WoadaW d---dW, for k=0,1,.... (3.4.17)

The hierarchical basis for Vj, is given by

Uo{6wi (9) }ien, (3.4.18)
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Y21 Y23

3.1 P33 @35 G377

Y31 Y33 Yss Ys,7

Figure 3.2: Hierarchical basis functions (left) vs. nodal basis functions (right). The
functions on the left represent subspaces Wy, Wy, Wy, W3, while those on the right
correspond to Vg, Vi, Va, Vs,

It can be easily verified that for each k£ the subspaces spanned by the nodal and
the hierarchical bases are the same. The hierarchical functions for the first few levels
and their nodal counterparts are depicted in Figure 3.2.

Recall that the nodal basis { ¢, ; }?’;0 posesses the delta property, that is, ¢y ;(yr:) =
6;; fori,5 € {0,...,2*}. The hierarchical basis (3.4.18) for Vj posesses only a partial
delta property - the basis functions corresponding to a specific level [ posses delta

property with respect to their own level and coarser levels, but not with respect to
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finer levels. That is, for [ =0,1,...,k and j € B; we have

for 0<U'<l, ¢ ;(yrs) =0 for all ¢ € By,
for I' =1, o1j(yr i) = 0;;  for all i € By, (3.4.19)
for I <l'<k ¢ (i) #0 for all i € By.

The delta property of the nodal basis implies that interpolation coefficients are
just the values of the function at the nodes as seen in (3.4.6). For the hierarchical
basis the coefficients are hierarchical surpluses. Due to the recursive form of Z(f)
in (3.4.15) interpolant at each level k can be constructed using the procedure in
Algorithm 1.

Algorithm 1: Computing Zy[f]

1[f](y) = 0:

for [ <+ 0 to k do
A fl(y) = 0;
for j € B, do

sig = f(Wig) — Dl (g);

Alf1(y) = AdlfI(Y) + s15005(y);
end
Llf(y) = T [f1(y) + Al (w);

end

Hierarchical surpluses s ; can in fact be computed only using function values at
the points yi ; — hg, yr; and yi ; + hy. This is due to the fact that the supports of
the basis functions spanning W;, are mutually disjoint and do not contain coarse grid
points y; ; for [ < k. One can write the surplus s ; as follows:

1

Sk = f(Urj) — E(f(yk,j — h) + [y + hi)). (3.4.20)

Adopting multigrid stencil notation (see for example [31]) the above expression

can be rewritten as [8]

1 1

Skj = | ) L - 2 Joujobef (3.4.21)
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3.4.2 Multi-dimensional hierarchical interpolation

I now generalize the construction of Section 3.4.1 to the problem of interpolating a
function f(y) defined over a d-dimensional hypercube I' = ®?:1 [; = [-1,1]¢ The
one-dimensional hierarchical basis (3.4.18) can be generalized to the d-dimensional ba-
sis using tensor product construction. That is for each point yy; = (y,&?jl, e ,y,i? i)

the associated d-variate basis function ¢y ;(y) is defined as

d
i (y) = [ [ e (), (3.4.22)
=1

where ¢y, ;. () is a one-dimensional hat function associated with the point y,ij) 5 €14,
Ji=0,....,n, —1,i=1,...,d. Here k = (kq, ..., kq) is a multi-index denoting level
of refinement along each dimension 7. The examples of two-dimensional basis function
are depicted in Figure 3.3.

The collection of d-dimensional functions {¢ ;(y)} for 0 < j < 2% form a basis of

a discrete space

Vi = span{¢y;(y) | 0 <j <25} (3.4.23)
Here 0 = (0,...,0) is a multi-index with d zeros and all operations on multi-indices
are performed componentwise, i.e., &« < B means o; < ; for all ¢ = 1,....,d, and

20 = (201 204),
As in the one-dimensional case define the d-dimensional incremental subspace Wy

by

d
Wic = Q Wi, = span{ou(y) | j € Bi} (3.4.24)
=1

where the multi-index set By is given by
Be={j=(,....ja) ENL | jie B, fori=1,...,d}. (3.4.25)

The schematics of subspaces Wy for d = 2 is depicted in Figure 3.4.

Similar to the one-dimensional case we obtain

Vi=EPm (3.4.26)

1<k
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(a) Woo

1 -

(c) Woa (d) Wiy
Figure 3.3: 2D hierarchical basis functions.

Note again that the supports of the basis functions ¢ j spanning Wi are mutually

disjoint. Thus, we obtain a hierarchical basis for V4:
{¢5 + j€ B, 1<k} (3.4.27)

I will mostly be interested in the finite-dimensional subspaces constructed from

Wi as follows:
V= P w (3.4.28)

a()<k
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°
°
°
°
°
°

\ D)
Figure 3.4: Scheme of subspaces Wy for d = 2. Squares represent subspaces with
their grid points. The basis functions belonging to a particular subspace are given as

tensor products of corresponding 1D basis functions of each dimension. The supports

of basis functions are indicated by the lines dividing the squares.

The key for constructing such subspaces is to specify the mapping «(l). For
example, taking a(l) = max;—y__4{l;} gives the full tensor product space, which I

will denote by Vk(oo) (see Figure(3.5)). Note, that the sequence of subspaces Vk(oo) is
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nested, that is Vk(oo) - Vk(ﬁ). Furthermore, this sequence is dense in L*(T").

The choice of a(l) = |1}; = Zle l; leads to a sparse polynomial space correspond-
ing to the sparse grids introduced earlier. I will denote it by Vk(l) (see Figure (3.6)).
It is shown in [8] that this choice of (1) is optimal with respect to L and L? norms.

The multi-linear interpolant corresponding to V}{(O‘) is given by
7V = 30 sidnly). (3.4.29)
a()<kj€B

where s1; are multi-dimensional hierarchical surpluses. To find the expression for

s1; consider just as in the 1D case the incremental interpolation operators A, for

i =1,...,d and their tensor products.
k=0 | k=1, k=2
| | |
Wo,o L Wio : :
° | ® o, | o | o |
I I I o o o9
I I I
e [ o —o———o— ® ° ° [ ®
Wo : :
: : [ ] ° ° ) ®
I I
° [ o, Lol o1 ® ) ) ) ®
____________________ :
° + ° o |, [ ° ® ® ®
I
° + + ° o |,
|
|

Figure 3.5: The subspaces comprising ‘/2(00) and the corresponding grid (d=2).

Recall that A, € W, for i = 1,...,d, and, therefore, ®f:1 A;, € Wi, Further

notice that

TV =T+ Y QAL (3.4.30)

a(l)=k =1



49

k=0 ,* k=1 ,7 k=2 7
WO,O WLO
° [ ® ° °
® ® ®
4 4 7
7 7 7
‘ ° ® ¢ °
WO,I
® ° ° ° ®
, o » ® °
7 7
e
° = — 4
°

Figure 3.6: The subspaces comprising Vz(l) and the corresponding grid (d=2).

Moreover,

Q) Aulfy) = (A @@ A)If](y) =

d (3.4.31)
= Y )R L))
v€{0,1}¢ i=1

Here the tensor product of the one-dimensional interpolation formulas is given by

d ny, —1 nldfl
QT =D 3 Fu ) (G @ @ b1, ()
= j;zo Ja=0 (3.4.32)
= > fy)oy)

J=0
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Plugging-in (3.4.32) into (3.4.31):

d 2177
QA = D DY f31ai) b (y)
1=1 ’yle_{,?’zl(})d j=0
2! ol—v
=> fyoy) — D (=D F(yiyg) by (¥)-
i=0 ye{0,1}¢ j=0
7#0
1-y>0

Now just as in the 1D case we can expand everything in the basis corresponding

to the level I:

d 2! 21—
® ALlf(y) = Z fyi) — Z (—1)‘7‘1 Z -3 rri(y11) | d1i(y)-
=1 i=0 v€{0,1}¢ j=0
7%

Finally due to the nestedness of the grids as was the case in the 1D setting we get
the cancellation of the coefficients in front of the functions ¢;;(y) corresponding to

the points that already appeared at the levels previous to 1. Hence,

d 21—
QAN =D | o) = D DD vy i) dryiyis) | drily)-
i=1 icB, 'Yeii’(l,}d =0
1-4>0

The expression inside the parenthesis is the multi-dimensional hierarchical surplus
s1i- In short, it can be computed as a difference between the function value at the
point y;; and the value of the interpolant of f constructed using basis functions from
V1 © W) at the point y;;. Since the subspaces W were constructed so that their basis
functions have mutually disjoint supports and do not contain coarse grid points yx i,
k < 1, the surpluses can be computed from function values f(yy;) in the following

way:

o1 1
SLi = (H[ _5 I - 5 ]yli,ijvlj) [f] = Iyl,i,l[f]v (3433)

j=1
where I, denotes a d-dimensional stencil which gives the coefficients for a linear

combination of nodal values of the argument f (compare with (3.4.21)).
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3.4.3 Error estimation

Here I follow the analysis presented in [8]. The slight modification to the construction
presented there is the choice of the basis functions on the first two levels. In [§]
the functions under consideration were vanishing on the boundary of the domain,
therefore, the only basis functions needed were those that corresponded to the interior
nodes. Specifically, the basis functions of the 0-th and 1-st levels in our construction
were not considered, instead the only basis function of the first level was the the
hat function centered at 0 with support on the whole interval [—1,1]. Thus, with
the exception of the basis functions on the 0-th and 1-st levels in the construction
presented here the following analysis is still applicable.

In the following assume that f : ' — R has (in some sense) bounded weak mixed

derivatives
oleh f
(OyM)er ... (Qy(d))ad

up to a given order. Specifically, for the case of piecewise linear approximations that

Def =

I used up to this point assume that f € XZ*(T'), where

X" (T):={f:T =R : Df € LYT), |ac < 7} (3.4.34a)

X§(D) = {f € X¥(D) : f|, =0} (3.4.34b)

For the functions f € X" introduce the following semi-norms:

| flaoo = [[1D*fllzoe, | flasz = [[D* f]| 12 (3.4.35)

The starting point for the analysis is the following integral representation of the

surpluses sy ;:

515 = /F di(y) - D* f(y)dy, (3.4.36)

d ) . . . i
where wlki (y) - Ewlmji(y(z)) with ¢li7ji(y(1)) = _2_(l1+1)¢li,ji (y(l)>



52

Next, the following equations hold for the norms of the hierarchical basis functions

dr3(y):

[é15ll00 =1 (3.4.37a)

2

d/p
ol = (527) 2 pz (3437

The integral representation (3.4.36) combined with the values of the norms (3.4.37)

gives the following bounds on |sy|.

Lemma 3.4.1 For any f € X{"(T') given in its hierarchical representation f(y) =

Yo > sijonj(y) the following estimates on |s13] hold:
1 jeB

|sigl < 2742720 | flaoe (3.4.38a)

—q 2 _3/0.
syl <270 ()42 27| f 2.2 (3.4.38b)

supp(¢1,5)

where supp(¢1j) denotes the support of ¢;.

The next lemma provides bounds on the contributions of incremental subspaces

Wi, which I denote by fi, i.e., fily) = > si;015(y) € M.

JjeB
Lemma 3.4.2 Let f € X{"(T') be given by its hierarchical representation f(y) =
> h with fy € Wy. Then the contributions fi can be bounded as follows:
I

[ filloo < 27927200 flo (3.4.39a)

| fill2 < 37927210 | £y, (3.4.39b)

Having bounds on the contributions of f; to the infinite expansion f = > f of a
1

function f € Xg’2 one can estimate the error between f and its interpolants I,goo) and

Z,il) ( see (3.4.29) and discussion above).
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Lemma 3.4.3 (Interpolation error of the full grids) For any f € Xg’2 the following

estimates hold:

o0 d _

1 =Tl < g 27 1 e = O(}). (3.4.402)
) & o

1 =T < g - 27 |2 = O(h3). (3.4.40b)

(Here hy stands for the mesh size at level k 1D grid).

This accuracy comes at a cost of (28 4+ 1)4 = O(2%4) = O(h;*) function evalua-
tions, since this is the number of points and basis functions in Vk(oo). We can clearly
see here the manifestation of the curse of dimensionality: the number of function eval-
uations necessary to achieve the accuracy of order O(h?) grows exponentially with

dimension d.

Lemma 3.4.4 (Interpolation error of reqular sparse grids) The following error bounds

hold for the interpolant of the function f € Xg’2 in the sparse grid space Vk(l):

2 | flga

1720 < 2VB oo aay) =00 om ), 34410)
2.

I -2 < 2082 o k) =00 g i), (3..10)

where A(d, k) = X_: (Pl = % + O(k%72).
n=0
As far as the cost of sparse grid, it can be shown that the number of points in

kd71

Vk(l) is given by 2% - (m + O(kd_2)> = O(hlzl | logy hy|471).

3.4.4 Adaptivity

In constructing interpolant (3.4.29) one can think of an adaptive way of selecting the
subspaces W) based on some error criterion that estimates their contribution to the
interpolant. This corresponds to the dimension-adaptive approach mentioned earlier

in the section on generalized sparse grids and leads to algorithm by Gerstner and

Griebel [21].
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Alternatively, one could perform adaptation and refinement on the level of the
single basis function ¢y ;.

As we see from Lemma 3.4.1 for functions with bounded second order weak deriva-
tives the surpluses s;; tend to zero as interpolation level increases. This provides an
avenue for constructing adaptive sparse grids using the magnitude of the surplus as
a local error indicator. This approach should allow us to better capture possible
irregularities of the function of interest, such as steep slopes or jump discontinuities.

I first review adaptive procedure for one-dimensional grids and then generalize it
to multi-dimensional grids.

One-dimensional hierarchical grids have a tree-like structure. In general, a grid
point y; ; on level £ has two children yi412;-1 and yg112;41 on level k£ + 1, except
for the points of level 1, which only have 1 child point each. The basic idea of
adaptivity is to refine the grid only by adding the children of the points with relatively
large contributions given by |si ;| - ||¢r || Note, that we can use different norms
for estimating the error. The common and most obvious choice is taking the L*
norm, which leads to estimating local variation by the means of |s ;|. The resulting

interpolant can be represented as

l
T =YD skitri(y) (3.4.42)

k=0 jEBS
where B, = {j € By : |si;| > €}.
An example of adaptive interpolation of the function f(y) = max{exp (—10(y?))—
0.3,0} on the interval [—1, 1] using tolerance € = 0.01 is presented in Figure 3.7. Note

that I limit the maximum level of the tree to guarantee termination.
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(a) The function of interest and the points (b) Adaptivity tree. The lines represent

of the adaptive grid (in red). parent-child relation with dotted lines indi-
cating that the endpoints were not added to
the grid.

Figure 3.7: A six-level adaptive sparse grid for interpolating the one-dimensional
function f(y) = max{exp (—10(y*)) —0.3,0} using error tolerance 0.01. The resulting
sparse grid has 29 points, whereas the full grid has 65 points.

Note that in some cases the magnitude of the hierarchical surplus s;; might not

be a good error indicator. The extreme case is a function
fp=q 0 Ve (3.4.43)
0, yel0,1]

For this function hierarchical surpluses to the left of the origin are always 1/2 and,
thus, the refinement process will never stop unless given a maximum level stopping
criterion. A better error indicator in this case would be |s; ;| - ||¢1]|z2, which would
take into account the sizes of the support of basis functions.

Another source of problem could be early termination due to, for example, van-
ishing of hierarchical surpluses corresponding to the inflection points of the function
(as is seen from (3.4.36) surpluses are related to the second derivatives). To circum-

vent this problem look-ahead strategies might be employed, i.e., looking at the node’s



o6

children even if the node is “irrelevant” according to the error indicator [17].

In general, any refinement criterion might fail in some special cases. In practice,
one might develop error criteria specific for a given problem to enhance convergence
(see for example [63], [64]).

Adaptive approach can be easily extended to multi-dimensional setting. In gen-
eral, in d dimensions a grid point has 2 - d children which are also its neighboring

points. Given a tolerance ¢ we can construct an interpolant

7f] = Z Z s1;015(Y) (3.4.44)

1] <k JEBf

where Bf ={j € B : [si3] - [|o15(y)]| = €}

Since in practice this interpolant is built recursively the choice of refinement set
associated with a given point y;; is not completely trivial. One might consider several
strategies. Here we present a short overview of refinement strategies presented in [79]

and implemented in TASMANIAN ([78].

e “Classic refinement”. Isotropic refinement that adds only the children of the
points with large coefficients (surpluses). It is noted that this approach might

result in unstable interpolant, i.e., algorithm might fail to converge.

e “Family selective refinement”. Improves stability of the algorithm by adding
the parents of the node associated with large surplus if these parents were not

yet included in the grid. The parents are always considered before children.

e “Direction selective refinement”. Besides considering the coefficients associated
with the multi-dimensional interpolant, it takes into account the coefficients
of one-directional interpolants that are constructed using points lying on the
same line in a given direction. Has the effect of reducing the clustering of
the points along the lines, but includes additional cost associated with forming

one-directional interpolants.
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e “Family direction selective refinement”. Combines the family selective and di-

rection selective strategies.

3.4.5 Other types of bases

Besides the piecewise d-linear basis functions that were introduced earlier other types
of basis functions are commonly employed. Some of these bases are introduced in the
following.

Piecewise d-polynomial basis functions. I outline here the main idea and
refer to [5], [6] for detailed description.

Polynomial basis functions of arbitrary degree p are based on Lagrange polyno-
mials. In order to construct a polynomial of degree p associated with y; ; one needs
p + 1 supporting nodes. If we want to maintain the sparse structure of the grid, we
need to avoid introducing any new degrees of freedom. The solution is then to use the
hierarchical ancestors of the given point y; ; that lie outside of [y, ; — hi, yi; + hi] to
help build the Lagrange polynomial. Once constructed, this polynomial is restricted
to [yi; — hu,yij; + i), ie., set to zero outside of the interval. In this way a higher
order basis can be constructed that still retains the hierarchical structure. See figure
3.8 for examples of constructing cubic basis function ¢, 3(y) and quartic basis func-
tion ¢31(y). In each case hierarchical ancestors are used to construct the Lagrange
polynomial. The dotted line represents those parts of the functions that get omitted.

Note that a polynomial of order [ cannot be used before level [—1 due to insuffcient
number of ancestors.

The d-dimensional basis functions are derived by tensor product of one-dimensional
ones. The polynomial degree can be different in each dimension. The piecewise d-
polynomial basis functions have the advantage that higher order convergence can be
reached than in piecewise d-linear case: for a function f with (in some sense) bounded

weak mixed derivatives of the order less than or equal to p + 1 in each dimension it
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Figure 3.8: Construction of cubic and quartic basis functions. Dotted part of the line

in each case gets omitted at the final step of the constuction.

can be shown [8] that the order of approximation is increased to

O(h,(fﬂ) . |log2 hlzl‘(pw)(dq))

(3.4.45)
(compare with 3.4.4).

In order to provide comparison to the rates of convergence obtained using Monte

Carlo-like methods I provide the e-complexities of the approximations using piecewise
d-polynomial basis of degree p.

Theorem 3.4.5 Given N grid points the following accuracies can be obtained for the

problem of computing the interpolant I,gp’l)[f] € Vk,(p’l), i.e. mazximum degree p in each

direction, with respect to L and L? norms:

e (N) = O(N~ @) . | log, N| P21 (3.4.46)
) (N) = O(N~*1) | log, N| P21 (3.4.47)

Wavelet basis. One of the major drawbacks of utilizing multi-polynomial basis
in the framework of the hierarchical adaptive sparse grid method introduced above is

the lack of the error estimate from below with constants independent of the number
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of hierarchical levels. This means that the magnitude of the hierarchical coefficient
only provides a local error indicator and not a true error estimator. In order to
overcome this drawback authors in [30] propose the use of multi-resolution wavelet
basis that “guarantees optimality”. In particular, they build a locally supported
hierarchical basis consisting of second-generation wavelets constructed using lifting
scheme ([80]). Presented numerical results speak in favor of the proposed approach,
however, improvements appear to be marginal.

B-splines, mexican hat functions, etc. Successful results have been reported
of the use of other types of bases tailored for specific applications: B-spline basis

functions for regression problems and Mexican hat wavelet for the problems in finance

([63]).



Chapter 4

Numerical experiments

In this chapter I use the following contractions for different integration methods: MC
for Monte-Carlo, QMC for quasi-Monte Carlo, SG for sparse grids (Smolyak rule)
and hASG for hierarchical adaptive sparse grids using piecewise polynomial basis.

The numerical experiments presented here were performed in MATLAB2013b.
The following codes and software packages were used: for quasi-Monte Carlo se-
quences - SOBOL_DATASET and FAURE_DATASET by John Burkardt ([10, 9]),
for sparse grids and locally adaptive sparse grids - TASMANIAN by Miroslav Stoy-
anov et al at ORNL ([78]).

4.1 Simple integration problems

I study the performance of the methods introduced in Chapter 3 on several simple
test problems. For all the problems the exact value of the integral is known either by

direct computation or highly accurate approximation.

Problem 1 Gaussians

Consider a multi-dimensional Gaussian defined on [—1, 1]:

fily) =exp (=) _(y")) (4.1.1)

=1

60



61

with exact integral given by 7%2 - erf(1)?. This function is infinitely smooth and has
a product structure with each dimension being equally important.
As well as comparing different methods for f; with varying dimension, I compare

them also on the problem with non-smoothness introduced by []; function:

(N

d

Faly) =2+ [(y) = )i =2 max{esn (- S (9)?) - 5,0}

i=1

n

(4.1.2)
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Figure 4.2: Convergence comparison for d = 5.
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The results for dimensions d = 2 and d = 5 are plotted in Figures 4.1 and 4.2.
In both cases the Faure sequence was used as a base for QMC integration, and the
Clenshaw-Curtis rule as a base for sparse grid approximation (SG). Furthermore,
the hierarchical adaptive sparse grid method (hASG) was used with local polynomial
basis of maximum possible order (i.e., the order of basis functions increased from level
to level), “classic” type of refinement and tolerance e = 107°.

Observe that for the smooth function f; sparse grids based on global or local
polynomials outperform MC type methods dramatically. However, the convergence
rate of sparse grids deteriorates with dimension faster. Although this is expected from
the theory (see (3.3.30) and (3.4.46)), it is still surprising that already for dimension
d = 5 sparse grids provide not much of an improvement over MC type methods.
This, however, might be a particular case of approximating Gaussians (see [63] for a
detailed discussion).

For the non-smooth function fs, I observe that sparse grids methods behave much
worse even for dimension 2 with convergence establishing rather late. Going to di-
mension 5 it is clear that QMC is the method of choice for this particular problem.
Of the sparse grid methods, the hierarchical adaptive method is marginally better
than the regular sparse grids, but improvement is much less than one would hope for.
It might be partially due to the fact that the region of discontinuity in the derivative
for function f; is a circle and, thus, it is completely misalligned with the grid, which
is a worst case scenario for the method (see Figure 4.3). Therefore, a lot of points
are needed are spent around the jump in the derivative. To prove this theory, I also
present the results for a function with discontinuity aligned along the axes (Example
2).

Now, consider smoothing the function f5 in order to improve convergence rates
of sparse grids. Specifically I replace the [-]; function with a C'* approximation. I

choose the smooth approximation to be

1
Ply,v) =y + S log(1 + exp™7) (4.1.3)
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Figure 4.3: Adaptive sparse grid for the function f5(y).

( see [12] for details). This function has the following properties:
L P(y,7) = [y]+ as v — o0;

2. P(y,7) > lyl+;

3. [P'(y,v)| < 1;

I let the parameter v take values 100 and 10 and compare the performance of

methods on the smoothed version of function f;, that I denote by fs:

1
fs(y) =2-P(f2(y) = 5:7) (4.1.4)
The smaller value of « corresponds to the smoother version of the function, while
the higher value provides closer approximation to the original function. As we see
from Figures 4.4 and 4.5, the smoothing of the integrand reflects favorably on the
convergence properties of sparse grids. These figures are to be compared with 4.1b

and 4.2b respectively.
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10

Finally, consider the version of the function f; with weights assigned to different

dimensions:

W;.

more and more constant with increasing dimension.

faly) =exp [ =)

d

(y

i=1

) _ ¢)2

p)
w;

(4.1.5)

Let ¢; = % for all i and integrate f; over [0,1]¢. T consider two choices of weights

First, take w; = 2! for 4 = 1,...,d. With this choice the function becomes

Next, let w; = 2", where r
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d d
is a random vector scaled so that > r; = > 4. The results are plotted in Figures
i=1

i=1
4.6 for d = 10. Observe that performance of sparse grids is much better now that
the function has only few “important” dimensions. Furthermore, when the weights
assigned to different dimensions are random, the adaptive sparse grids do a better

job by automatically finding dimensions with greater variability.
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Figure 4.6: Function f; with different choice of weights for d = 10.

Problem 2 Jump along hypercube

Consider integrating a function f5(y) = X[o.21,0s1¢ over [0,1]%. This simple test
allows to see the benefit of axis-aligned structure for the performance of sparse grids
based on local polynomials. For this test I take standard hat basis functions and set

the refinement tolerance to e = 1073. The results are depicted in Figure 4.7.
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Figure 4.7: Convergence comparison for the function f; with d = 2.

Problem 3 Absorption problem

Consider a simple transport problem described by the integral equation

flz) = / vf(t)dt + z. (4.1.6)

This equation describes particles traveling through a one-dimensional slab of length
one [53]. In each step the particle covers a distance which is uniformly distributed
in [0,1]. This may cause it to exit the slab; otherwise, it may be absorbed with
probability 1 — v before the next step. The variable x corresponds to the current
position of the particle, while the value of f(x) gives the probability that the particle
will eventually leave the slab given that it has already made it to x. The quantity
of interest is f(0), i.e., the probability that a particle entering the slab will leave the
slab.

The exact solution to this problem is given by
1
fz) = ;(1 — (I =) exp(y(1 —x))) (4.1.7)

and can also be represented as an infinite-dimensional integral over the unit cube

o0

s =[S REyy (4.18)
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where ‘ "
Fi(z,y) =~'0 (1 —z— Zy(j)> -0 (Z Yy — (1 — x)) . (4.1.9)
s j=1

Here function #(t) is the Heaviside function:
o(t) = (4.1.10)

This corresponds to a particle doing a forward random walk with jump size uniformly
distributed on [0, 1]. If the particle leaves on its (i + 1)-st jump, it contributes 7* to
the approximation of f(z). Since higher dimensions correspond to particles that
undergo many collisions before leaving the slab, and the likelihood that a particle can
do more than a few collisions before leaving or being absorbed is small, f(z) can be
approximated sufficiently accurately by truncating the infinite sum to a finite value
d. For this experiment I took d = 20. Also, the survival probability v was chosen to
be % See results in Figure 4.8a.

The integrand above is non-smooth with discontinuity along the diagonal, which
is a worse case for sparse grids. Much better results can be obtained by changing
the formulation to the one with smooth integrand. The idea behind it is that each
jump that a particle makes should contribute something to the evaluation of the inte-

gral. Therefore, the discontinuous integrand F;(x,y) can be replaced by a polynomial

Fi(z,y):

Fr(z,y) = 4'(1 — o) (H(y(j))i—a) (1 —(1—2z) Hy(j)> , (4.1.11)

j=1 j=1
The results for smooth problem are presented in Figure 4.8b. As expected, sparse
grids now perform much better. Adaptive sparse grids give an additional improvement

by automatically detecting more important dimensions.
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4.1.1 Note on weights

One of the major drawbacks of sparse grids in the context of optimization is the fact
that they lead to the appearance of negative weights, as was mentioned earlier in the
subsection on Smolyak quadrature. This poses a problem for optimization methods
(see, e.g., [41]). To demonstrate the appearance of negative weights I consider a
problem of integrating a two-dimensional function using hierarchical bilinear basis
introduced in Section 3.4.2.

Recall that when building the interpolant using a hierarchical basis we add the
basis functions from hierarchical subspaces (see Figure 3.6). In particular, the func-
tions comprising the subspaces Wy, W1 and W, ; that are used to construct sparse
grid interpolant corresponding to Vl(l) are depicted in Figure 4.9. Here in order to
simplify notation I relabeled the points of the grid and ordered them in a sequence
of N points (4.9a). In this basis the coefficients of the interpolant are hierarchical

surpluses.
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Figure 4.9: 2D hierarchical basis functions.

Now I wish to switch from this hierarchical basis to its dual set in which the
coefficients of the interpolant are the function values at grid points, i.e., I want to

represent
N

fly) = Z flya)bi(y)- (4.1.12)

i=1
The functions v;(y) are constructed by applying the dual of the linear transformation

to the hierarchical basis functions ¢;(y) (Figure 4.10). Since hierarchical surpluses

corresponding to ¢o(y)-¢5(y) at this level interpolant are just the function values at

¥2-¥s, the functions 1 (y)-15(y) coincide with ¢o(y)-¢5(y)-
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(d) Ya(y) (e) ¥s5(y)

Figure 4.10: Functions ;(y) corresponding to the sparse grid of level 1.

The function ;(y) corresponding to the point y; = (0,0), however, changes and
becomes partially negative. Its integral is zero.

When going to the next level of the sparse grid, i.e., adding the subspaces needed
to get ‘/2(1)7 the functions ;(y) corresponding to the old points of the grid change
(see Figure 4.11). The integral of function ;(y) now becomes —1, while the other

functions shown on the figure integrate to 0.
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(d) Ya(y) (e) ¥s5(y)

Figure 4.11: Functions ;(y) corresponding to the sparse grid of level 2.

Thus, the sparse structure of the grid leads to the negative weights in the quadra-
ture formula for f(y). This is independent of the type of the basis considered. By
contrast the full grids corresponding to subspaces Vk(oo) will always have positive

weights.
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4.2 Linear elliptic problem with random inputs

Consider the problem described in Example 2.2.1. Assuming that the control is

z(x) = 0 we have:

-V - (a(w,z)Vu(w,z)) = f(w,z) (w,x) € 2 x D, (4.2.1a)
u(w,z) =0 (w,z) € Qx 0D (4.2.1b)

with D = [0,1]%. T will denote the components of x € D by x; and z.

Here I want to investigate the convergence of sparse grids and MC type methods
when applied to the problem of computing the expected value and semi-deviation of
the solution of (4.2.1). I adopt the description of the problem from [57].

Consider deterministic source f(w,z) = f(x) = cos(x1)sin(zz). The approxima-
tion of the random diffusion coefficient a(w, ) is constructed in the following manner.
First, construct the Karhunen-Loeve (KL) expansion of a one-dimensional random
field b(w, 1) with covariance function

COV[b(-,21),b(-, 2})] = exp (—(le——le)z) (4.2.2)
Here parameter L. corresponds to the physical correlation length for the random
field b(w, z1), meaning that random variables b(-, 1) and b(-, ) become essentially
uncorrelated if |z, — | > L..

The eigenvalues and eigenfunctions of the covariance function (4.2.2) are given by
the following analytic expressions [57]:

()"

A\, = (ﬁL>1/2 exp (_(LgiﬂL)

), for n>1

and

. 2 rx .
sm(bi 1), if n even,

S

Gn(21) =

cos <L%Jml>, if n odd

Ly
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where parameters L, and L are given by L, = max{1,2L.} and L = L./L,.
The truncation of the KL expansion of the field b(w, z;) is then given by

JAL 1/2 N
by(w,z1) =1+ Yi(w) (T) + ) Ann(11) Yo (w) (4.2.3)
n=2
Here Y, (w), n = 1,..., N, are random variables that could be determined given the

analytical expression for the random field b(w, z1) ([22, Sec. 2.3]). For the purposes of
this experiment I take {Y,,(w)})_; to be independent uniformly distributed random
variables in the interval [—+/3, v/3].

Finally, take an approximation of the random field a(w, z) to be
an(w,z) = 0.5+ exp (by(w, x1)) (4.2.4)

Small values of the correlation length L. correspond to the slow decay of eigenval-
ues \,, thus, each random dimension is weighed almost equally. On the other hand,
large values of L. result in the fast decay rates with only few first dimensions being
most important. For my numerical experiments I take N = 11 and L. = 1/2. For
this choice of L. the decay is fast with only first 4-6 dimensions contributing most to
the variability of the coefficient ay(w, ).

First, I approximate the expected value of the solution uy(w, ). This is done for
each point z in the spatial discretization. I then take the L?*(D) norm of the result.
The approximations of L? norm of the expected value of the solution for different
methods are plotted versus the number of points used in the parameter space in
Figure 4.12a. Note that the same number of points is used for MC methods as for
SG method (based on Clenshaw-Curtis rule). The tolerance for hASG methods is
set to 107 and “family direction selective refinement” is used (see Section 3.4.4). 1
observe that sparse grid methods and quasi-Monte Carlo method (Sobol’ sequence)
both converge fast to what should be the true value. In Figure 4.12b I plot the
L? norms of the difference between expected values obtained using each method and

expected value obtained using sparse grids of level 6 (with a2 63000 of points). In other
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words, I plot || E[luy(w, z)] — E[u*(w, z)]||L2(p) vs the number of points in parameter
space, where u*(w, x) is a “reference” solution obtained sparse grids of level 6. This
allows to see the convergence rates of different methods. I observe that sparse grids

converge fastest with a little performance gained by adaptive sparse grids over the

standard ones.
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Figure 4.12: Approximation of the expected value of the solution (N=11).
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Figure 4.13: Approximation of the semi-deviation of the solution (N=11).

Next, I estimate the semi-deviation of the solution uy(w,z). In Figure 4.13a I plot

the L?(D) norm of the semi-deviation values obtained using different methods vs the
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number of points in the parameter space. Now that the integrand is non-smooth due
to the presence of the [-], function the sparse grid methods do not seem to converge
within the number of PDE solves allowed. Although the true solution is not known,
the behavior of MC methods indicates that they converge to what should be a true
value, with QMC clearly converging to it much faster. Since the sparse grid solution
in this case cannot be trusted, instead of plotting the errors with respect to the finest
sparse grid solution, I plot the errors between two consecutive levels of approximation
for each of the methods, i.e., I estimate || E[ug\l,) (w,x)] — E[U%H) (w, )] 2(py, where [
for the sparse grids means the level in the Smolyak’s construction and for MC methods
means the corresponding level of approximation. The results are presented in Figure
4.13b. I observe that reduction in error is smallest for QMC which indicates faster
convergence, while for SG method using more points does not guarantee reduction
in error. For hASG from level to level the error reduces but slower than for QMC.
Even standard MC looks more preferrable in this setting than any of the sparse grid
methods.

The results obtained here for the case of expected value essentially repeat the
results in Ma and Zabaras (2009) [52] (where only SG and hASG methods were
compared). In their paper the authors also demonstrate the convergence of hASG
for higher dimensions (N=25, 50, 75, 100) when the correlation length L. is large
(L. = 0.6). As mentioned above, in this case only few dimensions contribute most
to the variability of the solution, hence, adaptive sparse grids perform well by de-
tecting important dimensions and keeping the total number of points relatively low.
To the best of my knowledge, comparison of different methods has not been done
on this problem for the case of semi-deviation. The findings here and in Section 4.1
indicate that although hierarchical sparse grids perform better on non-smooth prob-
lems than standard sparse grids, even for moderately high dimensions (d = 5 ~ 11)
their performance is inferior to quasi-Monte Carlo and even standard Monte-Carlo

methods.
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4.3 Optimal control problem

4.3.1 A 1D model problem

As an example problem I use the stationary advection diffusion equation in 1 dimen-

sion. Consider the following minimization problem

0.6
«
min J(u, z) = mer[{)l.%,)é.g] [u(x) —v]4 + ) z(z)dx (4.3.1)
0.5
with v = 0.1 being a given “target” or “goal”, subject to
DL u@) + auw) = £(a) + xpsonelz). =€ 0. (1.3.20)
(,hzu T aaxu xTr) = X X[0.5,0.6]2(L), T , 1], .0.2Q
u(0) = up, u(l) =wuy. (4.3.2b)

where D and a are given constants, and z(x) plays the role of the control. Multiplying

the control by a characteristic function restricts it to the interval [0.5,0.6]. For the

case ug = u; = 0.1 and a source f(z) being a gaussian function, the optimal control
z(x) is depicted in Figure 4.14.

0.2
:/‘: ------------- ‘N,
0.1F-- —,'|I RO - - |
O:::<, 5 -
‘‘‘‘‘ State u
—0.1}|---Source f
Control z
0.0 ——Goal v
B 0.5 1

Figure 4.14: Optimal control z for the problem (4.3.1)-(4.3.2). Here control z and

source f are scaled by 1/5 in order to better demonstrate the solution w.
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To derive the weak form of (4.3.2) I multiply the differential equation in (4.3.2) by
a function ¢ € H;(0,1); then I integrate both sides over [0, 1], and apply integration
by parts. This leads to the weak form formulation: Find v € H'(0,1) with «(0) = wuy,
u(1) = u; such that

0.6 1

z(x)qb(x)dx:/f(x)gzﬁ(x)dx (4.3.3)

0. 0

1
0 d 0
| Dgpute) o) + o u(wyola) -
0
for all ¢ € H(0,1).
I subdivide the interval [0, 1] into N + 1 subintervals of length h = 1/(/N + 1) and
define
(b)Y x—(t—1)h) =z €[(i—1)h,ih],
pi(r) = (W) (—z+ (i+1)h) € lih, (i+1)h],
0 else
i=0,... N+1.

I approximate u by a function of the form

up(x) = Z ujpi(x) + uopo(x) + u1n41(2) (4.3.4)
and z by
zp(z) = Z zipi(x). (4.3.5)

where I. = {j : ¢;(x) has support on [0.5,0.6]} with |I.| = m.
Set

u=(uy,...,un)’, z="(21,...,2m)".

Insert these approximations into (4.3.3) and require (4.3.3) to hold for ¢ = ¢,
7 =1,...,N. This leads to the linear system

Au+Bz =b, (4.3.6)
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where A € RV*V B € RV*™_ and b € RV are matrices or vectors with entries

bo

N

1

d d

[ t@en@its [ DL owir@) 7 onl@) + agoprn@ov(a)ds

0

Since the coefficients are constant, I can compute the integrals. Then the stiffness

and the mass matrices are given by

=T

2 -1 -1
-1 2 -1
-1 2 -1
-1 -1 2
0 1
-1 0 1
-1 01

NxN
e RV,



00 0
00 0
21 0
14 1
h

B=—-

6
1
0
0
0

00
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N
e RY*™,

and the right hand side vector (using composite trapezoidal rule) by

e RV,

Consider now objective J(u, z) from (4.3.1) in discretized form:

J(u,z) = ||[Cu— V]|l + %ZTRZ

(4.3.7)

where the matrix C € RP*Y only picks out components of u that are in the region of

interest ([0.8,0.9]). The matrix R € R™*™ is given by

o=

1 41
1 2

E Rmxm’
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and the penalty coefficient « is set to 1. Moreover, vector v € RP has all components
equal to 0.1. The boundary conditions uy and wu; are set to 0.1 as well.

In the following, I define
u(z) = A~'(b - Bz).
The deterministic optimization problem is

min |[[Cu(z) — v]+ || + %ZTRZ. (4.3.8)

4.3.2 Specification of random variables and risk measures

I introduce uncertainty in the problem by allowing the source term f to be of the

form

f(y,x) = yrexp (—%) (4.3.9)

where y;, yo and y3 are random variables uniformly distributed within prescribed
intervals.

Furthermore, I substitute the constant advection coefficient a by a random variable
Y4 also uniformly distributed.

Let y = (y1,Y2,¥s3,y4). Then the spatially discretized version of the problem
(4.3.1)-(4.3.2) with uncertainty is

min o(J(u(y),z)) (4.3.10a)

u,z

st. A(y)u(y) +B(y)z=Db(y), yeT, (4.3.10b)

where o is a risk measure to be specified later. Note that in my case B(y) = B, but
in general matrix B could depend on random parameter as well.

In the following, I define
u(y,z) = A(y)~'(b(y) — B(y)z).
The random optimization problem (4.3.10) is then equivalent to

min o(J(u(-,z),2)). (4.3.11)

z
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with J(u(-,z),z) = ||[Cu(z) — v];|« + $2"Rz.
For the purposes of this example I consider the following risk measures:
1. Expected value, E[J(u(-,z),z)];
2. Worst case, sup,cr[/(u(y, z),2)];
3. Conditional value-at-risk, mtin{t + =E[J(u(,2),2)) — t]+ }, c € (0,1);

4. Absolute semi-deviation, i.e., mean plus semi-deviation of order 1,

E[J(u(-,2z),z) + c[J(u(-,2),2z) — E[J(u(-,2z),2)]+], c € [0,1].

The problem (4.3.11) with these risk measures is nonsmooth. Next, I will present
reformulations of these problems as constrained quadratic programs. For these refor-

mulations to hold, it is necessary that the weights are positive.

4.3.3 Reformulations

Let S denote the total number of scenarios (samples) and let w;, j = 1,...,5, be
the weights corresponding to points ), j = 1,...,S. I will use lower index for the
components of the vector as in u = (uq, ..., uy), and upper index for the realizations
of scenarios as in u™, ..., u®. Furthermore, the bar will denote a vector indexed by

scenario index: € = (¢, ... ™)), a = (u®,... u®).

4.3.3.1 The deterministic optimization problem

The objective function in (4.3.8) is nonsmooth. I introduce an auxiliary variable

0 € R. The deterministic variant of the problem is

misn 0+ %ZTRZ (4.3.12a)
st. Cu—v <de (4.3.12b)
5> 0, (4.3.12¢)

where e € RP is the vector of all ones.
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4.3.3.2 The stochastic optimization problem with expected value

The discretization of the stochastic optimization problem (4.3.11) with o(J(u(-,2),z)) =
E[J(u(-,z),2)] is given by

s
; e
(Z ij[Cu(y(]),z) - V]+HOO> + §ZTRZ- (4.3.13)
j=1
If the weights w; are positive, I can introduce auxiliary variables sM .09 eR to

reformulate (4.3.13) as the following constrained smooth problem

S
i 9+ 24TR 4.3.14
11;171811 le] 52 Rz ( a)
st. Cu(y?,z) —v < Ve for j=1,...,8 (4.3.14b)
69 >0 for j=1,...,85. (4.3.14c)

4.3.3.3 The stochastic optimization problem with worst case

The discretization of the stochastic optimization problem (4.3.11) with o(J(u(-,2),z)) =
sup, J(u(:,z),2) is given by

min max [[Cu(y?, z) — v] |l + %ZTRZ. (4.3.15)
z j=1,..,

It can be reformulated as a smooth constrained problem as follows:

mién J+ %ZTRZ (4.3.16a)
st. Cu(yY,z) — v < de for j=1,...,8 (4.3.16Db)
5> 0. (4.3.16¢)

4.3.3.4 The stochastic optimization problem with CVaR

Let o(J(u(:,2z),2)) = min{t + = E[J(u(-,z)) — t|4} with ¢ € (0,1). The discretiza-

tion of the stochastic problem takes the form

«
min ¢+ -— Zw] I[Cu(yY, z) — V]| ||leo — ]+ + 5zTRz, (4.3.17)



83

If the weights w, are positive, I can remove the outer [-]; function above by re-

formulating the problem with auxiliary variables eV, .. (%) and added constraints:
min ¢+ L Z w;ed) + % TRz (4.3.18a)
z,t 1—c — 2
st. [[[Cu(y?,z) — v]y|leo —t < €W for j=1,...,5, (4.3.18b)
V) > for j=1,...,5, (4.3.18c¢)
By introducing auxiliary variables 60, for j = 1,..., 5, I can remove the remain-

ing non-smoothness by adding additiona constraints:

mm t + — Z w;el Rz (4.3.19a)
st 00—t < 6(]) for j=1,...,5, (4.3.19b)
Cu(y(j),Z) —v< 5) for y=1,...,5, (4.3.190)
D 50 > for j=1,...,5. (4.3.19d)

4.3.3.5 The stochastic optimization problem with semi-deviation

Finally, let O'(J(U.(-, Z), Z)) = E[J('LI(’ Z)? Z) + C[J(ll(', Z), Z) - E[J(U(7 Z)7 Z)]-l—]'
The discretization of the stochastic optimization problem (4.3.11) is

mzin <Z W (H[Cu(y(j),z) - VhHOO)

=1 .
+C<Z%[H[Cu< 9.2) = Vs - Zw/«HC“ o) ]+”°°L>
T %ZTRZ. (4.3.20)

If the weights w; are positive, I can define eM, ..., e® to remove the [-], corresponding
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to the semideviation by adding constraints. The problem (4.3.20) is equivalent to

S
min (ijH[Cu(y(j), z) — v, HOO)H(Z@U] ) —zTRz (4.3.21a)
,€ =1

st [[[Cu(y?, 2) — vl

- iwkH[Cu(y(k),z) —V]illoo < €9 for j=1,...,8, (4.3.21b)
e >0 for j=1,...,85. (4.3.21c)

Defining ) = ||[Cu(y"), z) — v].||o, the previous problem can be written as
Ianlgl (Zw] >+C(Zw] ])> z' Rz, (4.3.22a)
s.t. oU) — Zwkék < W) for j=1,...,85, (4.3.22Db)
[[Cu(y?, z) — v]i|leo = 6V for j=1,...,5  (4.3.22c)
e >0 for j=1,...,5  (4.3.22d)

If the equality in (4.3.22c) can be replaced by an inequality, the resulting problem can

be formulated as a smooth quadratic programming problem. In fact, the problem

rznglgl <Zw] >+C(Zw] ])> z' Rz, (4.3.23a)

st. 00 — Zwké(k) < ) for j=1,...,5,  (4.3.23b)

[[Cu(y?, z) — v]{|le < 6V for j=1,...,5  (4.3.23c)

9 >0 for j=1,...,5  (4.3.23d)
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is equivalent to

S S
) . . o

min (ij(;(ﬁ) + C(ije(3)> + EzTRz, (4.3.24a)

7j=1 7j=1

S

st 69 =) wydy < €V for j=1,...,5,  (4.3.24b)
Cu(y,z) —v < Ve for j=1,...,5, (4.3.24¢)
€W W) >0 for j=1,...,5  (4.3.24d)

Lemma 4.3.1 If the weights w; satisfy w; € (0,1) and ZS: w; = 1, then the opti-
mization problems (4.3.22) and (4.3.23) are equivalent. "~
Proof: The feasible set of (4.3.22) is contained in that of (4.3.23). Therefore,
we must show that at a solution of (4.3.23), ||[[Cu(y"),z) — v]; |l = 0¥ for all
j=1,....5
Let z,¢€,0 solve (4.3.23) and suppose that ||[[Cu(y"),z) — v]; | < 6U) for some
j. Without loss of generality let j = 1. Define 60 = |[[Cu(y™,2z) — V] |o <
W and 6@ = §@ .. 5O = §5 . I will generate ¢V, ... &S such that z,é =
(M. .. &NT, 5 = (6D, ..., 6ONT are feasible for (4.3.23) and have a lower objective
function value than that at z,¢€,d, which contradicts that z, €, & solves (4.3.23).
Define ¢ = ¢(). The variables 8, ¢! satisfy the constraint (4.3.23b) with j = 1

since
S

o — Z wd®) = (1 = wy) (6 — 5M) Zwké <6 = “upd® < W
k=1

due to the assumption w; € (0,1). Define é¥) := €@ 4 1 (6@ — M) for j > 1. The
variables S, V) satisfy the constraint (4.3.23b) with j > 1 since

s
50 — Z wpo® = 50 — Z w6 ®) 4wy (60 — 5V < ) gy (6 — 51 = €,

The variables g, ¢ satisfy the constraint (4.3.23c,d).
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Consider the value of the objective at 5 , €

S S
Z wjg(j) +c Z wjé(j)
j=1 j=1
S S

s
= ij5(j) —wy (60 — oW + cije(j) + cijwl((S(l) —6W)
j=1

J=1 Jj=2

s S
< ijé(j) + cije(j)
j=1 J=1

. S
since 6 > §M and ¢ Y w; < 1 (recall ¢ € [0, 1]).
=2
Hence, the solution (z, d, €) is not optimal, which leads to a contradiction.

Thus, we proceed with the reformulation given by (4.3.24).

4.3.4 Results

I present here the results of solving problem (4.3.11) with objective given by (4.3.7).
These results help demonstrate the differences between various risk measures.

In order to generate realizations of 4-dimensional random variable y I use quasi-
Monte Carlo (Sobol’ sequence) approach. Since with QMC all the weights w; =1/5
are positive (where S is the total number of scenarios (realizations)), I am able to use
the reformulations that were introduced earlier. I solve the reformulations of problem
(4.3.11) with the four risk measures using MATLAB’s quadprog solver.

For the problems with uncertainty the results are presented in figure 4.15. Here I
have used 100 realizations of y in order to approximate the objective of (4.3.11). The
results demonstrate the differences between various risk measures. For the expected

value the magnitude of the control variable is the smallest with many realizations ex-
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ceeding the target value v in the region of interest. For the sup measure, as expected,

all of the realizations lie below the target value. The price for it is the larger value

of the control z. The other two risk measures produce results in-between these two

extreme cases with CVaR being more conservative (recall that for ¢ close to 1 CVaR

behaves almost as sup) and mean plus semi-deviation being closer to the expected

value.

—0.5} - - State u
Control z
—-—Goal v
-0 0.5 1
(a) Expected value
1
0.5 £

; AR

,.
R

EEEEEEEEE

_0.5 - - State u RN ettt 227
Control z
] ——Goal v
"0 0.5 1

(c) CVaR (¢ =0.8)

0.5

—0.5 - - State u ‘
Control z i
—-—Goalv | L=l _--- i
"0 0.5 1

(b) Worst case

—0.5 - - State u
Control z
——Goal v
"0 0.5 1

(d) Absolute semi-deviation (¢ = 1)

Figure 4.15: Results of solving problem (4.3.11) with uncertainty using reformulations

(4.3.14),(4.3.16),(4.3.19) and (4.3.24). Here plotted 100 realizations of the state u,

the deterministic optimal control z and the target v. The control z is scaled by 1/2.



Chapter 5

Conclusions

In this thesis I have reviewed several topics that are of importance for optimization
under uncertainty. The first is the formulation of the optimization problems governed
by PDEs with random inputs. Such problems arise in many areas of application, and
growing interest in them motivates a lot of research ([73, 35, 42, 69, 43]). I have
provided a short overview of the risk measures that can be used in the context of
optimization under uncertainty ([65]). The application of these risk measures to the
problems with high-dimensional random parameters motivated the core topic of this
thesis - multivariate integration methods.

I have provided the overview of the high-dimensional integration methods starting
from Monte Carlo and continuing onto sparse grids methods. Paying particular atten-
tion to the assumptions on the integrands I have summarized the main convergence
properties of the methods considered.

Finally, I have tested the performance of various integration methods on several
model problems. The results indicate that among the methods considered MC type
methods have an edge over the sparse grids for the problems with high dimensional-
ity and non-smoothness. In particular, quasi-Monte Carlo methods appear to be a
promising direction for future research. Although their performance also deteriorates

with increasing dimension and loss of smoothness ([11]), the effect is less obvious than

88
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for the sparse grids. In addition, MC type methods have an advantage of having all
positive weights which is favorable for optimization.

On the other hand, when the integrand is smooth the sparse grids allow to fully
exploit its smoothness. In addition, hierarchical sparse grids based on local polyno-
mials provide a natural framework for adaptivity allowing to detect more important
dimensions of the integrand and focus on the regions of irregular behavior. Unfortu-
nately, for high-dimensional problems with non-smoothness without careful problem-
dependent selection of the refinement criteria hierarchical sparse grids spend still
spend too many points making them ineffective and inapplicable. Some attempts to
mitigate this drawback have been made recently, such as high-dimensional disconti-
nuity detection [84], which might be worth exploring. Another potential direction for

exploration is the relation between sparse grids and tensor representations ([32, 27]).
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