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Abstract

Optimization of Shell Structure Acoustics

by

Sean S. Hardesty

This thesis analyzes a mathematical model for shell structure acoustics, and de-
velops and implements the adjoint equations for this model. The adjoint equations
allow the computation of derivatives with respect to large parameter sets in shape
optimization problems where the thickness and mid-surface of the shell are computed
so as to generate a radiated sound field subject to broad-band design requirements.

The structure and acoustics are modeled, respectively, via the Naghdi shell equa-
tions, and thin boundary integral equations, with full coupling at the shell mid-
surface. In this way, the three-dimensional structural-acoustic equations can be posed
as a problem on the two-dimensional mid-surface of the shell. A wide variety of shapes
can thus be explored without re-meshing, and the acoustic field can be computed any-
where in the exterior domain with little additional effort. The problem is discretized
using triangular MITC shell elements and piecewise-linear Galerkin boundary ele-
ments, coupled with a simple one-to-one scheme.

Prior optimization work on coupled shell-acoustics problems has been focused
on applications with design requirements over a small range of frequencies. These
problems are amenable to a number of simplifying assumptions. In particular, it is
often assumed that the structure is dense enough that the air pressure loading can be

neglected, or that the structural motions can be expanded in a basis of low-frequency



iii

eigenmodes. Optimization of this kind can be done with reasonable success using a
small number of shape parameters because simple modal analysis permits a reasonable
knowledge of the parts of the design that will require modification. None of these
assumptions are made in this thesis. By using adjoint equations, derivatives of the
radiated field can be efficiently computed with respect to large numbers of shape
parameters, allowing a much richer space of shapes, and thus, a broader range of
design problems to be considered. The adjoint equation approach developed in this
thesis is applied to the computation of optimal mid-surfaces and shell thicknesses,
using a large shape parameter set, proportional in size to the number of degrees of

freedom in the underlying finite element discretization.
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Chapter 1

Introduction

1.1 Motivation

The aim of this work is to perform shape optimization of elastic shell structures with
respect to acoustic characteristics. There is a wide variety of applications for such a
technique, which may be divided into two general categories.

The first comprises applications where mechanical, and not acoustic, character-
istics are of primary importance. Shell structures are useful in such situations, for
when a shell supports a load through membrane stresses, it can be very stiff for a
given mass [24]. Example applications include the desigh of automobiles [91, 93], and
buildings [1]. These are interior domain problems where the basic shape of the object
in question is already determined by mechanical considerations, and it is of interest to
see whether noise can in some sense be reduced by modification of the shell geometry
without undue addition of mass.

The second category, on which this work is focused, includes applications where
acoustic characteristics are of paramount importance, such as the design of loudspeak-
ers [40] and musical instruments [66]. Here, the main consideration is the radiated
acoustic field, potentially into an unbounded domain. Several techniques for char-

acterization of the radiated field are discussed in [41], but as both aforementioned
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Figure 1.1: Acoustic transfer functions of Douglas Martin’s balsa violin #4 and a

violin by Barbieri, as measured by George Bissinger.



Figure 1.2: Coupled problem geometry. The domain 2~ has one “thin” dimension.

The response due to spatially localized loading f is measured at the far-field point x*.

classes of applications often make use of point-response measurements, which are
relatively easy to measure via experiment, I choose to consider optimization of the
acoustic transfer function produced by a spatially localized time-harmonic driving
force. In general, the performance of the structure is measured over a broad range
of frequencies, e.g., for the violin transfer functions shown in figure 1.1. In the next

section, the prototypical problem is formally stated.

1.2 Coupled Problem Definition

Consider the Lipschitz domain 2~ shown in figure 1.2, with boundary I, and outward
normal vector n defined almost everywhere. The exterior domain is Q7 = R3\ Q.

In the following, Latin indices range from 1 to 3.



The equations of linear elasticity for the displacement u : = — R? are

puy =V - 0 in 7
o=H :e(u) in Q°
o-n=h onT,

where
e p: Q0 — RT is the density of the elastic material,
o Hr : 0~ — R are the Cartesian components of the constitutive tensor,
e 0;; : {17 — R are the Cartesian components of the stress tensor,

o c(u); = % (O;u; + Oju;) are the Cartesian components of the symmetric gradient

or strain tensor,
e and h; : [’ — R are the Cartesian components of the boundary traction.

The acoustic wave equation (with Neumann boundary conditions) for the velocity
potential ¢ : QT — R is
1 8290 . +
22-'—8"1{2— - A(p =0 in ©
Onp =g on T,
where
e ¢ > 0 is the speed of sound in the acoustic medium,
e po > 0 is the density of the air,

e and ¢; : [' — R are the Cartesian components of the prescribed normal velocity.

The elastic boundary traction A is the sum of a driving force f, and the acoustic

pressure load: since fluids do not support shear stresses, the force per unit area of



the air on the elastic body is purely opposite the surface normal, and is equal to the
pressure p = —pgy, so that
h = f + popen.
The acoustic normal velocity g must match the elastic normal velocity:
g = O - n.

By assuming time-harmonic solutions proportional to exp(—iwt), with w = ¢k and

inserting the definitions of g, h, the following coupled equations for u, ¢ are obtained:

—w*ou=V_-o in 27 (1.2.1a)
o=H:e(u) in Q° (1.2.1b)
o-n=f—iwpopn onT (1.2.1c)

Opp = —iwu - n onT (1.2.1d)

A + K2 =0 in QF (1.2.1e)
)

|V z/|z| — irg| =0 (1/|z]?) as |z| — oo. (1.2.1f

For a unique solution to the Helmholtz problem, it is also necessary to assume that
 satisfies the Sommerfeld radiation condition (1.2.1f).
The response is measured at a point z* € 7, ie., given a solution u,, ¢, to the

above problem at frequency w, the transfer function is defined as
Tr(w) = lpw(@)|/l follr-
Minimization over some admissible set of domain shapes I',q
foin || Te — 77, (1.2.2)

yields a shape I' with a transfer function Tt close to the desired transfer function
T*. Choice of the norm in which the difference Tt — T™ is measured is clearly an

important issue.



1.3 Prior Work

The question of how to model (1.2.1) now arises. The essential considerations are as

follows.

e The domain 2~ is “thin.”
e The exterior domain % is unbounded.

e The acoustic field need only be known at the measurement point z*.

These suggest the use of boundary integral equations (§4.3) for the acoustic equations,
in conjunction with shell models (§3.2), or when the middle-surface is flat, plate
models (§2.2), for the elastic domain. The whole coupled three-dimensional problem
can then be elegantly formulated on a two-dimensional reference domain, removing
the need for re-meshing during optimization so long as the design changes are not
too large. The boundary integral equations yield solutions exactly satisfying the
Sommerfeld radiation condition (1.2.1f), without the need for artificial truncation
of the exterior domain, and naturally lend themselves to point-measurement of the
external field via an exterior representation formula.

However, the use of these modeling assumptions introduces some problems.

e The boundary integral equations for the exterior Helmholtz problem involve
singular kernels that complicate the analysis and the implementation of finite
element methods: The boundary element method (BEM) matrix assembly rou-
tines must deal with integration of the kernels, and result in dense, complex-
valued matrices. For larger problems, it is necessary to use iterative solvers
and sophisticated techniques such as fast multipole methods [46], FFT-based
methods [34], or heirarchical block decompositions [105] in order to achieve

reasonable speed.

e The formulation of shell and plate models reduces 3d elasticity to a 2d problem

via a kinematic assumption suitable for small thicknesses. But as the thickness



becomes small relative to the dimensions of the shell or plate, discretizations
can behave very badly if the finite element spaces are not carefully chosen
in cognizance of the small-thickness asymptotics. This phenomenon is known
as “locking.” It can be encountered in both simulation and optimization of
plates and shells, independent of any coupling. For small thicknesses, the linear
systems can also become poorly conditioned, and care must be taken to avoid

rounding errors in the assembly procedure.

e For coupled problems, there is typically a substantial disparity between the
speed of plate bending waves and acoustic waves (see §2.7). It is useful to be
able to consider meshes with rather different length scales, as is done by [63]
with mortar elements. However, this complicates the implementation of the

coupling, and the solution of the resulting linear systems.

In this section, a review is undertaken of prior work involving modeling and opti-
mization of (1.2.1) using boundary integral equations and shell or plate models. Also
mentioned is work on optimization of plates and shells without acoustic coupling,
as these raise important issues to be considered in the context of the fully coupled

problem.

1.3.1 Coupled Modeling

A review of coupled elastic-acoustic systems can be found in [82]. Mariem and Hamdji
[95] solved (1.2.1) using the Kirchhoff plate model and the hypersingular integral
equation (4.3.14). Existence and uniqueness of the solutions is not discussed, but
several numerical results are given, which are compared with analytic solutions.
Such modeling has since become considerably more sophisticated, as in the work
of Gaul and Fischer [62, 63], who also coupled Kirchhoff plates to acoustics, but added

several important features:



e Mortar element coupling allows different length scales for the elastic and acous-

tic meshes;
e Fast multipole methods for solution of boundary element systems;
e Development of iterative solution techniques.

In [67] and [16], the coupled problem is formulated in the time domain.

Modeling of curved shells coupled with boundary integral equations has been done
in the context of optimization. In [42], a conical structure is considered, however
the optimization parameters are the weights of concentric ring masses, so the shell
geometry is unaltered. In [91], optimization of the more general shell shapes of an
automobile dashboard is considered. These papers are discussed in more detail in the

section on coupled optimization.

1.3.2 Mechanical Optimization

There has been significant work on optimization of plates and shells without acoustic
coupling. The addition of acoustics does appear to detract from the importance of
the basic issues involved in such optimization: the choice of function spaces for the
admissible shapes and objective functionals that guarantee the existence of optimal
solutions, and numerical locking under discretization.

The thickness distribution of the plate is often chosen as an optimization variable.
Under this framework, static characteristics of the plate are optimized in [75, 76],
while optimization of vibrational frequencies was considered for plates in [84] and for
shells in [37]. Instead of the thickness, the optimization variables were chosen in [17]
to be the material parameters.

Optimization of plates and shells is done in [11}, while the papers [36] and [24]
focus on optimization of shells and the so-called locking issue in particular. Sprekels
et al. also formulate shell optimization problems and consider existence of solutions:

[6, 7, 107],[99, Ch. 6].



1.3.3 Coupled Optimization

Excellent review articles on the full coupled problem are [41] and [92].

The first of these, [41], discusses several potential choices of exterior objective
functions, namely energy flux (the acoustically radiated power), directivity (integral
quantities relative to some benchmark), and the amplitude at some set of points. The
differential dependence of acoustic properties on structural design parameters is given
the name “acoustic sensitivity.” Another article by the same authors, [42], focuses on
example problems for axisymmetric structures. Various numerical methods are used.
They are validated on the test problem from [3]: a clamped circular plate in an infinite
domain. In [40], these techniques are applied to shape optimization of a loudspeaker
diaphragm. The optimization is done using finite differences and sequential linear
programining.

In the second review article, [92], Marburg reviews the theory of the coupled
elastic-acoustic problem, and discusses a “semianalytic” method for calculating ob-
jective function derivatives, in which some terms are computed using numerical finite
differences. The application is optimization of the transfer function in a car body

from an engine mount to the driver’s ear. A variety of assumptions are made:

e Geometry modification is small relative to acoustic wavelength;
e Geometry modification is small with respect to the shell dimensions;
¢ Geometry modification is primarily in the surface normal direction;

e Geometry modification does not affect forcing.

These assumptions eliminate the dependence of various parts of the equations on the
parameter set. Marburg points out that in general, quite different length scales may
be needed for the elastic and acoustic meshes. The function to be optimized is of the

form

—— [ et a,

w — .
max ™ Wmin min
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where p is the transfer function, and ® is a weighting function designed to ignore
“valleys” in the objective function, and seek improvement by working primarily on
the peaks. The strategy is to combine random searches for an initial parameter set
with a gradient approach to find local minima. Marburg subsequently wrote a paper
[91] discussing the application of [92] to the design of a vehicle dashboard. There
is a great deal of manual tweaking done during the optimization process, and the

following additional assumptions are made:
e Air pressure does not drive the body (steel is dense relative to air);
e Structural motions are expanded in terms of a few calculated eigenmodes.

Apparently based on this experience, Marburg and Hardtke wrote two more papers
entitled “A general concept for design modification of shell meshes in structural-
acoustic optimization,” T and II. The first of these, [94], emphasizes that there is
real practical difficulty if the mesh is directly modified by the optimization scheme,
and that there needs to be a way to search a smaller parameter space. The mesh is
divided into a modification domain, and its complement, which remains unchanged.
In the modification domain, local “modification functions” are parametrized by only
a few variables. The second paper, [93], applies these techniques to a floor panel in a
car. They find that even with all these assumptions, the technique is still expensive:
while it took 5000 function evaluations to drop the objective function by 1.5dB, it
took about 50000 (three months’ calculation time) to drop it by 2dB.

1.4 This Thesis

Given how expensive it is to solve shell-structure optimization problems without
derivative information, it is natural to ask why existing work such as [42, 91, 64]
has never used adjoint equations. The closest thing I have found is the paper by

Sigmund et al. [117], in which adjoint equations are used in the context of topology
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optimization for a fluid-acoustics problem: density and elastic parameters are used
as variables to differentiate between the solid and fluid regions. But this approach
is so expensive that it is done only in two spatial dimensions, and with a bounded
domain.

It appears that the primary difficulty is that the use of adjoint equations requires
considerable knowledge of the workings of the finite element codes, which are them-
selves quite complex: the development of practical and reliable finite element methods
for shell and for boundary integral equations have been active areas of research for
over 30 years. For a practitioner who only uses finite element codes written by others,
just the implementation would be a daunting task.

I am not aware of any work prior to this thesis in which the basic issues related to
well-posedness of the model problem involving shells and boundary integral equations
are considered, or in which the adjoint equations for this coupled problem are worked
out.

In this work, I formulate the coupled problem using a shell model in place of
3d elasticity, and boundary integral equations for the acoustics, and prove a well-
posedness result for the problem (theorem 5.3.2). Iimplement boundary elements and
shell elements, and their shape derivatives, with a simple one-to-one coupling scheme
intended to make the implementation as simple as possible. Finally, I formulate the
adjoint equations for the coupled problem, with theoretical justification for smooth
surfaces (theorem 5.4.1), and discretize them using the above finite elements, so that
shape derivatives can be computed efficiently. I then use gradient-based optimization
to improve the transfer function via changes in the shape of the structure.

In the following chapters, a review is undertaken of Reissner-Mindlin plates,
Naghdi shells, and boundary integral methods, including shape derivatives of the
shell and boundary integral operators. Then, the coupling and the optimization
problem are presented. Details of the finite element implementation are discussed in

the appendices.



Chapter 2

Simulation and Optimization of

Reissner Mindlin Plates

2.1 Introduction

In order to formulate the coupled problem (1.2.1) with shell models and boundary
integral equations, and further, to discretize it effectively, much background work
is required. It is sensible to begin by focusing on a simpler problem - that of the
Reissner-Mindlin plate, which, without the complicating geometric factors involved in
shell models, nonetheless serves to illustrate many of the issues that will be important
later.

The Reissner-Mindlin plate model results from kinematic and geometric assump-
tions applied to standard three-dimensional elasticity. The transition to shells in §3.2
then requires only a relaxation of these assumptions. In both cases, it is possible to
model a thin three-dimensional body with equations on a two-dimensional coordinate
system.

Unfortunately, displacement-based discretizations of the Reissner-Mindlin equa-
tions yield poor convergence behavior as the thickness ¢ becomes small relative to the

characteristic size of the domain y. This foreshadows a similar problem that exists

12
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/ x+u(x)

Figure 2.1: In general 3d elasticity, the point at  moves to x + u(z), deforming the

domain €.

with the Naghdi shell model. In the case of the plates, reliable and mathematically
sound finite element methods have been developed. For the numerics, the focus is on
the Mixed Interpolation of Tensorial Components (MITC) method first described in
[13]. Numerical examples are presented in §2.6.1.

At the end of the chapter, mechanical junction conditions for plates are discussed
in §2.5. The final section is a brief calculation of bending wave speeds in Reissner-
Mindlin plates, which gives some indication as to mesh scale requirements for dynamic

plate problems.

2.2 Derivation of the Reissner-Mindlin Equations

In this section the Reissner-Mindlin plate equations are derived from the equations
of 3d linear elasticity. See, e.g., [28, 44, 51].
In linear elasticity, a point z € Q@ C R3? is displaced by u(z) (see Figure 2.1).

The symmetric stress tensor o is linearly related to the symmetric strain tensor (the
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symmetric gradient of the displacement)

(Vu(z) + (Vu(z))")

DN | b=

e(u)(z) =
through tensor contraction:
o(z) = H : e(u)(z).

The fourth-rank constitutive tensor H contains the elastic constants. In particular,

for homogeneous isotropic materials, it is given by

. E - g Ev
ikl 61k5]l 5zl5ﬂc
1 (0507 + 5+ Ay — o)

§96M, 45k, 1=1,2
2(1+l/) Y Z]’ Y 3 731

where E and v are respectively the Young modulus and Poisson ratio and §¥ is the
Kronecker delta.

Let Ty UT'; UTk be a partition of Q with meas(T'y) > 0. The portion I'y of the
boundary is clamped, while boundary traction h is applied to 0I';. The portion I'g

is free. For body forcing f, the equilibrium equations are

—dive =f in
o=H :e(u) in

u =0 on I'y
o-n=h on I'y
c-n=0 on I'p.

The equivalent weak form is to find
uely={ue H(Q)® : u=00nTo}
such that

/Q(H(a:) ce(u)(z)) : e(v)(x)dz = /Qf(a:) -v(z) dzx —+—/ h(z) - v(z)dl'  (2.2.1)

I

for all v € Up. For more discussion of 3d elasticity see, e.g., [43].
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—

Figure 2.2: Reissner-Mindlin further assumes that the material line normal to the

plate surface is displaced by z(z), and rotates by 6 = (6;(x), 02(x)).
Next, the Reissner-Mindlin equations are derived from (2.2.1). The following
notational conventions are used.

Notation. The following notational convention is used. Latin indices i, j, etc., take
their values in the set {1,2,3} while Greek indices «, 3, etc., take their values in the
set {1,2}. Furthermore, Einstein summation convention is used: repeated appearance

of an index in an equation implies summation over that index.

Assumptions of the Reissner-Mindlin Model.

e Geometry. The domain (2 is assumed to have one thin dimension. Let Qg C R?

be bounded, and ¢ : Qy — (0,00). The domain €2 is then
Q= {(1’171'2,1'3) eR3 : (Il,xg) €y, 3 € [—t(.Il,xg)/z,t($1,l’2)/2]} .
The domain €, is called the middle surface.

¢ Kinematics. The displacement u : Q — R3 takes the specific form

w(xy, 2, 23)

= (21(56’1,272) — O1(z1, 22) 23, 22(21, 72) — 92($1,$2)$37Z3($1>$2))' (2.2.2)

The rotation angles # = (0, 6;) and the vertical displacement z = (z1, 29, 23)
depend only on the middle-surface coordinates (z1,2z2) € €. The state of
a Reissner-Mindlin plate is then described by U = (6,z). The state space

for the rotation angles 6 is a subspace of H!'(2)? and the state space for the
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vertical displacement z is a subspace of H'(Q)®. These subspaces depend on

the boundary conditions and will be specified in §2.3.

The test functions v take the form

'U(.Z'l, T2, .'L'3)

= (’!/1(1'1,1132) - "71(301,962)233,?/2(331,%2) - 772(9017162)553,93(351,I2))- (2~2-3)

The model trades the integration over the thickness in (2.2.1) that would be
required in three-dimensional elasticity for the assumed kinematics of (2.2.2),
which imply that a material line normal to the plate is displaced in the normal
direction by a distance z3, and executes a rotation with components 6,. The

in-plane motions are given by (2, 22).

Note that this allows transverse shearing of the plate, as in general, Reissner-
Mindlin does not assume that e,3(u) = 0, or as shall later be shown to be
equivalent, that 8 = Vz;3, i.e., fibers initially normal to the plate need not stay
normal to the surface of the deformed plate. Although the material line in
Figure 2.2 is shown nearly perpendicular to the deformed middle surface, it is

accorded the freedom to rotate independently.
e Mechanics. Stress is planar, i.e., 6% = 0.

With these assumptions, the elasticity equation (2.2.1) can be rewritten.

Since H333« = [J3e8* — () the stresses can be written

0% =HOPMg, 4 F{ofSSey, (2.2.4a)
o =2H*Beq,, (2.2.4b)
033 =H33aﬁeaﬂ + H3333633. (2.2'40)

The planar stress assumption 033 = 0 implies via (2.2.4c) that

H33aﬁ
€33 = —Weaﬁ.
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Plugging e back in to (2.2.4a) yields

H33A,u
oo :HO‘B’\“e,\u — H833 75 S
The reduced constitutive tensors are defined via
B B Ha,BBB H33/\p
C =H T [y3333
=—-—2(1€_ ” <5°"\5ﬂ“ + §ergPr - 2yuéaﬁ(5’\“> )
Da)\ =4Ha3/\3 — 2F 6a)\’
(1+v)
so that
1
o™ = C*Me,, and o™= 50% 23- (2.2.5)

Thus, the contraction between stress and strain tensors is written

o (u)ei; (v) =0 (u)eqs (v) + ga3(u)ea3(v) + aSa(u)ega(v)/Jr o33 (u) es3(v)

~~
=20%3eq3 =0

=CMeyg(v)eru(u) + D eqs(v)ers(u).

The in-plane terms can be expanded as

E 2v
A
CoPMey, (u) ~3i+0) (830 + 5ﬁ5m)exu(ul+1 — 0°78V ey, (u)
eap(U)+epa(u)=2eqs(u) (tr e(u))o?
_F v op
=T+ (eaﬁ(u) t1o V(tr e(u))d ) ,

corresponding to the the operator L, which takes any second-rank tensor 7 to
Lt =D[(1—-v)r+vtr(r)], (2.2.6)

with the elastic constant
E

1=

In order to plug (2.2.2) into (2.2.1), the strains

(2.2.7)

1 1 1
enp(u) :5(8aug + Opug) = 5(804:55 + 0gzq) — x3§(8a0g + 9364), (2.2.8a)

1 1
€a3 () =5 (Batis + Ostta) = 5(0azs — ba) (2.2.8b)
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must be computed. If
zZ= (Zla 22)
and
1

g(z) = 3 (VZ(z1,22) + (VZ(21,72))7) € R**?,

then the strains in (2.2.8a) can be written as

(eas(u)), o1, = €(Z) — 238(0). (2.2.8¢)

The variable § and the strain &(y) are defined analogously.

By use of (2.2.5) and (2.2.8), the left-hand side of (2.2.1) can be written as
[ @) etw)e) - ew)(a) ds

= /Q %(Léw) :&(n)) + t(Le(2) : &(f)) + tA(Vzs — ) - (Vys — n) d(z1, 22), (2.2.9)

where L is defined in (2.2.6) and the elastic constant A is given by

Ek

Here the dimensionless number 0 < k < 1 is called the shear correction factor, and is
used to compensate for the fact that in an actual plate, the transverse shear eqs(u)
cannot really be constant through the thickness, but must vanish on the faces [39, p.
90].

Consider now the right-hand side of (2.2.1). Suppose that f applies no torque

(moment) to the middle surface €2, i.e.,

t(z1,22)/2
/ (O’Oa$3) X f(mlaxZax?)) d.’l?g = 0
~t(x1,22)/2

This implies that

t(x1,22)/2 t(z1,22)/2
/ z3fi(z1, 22, 13) drg = / z3fo(x1, 22, 23) dzg = 0.

—t(.’zl,:l:z)/2 —t(zl,:rz)/2

The resultant pressure on the middle surface is defined as

t(z1,z2)/2
p(r1,22) = / f(x1, 79, 73) dirs.
—t{z1,22)/2
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Therefore, for v given by (2.2.3),

t(m1,x2)/2
/ frvdx =/ / fiyi — fimas + foyo — famexs + fays dzsd(z1, z2)
0 o

—t(z1,22)/2

=/ p-yd(zry, z2). (2.2.11)
Qo

To rewrite the integral in (2.2.1) involving A, the boundary of the plate must be

more precisely specified. The edges are given by
I'g = {x €ER® : (z1,23) € 0, 13 € [—t(ml,mg)/Z,t(azl,xg)/Q]}.

The faces are assumed to be free, and that the forced and clamped parts are purely
on the edges, i.e.,

Fyul'; CTg.
The intersections of these with the middle surface are written
Yo =T N Q71 =T N Q.
These regions are further assumed not to overlap, i.e.,
Yo Ny =0.

For (z1,z7) € 71, the resultant of h is defined via
t(m1,m2)/‘2
T(x1,22) = / h(z1, z2, x3) dzs. (2.2.12)
—t(z1,x2)/2
Let n € R3 and 7 € R3 be the unit normal and unit counter-clockwise tangent vector,

respectively (n x 7 = e3 = (0,0, 1)) with components

The boundary moment of h is

t(z1,z2)/2
M =/ T3eg X hd.T3,

t(z1,x2)/2
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given by components

t(r1,22)/2
M (zy,29) = — / z3h, dxs, (2.2.13a)
—t(z1,22)/2
t(z1,22)/2
MT(:E],xQ) :f $3hn dl‘g, (2213b)
-t(zl,xz)/Z

with
h = h,n + h.7 + hses.

Thus, for v given by (2.2.3),

t(x1, CL‘Q)/2
/ h-vdzx / / hsys + (h’fT + h’nn) ’ (yl — T3, Y2 — 1223, 0) d553d($1, 332)
Y1

t(z1,22)/2

/ Tos + My, — Moy d(zy, 22) (2.2.14)
g

o

with
Mn = TN + M2Na2, Ty = MT1 + N2T2.

Now the Reissner-Mindlin equations can be derived from (2.2.1). The state space
for the rotation angles # is denoted by R and the state space for the vertical re-
placements z is denoted by V. In particular, R is a subspace of H*({}y)? and V is a
subspace of H'()®. The notation V; indicates the space for the ith displacement
component, which is a subspace of H(£)y). The precise definition of these spaces
depends on the boundary conditions applied. The spaces will be specified in §2.3.

Combining (2.2.9) with (2.2.11) and (2.2.14), (2.2.1) can be written as follows:
Find (0, z) € R x V such that

[ 55 (Ee0) - e(a)) = (L&) : e3) + A(Tas = 0)- (Vs = ) dls )

= / pyd(zy,za) + / Ty + Myn, — My, d(z1, z2) (2.2.15)
Qo

m
for all (n,y) € R x V.
Thus, (2.2.15) decouples into an in-plane and an out-of-plane problem. In fact,

recalling that z = (21, z2), ¥ = (y1, y2) and setting § = (y1,y2) = (0,0), then (2.2.15)
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reduces to the following problem. Find (6, z3) € R X V3 such that
t3
[ £5(26(0) ) + tX(Vz = ) (Vs =) d(os, 22 (22.160)
Qo
= / p3ys dT + / Tsys + Mpn, — Mon, d(zq, z2) (2.2.16Db)
Qo M

for all (n,y3) € R x V3.
If n = (0,0) and y3 = 0, then (2.2.15) reduces to the following problem. Find
zZ= (217 22) eV XV, such that

/Q HLEE) : 2(7)) d(z1, 72) (2.2.17a)
:/ PaYa dl‘—f—/ Toya d(z1, T2). (2.2.17b)
Qo "

The strong form of (2.2.15) is

(—tV - Le(2))a = Da in Qy, (2.2.18a)
—AtV - (VZg - 9) = P3 in Qo, (2218b)

3
(—%v . Le(6) — M(Vzg — e)) —0 in (2.2.18¢)

plus boundary conditions. This can easily be checked via integration by parts and
addition of the equations. See §2.3 for more details. Equation (2.2.18c) balances the

torques applied by f, which have been assumed to vanish.

2.3 Existence and Uniqueness of Solutions

Recall the Reissner-Mindlin equations, derived in §2.2. The domain Q¢ C R? describes
the mid-surface of the plate and ¢ : €y — (0, 00) is the thickness of the plate. Since the
Reissner-Mindlin equations describe the displacement of the plate through functions

defined on the midsurface, the coordinates are written

T = (551,562)
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from now on in this chapter. As before 6 : 3 — R? denotes the rotation angles
and z : €y — R3 denotes the mid-surface displacement. However, the notation
Z = (21, 29) is still used to indicate the in-plane displacement components. In §2.2, it
was necessary to differentiate between the strain e for the displacement in 3d elasticity
and the strain € arising for functions defined on . Since from now on only functions
on )y are considered, the ~ can be removed from e: for the vector-valued function

9 : Qy — R?, the notation

6(0) = (Vﬁ(:c) —+ (VG(;U))T) c R2%2

N | —

is used.

Recall also the elastic constants

E Ek
D=—"" A= _ 3.1
1—v2’ A 2(1+v)’ (23.1)

where F and v are respectively the Young modulus and Poisson ratio and the dimen-

sionless number 0 < k£ < 1 is the shear correction factor. The operator L takes any

second-rank tensor 7 to
Lt =D[(1-v)r +wvtr(r)]. (2.3.2)

See (2.2.6), (2.2.7), (2.2.10).

2.3.1 The In- and Out-of-Plane Problems

The Reissner-Mindlin equations specify the rotation angles 6 and the vertical dis-
placement z as the solution of two decoupled systems of PDEs. The out-of-plane
problem determines 6 and z3. The in-plane problem determines Z = (z1, 22). First,

the out-of-plane problem is stated.
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2.3.1.1 The Out-of-Plane Problem

The strong form of the out-of-plane problem is given by

-V - (Vzg — 0) = p3 in Qy, (2.3.3a)

3
("%V ' Le(()) — /\t(VZ;g — 9)) =0 in Qo, (233b)

plus appropriate boundary conditions, which will be discussed later.

To formally derive the weak form of (2.3.3), the equations are multiplied by test
functions y3 and 7, respectively, integrated over 2, and integrated by parts. If n € R?
denotes the unit normal vector on 9€)y, then

/ M(Vzg — 0)Vys — psys do = / M (Vzz —0) -nysde,
Qo

(51974}
3

3 t
/QO 5 Le(9) : e(n) dz — /QO A(Vzs —O)ndr = /690 1 (Le(0) n) - ndz.

Adding both equations leads to

/Q o {-5 Le(8) : e(n) dz + /Q 0 At(Vzg — 0)(Vys —n) dx

t3
:/ p3y3dm—i—/ At (Vzz —0) -nys + — (Le(0)n) - ndx
o % 12
(cf.,, (2.2.16)). Using
n=mn.n+mn7, wheren,=n-nandn, =n-T7,

the right hand side in the previous identity can be expanded to obtain

/QO i—2 Le(8) : e(n) dx + /ﬂo M(Vzz — 0)(Vys — n)dzx (2.3.4a)

3 3

+ / A (Vzz3—0) -nys + = (n- Le(8) n)n, + z (1- Le(8)n)n, dz. (2.3.4b)
o0, 12 12

A useful discussion of boundary conditions can be found in [72]. Let n,7 € R? be

the unit normal and the unit counter clockwise tangential vector to Q. The paper
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[10] considers the homogeneous boundary conditions

8§=0,23=0 (hard clamped) (2.3.5a)
0 n=1-Le(0)n=23=0 (soft clamped) (2.3.5b)
-7T=n-Le(f)n=23=0 (hard simply-supported) (2.3.5¢)
n-Le(@)n=r71-Le(@)n=23=0 (soft simply-supported) (2.3.5d)
n-Le(@)n=r71-Le(@)n=(Vz —-60)-n=0. (free) (2.3.5e)

It is possible to specify different boundary conditions on different part of the boundary
and to specify inhomogeneous boundary conditions.
The different boundary conditions in (2.3.5) lead to different function spaces R, Vs

for 6 and z3. The function spaces are given by
R = Hy ()%, Vi= H} () (hard clamped)  (2.3.6a)

R={neH(Q)* : n-n=0o0n 00},
Vs = H} () (soft clamped)  (2.3.6b)

’Rz{nEHl(QO)2 : 'r;-T:()onaQO},

Vs = Hy () (hard simply-supported)  (2.3.6¢)
R =H(Q)* Vs= H}Q) (soft simply-supported)  (2.3.6d)
R =H'(Q)? Vs=H(Q) (free)  (2.3.6e)

For each of the boundary conditions listed in (2.3.5) and the corresponding spaces
specified in (2.3.6) the weak form of the out-of-plane problem is given as follows:

Find (0, z3) € R x V5 such that

t3
/ D Le(8) : e(n)dz + / M(Vz3 — 6)(Vys — n)dr = / p3y3 dz (2.3.7)
Qo Qg Q0

for all (n,y3) € R x V.

The bilinear form A; : (R x V3) x (R x V3) = R
3

A0, z3;m,y3) = /Q % Le(0) : e(n) dz —i—/Q M(Vzs — 60)(Vys —n)da (2.3.8)



25

is associated with the out-of-plane problem.
Inhomogeneous boundary conditions can be imposed as well. For example, con-

sider

n-Le(@)n=M,, 7 Le(@)n=M, 23=0

and the function spaces in (2.3.6d). The weak form of this problem is given as follows:

Find (6, z3) € R x V3 such that

3
/ = Le(0) : e(n) dz + / A(Vzg — 60)(Vys —n) dx (2.3.9a)
Qo 12 (974}
¢ ¢
= / pays dx + / — My + =M, 0, dz (2.3.9b)
. po 12 12

for all (n,y3) € R x V.
Existence and uniqueness results for (2.3.7) with some of the choices for function
spaces specified in (2.3.6) can be found, e.g., in [9, 50]. See also [28, § 6] and [61].

2.3.1.2 The In-Plane Problem

Recalling for convenience (2.2.18), the strong form of the in-plane problem is given

by
(—tV - Le(2))o = Pa in Qy, (2.3.10a)

plus some boundary conditions remaining to be specified. There could be clamping

over one or both components or some portion of the boundary, e.g.,

VI = Hy (), Vo= Hy(Qo) (fully clamped) (2.3.11)
VI = H3 (Q), Vo= HY(Q0) (z1 clamped) (2.3.12)
Vi =HY (Q), Vo= Hj(Q0) (29 clamped) (2.3.13)

The weak form of the in-plane problem is given as follows:

Find z = (21, 22) € V1 x V, such that

/ t Le(Z) : e(g)dz = / Y1+ P2y dz (2.3.14)
Qo

S
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for all § = (y1,y2) € V1 X Va.
The bilinear form By : (V; x Vo) x (V1 x V) = R

By(z1, 20591, 42) = / t Le(Z) : e(y) dx (2.3.15)
Qo

is associated with the in-plane problem, where z = (21, z2) and § = (y1, ¥2)-

2.3.2 Rigid-Body Motions and Coercivity

In order to establish existence and uniqueness of solutions to (2.2.16), it must be
shown that the Reissner-Mindlin bilinear form is bounded and coercive with respect
to the norm || - ||;,. At this point, it is necessary to make some assumptions about the
thickness function ¢. Assume that ¢, > 0 is a given constant. The set of admissible

thickness functions is
T= {t € L*(Q) : t(z) > b for ae. z € ﬁa} ,

with the norm
el =1 l| 2o 0)-

Boundedness follows easily from the following lemma.

Lemma 2.3.1 (Bounds on Strain Tensors) The following bounds on the terms

in (2.2.16) hold:

< CuI8l o)z 17l 1 (20)2

/Q Le(0) - eln) do

(Vzz = 0) - (Vys —n)dz

o

< Call(0, )l (m, )l

Proof: Straightforward application of the triangle inequality and Cauchy-Schwarz.
0
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Lemma 2.3.2 (Boundedness of A;, B;) For any t € L™(Qy), there exists C =
C(|It|Loo(g)) > O such that

[ AU V) <CIU IV [l
|B:(U, V)| <ClIUNu IV llee-

Proof: Write out the bilinear form and use lemma 2.3.1:

1400, 50,901 <G 0 gl s+ CoM 16, )l 1, ) e
<O (8, 2l )

The same argument works for the Le(z) : e(y) term in B,. The constant C is then

chosen as the larger of those from the A, and B; bounds. O

To show ellipticity, it is necessary to make some assumptions on the boundary

conditions.

Definition 2.3.3 (Rigid-Body Motions) (0,z) € U is called a rigid-body motion

if there exist vectors a,b € R3 such that

(Zl, 22) = (a1 - b3£132, as + b3(L’1) (2316&)
23 = as + bll'g - bgl‘l, g = (-‘bz, bl) (231613)

If (2.3.16a) holds, (0, z) is an in-plane rigid-body motion. If (2.3.16b) holds, (6, z) is

a transverse rigid-body motion.

The vector a is a translation; b is an infinitesimal rotation. It will be necessary to

exclude such motions from consideration in order to make (2.2.16) well-posed.

Lemma 2.3.4 (Rigid-Body Lemma) U = (6,z) € U is an in-plane rigid-body
motion if and only if e(z) = 0. U = (6,z) € U 1is a transverse rigid-body motion if
and only if e(8) =0 and Vz3 — 6 = 0.
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Proof:
1. If U is an in-plane rigid-body motion, then
e(z)11 = e(2)a2 =0,
and
e(2)12 = e(2)gn = %(4}3 +bg) = 0.
2. If U is a transverse rigid-body motion, then
Vizg — 0 = (=bg, by) — (=by,by) =0,
and e(f) = 0, as @ is independent of z.

3. Under the Reissner-Mindlin kinematic assumption for the plate, the three-

dimensional strain tensor components are given by
€ap() = €ap(2) — z3€a5(0)
1
€a3(U) = 5(V23 e 9)
€33 (U) = 0,

and therefore by assumption, e;;(u) is identically zero. It is shown in [43,
Theorem 6.3-4] that this implies the motion is a three-dimensional rigid-body
motion, i.e. that the three-dimensional displacement u(:) : Q¢ 3 z = (21, z2) X

[—t(z)/2, t(x)/2] — R3 takes the form
u(z)=a+bAz

for some a,b € R3, matching precisely the assumed form of the rigid body

motion for the plate.

The proof is not yet finished, as it was claimed that the transverse or in-plane
quantities could independently guarantee transverse or in-plane rigid-body mo-

tions. However, the components are entirely independent:

ay, ag, by ~ 01,0;, z3; b1, by, a3 ~ 21, 22.
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Therefore, to show that
e(d) =0,Vzz3 — 0 =0 = U = transverse rigid-body motion,

it can be assumed that the in-plane components z;, z; satisfy the in-plane rigid-

body hypothesis, and then use the 3d theory. Likewise, to show that
e(z) = 0= U = in-plane rigid-body motion,

it can be assumed that the transverse components 23, 8y, 05 satisfy the transverse

rigid-body hypothesis.

Lemma 2.3.5 (Coercivity of A, B;) If the choice of U = (R,V) excludes trans-
verse rigid-body motions, then there exrists a constant ci(tyy,) such that for every

Uel,
At(U, U) Z CIHU“U'

Likewise, if the choice of U = (R, V) excludes in-plane rigid-body motions, then there

exists a constant cy(tmm) such that for every U € U,
BAU,U) > elUu.

Proof: This argument appears in the more general context of Naghdi shells in [39,

Prop. 4.3.2]. O

Putting everything together, the following uniqueness result is obtained.

Theorem 2.3.6 (Solutions to (2.2.16)) IfU excludes rigid-body motions, then for
anyt € T, (2.2.16) has a unique solution U[t] = (0[t], z[t]).

Proof: Follows from lemma 2.3.2, lemma 2.3.5, and the Lax-Milgram theorem. O
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2.4 Finite Element Discretization of the Reissner-
Mindlin Equations

In this section, the finite element discretization of the Reissner-Mindlin equations is
discussed. It turns out that the discretization of the out-of-plane problem (2.3.7)
requires some care, whereas the finite element discretization of the in-plane problem
(2.3.14) is standard. Therefore, in this section only the finite element discretization
of the out-of-plane problem (2.3.7) will be considered: in particular, the development
of the MITC finite elements for the Reissner-Mindlin plate equations. A good survey
of finite element methods for the Reissner-Mindlin equations is given in [61].

For simplicity of the presentation, several additional assumptions are made:

e The boundary conditions are assumed to be clamped (2.3.5a). In particular,
R = H}{(%)? and V3 = H}(Q). It is not difficult to include other boundary
conditions listed in (2.3.5) through use of the spaces (2.3.6).

e The thickness ¢ is constant, i.e., ¢ € R, ¢ > 0. The presentation of the classical
error analysis done in [33] is much simpler than that of [74], in which the error

analysis was extended to the case of non-constant thicknesses.

e To ensure that the limit problem as ¢t — 0 is well-behaved, assume that the

loading p3 scales as
Ps = taga
i.e., as the plate gets increasingly thin, it is necessary to reduce the applied

force in an appropriate manner so as to retain a finite solution.

Define the bilinear forms

. = | T5(Le(0) : eln) o

b(7y, @) =/ v - pdz.
Qo
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The bilinear form (2.3.8) for the out-of-plane problem is now written as

A0, 23;m,y3) = t3a(c9, n) + Atb(Vzz — 8, Vys —n).

2.4.1 Naive FEM Approximation

By Theorem 2.3.6, the Reissner-Mindlin bilinear form is bounded and elliptic, and so
standard finite element methods can be applied to the problem. By Céa’s Lemma, if
Rr C R and V3, C V5 are used to discretize the rotation and displacement spaces,
the approximation error bound

16 — ‘9h“§11(90) + |l2zs — Z3h“%11(ﬂo) <G chig?feh {H9 - Cthvl(no) + |lzs — wh||§11(90)}

whrEVsp

is obtained. In the above estimate, the constant in the error bound has been labeled
(4, as it depends on the ratio of the ellipticity and boundedness constants of Ay, which
both depend on ¢. The trouble is that as ¢ gets small, this constant can grow so fast
that finite element discretizations using this approach are not useful in practice. See

Figure 2.3 for a numerical example.

2.4.2 Locking and the Kirchhoff Limit Problem
Under the assumptions of this section, the out-of-plane problem (2.3.7) becomes
a(0,m) + M *6(Vzs — 0, Vys — 1) = (9, Y3) 12(00)- (2.4.1)

This is equivalent to finding
-2

! ¢
reréel’él 5(1(0, 9) + )\——é—b(VZ3 - 9, VZ3 - 6) - (g, Z3)L2(Qo). (242)
23€V3

Intuitively, as t — 0, the solution should tend to obey § = Vz3, i.e. it will approach

the solution to the Kirchhoff problem

1
in=a(6, 0) — 2.4,
min a(9, 6) = (9, 28) 2c0), (2.4.3)
23€V3

s.t. 0= VZ3.
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Sinusoidal Pressure, Simply—-Supported
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Figure 2.3: In this figure, the L? error is shown for the problem described in §2.6,
for which an analytic solution is available. The finite element discretization uses a
uniform grid of MITC7 elements, but without making use of the reduction operator,
so that it is just a displacement-based scheme using six nodes per element for z, and
seven nodes for 6, (cubics restricted to be quadratic on the edges). The convergence

behavior quickly deteriorates as the thickness decreases.

This is discussed in detail in [10] (see also [61]). The solution to the Reissner-Mindlin
problem (2.4.2) with thickness ¢ by (6, z%), and the limiting Kirchhoff solution (2.4.3)
is denoted (6°,29).

The finite element problem corresponding to (2.4.2) is

1 t2
min —a(@h, Hh) + )\——b(VZ?,h — ‘9;“ v2’3h t 9h) - (g, Z3h)L2(QO).
0he7§h 2 2
23n€V3n

A well-behaved finite element discretization of (2.4.1) must use a space which contains

an approximation of (6°,2%). As t — 0, the solution tends to the best approximation
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in the finite element space to the Kirchhoff solution, which satisfies VzJ, = 6%. The
set

{(Gh, Z3h) € Rp X Vi, @ Vzg, = Gh}

must have enough degrees of freedom left to approximate the solution (8%, 29) to the
Kirchhoff limit problem. In the worst case, the set {(f4, z3n) € Rr X Vi, © Vazzp = i}
can contain only the zero function. In the case of clamped boundary conditions
(2.3.5a), it is not difficult to see that piecewise linear elements would have this prob-
lem: 69 must be zero on the boundary, and Vz3, would be piecewise constant, but
must match ). Thus, 67 = 0 and 29, = 0 in this case. In this case the computed
displacements (6%, 2%, ) becomes smaller than it should be. The finite elements are

said to overestimate the stiffness of the plate, hence the term “locking.”

6’}1 h— 20 ot
t—0 J } t—0
02 h—0 40

Figure 2.4: Desired convergence diagram. 6} is the rotation component of the solution

to the finite element problem with mesh size A, and thickness ¢.

h—20

6 » gt
t—0 ‘ } t—20
0 60

Figure 2.5: The worst-case scenario is exemplified by piecewise-linear elements, where

for fixed h, the finite element solution approaches the zero function as t — 0.
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2.4.3 The Mixed Form and the Helmholtz Decomposition

Locking-free finite element methods for (2.4.1) are based on mixed formulations. The

physically relevant quantity is the transverse shear strain
¥ = /\t-Z(VZ;g -0) €S,

which is treated as an independent variable. The state space for the shear term is
denoted by S, with dual space &’. For fixed ¢, since the components of § and z3 are
in H(£), it holds that S = L?(Q)?, and the problem (2.4.1) is equivalent to the
following: find (6, z3,7) € (R, V3, S) such that

a(8,m) + Ab(v, Vys — 1) =(9, ¥3) 12(q) (2.4.4a)
A2 (Vg — 0,9) 200 — (1, ¢)12(00) =0 (2.4.4b)

for all (n,y3,¢) € (R,Vs,S).

However, S = L?(€) is not the proper choice in the limiting case of small ¢: the
shear term can exhibit significant boundary layers ([10, §1]), and is unbounded in
L*(Q) as t — 0. Analysis thus requires more exotic function spaces. First, several

definitions.

Definition 2.4.1 For a scalar field p and a two-component vector field ¢ = (q1,¢2),
define

rot(p) = (O2p, —01p)
rot(q) = 01q2 — Oaq1-

Furthermore, define the spaces

H(rot; Q) = {n € L{"(Qo)2 : rot(n) € LQ(QO)}
Ho(rot; Q) = {n € L*(§0)* : rot(n) € L*(Q),n-7 =0 on 0%}

H ™ (div; Qo) =completion of C®(Qp)*w.r.t. || - || r-1(00) + | div- | r-1(00)-
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For fixed ¢, the shear term < is not only in L?() but also in H(rot; ), while as
t — 0, only
v € H™(div; Qp)

holds. In fact, H!(div; ) is known to be the proper Lagrange multiplier space for
the limiting case of the Kirchhoff plate [28, VI§5]. Thus, (2.4.4b) must hold, with

S = H(rot; Qo).
It holds that
(H(rot; QO)), = H~Y(div; Q).

See [28, VI§6] and [31]. The duality pairing between H(rot;$) and H~'(div;q)
ensures that the necessary inf-sup condition holds. While analysis of the limiting case
can proceed with S = H~!(div; ), the standard approach is to use the Helmholtz
decomposition. This offers a more precise error estimate, and provides the framework

in which the analysis of the MITC elements is possible. More detailed discussion

appears in [31]; see also [28, VI§6].

Theorem 2.4.2 (The Helmholtz Decomposition) Every v € H™!(div; ) can

be uniquely decomposed as
v = Vs + rot(q),
with s € H} (), q € L*($%)/R. Furthermore,

v € L*() & g€ H' (Q)/R
v € H(rot; Qo) € q € H*(Qp)/R
v € Hy(rot; Q) € q € H*(Q)/R and Vg -n =0 on 6.

Proof: See [32, Proposition VII.3.4] O
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For future reference, note that the spaces produced through application of the
Helmholtz decomposition to the list (2.3.5) of standard boundary conditions: the
boundary conditions and the regularity information in theorem 2.4.2 lead to the
following specific choices for the shear space S, and the space Q (corresponding to

the second component of the Helmholtz decomposition):
S = Hy(rot; ),
Q= {q€ H*(Q)/R : Vg-n=0on 0} (hard clamped) (2.4.5a)
S = H(rot; Q), @ = H*()/R (soft clamped) (2.4.5b)
S = Hy(rot; Qp),
Q={qe H*(NW)/R : Vg-n=00n09} (hard simply-supported) (2.4.5c)

S = H(rot; ), @ = H*(Q)/R (soft simply-supported).  (2.4.5d)

The expansion of (2.4.4) via the Helmholtz decomposition also requires the fol-

lowing lemma.

Lemma 2.4.3 (L%-orthogonality of the Helmholtz decomposition)
Let s € H}(Q0), g € H(rot; Q). Then

Vs - rot(q) = 0.
Qo

Proof: Approximate s with smooth functions and integrate by parts; the zero

boundary-condition on s ensures that the resulting boundary terms vanish. 0O

The decompositions of the shear term < and the test function ¢ in (2.4.4) are thus

written as

v =Vs + rot(q)

@ =Vr + rot(p).
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Making use of this decomposition, the system (2.4.4) becomes
a(8,m) + (Vs +rot(q), Vyz — 1) r2(05) =(9 ¥3) 2(5%)
(Vs +rot(g), Vr + rot(p)) 2 — At 2(Vzs — 8, Vr + rot(p)) 12(a,) =0,
which expands to become the following (to save space, the subscript L%(€)) on the
inner products is dropped)
a(0,m) + (Vs, Vys) — (Vs,n) + (rot(q), Viys) — (rot(q),n) = (9, ys)
(Vs,Vr) + (Vs,rot(p)) + (rot(q), Vr) + (rot(q), rot(p))
—A\t7%[(Vzs, V) + (Vz3,tot(p)) — (8, Vr) — (6, 10t(p))] = 0.
By lemma 2.4.3, this simplifies to
a(f,m) + (Vs, Vys) — (Vs, 1) — (rot(q), n) = (9, y3)
(Vs, Vr) + (rot(q), rot(p)) — M 2[(Vzs, Vr) — (8, Vr) — (8, 10t(p))] = 0.

The previous system decouples into the following problem:

Find (0, 23, s,9) € R x V3 x H} () x Q such that

(Vs, Vys) = (9, v3), Yys € Vs (2.4.6a)

a(6,n) — (Vs,n) — (rot(q),n) = 0, VneR (2.4.6b)
(rot(g), rot(p)) + M ~2(8, rot(p)) = 0, VpeQ (2.4.6¢)
M2[(Vzs, Vr) — (0, Vr)] = (g,7), Vr € HE(Qo) (2.4.6d)

for all (n,ys,m,p) € R x V3 x H3 () x Q.

The system (2.4.6) can be solved sequentially. First one can solve the Poisson
problem (2.4.6a) for s. The subproblems (2.4.6b)-(2.4.6¢) are like the Stokes problem,
but with a penalty term. Finally, given 8 one can solve the Poisson problem (2.4.6d).

Since the Helmholtz decomposition is unique, the following theorem has been proven.

Theorem 2.4.4 (Equivalence of the Helmholtz-Decomposed Problem)
Let (0,23) € R x V3 be the solution to (2.4.1). Then with (s,q) € xHi () x Q
chosen via the Helmholtz decomposition (theorem 2.4.2), (8, z3, s, q) solves (2.4.6).
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Likewise, if (0,23,5,q) € R x V3 x H}(Q) x Q s the solution to (2.4.6), then
(0, z3) solves (2.4.1).
The following regularity result is proven in [31, Prop. 2.4]. See also [61, Sec. 5].

Theorem 2.4.5 Let Qy C R? be a convex polygon. Assume that R, Vs, @ satisfy the
hard-clamped conditions (2.5.6a),(2.4.5a). If g € L*(Q), then (2.4.6) has a unique
solution (0, zat, ¢, gr) € R X V3x H} () x Q. Moreover the solution has the regularity
property (0:, zat, S, qt) € H*(Q0)? x H%(Q0)? x H?(S) x H?() and obeys

16:|mr2(00)2 + [ 23t |2 (020)2 + 8¢l Er20020) + Nt ll 1 (0) + el 2 (00) < CllgllL2(0)-

2.4.4 MITC Finite Elements

The MITC finite elements can be stated in terms of the original problem (2.4.1), but
their analysis requires the mixed form introduced in §2.4.3. MITC finite elements

discretize the displacement and rotation spaces

Rr CR,
Vs C Vs,

and incorporate the shear space Sp, C S into (2.4.2) indirectly via a so-called reduction

operator

Ry, : H(rot; Qo) — Sh.
Instead of using the naive discretization
a(fn, mn) + MT20(Vzan — Oh, Vyar — n)12(00) = (9, Y3r) 2(00)- (24.7)
for all n, € Ry, and all ys € Vs, the discretization
a(On, ) + At T2b(Ra(Vzan — 0n), Ra(Vysn — mh))r2@0) = (95 Y3n) 22(00) (2.4.8)
for all n, € Ry, and all y3, € V33, is used. Often it is assumed that

RpVysh = Vysr,  Vysp € Van.
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In this case (2.4.8) can be written as

a(fn, ) + At726(V sy — Rubn, Vysh — Bumn) 200) = (9, Y3n) 12(00) (2.4.9)

for all 77, € Ry, and all ygp, € V4.

If 6f € Ry, yi), € Vs is the solution of (2.4.9), then in the limit ¢ — 0 one expects
the condition

Vzy, — Rpf? =0

to hold. The introduction of the reduction operator introduces more flexibility and
allows the previous identity to hold for elements other than 29, = 0 and ¢ = 0. Thus
the reduction operator “unlocks” the elements by altering the discrete shear term.

According to Braess [28, p. 329], one of the primary reasons that the MITC
approach is favored is that it leads to positive definite matrices with fewer unknowns,
as it does not actually discretize the shear space. Another motivation is that the use
of a reduction operator in this situation has roots in engineering practice (see [32]).

Discrete versions of the spaces Q, and Hj(£)g) are also needed for the analysis of
MITC, which is based on a mixed formulation related to (2.4.6). Actually, the discrete
space Qp is used to discretize both @ and Hj(€). In the following discussion, the
clamped boundary conditions shall be assumed so as to simplify the exposition.

The assumptions on the spaces Ry, Vap, Sh, Qn, as well as the assumption on the

reduction operator Ry are given as follows (see, e.g., [30], [28, p. 302]).
(P1) VV3, C Sy

(P2) rotS, C Qp.

(P3) The inf-sup condition.

inf sup SOmLPR) _ gy (2.4.10)
pn€Qn nery |Mall1]Prllo

(P4) Let P, be the L2-projector onto Q. Then

rot Ryn = Pyrotn Vi € Hy ()2
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This is the “commuting diagram property,” related to the solution of elliptic
problems using mixed methods. It is described as “the pair Sy, Qp, is good for

elliptic problems” in [12].
(P5) If n, € Sy, and rot(ny,) = 0, then ny € V V.

It is shown in [33, Lemma 3.1] that MITC properties (P1),(P2),(P4),(P5) (n.b.,
the properties are not numbered the same in [33] as they are in these notes and many
earlier papers) lead to a discrete analog of the Helmholtz decomposition. See also,
e.g., [28, p. 303]. Condition (P3) is the standard inf-sup condition required to ensure
well-posedness of the Stokes problem (2.4.6b)-(2.4.6¢) (see [12]).

The application of the Helmholtz decomposition to the MITC weak form (2.4.9)

yields
(Vs, Vys) = (g, 1), Vys € Vay (2.4.11a)
a(&, 7’) - (VS’ Rhn) - (I‘Ot(q), Rhn) = 07 Vn S Rh (2~4~11b)
(rot(g),rot(p)) + M 2(Rx0,10t(p)) = 0, Vp € O (2.4.11c¢)
A 2[(Vzs, Vr) — (Raf, V)] = (g,7), Vr € Q. (2.4.11d)

This is analogous to the derivation of (2.4.6). Now, integrate by parts and apply
(P4), which shows that

(rot(q), Ran) =(g,rot(n))
(Rw8,10t(p)) =(rot(6), p).

Making these substitutions in (2.4.11b)-(2.4.11¢c), and further treating rot(p) as an
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independent variable «, with compatibility weakly enforced, (2.4.11) becomes

(Vs, Vys) = (9, ), Yys € Vap (2.4.12a)

a(f,m) — (Vs, Bpn) — (g, 10t(n)) =0, Vn € Ra (2.4.12b)
(rot(c), p) + At2(roth, p) = 0, Vp € Oy (2.4.12¢)

(a,8) — (g,r0t(d)) =0, V6 €Sy (2.4.124)
AtT3[(V 23, Vr) — (Rp6,VT)] = (g9,7), Vr € Qg, (2.4.12¢)

which, except for the presence of Ry, is equivalent to an ordinary weak formulation
of Reissner-Mindlin, in which rot(p) is treated as an independent variable, as above.
This introduces a consistency error relative to (2.4.1), but due to the properties of
the reduction operator Ry, it is possible to prove that even with the changes, MITC
still converges to the solution of the Reissner-Mindlin problem.

Error estimates are thus based upon the error in the two Poisson problems, and
in the penalized Stokes problem, and the result is quite complex: see [33, Thm. 3.2].
For problems with smooth solutions, the following error bound holds for the MITC7

element.

Theorem 2.4.6 (Error Estimate for MITC?7) Assuming that each component of
0,z,s,q from (2.4.11) is in H3(), the error bound

lz = 2l 5 o) 10 — Orll i aoy2 + |y — Yl a1 (00)

< CR* (|2l a3y + 101l acq0) + llallzrz o) + tllallzrs @o))-

holds.

Proof: MITC?7 uses a Raviart-Thomas reduction operator , allowing application of

the result [33, Cor. 3.1}, using “Family I” with k = 2. O

Additional error estimates can be found, e.g., in [33, 38, 61]. Results for non-

constant thickness functions can be found in [74].
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Figure 2.6: Convergence of the hard simply-supported plate described in §2.6 to an
analytic solution, cf. figure 2.3, which shows what happens in the same test case,
but with the reduction operator switched off, i.e., replaced with the identity. The
conditioning of the resulting linear system deteriorates as ¢t becomes small, and in
practice, it seems to be this factor which limits the range of problems that can be

solved accurately with the MITC elements.
2.5 Joints between Reissner-Mindlin Plates

In order to model structures composed of more than one plate or shell, it is necessary
to consider junction conditions, as is done in [53, 54]. They arise from limit problems
in which the thickness of joined 3d regions tends to zero, along with an appropriately
scaled loading. Networks of joined plates were modeled in [85].

Junction conditions between Kirchhoff plates at arbitrary angles were considered
in [21], using more of a modeling perspective, in which forces and moments (torques)
are matched at the plate junction. In this section, the results are extended to Reissner-

Mindlin plates.
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Figure 2.7: Plates occupying the domains Q, €, joined along a common straight
edge. They are endowed with the local coordinate systems eq, es,e3, and é;, €, €3,
respectively. It is assumed that —1 < e3-€3 < 1, i.e., that the plates do not lie in the

same plane.

In §2.2, the Reissner-Mindlin plate equations were derived using the Cartesian
coordinate system e; = (1,0,0)7,e; = (0,1,0)T,e3 = (0,0,1)7 and assuming that
the plate occupies the region {(zy,xa,x3) : (z1,22) € Qo,x3 € [—1/2,t/2]}. Now it
is necessary to represent the plates and their displacements in rotated bases. The first
plate has reference coordinates in €y C R? and orthonormal basis vectors ey, €2, €3,
while the second has reference coordinates in Qy C R? and orthonormal basis vectors

€1, 69, €3. Assume (see figure 2.7) the following:

e The plates occupy the domains

Q= {l‘iei : (.1'1,372) S Qo,$3 € [—t/27t/2]}’

Q= {i‘iéi D (Z1,79) € Q0,53 € [—5/275/2]};

respectively, and their displacements take the form

I~

(x) = (21(351,3?2) - 91(11317332)333)61 =+ (22(951,952) - 92($17$2)$3)62 + z3(1, T2)es,

W(E) = (51(F1, &2) — O1(F1, o) T3) €1 + (22(F1, T) — O2(F1, T2)3) 62 + Z3(T1, To)és.
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o 90 NI C R? is a line segment along 2; = 0; e; = &, i.e., the reference

coordinate sets intersect along x; = 0, and the new coordinate axes differ from

the old by a rotation about es.

The physical intersection is the straight segment I' along es:

FE{I‘iei : IEEQ, $1:0}={§71éz . :EEQ’ 51:0}

o —1 <ez-é3 <1,i.e., the plates do not lie in the same plane.

The vectors n, 7 denote the normal and counter-clockwise tangent on the boundary

of the first plate; n, 7 are the normal and counter-clockwise tangent vectors for the

second plate. The vectors e3 = n x 7 and é3 = N X 7 are normal to the middle surfaces

of the respective plates.

The Reissner-Mindlin equations (2.2.16) and (2.2.17) for the second plate, for

example, are now written as

and

/Q :—Z(Eé(é) L E(@) + NV s — §) - (Vs — 7) (31, 52)

= / Pala d(T1, T2) + / Taijs + Maiiz — Mz d(Zy, Z2).
o

Y

/@ H(Ee(2, 2) : (21, ) dlEr, 3)

:[ ﬁagad(ilaj2)+/ Taga d(ih'ié)'
Qg 5

T

The coupling requires a mechanical and a kinematic condition on I'. The mechan-

ical condition follows from Newton’s third law; moments M and forces T (see (2.2.12)

and (2.2.13)) across the junction must balance:

M+ M =0

T +T =0.
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Expressed in their local coordinate systems,

Mn+ 7'1=O7
M1 = =M = — (Mzit + M:7),
T+T=0

Since n and 7 point away from their respective domains,
M, = M, =0.
Let ¢ be the (infinitesimal rotation) vector satisfying
0 =01e1 + e = ¢ X e3.
The kinematic condition for a rigid hinge is that

Z=2zZpn + 2, T + z3€3 =Z=7Zin+ f’7~'+2353
¢.7-=¢.ff-,

The latter of these implies that

0n+ ﬁ,=07

i.e., that the angle between the plates is preserved during the motion.

To summarize, the coupling conditions are

T+T =0 (2.5.1a)
M, = M; =0 (2.5.1b)
M, — M: =0 (2.5.1c)

z—%=0 (2.5.1d)

0, + 65 =0. (2.5.1¢)

Upon addition of the weak forms for the two plates and insertion of the conditions
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(2.5.1), the coupled weak form

A8, zm,y) + A0, %7, §) + B0, z;m,y) + Bi(6, %7, 7)

=/ p-yda:—i—ﬁ p-ydz
Qg Qo

+/ T'y+Mn7]T—MTT]nd£C+/ Tﬂ—i— ﬁﬁi-— -;ﬁﬁd.f
7\l i\
-ﬁAT-w—Q%—MKm+ﬁadm (2.5.2)

is obtained. The last integral vanishes due to the kinematic conditions in. (2.5.1).

This leads to

Problem 1 [Joined Reissner-Mindlin Plates]
Let

J = {((), 2)ERXV,(0,2)€R xV : (2.5.1d,e) are satisfied on F}.
Find (6, 2), (8, %) € J such that for all (1,y), (7,7) € J,

A0, 2;m,y) + A0, 27, §) + Bi(0, z;m,y) + B8, % 7, §)

=/ p-ydz‘—i—/ p-ydT
o o

+/ T'y+Mn777_Mrnnd$+/ T'?]-FM;,?];—M;ﬁﬁdi.
7\l F\T

Theorem 2.5.1 (Existence and uniqueness of solutions to problem 1)
Assume that rigid body motions are prohibited for at least one of R,V, R,V. Then

problem 1 has a unique solution.

Proof: The result is sketched based on the work of [21, Thm. 3.2.1]. As in the proof

of lemma 2.3.5, it is necessary to show that the norm

1
a0+ 00+ 0-15)2,
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defined using the strain terms of both the transverse (A;) and in-plane (B;) compo-
nents of the bilinear form, is equivalent to the norm on (R, V) x (7~2, f)), provided that
rigid-body motions are prohibited. The result then follows from the Lax-Milgram the-

orem. Od

2.6 Discretization of Joined Plates

In this section, two related plate problems with analytic solutions are presented.
The first is a single square plate under transverse sinusoidal load; it is later used to

construct an analytic solution for two square plates joined at a right angle.

2.6.1 Square Plate under Sinusoidal Pressure

For some real a > 0, let the domain be given by
Q = {(wl,xz) € R? : (11,12) € [-a/2,a/2] x [—a/2,a/2]},
and assume that the displacements and forcing are of the following form:
(=)
a
sin (1:—1) cos (1%2)

cos (ff—l) sin (1%2)

g =C cos <~7m—1) cos (@) :
a a

To construct an analytic solution, A, B,C must be found so that (2.2.18) is sat-

eS|
z =Acos (—) cos

a

isfied. The boundary condition (2.3.5¢) holds due to the forms assumed; clearly,

f-17=2=0o0n 0. ltiseasy to verify from the following expression that M, = 0
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on 9€:

=D[(1 — v)e(8) + vtr[e(0)]1]

1
Dl(-v 612 5(012+ 021) .
$(012 +021) 02,2

-D 011+ 52(012+621)
L2012+ 021) oo +vbi

01,1 + 9272 0
0 01,1 + 022

TN

) (mucos(m)cos(m) (v - 1)sin (%)sm(%l))
o (v — 1)sin (%) sin (%32) (1 +v)cos (") cos (%32)

The remaining terms appearing in (2.2.18) are:

v-Le(0) = (§) 5D (( (1 w)sin (552) cos (252) + (v - 1>sin<%1-)cos(%z))

a v —1)cos (T2 ) sin (T22) + —(1 + ) cos (T£) sin (T£2)

Ve—g=-24 (Sin (%34) cos (m)) ~6=—(1+24/B)

cos (7””1 ) sin (T22)

V- (Vz—-0§)=-2 (—5> (B+ EA) cos (—a—1> cos (@) .

a
Putting everything together yields the following linear system for for A and B:

(m/a)? w/a A %\j

1 afm+20220. ] \B 0

2.6.2 Square Plates Joined at a Right Angle

This example problem is shown in figure 2.8. The idea is to combine two hard
simply-supported plates with sinusoidal loading, described in the previous section to

get a joined problem satisfying the conditions (2.5.1) with the analytic solution (the
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Figure 2.8: The joined hard simply-supported plates. The reference coordi-
nates for plate 1 (on top) are in {(z1,22) : z1 € [-a/2,a/2],25 € [—a/2,a/2]}.
Likewise, for  plate 2 (on the side), the  coordinates  are
{(Z1,22) : &1 €[—0a/2,a/2],%5 € [~a/2,a/2]}. The junction is along

To = —a/2,iy = a/2.

superscripts signify the number of the plate)

Ty T2
z3 =Acos (—) cos (—)
a

a
61 3 sin (Z£)  cos (™22)
6} cos (TE)  gin (Z22
=1z
92 = — 6!

Each plate remains clamped with the same conditions as before on its three un-



50

joined edges; the combination of the symmetry of the problem and the kinematic
coupling conditions allow the solution for the single plate to be used for each of the

two joined plates.

2.7 Bending Waves in Reissner-Mindlin Plates

In choosing the level of refinement for finite element discretization of plate equations,
it is necessary to consider the speed of bending waves. Here, the dispersion relation for
bending waves in a Kirchhoff plate is derived. The inertial term for Reissner-Mindlin
comes from integration of puy; against a test function v, viz.
t(z1,x2)/2 13
——wz/pm) dr = ——w2p/ / 1‘%0'77+23y3 drsdxr = —w2p/ —f-n+tz3y; dx.
Q Qo J —t(x1,22)/2 Qo 12

Recalling (2.2.16), for bending waves it holds that

ts t3
/ E(Le(@) ce(n) +tA(Vzz —0) - (Vys —n)de = wzp/ 56 -1 + tzzys de.
Qo QO

Using the Kirchhoff-Love kinematic assumption Vzz = 6, this becomes

£ t3
/ E(Le(Vzg) re(Vys)) dz = WQP/ EVZB - Vys + tzzys dz.
Qo ﬂ0

In the strong form, this reads

t°E t°
12(1—_1/2)A223 = w2,1) (‘IZ—AZ;; + t23> .

Assuming a solution proportional to exp(is - z), this becomes

where the characteristic velocity is

E

v= ;(—1——_1/7)

Assuming that <t < 1,

w = Kt /V12,
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so that the phase velocity v, = w/k is
Up = Klu/V12.

The critical frequency for sound radiation is where v, = ¢, the acoustic sound speed.
This is given by
we = AV12/(vt).

Physically, the idea is that if there is sufficient mismatch between the bending wave
speed and the acoustic sound speed, radiation will be inefficient. Although this line
of reasoning is not directly applicable to curved shells, the basic intuition it provides

is helpful in considering discretization requirements.
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Chapter 3

Naghdi Shells

3.1 Introduction

In this chapter, the Naghdi model for thin curved shells is discussed. It generalizes
the kinematic and mechanical assumptions of the Reissner-Mindlin plate model in
§2.2 to the case of a curved shell. The shell geometry is given by a mapping called
a chart function from reference coordinates onto the physical domain; in the case of
plates, this mapping is simply the identity. The derivatives of the chart function form
locally varying bases, which are used to represent the shell geometry, the constitutive
tensors, and in the classical formulation of the Naghdi model, also the displacement
vectors.

In some more recent work [25, 107, 23] a different method is adopted: the vector
fields are represented in the Cartesian basis, which turns out to allow more relaxed
assumptions on the regularity of the chart function, and is better-suited to the im-
plementation of finite element methods. I follow this approach, but also discuss the
classical Naghdi model in §3.4 due to its widespread exposition.

Discretizations of the Naghdi shell model can also suffer from the locking phe-
nomenon exhibited by the Reissner-Mindlin plate model. However unlike the Reissner-

Mindlin case, development of finite element methods that satisfy an inf-sup condition

93
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analogous to (2.4.10) is an open problem. Practical methods for the alleviation of the
locking phenomenon include the use of higher-order transverse terms, such as in [57]
and [103]. There has also been some recent work on Discontinuous Galerkin methods
[69, 68], and NURBS [79]. Among the earlier work was the paper [8], in which a finite
element method that satisfies the inf-sup condition is developed, under restrictive
assumptions on the geometric coeflicients in the model. The authors speculate that
their result may also be true without these assumptions.

This thesis uses the MITC shell elements, which are developed by analogy to the
plate elements; a related family of “locking-free” shell elements were also proposed
and tested in [23]. Since there is no available proof that the inf-sup condition holds,
the authors of [14, 15] develop a numerical test of the inf-sup condition requiring
matrix assembly and the solution of an eigenvalue problem. Elements such as the
MITC6 shell element, described in [87] are shown to be well-behaved in this sense,
and to be a practical solution method for shell problems.

A review of shape optimization methods for Naghdi shells, including the shape
derivatives of the shell operators is presented near the end of this chapter, in §3.5.

Finally, mechanical junction conditions for shells are discussed in §3.6.

3.1.1 Notation and Preliminaries

e The Einstein summation convention is used throughout: repeated appearance
of an index in an equation implies summation over that index. Latin indices
range over {1,2, 3}, and Greek indices range over {1,2}. When such summation
occurs, the repeated index will appear once as a superscript and once as a

subscript.

e Parentheses around tensor components denote the matrix given by those com-

ponents, e.g., (¢;;) denotes the 3 x 3 matrix given by the components g;;.

e The elastic problem is posed in the physical space £2 ~ R®, associated by an
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invertible mapping ® : R® — &3 with reference coordinates in R3. Elements of
&3 are merely vectors in R®: the notation £2 is used to avoid confusion between
the reference and physical coordinates. The distinction between £* and R®
is also maintained through the appearance of hats over coordinates in £3 and
functions whose domains are in £3. Thus, the standard bases for R? and &°
are respectively {e;, ey, es}, and {é;,é;,é3}. These may also be written with
superscripts. The same letter e is also used for the strain tensor, though it

always has two subscripts or superscripts.

Partial derivatives of ® with respect to the coordinates in R3 will define two

local bases for £3: the covariant basis

{91(2), g2(2), g3(2) },

and the contravariant basis

{g'(2), 9*(x),°(x)}.

For example, with z and Z related as above, a vector field v(z) = 0(£) would

be represented as
B(2) = v(x) = vi(7) g (x) = v(z)g:(z) = 0:(2)E" = 9*(2)é;.

The functions v;,v%,9; = 0 are respectively the covariant, contravariant, and

Cartesian components of the vector field.

The contraction operator : is defined on dyads, which are outer products of
vectors. For example, if e;,e; € R3, then the dyad e;e; gives a linear operation
defined by

€ie;j - e = (ei . ek)ej € R3.

Dyads need not consist of only two vectors. Let Lin be the space of linear

maps from £ — £3. The linear operator abcd : Lin — Lin (formed from
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<

T

Figure 3.1: The chart function ® maps 2 C R? to £3. This transformation takes a

point z to a vector .
a,b,c,d € £%) acting on ef € Lin (with e, f € £3) yields
abed i ef = (a-e)(b- f)ed € Lin.
As the dyads é;6;éxé, form a basis for maps from Lin — Lin, the contraction

operation : is defined on general tensors irrespective of basis.

The derivative Vi(2) € Lin of the mapping 4(%) satisfies

(3 + 63) — (%) = Va(2)6i + o([|62]).

3.1.2 Three-dimensional Differential Geometry

Let £ C R® be a bounded open set 2 C R3, and ® : O — &3 a differentiable
function. Recall that for the plate equations, it was not really necessary to maintain
the distinction between the reference coordinates in R and the physical points in £3,
as the mapping between the two was the identity. In general, this is not the case. Let
® be an immersion, i.e., the matrix V& exists and is non-singular for every z € .
® is called the chart function. From here on, it is assumed that the point z € Q and

# € ) are related via

Define g; by

gi = 0;®.
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As ® is differentiable,
O(z + dx) — (z) = (VP)dz + o(||6z]]).
If 6z = dte; (e; € R3 is column 4 of the 3 x 3 identity matrix), then
O(z + dx) — O(z) = g;0t + o(|6t]).

The vectors g; form a local basis, and are tangent to the image of lines in the direction
of the coordinate axes under action of the chart function. These are the covariant
basis vectors.

The contravariant basis vectors g' are uniquely defined by the relations
g'-g; =0,

where ¢ denotes the Kronecker delta symbol (regardless of the position of its indices).
In general, a vector (or tensor) field expressed in terms of the contravariant basis
vectors uses functions with lower indices, called the covariant components. Likewise,
a field expressed in terms of the covariant basis vectors uses functions with upper
indices, called the contravariant components. When a vector field is expressed in
terms of either set of these components, one must know how the basis vectors depend
on the coordinates in order to reconstruct the field: without this information, the
component functions are meaningless.

Consider the relation between these two bases. Since the g; form a basis, each g’

may be written a priori as a linear combination of the g;:
g =g"g;.
Now, dot both sides with g to see that
8 =995 9% = g9 gk
Therefore, the entries of the 3 by 3 matrices (g;;), (¢*/) satisfy

(9i5) = (7).
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These can be used to raise and lower indices:
g = gijgj
9 =9g"g;
To the end of computing lengths, note that
[0z + 6z) — B(x)[2 = 2T (V@) (V@)]6z + o |3a?).
It is natural to define the first fundamental form (or metric tensor) through its co-
variant components by
9i5 = 9i° Gj-

The role of the first fundamental form in converting lengths and volumes is quite

clear. For completeness, the formula for converting areas (see e.g. [45]) is also stated:
d[ =4/ (51‘29”5.%‘]
dr =y/gv/nig“n;dl’
di =/gdz,

where g = det(g;;), and the n; are components of the unit normal vector.

3.1.3 Differential Geometry of Surfaces

Let €y C R?, and let &3 be as before. Consider a chart function ¢ : Qg — £3. If ¢ is
differentiable and the function V¢ is full-rank, then ¢ is called an immersion.

Motivated by the three-dimensional case, the covariant basis vectors are defined

by
Ao = a¢-

Again, these basis vectors are tangent to the coordinate directions. The a, form a

basis for the tangent plane to the middle surface ¢(Qg) C &3,
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Figure 3.2: The chart function ¢ maps a point = € Qo C R? to a vector £ € £3.
Likewise, the change of metric tensor or first fundamental form is defined
Aop = Qg * Q5.
Its role in converting lengths and areas is reminiscent of the role of g;;:
dl = \/6x%an30z8
di = /adx
a = det((aag))-
The contravariant basis vectors are given by the relations
aq - a® = 62,

Again, this is largely analogous to the three-dimensional case:

a® = a®Pag
Ao = aa[;aﬁ.
The unit normal vector, given by
ay X as
ag = —————,
llax x az||

is used to represent out-of-plane vector fields.

In the next section, the shell model is derived. Relations between the surface
and three-dimensional differential geometry will be essential in the derivation of the
Naghdi shell model, in which the thin dimension is integrated away by use of a

kinematic assumption.


file:///fadx
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3.2 The Naghdi Elastic Shell Model

This section begins by presenting the basic assumptions of the Naghdi model, and
deriving the corresponding bilinear forms, following the model of [25], which is a
straightforward reinterpretation of the classical Naghdi model (e.g., [39]). The ad-

vantages of this newer approach (similar in spirit to the work of [107, 23]) are several:

e It allows the chart function ¢ to be in W2°(£) instead of C3(€), and hence is
amenable to the definition of surfaces based on CAD patches ([55]) which may

have discontinuous curvatures.

e The presentation is simpler and does not require differential geometric concepts

such as covariant derivatives and the second fundamental form.

e It is better suited to finite element implementation than the classical method:
in fact, much of [39, Ch. 6] is devoted to going “back” from the classical
assumptions to something like the “new” approach in order to prepare for finite

element implementation.

Next, convergence theory is given for discretizations of this model. In theory, the
discretization error can be made as small as desired by choosing a sufficiently refined
mesh. However in practice for a given shell profile, as the shell thickness decreases,
the behavior gets worse to the point of making this approach useless for general shell

problems.

3.2.1 Derivation
The assumptions made in the Naghdi model are as follows:

e For shell models, the surface chart function ¢ : Qg — &2 defines the middle

surface. The entire shell is then the image of the set

Q= {z = (21,72, 73) € R®: (71, 75) € Qg and |z3] < t(x1,72)/2},



61

Figure 3.3: Naghdi shell geometry: the three-dimensional chart function ¢ is con-

structed from the two-dimensional chart ¢, and the thickness function ¢.

under the mapping
q)(fL'], 1'2,.1'3) = ¢(I1,$2) + TI3as, (321)

where the thickness t of the shell once again lies in the set 7, as in problem

2.2.16.

Three-dimensional curvilinear coordinates for the region () are thus effected
from the two-dimensional coordinate system on the middle surface plus the
thickness, obtaining a bona fide system of three-dimensional curvilinear coordi-
nates: it is only when approximations relying on the fact that the shell is thin
are desired that the special structure of the chart function ® is needed. It is
shown in [45, Thm. 4.1-1] that if ¢ is an immersion and ¢ is sufficiently small,

then ® is also an immersion.

The covariant basis vectors are:

o = aa(¢ + ‘773043)
= 0, + l’gaaag (322&)
= (0F — x3b%)a,.

g3 = a3. (3.2.2b)

The vectors g, and a, coincide on the middle surface, but generally (if the

middle surface is curved) in following the x3 coordinate direction (normal to
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the middle surface), g, differs from a,. The symbols b% are mixed components
of the second fundamental form, related to the curvature of the middle surface,

and discussed in §3.4.2.

The displacement field satisfies the Reissner-Mindlin kinematic assumption, i.e.,

the displacement field u of the shell is given by
u(z1, T2, x3) = z(1, 2) + x30(21, T2). (3.2.3)

The displacement u is composed of the displacement z : €y — &2 of the middle
surface plus a first-order rotation 6 : Qg — £3,8 - a3 = 0. This means that
material lines normal to the undeformed mid-surface can translate and make a

first order rotation in the direction given by 6.

Stress is planar, i.e., o33 = 0 (no force in the normal direction across the middle

surface). This simplifies the elastic relationships somewhat.

The linear strain-displacement relations will include powers of z3, the thickness

coordinate. These expansions will be truncated to first order.

The material is homogeneous and isotropic. In this section, the Young modulus
E and the Poisson ratio v are used instead of the Lamé parameters L;, Ly (usu-
ally denoted A, p, but these letters have already been used for tensor indices),

which are related to each other as follows:

Ev
h=na=w
FE
La=sary

One can allow for more general elastic constitutive relations (say those of an
orthotropic material) by specifying more elastic constants than the two required
for an isotropic material. This complicates the integration of the assumed dis-
placement form across the thickness, as the material axes of symmetry do not

generally align with the vectors g;.
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In the following, the stress-strain relationship ¢ = H : e is considered using the

basis {g;}, so that
o =c" gig;
H =H""g,g;919

ot
e =e"g,9;.

Due to the form of the transformation @, the first fundamental form ¢* obeys

Therefore, through (3.4.8),
H3%e = f3eBr
and so the strains are
o =H“ﬂ)‘“e,\‘u + H¥33¢4,
o =2H*3F3¢ 5,
0% =[BPe ;4 [,

The mechanical assumption 03 = 0 implies that
H33aﬁ
€33 = ~ 73333 Cas:

Plugging es; back in yields
oB :Caﬁ’\”e)\u
0_a3 =%D°"\e,\3,

where the constitutive tensors C, D are given by

af333 prapu33
CaﬂA,u =Haﬁ)\,u. _ H H™*
13333

T2(1+v)

Da)\ =4Ha3)\3 — 2E ga)\'

1+v

E o 2v
(g‘”g"“ + gt g™ + 759

a,Bg/\u>
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Thus, the strain energy is written

b (0 eaptulenntu) + DPeaslwlensn)) Vs (5:2.0

It is worthwhile to note that the Naghdi kinematic assumption implies that ez3 = 0,
which does not fit with the assumptions made above. See [100] for discussion of this
issue.

It is necessary to expand the strain terms appearing in (3.2.4). To simplify the pre-
sentation, discussion of the relation between these contravariant tensor components
and the standard Cartesian ones is deferred to §3.4.3; the spirit and appearance is
none the less very much similar to the derivation of the Reissner-Mindlin plate model

in §2.2. The strain tensor is
A AfAg i 9
€je'¢ = ei;9'g’,

with the standard Cartesian components

and so the covariant components are (cf. (3.4.9))

€kl Z% éjﬁz + élﬂ])[él . gk] [éj . gl]

b=

1

(
(8,0 grlé’ - gi) + Bt - i[€* - i)
_5(

O - g + Ogu - gi). (3.2.5)

In the above derivation, the chain rule (3.4.2) was used to convert from derivatives d

in €3 to derivatives 9 in .
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Therefore, using (3.2.2), the strain terms in (3.2.4) can be written

eas(u) =3(ga - Opu + g - Oatt)
=3 (aa  (9pz + 23080) + ag - (Oaz + 730a0)+
T30,a3 - (Opz + 13030) + 130503(0nz + £30,9))
=1(aa - Opz + ag - 0a2) —}—xgé(aa - g6 + ag - 0ab + Bata - Doz + Dpag - Daz) +

-~

= Yagp(2) = Xap(0, 2)
x%é(@aag . 8[36 -+ 8[3613 . 8069)4,
= Iﬂ)aﬁ(e)

ea3(t) =3(ag - 0+ ag - (G2 + 230,0) + Jaaz - 0)

(ol NI=

(ag - 0+ a3 - 0u2) —{—%.173 \(ag - 0B + Opas - 62.
= Q;EH, z) = 0Oq(as-6) =0

Thus with the above definitions, the strains can be written

ecxﬁ(u) =7aﬁ(z) + xBXaﬁ(H’ Z) + x%”aﬂ(g)
ea3(u) :Ca(07 Z)'

Per the assumptions of the Naghdi model, the term k.4 is neglected. Upon plugging

in the strain-displacement relations and integrating over z3 € [—t/2, /2], the Naghdi

strain energy takes the form (cf. (3.4.10))
3

%/ﬂ (éaﬂw {t’Yaﬁ(Z)'Y)\p(Z)+f—2*xag(9,z)XA#(07z) +tD/\M</\(9’z)<#(9’Z>> Jadz.
(3.2.6)

where C%M is approximated by

a®? a’\“)

!

(aa)‘aﬂ“ + a®q® 4+ —21/
1

Cvaﬂ/\u —
- 2v

2(1+v)
and analogously,

Ea*
2(1+v)
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The approximate constitutive relations (with the tildes) use a®” instead of g®?. These

are approximately equal as the thickness of the shell becomes small.

Problem 2 [(The Naghdi Problem))
Let ¢ € W2°°()3, and

teT = {t € L®(Qp) : t(z) >t for ae. z € Q_o} ,
with ¢y, > 0 a given constant. The Naghdi problem is to find U = (6, z) in
U=1{(0,z) € H(0)* x H' () : 6 a3 =0 almost everywhere} N BC,
such that for all V = (n,y) in U,

K(G,Z;n,y)E/

- t?
[ (6% |raa@mal) + Syxan(®, Dontn)| +
0

12
LD (0, 2)Gu(n, ) ) Va da = F(V) (3:2.7)

The loading is represented by F' € U’. BC incorporates boundary conditions that
prohibit rigid body motions, i.e., those U # 0 € U such that K(U,U) = 0.

Later, the inertial term

/ pu(z) - v(x) du,
Q

will also be needed. Under the Naghdi kinematic assumption (3.2.3), it becomes

(assuming p is independent of z3)

t3
M@0, z;n,y) = / p <tz -~y + 59 . n> Vadz. (3.2.8)
Qq

Finite element discretization of problem 2 is discussed in §B.1.

3.3 Asymptotic Behavior of Naghdi’s Model

To understand why the non-uniform convergence (or locking) described in the previ-

ous section occurs, it is necessary to study the asymptotic behavior of Naghdi’s model.
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The first step in this direction is to remove the scaling of the thickness profile, ¢, from
the Naghdi bilinear form (3.2.7). It contains a piece proportional to ¢ {the membrane
strain energy, composed of transverse shear and stretching of the membrane) and a
piece proportional to t* (the bending strain energy).

Recall that ¢t € 7 is uniformly bounded away from 0, so that

tm = inf t(x) > tuin,
!L"EQO

and let the number € be given by
€ =tn/L,

with L some characteristic length of the shell. Then the scaled thickness £ can be

defined by

Equation (3.2.7) can thus be rearranged into
KU, V)= KU, V) +eKn(U, V) = F(V),
where

Kn(U,V) = /Q E{é’am“’hﬁ(z)'yw(y) + DMC/\(H, Z)Cu(na y)} Vadz,

K(U.V) = [ L

SafAu
0, 12 {C Xaﬁ(evz)xxu(n,y)} Vadz.

K,, and K, are so named because of their respective associations with membrane
stretching and bending energy.

Study of the solutions of this problem in the limiting case of ¢ — 0 is essential
to understanding the practical difficulties encountered with shell finite elements. In
this limit, ¢ is no longer assumed to belong to 7 for a fixed tn;,, but for each ¢, t is

uniformly bounded away from 0.
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Theorem 3.3.1 ((Properties of K,, K,,)) Under the assumptions of Problem 2,
The bilinear forms K, and K,, are independent of e. K is bounded and coercive in

the U-norm.

Proof: Constant scaling of ¢ does not change £, and has no effect on any of the other
terms in K3 and K,,. The rest of the proof is very much like that of lemmas 2.3.2 and
2.3.5 for the plate equations. For specific differences in the classical formulation, see
e.g., [39, Prop. 4.3.1,4.3.2]. The extension to W% charts (with the strain tensors
defined as in §3.2.1) is handled in [25]. O

Much like (2.2.16), (3.2.7) has a unique solution, and standard finite element
discretizations yield error estimates optimal with respect to the approximation capa-
bilities of the finite element spaces (see §2.4.1). However, these discretizations also
suffer from the so-called locking phenomenon. In practice, what can happen is that
as € gets small, the h-refinement required to achieve any reasonable level of error is
so extreme as to make finite element solution of Naghdi’s model impractical, i.e., the
convergence is non-uniform in the parameter €. There is more subtlety here than for
the plate equations.

To study the asymptotic behavior of Naghdi’s model, one considers the contents

of
Uy ={U eld| K, (U,U) =0},

the space of pure bending displacements (since the membrane portion K,, of the
bilinear form is not active). The contents of Uy, are determined by the geometry of
the shell structure, and the boundary conditions.

Allowing € to vary, one obtains from problem 2 the following scaled problem: find

Ue = (6,2 in

U={(9,z) € H(Q)® x H'(Q)* : 6 a3 =0 almost everywhere} N BC,
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such that for all V = (n,y) € U,
AU V) = EKy(U V) + e K (US, V) = F4(V). (3.3.1)

In order for this problem to be well-posed as € — 0, the forcing F* must be of the

form
F(V) = e"G(V),

for some real number p and some G € U’ independent of €. The choice of p determines
the nature of (3.3.1), and in fact, whether it has a solution at all. While some more
technical details of asymptotically admissible loadings are omitted in the following
discussion, it still serves to describe the essential difficulties involved in creating robust

shell finite elements, as the two extreme cases are considered.

3.3.1 The Membrane-Dominated Case

Suppose that the subspace of pure bending displacements Uy = {0}, so that every
deformation activates the membrane term. Then if p=1, one would expect that as
¢ — 0, the energy will be dominated by the O(¢) membrane term. The stiffness of
the shell structure is said to be of order ¢ in this case.

When Uy = {0}, the membrane energy norm can be defined via

1Ul[m = vV KU, U),
and find U™ € U,, such that
K,(U™V)=GV), YV € Up, (3.3.2)

where Uy, is the completion of U with respect to || - |[m.
U, is complete with respect to || - ||, and therefore by the Lax-Milgram theorem,
(3.3.2) has a unique solution provided that G € U,. This last requirement seems

somewhat technical; provided that the loading is nice in this sense (meaning that
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the structure can control displacements excited by the loading without resorting to
bending), (3.3.1) is called membrane-dominated, and p = 1 (see [39, Prop. 5.1.3].
Otherwise it is an ill-posed membrane problem (this situation prevails in the case of
the Scordelis-Lo roof), and it is possible to show that 1 < p < 3, if a solution exists
at all.

In membrane-dominated problems, conforming finite elements usually work rea-
sonably well - in fact, there is theory giving (in a slightly weakened sense) e-uniform

convergence (39, Prop. 7.3.1].

3.3.2 The Bending-Dominated Case

The trouble begins in the bending-dominated case, when Uy # {0}, i.e., there are
displacements which do not activate the membrane term. Then, one would expect
that with p = 3, as € — 0, equation (3.3.1) can be solved by choosing U € Uy, so as
to make the energy look like €3, as in the bending term. In this case, the stiffness of
the shell is said to be of order 2.

When Uy # {0}, the following problem must be considered: find U° € U, such
that

Ky (U, V) = G(V), YV € U,. (3.3.3)

Due to theorem 3.3.1, K}, is coercive on Uy, and therefore this problem has a unique
solution.

Provided that there exists V &€ Uy such that G(V) # 0, i.e., that the loading
activates some bending mode of the structure, then this is called a bending-dominated
problem, and for F** to provide an asymptotically admissible loading, p = 3 must hold.

It is the bending-dominated case where conforming finite element methods for
Naghdi’s model usually exhibit shear locking, characterized by ever-worse require-

ments on the mesh size to achieve a given level of accuracy as the thickness decreases.
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3.3.3 Numerical Locking

Recall that in the case of the Reissner-Mindlin plate, as the thickness tended towards
0, the solution would approach the solution of the Kirchhoff limit problem (2.4.3), in

the space of vanishing shear strains
{U=0,2)eld : Vz=206}.

For shells, Uy is the analog of this space. The situation is in fact much worse than with
plates. The trick of using the Helmholtz decomposition to set up a stable problem
no longer works. Consider a discretization of (3.3.3) using the finite element space
Uy, € U. The solution of this problem is no longer in Uy, but in Uy NU,,. So Uy, should
be “rich” in Uy. However, [39, Prop. 7.3.2] shows that in general for shells, if U}, is a

space of piecewise polynomial functions, not only does U}, fail to be rich in Uy, in fact
Uy N Uy, = {0}.

This means that as the shell gets thinner and the solution U¢ approaches U?, the finite
element solution approaches the zero function! In effect, the finite element procedure
increasingly over-estimates the stiffness of shell structure in the bending-dominated
case.

MITC shell elements are built analogously to the plate elements. When written
in a mixed formulation, there is no theory guaranteeing that the inf — sup condition
necessary for e-uniform convergence will be satisfied. However, numerical tests have
been done, involving the solution of an eigenvalue problem over a variety of meshes
that approximates the inf — sup constant in [15]. So in practice, it appears that the

MITC shell elements ([87]) work quite well.

3.4 The Classical Formulation

The Naghdi model, as formulated in §3.2.1, represents the constitutive tensors C*%#,

D° via their contravariant components, and the strain tensor e;;(u) via its covariant
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components, using the curvilinear coordinate system described in §3.1.2,3.1.3. The
kinematic assumption (3.2.3) then allows the 3d strain tensor e;;(u) to be expressed
in terms of tensors v(z),x(4,2),((d,z). But the mid-surface displacement z and
the rotation vector 8 are each expressed via Cartesian components. In the classical
formulation, they are instead expressed via their covariant components, as z = za’,
# = 0,a%. This means that the condition 8-a3 = 0 is automatically satisfied and does
not need to be built into the variational space, and that § now has two components
instead of three. In order to do this, further tools of differential geometry are required;

in fact, some of these were hidden so as to simplify the presentation of §3.2.1.

3.4.1 Covariant Differentiation

In order to calculate the components of the strain tensor, it is necessary to differentiate

the Euclidean components of the displacement field, i.e. compute things like

9

i(ikék)a

[~43

in terms of the covariant or contravariant basis vectors. In the above, 0; denotes

differentiation with respect to Z;, and
k

T = Zré".

First, relations between the components of a vector field v in the Euclidean and

contravariant bases must be determined. Note that
v(@) = vi(x)g'(z) = Bi(2)€".
By dotting both sides with the right things, the following relations are obtained:

vi(z) =(vi(z)g'(x)) - g;(z) = B:(2)€" - g;(2)

(%) =(0;(2)¢’) - & = vy(2)g’(x) - &
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By defining the symbols

[gk]l = gk él
[9x]* = gx - €,

these may be more succinctly written as
vi(z) = 0:(2)[g;]'
0:(2) = v(@)[g)i-
Application of the chain rule to ®~*(®(z)) = z shows that
®(x)) = V(&) (E) VO(z) = I. (3.4.1)

This implies that the rows of the matrix @(@‘1) are given by the components of the

vectors g*. Therefore, the chain rule can be written:

B;w(®71(2)) = dw(z)lg' ()] (3.4.2)

The other needed piece of information is how to differentiate the symbols [g];.

Since the vectors g¢ are a basis, assume a priori that

dg? = =T, lkg
Therefore
I} =T o0 =T g™ gk
= —0,97 - gi, (3.4.3)
and

AilgY; = —Tflg"):-

Armed with these facts, the calculation begins.

0; (vi(2)[g*):)
i (ve(®71(2))19"]:)
= (05ue) (@7 (2))[g"]; + vq(%)0;19%(@ (%))

3;

ll
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Applying them yields

= Qi (z)[g"ilg"); + ve(z) (Di[9]:) [9");

= (9ui(z) — Tlvy(2)) [9*Lilg'];-
The covariant derivatives v;); are thus defined by
vy = 05v; — Thup, (3.4.4)
so that
8504 (#) = vulg"la); (3.4.5)
The symbols v;; may equivalently be defined by

Gj(vigi) = viH]»gi. (3.4.6)

3.4.2 Covariant Derivatives on Surfaces

Now consider differentiation of the vector field n = n;a’. Note that this is analogous to
the other way the three-dimensional covariant derivatives (cf. equation 3.4.6) can be
defined. The derivatives d,a* must be computed. These will come out in application

of the chain rule to the vector field . These are given by
000 = (00® - ag)a® = —byga”
804aﬁ = (aaa‘ﬂ ’ ad)aa + (8aaﬁ ’ a3)a'3 = _—Cgaa’o + b2a3a
wherein the surface Christoffel symbols C§g, have been defined, and the surface curva-

ture tensor or second fundamental form b,g, by its covariant components. To obtain

the above, vector fields must be represented by their components, e.g. for a vector

field v,

v=(v-a;)a" = (v-a')a;.



75

In the above, the same thing is done with the components of vector fields like d,a°.

Thus, the surface covariant derivatives are defined
N8la = Oallg — CZgT)a
3| = OaTl3,

so that

Fa(mia’) = (Ngja — bagns)a® + (Myja + bEng)a’. (3.4.7)

There is an important difference between this and the simpler relation which holds
in the three-dimensional case: compare (3.4.6) with (3.4.7). Even if the vector field
7 is always locally in the tangent plane to the surface ¢(Qy), i.e., n3 = 0 everywhere,
the derivative still has an out-of-plane component if there is non-zero curvature of

the surface.

3.4.3 Linear Elasticity in Curvilinear Coordinates

Consider now the elastic weak form (2.2.1) in Cartesian coordinates over the reference
domain 2. To do this, the strain tensor and constitutive relations must be rewritten
in terms of the reference coordinates. The following relation on the symbols [¢*]; and

[g:)7 is needed, which again comes from (3.4.1):
[971k[95)" = &5

First, the constitutive relations given by the constants H* are considered. The

tensor H can be represented as
H = H'™¢;¢,608, = H'™ g,g,911.
Given that g; = [g;)7é;, so that

H = H™[g]™g;]"(9x]°[91]P éménéoly-



76
Combining the above,
H™® = H*[g,)™[g,]"(g¢)° [91]F-
For an isotropic material, the Cartesian components of H take the form
M = L5150 1 Ly (5%67 4 §1§9%),

where L;, Ly are the Lamé parameters characterizing the material. A quick calcula-

tion shows that:
H% = Ligi gk 4+ Ly(g* gt + gitgi™). (3.4.8)
Now, return to the strain tensor. With é' = &;, the tensor é may be represented
8((2)) = &y (4(2))e'8 = ey (u())g'g’ = e(u(c)).
The formula for covariant differentiation (3.4.5) shows that
&y =1 (a"jai + éiaj)
can be rewritten as
e =5 (i + wae) [9%:lg'-
Therefore
eij = (W + i), (3.4.9)
and the above can be put together to rewrite the energy term in (2.2.1) as
/ﬂijklékz(’&)éij(@) di = /K)H"jklekl(u)eij(v)\/ﬁdm.
o)

Other transformations are required to rewrite the forcing terms and boundary

conditions, but they shall not be discussed here.
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3.4.4 Derivation

The kinematic assumption of the classical model differs from (3.2.3) in that §, z are

now covariant components, rather than vectors in R3, i.e.,
U= HY(Q)® x H(Q)*NBC,

and the kinematic assumption is

u(z1, To, T3) = 2i(T1, T2)a" + 1304 (1, 22)a®.

Proceeding once again from (3.2.5) (cf. (3.4.9)) and applying the rules developed

in §3.4.2 yields

eas(0,2) = Yap(2) + 23Xap(0, 2) — 3Rag(0),

eas(0, 2) = Ca(6, 2),

where

Yap(2) = 5(Zalp + 26a) — bap?s,
Xas (0, 2) = 5(Bais + Opa — U3zaa — bazals) + caps,
Kap(0) = 1(b30xa + 6305 8),
Ca(,2) = %(Ha + 234 + b22y).
The third fundamental form ¢,z is given by
Cas = bAbrg.

As mentioned in the assumptions of the Naghdi model, the term ko5 is neglected.
Plugging in the strain-displacement relations and integrating over z3 € [—t/2,t/2],

the Naghdi strain energy takes the form
3

F[ (0 taaterm@) + Syxan(0,0xan(0,2)] +1D¥600,2)6,(6,5) ) Vads.
Qo
(3.4.10)

The constitutive tensors and the rest of (3.4.10) appear just as in (3.2.6); the difference

is in the definition chosen for the strain tensors v, x, .
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3.5 Shape Optimization of Naghdi Shells

As is clear from the discussion of finite element methods and locking, the development
of shape optimization methods for Naghdi shells is fraught with difficulties. There is
significant literature in the engineering community: Bletzinger, Camprubi, et al. solve
mechanical shell optimization problems in [24] making use of energy minimization
problems related to soap films. Marburg et al. consider optimization of shells coupled
to acoustics in [92, 91|, with application to design of an automobile dashboard. Since
they do not use adjoint equations, and need only a relatively small parameter space to
effect the needed sorts of changes to the acoustics, they consider somewhat restrictive
parametrizations in [94, 93]; the scheme is further refined in [64]. However in the

above papers, the following issues are not fully addressed.

e Locking. Obviously, it should not be expected that a locking finite element
formulation should be successful in computing objective function derivatives
through the adjoint method. In [36], Bletzinger, Camprubi et al. demonstrate
this phenomenon using several simple mechanical optimization problems: due
to locking, the shape derivative can even have the wrong sign. They use the
so-called DSG elements of [23]. But the spirit of it is still to pick a “good” FEM

formulation and hope everything else works out.

e Boundary layers. The optimization problems considered in [36] also serve
to demonstrate the importance of resolving boundary layers; this is of course

obvious to anyone who routinely solves plate and shell problems.

e Chart function space. In the engineering optimization literature, and even
in classical presentations of the Naghdi model, e.g., [39], there is little or no
concern paid to the proper space for the chart function ¢. Blouza and Le Dret
[25] show well-posedness of the Naghdi model (in the vector form as presented

in §3.2.1, as opposed to the classical presentation with covariant derivatives
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§3.4.4) with W2 charts. In [55], Le Dret does the some for the Naghdi model

with G; or “visually C!'” charts, which are related to CAD representations.

o Existence theory. Existence of solutions to shell optimization problems is

considered by Sprekels et al. in [7], for a C? chart of the form

¢($1,$2) = (3017332, h($1,$2)),

using the generalized Naghdi model of [107]. They do not present numerical

results, and do not seem to be aware of the work of Le Dret et al.

I do not address the issues of existence theory and the effect of locking on the
computation of derivatives in this thesis, although future work in these directions
would be worthwhile. The next section discusses shape differentiation of the Naghdi
shell operators, in hopes that with adequate mesh refinement, the derivatives can be

computed accurately using MITC elements.

3.5.1 Shape Differentiation of Naghdi Shell Operators

The Naghdi bilinear forms K, M were defined in the usual way in (3.2.7,3.2.8) over
the Hilbert space

U={(0,2) € H'(Q0)* x H'(Q)* : 6+ a3 =0 almost everywhere} N BC.

This is not the right thing to do for shape derivatives, as the condition 0 - a3 = 0
almost everywhere is incorporated into the space, but depends on the choice of the
chart function ¢. The choice of ¢ € W2(Q)? allows definition of §,n via their
covariant components as

0 = 0,a0%, n =10

almost everywhere in Q. Modified bilinear forms K, M can then be defined via

K(8, 27, y) =K (0,a%, z; a0, y),
M8,z 7, y) =M (0aa®, z; fiaa®, y).
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These take the covariant components 6, 7, of 8, n, and plug them back into the original
forms K, M. This is justified since these two representations of the problem are
isomorphic [25, Lemma 4.1]; the classical approach requires ¢ € C%(£2)® because it
is required by the classical rigid-body lemma: added regularity of the chart is not
required just to write down the classical equations.

The shape is given by g = (¢,t) € G. The shape derivative is written D,, with

component derivatives Dy, D;. The derivatives are stated in the following theorem.
Theorem 3.5.1 (Naghdi Shape Derivatives) Assume that the set
G C W22(Q)® x {t € L®() : t() > Lyin for a.e. z € Qo}

is compact. Then the the bilinear forms M, K are continuously Fréchet differentiable,

and the derivatives in the direction 69 = (d¢, 6t) are given by

D, M (8, z;7,y)8g = /

Qo

t3
(tZ Y+ 1—2'0 . ’I’]) D¢\/55¢ dz+

3t?
otz -y + (51’,—9 n ) Vadr+
Qo
/ —(Dyb -+ 6 - Dyn)dpy/adx
0, 12

DyK (8, z;1,y)0g = /Q 0 (C“"“" [twﬁ(Z)w( )+ gxaa(ﬁ 2) X, y)}
+ tDMC5(8, 2)Cu(n, ) ) Dy/ads ot
[ (629 [ttt + 25 a6, )
+ LDMC,(6, 2)Gu(n,v) ) Vado+
[ (2o [l + 3088 D0t
+ D6 DMC,(6,2)Gu(m, ) 5w5 o
[ (6 [1Ds0matwr o) + 5 Pslxen(8, D)

+ tD™ Dy(Ga(6, 2)G, (n y)))éwadx,
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i.e., the differentiation can be moved inside the integral.

Proof: It is necessary to show continuous Fréchet differentiability of the mappings
¢ — +/a, ¢ — a* (appearing through 8,7), of ¢ — a®® (appearing through the con-
stitutive tensors), and of ¢ — a;, § — 9,a3 (appearing through the strain tensors).
Ast — t, t — t3 are continuously Fréchet differentiable with respect to the thickness
function, the integrand is continuously Fréchet differentiable with respect to g on the
compact set G x €y. This establishes uniform continuity of the integrand, so that
integration and differentiation may be interchanged. Most of the following calcula-
tions appear again in the discussion of §B.2 on finite element implementation of shell
operator shape derivatives.
The mapping
¢ € W2(Q)® — aq € WH(Q)?

of the chart to the tangent basis vectors has Fréchet derivative
Dyandd = 0,00,
which can be used to express the derivative of the mapping
¢ € WH2(0)? — az € WH™(Q)?

of the chart to the normal vector via

1

Dyag = ———
$93 |G,1 X a2|

(] — a3CLC3F) (D¢a1 X ag + aj X D¢a2).

The mapping
¢ € WH*(Q)® — ags € WH(Qy)

of the chart to the covariant components of the metric tensor has Fréchet derivative

aii 2(1?1 0
ay
— T T
D¢ aio - CLZ ai Dd) )
az

99 0 20%1
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and appears in the computation of the derivatives of a®®, a®, and \/a. The Fréchet

derivative of the mapping
¢ € Wz’oo(Qg)S — \/E € Wl’oo(Qo)

to the change of metric factor is

1
D¢\/E = ——~(a22D¢a11 — 2a12D¢a12 -+ a11D¢a22).

2V

The contravariant components a*® € W1°°(Q) have Fréchet derivatives

all 0 0 1 Q99 an
1 1
Dyla2 | =}——=1|0 -1 0| ——= | —a (a —2a15 @ )} Dy la
¢ \/52 \/54 12 22 12 11 ] 12
a?? 1 0 0 a1 a2

The Fréchet derivatives of the dual basis vectors a® € W1*°(Q,)? are determined by

solving the four linear equations
agDga® + a” Dya, = 0.

The Fréchet derivative of Oya3 € L®(p) (related to surface curvature) follows from

differentiation of the formula for Dyas. O

The compactness condition on G would typically be established by use of the Arzela-
Ascoli theorem [104, Thm. 4.17], via uniform Lipschitz continuity of the chart function
and its components, and of the thickness function.

In practice, the approximation of solutions to equations involving these operators
is done with general shell elements (§B.1). In that situation, the equations are as
above, except for the interchange of €3 ;(u) for yas(2), els(u) for xas(f, z), and es(u)
for (,(0,z). While these are the same in spirit, the basis vectors a; are stored at
the finite element nodes, and their values interpolated, rather than computed via
direct differentiation of the chart function. So as not to introduce large numbers of
superfluous optimization variables, it is necessary to specify the dependence of the

nodal basis vectors on the chart function. This is discussed in §B.2.
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3.6 Joints between Naghdi Shells

The paper by Bernadou on plate coupling [21] used Kirchhoff plates, and likewise,
his paper [20] on shell coupling focuses on the analogous scenario: Koiter shells. In
order to apply the results, one must consider how the relaxation of the Kirchhoff-Love
kinematic assumption affects the equations. This extends the discussion of §2.5 to
shells. The discussion in this section is less complete than that of §2.5 because the
extension is quite straightforward.

Along the edge of the shell, the unit edge normal and tangent vectors are

n =ngya®,
T =a3 X n = 7a"%.
Note that unlike the case of a junction between plates, the vectors n, 7, a3 need not

be constant along the edge of the shell. The force vector T and moment vector M

are then expressed via
T :Tiai,
M =M,n + M,T.

Analogous to (2.2.15), the weak formulation for a shell with forcing over the edge

Y1 C 9y is to find (6, 2) € U such that for all (n,y) € U,

K(9,z;n,y) = f yVadx + / (T -y + Mpn, — Myn,) vV dzraydzv de.
J o .

Tt

The conditions at the shell junction are the same as (2.5.1):

T+ T =0 (3.6.1a)
M, = M, =0 (3.6.1b)
M, — M; =0 (3.6.1¢)

z—3=0 (3.6.1d)
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The coupled weak formulation (analogous to [21, (3.6)], (2.5.2)) thus becomes

K(8,z;m,y) + K(0,%7,7) =/ p'y\/adw+/ p-gVadi+
Qo Q0
/ (T Y+ Mnn‘r — MTnn) \ dm)‘a)\,,dx” dz+
N\’
/ (T G+ Myiis — ;ﬁﬁ) Vdi iy, dz di+
A\l

/ T-(y—19) — M:(nn + Ta)Vdztay,de? dr.
r

The kinematic conditions once again eliminate the last integral over I'. Provided that
rigid body motions are prohibited by at least one of the spaces U, U, the problem of
finding (6, 2), (9, ?) in

J = {(9,2) €U, (0,2) €U : (3.6.1d,e) are satisfied on F}
such that for all (n,v),(7,9) € J,

K(0,zm,y) + K(0,%7,7) =/ p'y\/ader/ p-gVadi+
Qg Qg
/ (T -y + Myn, — Myn,) / dzray, dz? de+
v\l
/ (f i+ Maiis — M;ﬁﬁ) iy, dz di
A\l

has a unique solution [21, Thm. 3.2.1].



Chapter 4

Acoustics

4.1 Introduction

As a component of (1.2.1), the exterior Helmholtz problem must be solved. While
this could be done with 3d finite element methods (for a review, see, e.g., [112]),

boundary element methods seem suitable for this application for several reasons.

e They naturally satisfy the Sommerfeld radiation condition (1.2.1f), allowing

simulation of the radiated acoustic field without boundary effects.
e Boundary element methods easily give the response at given far-field points.

e When coupled with a shell model, they provide for an essentially two-dimensional

discretization of a three-dimensional problem.

However, the use of boundary element methods is not without difficulty. Unlike
for the finite element method, the matrices must be generated for each frequency.
The matrices are dense and complex; storage can be an issue for large problems, but
more seriously, naive implementation results in O(N?) complexity. Speedy evaluation
requires some kind of acceleration method, e.g., fast multipole methods [46], FFT-

based methods [34], wavelets [58], panel-clustering [70], and the adaptive cross method

85
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[111]. These are not discussed in the thesis; rather, the focus is on what can be done
in regard to coupling and optimization.

For three-dimensional problems, it is also necessary to overcome the so-called
irregular frequency problem, in which solutions of the boundary integral equations
lose uniqueness near frequencies corresponding to eigenvalues of an interior adjoint
problem. One historically popular way of dealing with this issue was the CHIEF
(Combined Helmholtz Integral Equation Formulation) method of [106], which in-
volved solution of a least-squares problem. The Burton-Miller method [35] requires
discretization of additional matrix operators, but has a full theoretical justification.

Trouble can ensue when typical boundary element methods are applied to thin
structures. For example, a shell structure will have approximately the same normal
velocity on either side, so that the pressure jump across the thin dimension is the
relevant physical quantity: to store the pressure on both sides doubles the number of
variables involved without substantially improving the quality of the solution. But for
very thin structures, failure to consider the thin dimension carefully can lead to insta-
bility. Basic analysis, including a careful accounting of the geometric approximations
involved in translating the equations to the middle surface (say of a shell) are done by
Martinez in [96]. The formulation involves the jumps across the surface rather than
separately storing the values on either side. The same technique is used in [95] to
deal with coupling between a thin elastic structure and boundary integral equations.
More practical implementation details are discussed in [115] and [116], the latter pa-
per focusing on cases where the body includes both thick and thin structures. These
methods work, but none of these papers provide their theoretical justification. This
was done by Stephan in [109] for Helmholtz “screen” problems, which turn out to be
exactly the limiting problems obtained by Martinez through various approximations.

In this chapter, I first review the Helmholtz equation, and state the standard
representation formula giving the solution in the exterior domain in terms of the

boundary data. Taking boundary traces of the representation formula then yields the
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various integral equations. Well-posedness of these equations is discussed in Sobolev
spaces. Next, the process is repeated for thin bodies. At the end of the chapter,

shape differentiation of the integral equations for thin bodies is discussed.

4.2 The Acoustic Helmholtz Equation

The acoustic wave equations for the pressure p (actually the difference from equilib-
rium pressure) and the velocity field v in an acoustic medium with sound speed ¢ and

density po are

1
E%§+v.vzo (4.2.1a)
po%‘ti + Vp =0. (4.2.1b)

Time differentiation of the mass conservation equation (4.2.1a) and application of
Newton’s second law (4.2.1b) yields the wave equation
1 0%
—— —Ap=20.
c? Ot? p
See e.g., [28, §1.1.4], for more discussion of the wave equation.
The velocity potential ¢ is chosen so that V¢ = v, which will be seen to be

convenient for matching boundary velocities. Assuming that derivatives can be freely

interchanged, equation (4.2.1b) yields

oV

0
BT +Vp=0:>p=—po—f+0.

ot

Po

Inserting this equation for p and v = V into (4.2.1a) gives the wave equation for

the velocity potential (:

1 Pp(t, x)

2 91 Ap(t,z) = 01in (0,00) x . (4.2.2)

In the following I assume that time-harmonic waves are of the form

¢(t,z) = Re (p(x)e ™), (4.2.3)
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where ¢ is the imaginary unit and
p:Q—C.
Inserting (4.2.3) into (4.2.2) gives the Helmholtz equation
Ap(z) + k*@(x) =0 in Q, (4.2.4)

where K = w/c is the wave number. Since from now on I consider the Helmholtz
equation (4.2.4) and not the wave equation (4.2.2), I will drop the = and write ¢
instead of @.

4.2.1 Exterior Neumann Problem for the Helmholtz Equa-

tion

Q+

Figure 4.1: The boundary between O and 9 is denoted I", with n, the normal on

I, cutward from Q-

Throughout this section I assume that {27 is a bounded, simply-connected Lip-
schitz domain and QF = R3\ Q~. The vector n(z) denotes the unit normal on T,

outward from 27. See figure 4.1. The exterior domain truncated at radius p is written

Qr={ze Q" : |z] <p}.
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Since solutions of the time-harmonic wave equation (4.2.4) are complex-valued,
the spaces L%(27), etc., and the Sobolev spaces H!(27), etc., are spaces of complex-

valued functions. The inner products on L?(£27) and H!(Q~) are given by

(u,v) 20~y = /Q— u(z)v(z)de

and
(u, V)pr(o-y = / u(z)v(z) + Vu(z) - Vu(z)dr,
a-
respectively. Norms and inner products on other Sobolev spaces are also defined in

the usual way. See, e.g., [2], [78, § 4], [114]. For the solution of the outer problem,

one also needs the space
Hi, (") = {u e H™(K) : for every compact set K C Q}.

The space H}

1o (827) can also be characterized by the statement

w € Hi (QF) if and only if gu € H'(Q") for every o € C5°(R™).

See [78, p. 192].
In relating Sobolev spaces on Q% to those on T, it will be necessary to use trace
operators. Under the assumptions on )~ stated above, there exist bounded linear

operators

v~ HY Q™) — HY(D), a7 HY () — HY3(D),

n

vF He (QF) — Hl/z(r)a Oy Hioo(7) — H_I/Q(F)'
See [48], [78, p. 178], [114, p. 130]. For sufficiently smooth functions,

£ — : N 5t _ : . '
Trule) = x/enilf?%eru(x ) Oru(z) = z'eailf?qmern(w) Voru(@):

Unless otherwise specified, for surfaces other than I', n indicates the outward

normal vector, and the symbols v, 0, are used without 4 superscripts to indicate the

trace and outward normal derivative.
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The exterior Helmholtz Neumann problem is to solve (4.2.4), with Neumann
boundary data g used to match the normal component of the velocity at the boundary

between the air and the elastic material:

A + KXo =0 in QF (4.2.5a)
Ofp =g on T (4.2.5b)
2
lim Vo 2 —ikp| dz =0 (4.2.5¢)
P30 [a0e |(E|

Condition (4.2.5¢) is a weakened version of the classical Sommerfeld radiation

condition

1
1Vg0- = ikp| =0 <TT—F> as |z| — oo. (4.2.6)

|z]
For sufficiently smooth solutions of (4.2.5), the conditions (4.2.6) and (4.2.5c) are

equivalent (see [97, Thm. 9.6]). The Sommerfeld condition requires that waves be

strictly out-going at infinity, and is needed in order for uniqueness to hold.

Theorem 4.2.1 (Exterior Neumann Problem Existence and Uniqueness)
Given g € H™V*(T), there exists a unique ¢ € HL () satisfying (4.2.5). The
Helmholtz equation (4.2.5a) is satisfied in the sense of distributions, i.e., for every
v e G (RY),

Vo VD - k2ptde = /Fg‘ﬁ.

Ot

Proof: See [97, Thm. 9.11,Ex. 9.5]. ]

4.2.2 Exterior Neumann Problem Representation Formula

Discretization of (4.2.5) is complicated by the fact that the problem is over an infinite
domain. Of course, it is also unnecessary to know the solution everywhere: for many

applications, knowledge of ¢ at a small number of points in Q* will suffice. By using
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a fundamental solution for (4.2.5), it is possible to derive a representation formula
which given ¢ and 0,9 on T, allows for the calculation of ¢ at points in Q+. The
representation formula can then be used to pose integral equations for ¢ on the two-
dimensional boundary T'.

The usual fundamental solution (Green’s function) for the Helmholtz equation is

. . '
Glo, o) = exp(ik|z — z'|)

)

4|z — o]

satisfying
NG, 7)) + K2G(z,2') =0, Vo £ 2.

Assume that ¢ € C?(Q7) is a strong solution to (4.2.5). This assumption can later

be relaxed to work with general ¢ € H} (Q0F).

Lemma 4.2.2 (Green’s Identity for the Helmholtz Equation) If Q is a Lip-
schitz domain, and u € H*(Q), v € HY()), then

/ —(Au+ K*u)vdr = /(Vu V) — k*uwvde — [ Ouu-yvde. (4.2.7)
Q Q a0

Proof: See [97, Lemma 4.1]. m]

Fix ' € QF, and use Green’s second identity in the region
W={zeQ :|jz—-1a]>c}.
Then,

/ 0(2) DGz, x') — Gz, 2" ) Ap(x) dx = / 0(2)0n Gz, 2") — G(z, 2" )Onyp dx.
0f 602

(4.2.8)

Since ¢ satisfies Ap = —k2p, the left hand side of (4.2.8) becomes

/,, () (DG(z, 7') + K*G(x, 7)) dx = 0,

€
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and therefore,

0= / o(2)0y, .Gz, 2") — G(z,2") O da. (4.2.9)
02

The derivative of G on |z — 2’| = € is

b

On Gz, 2') = (% - in) %

and as

liné 4me® 8, Gz, 7)) = 1,
it follows from a simple calculation that

lim- 0(2)0, .Gz, 2") = G(z,2")Opp dz = o(z'),

€0 |z—2'|=¢

and therefore, (4.2.9) becomes

0= o(z) +/ 0(2)0n G(z,2") — G(z,2")Onp dx,
oqr

Now, note that Green’s formula is written with an outward normal, but the normal

on I' has been taken to be outward to €27, so that it is inward to 2?. Therefore,
o) = [ 9@)0}.Clo.') - o) da-
r
/ o(2)0y . G(z,2") — Gz, 2")Opip dx (4.2.10)
|lz|=p

It is shown, e.g., in [105, Sec. 1.4] that due to the Sommerfeld condition (4.2.5c), the

integral over the outer boundary in (4.2.10) satisfies

lim On Gz, 2")p(z) = Opo(2)G(z,2') dz = 0.

P00 Jlal=p

This yields the representation formula for the exterior domain.

Theorem 4.2.3 (Exterior Representation Formula) Let ¢ € C*(Q7") be a solu-
tion to (4.2.5). Then for ' € QTF,

() / Gz, o)y o(x) — 3Fp(z)G(z, ') dz, V' € Q. (4.2.11)

This result can be extended to more general classes of functions by approximating a

solution ¢ € H} (Q%) with smooth functions. See [48, Lemma 3.4].
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4.3 Boundary Integral Operators

The Green’s function and its derivative in (4.2.11) are known, as is the Neumann
data, so an integral equation can now be formulated for the unknown Dirichlet data.
The idea is to apply the trace operators to (4.2.11). For z' € Q*, ¢ € LY(T), and

¢ € LY(T), the single and double-layer potentials are defined via

(SLy)(z") =/w(x)G(w,x') dz

(DLE)( ')—/8+G:vz z)dz,

named after their association with surface distributions of electric monopole and
dipole charges. Later, these and related operators will be defined on a larger set of
functions than L!(T).

For sufficiently smooth functions, (4.2.11) can be written using the single and

double-layer potentials as follows.
o= DLyTp— SL} .

The results of the application of the trace operators to the potentials are given for

more general functions in the following theorem.

Theorem 4.3.1 (Mapping Properties) SL and DL give rise to the bounded lin-

ear operators

yESL :H Y*(T') — HY(T)
OXSL :H-Y*(T) — HY4(I)
yEDL :HY*(T') — HY*(T)
IEDL :HY?(T) — H™Y3(I),
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forp € H™Y2(T) and ¢ € HY*(T') satisfying the jump relations

[SLY]r =y*SLp — v~ SLy = 0 (4.3.1a)

[0nS Ly =07 SLs — 0, SLs = —¢ (4.3.1b)

[DLY]r =yt DL — vy~ DLy = ¢ (4.3.1¢)

[0, DL)r =8 DLc — 97 DLc = 0 (4.3.1d)

Proof: See [48, Thm. 1]. O

It turns out that the integral operators resulting from application of the trace and

normal derivative can be expressed in terms of

V=4*SL: HYXT)— HY*T)
K= (y"DL+~~DL)/2: HY*I)— HY*T)
D=-9*DL: HY*()— H-VI).
Combining these definitions with the jump relations in theorem 4.3.1, and the duality

relations of [97, Thms. 6.15,6.17] yields the following expressions for the traces and

normal derivatives of the potentials

yESLy =V (4.3.2a)
v*DL¢ = (£ + K)¢ (4.3.2b)
O5SLy = (FAT + K*) ¢ (4.3.2¢)
OfDL¢ = — Ds. (4.3.2d)

An integration kernel k(z,y) that is continuous for z # y is called weakly singular

if there exist positive constants M and « € (0, 2] such that
|k(z,y)| < M|z —y|*™*.

Otherwise, it is called strongly singular. Integral representations of V, K, D, are given

in the following theorem.
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Theorem 4.3.2 (Integral Representations) Let x € L>(T), ¢, € D(I'). The

representation formula
Vx(z) =/Fx(y)G(w,y) dy
holds for x € I'. D1 can be evaluated against a test function via
(D, s)r =(V(n x V¢),n x Vs)r — k*(V (¢n), sn)r.

If T has a tangent plane at z, then

K¢(z) =lim OnyG(z,y)s(y) dy
€= I'\Be(z)
- T\B.(x)

Proof: The integrand in V is weakly singular. In fact, it satisfies

/ G e, )l dy < Ce.
I'NB(x)

The integrands for K, K* are strongly singular, and in the absence of added surface
regularity, the integrals exist only in the Cauchy principal value sense. See [97, Thm.
7.4].

The integrand for D is called hypersingular, and can be evaluated as a finite-part
integral if I is C2. For general Lipschitz surfaces, it can be evaluated as above (see

(97, Thm. 7.4, Thm. 9.15)). 0

4.3.1 Boundary Integral Equations

Consider now the exterior Neumann problem, in which 8¢ = g € H~¥/?(T). One
seeks the unknown Dirichlet data yt¢ = ¢r € HY3(T"). Upon application of y*,
(4.2.11) becomes

(—iI+ K) pr =Vy, (4.3.3)
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while ;7 yields
Dor =— (31 +K*) g. (4.3.4)

The following theorem establishes the correspondence between solutions to (4.3.4)

and (4.2.5).

Theorem 4.3.3 (Integral Equations and Exterior Helmholtz)
If ¢ € HL (Q%) is the solution to (4.2.5), then the trace ¢r = vtp € HY?(T) is a

loc

solution of (4.3.4). Moreover, ¢ has the representation
(') = /8;;zG(:1:,x')g0p(x) - 9(z)G(x, ') dz, Vz' € QY. (4.3.5)
r

Conversely, if or € HY2(T') is a solution of (4.3.4), then (4.3.5) gives the solution
to (4.2.5).

Proof: See [97, Thm. 7.15]. O

Although theorem 4.2.1 gives uniqueness of the solution to (4.2.5), it will be
seen that this is in general not true for the boundary integral equations (4.3.3) and
(4.3.4), i.e., although any solution to (4.3.4) gives the same exterior ¢ through (4.3.5),
at certain frequencies, the solution to (4.3.4) is not unique. This non-uniqueness
stems from the fact that the boundary data corresponding to interior solutions to the
Helmholtz equation gives no exterior contribution through the representation formula
(see [47, Thm. 3.1]).

Following a procedure analogous to that described in §4.2.2, one can derive the

representation formula for the interior domain Q~, analogous to (4.2.11):
o(z') = /8:go(x)G(1',:L") - O Gz, 2"\ o(x)dz, Vo' € Q. (4.3.6)
r

Note that the sign of the right-hand side is reversed from (4.2.11) because the normal

is now outward to the surface, unlike in (4.2.10).
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Upon application of v~ (4.3.6) becomes
(A1 + K)gr =Vy, (4.3.7)
while 0 yields
Dyr = (%I - K*)g. (4.3.8)

Note that the operator on the left-hand side of (4.3.3) is (up to a minus sign) the
adjoint of the operator on the right-hand side of (4.3.8). Scalars u such that there

exists a non-zero solution u, to

Auy + puy, =0 in 7

v u, =0onl

are Dirichlet eigenvalues of the Laplacian in 2. Let p be such a scalar, with u, a

corresponding eigenfunction. Define
Up = O Uy.
Assume that k2 = . Then 0 # u,, € H~Y%(I") solves (4.3.8)
0=Dyu, = (%I — K*) Up,.

[ - K),

Thus, the operator (3] — K*) is singular, and therefore, so is its adjoint, (3

which appears on the left-hand side of (4.3.3).
Similarly, if k* = p is an interior Neumann eigenvalue, i.e., there exists a non-zero
solution u, to
Auy + puy, =0 in Q7

O u, =0onT.
The corresponding Dirichlet data given by

ur = '7_71';1
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satisfy 0 # ur € HY/2(T') and solve
Dur = (31 — K*) 9, u, =0.

Thus, the operator D is singular in this case.

If x? is not an interior Neumann eigenvalue, then D is injective, and uniqueness
of solutions to (4.3.4) follows from [48, Thm. 2]. [48, Thm. 4] also gives convergence
of Galerkin schemes for (4.3.4) in HY2(T").

In [35], Burton and Miller proposed a method for combining (4.3.3) and (4.3.4)
in a way that always achieves a unique solution, which is to solve instead the linear
combination (4.3.3)+in(4.3.4). The original formulation of Burton and Miller was
posed for smoother functions, but the following Sobolev space formulation appears in
[65].

With 0 # n € R, the Burton-Miller problem is to solve

(=3I + K+ D) gr = (V —in (31 + K*)) g in H3(T). (4.3.9)

Theorem 4.3.4 (Uniqueness for Burton-Miller) Let ¢ € H'/2(I'). If0 # n €
R, then

(=11 + K +inD)p=0 (4.3.10)
implies that ¢ = 0.

Proof: This proof was first given by Burton and Miller [35].
Consider the function

v= DLy
defined everywhere in R3 = Q- UT U Q. Assume that (4.3.10) holds. From (4.3.2),

Yuo=(-3I+K)op
0,v=— Dep.
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Upon comparison with (4.3.10),
Y~ v —ind,v=0. (4.3.11)

Now, apply Green’s formula (4.2.7) to v and U. The required smoothness is provided
by the Green’s function, which is C° away from its singularity. As both v and T
satisfy the Helmholtz equation in 27, take the difference of Green’s formula (4.2.7)

as applied to each in order to obtain
0= / (077) — (9-v)T da
r
=2i7]/ |0, v|* dz.
r

Therefore, ;v = 0 on I'. Note that the first integrand is pure imaginary, so it follows
that any complex number a could have been used with Im(«) # 0 in place of in, as
is done in Burton and Miller’s original paper. It follows from (4.3.11) that y"v =0
on I' as well. Thus, v =0 on Q. The jump relations (4.3.1) imply that 9}v = 0. By
the uniqueness of solutions to the exterior Neumann problem (theorem 4.2.1), v=10

on 2% as well. Thus, the jump relations imply that ¢ = 0. |

Amini showed [4] that for a spherical geometry, the optimal choice of the coupling
parameter 7 is the reciprocal 1/k of the wave number. In practice, this choice is often

made for arbitrary geometries.

4.3.2 Boundary Integral Equations on Thin Bodies

While the boundary integral equations described in the previous sections work in
principle for an object shaped as in figure 4.2 (i.e., for a shell), some practical diffi-
culties are quickly encountered. Most importantly, discretizations can be very badly
behaved when the shell is very thin: see, e.g., [96, 83, 89]. It is also natural in this
case to take advantage of the geometry and to seek, as is done with shell equations,

to reduce the dimension of the problem via suitable assumptions, namely in some
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d(L2g)-tas/2

Figure 4.2: Shell as scatterer. Denote the 2d chart function with ¢. The middle
surface is ¢(§p), with normal a3. The vectors nt and n~ are normal respectively to

the surfaces I't = ¢() + tas/2 and '™ = ¢() — tas/2.

sense to ignore the thin dimension of the shell. In this section, an integral equation
is derived, posed on the shell middle-surface, solution of which gives the jump in ¢
across the thin dimension of the shell for given middle surface velocity. In the next
section, the limiting “screen” problems corresponding to this integral equation are
discussed, as are existence and uniqueness of solutions.

Let the boundary of the scatterer once again be T', but here, it is assumed that
it encloses a shell structure, with geometry depicted in figure 4.2. In general, the
middle-surface normal a3 differs from the normals to the external surfaces I'" and
r-.

Following Martinez [96], three assumptions are made:

e Neglect the contributions from the set I' \ (I'" N I'7), i.e., from the edges, so

that the representation formula (4.2.11) becomes

o)~ [ BuesGle)rp@)de ~ [ Oup(@)Gla,) dut
r+ r+

/ On- oGz, 2" )vp(2) dz — | Op-¢(2)G(z,2") dz, Vz' € QY.

-
In the above formula, all traces and normal derivatives are exterior.

e Replace the integration point x with the corresponding point on the middle

surface, i.e., if y € Qg, then replace x = ¢(y) +t(y)as(y)/2 with ¢(y). Likewise,
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replace n* with a3z and n~ with —as. The result is
~ / ar, Gz, ")y o(z) de — / F p(x)G(z, ') da+
o() ¢(0)

/ 0, Gz, z")y"p(z)dx — / On- ()G (z,2') dz
#(S0) Y #(S20)

~ [ BuGad)rtele)de - [ ogpla)Gloo) dat
$(Q0) ()
/ ~0ay oG (x, 2" )y () dz — / —0430(2)G(z,2") dx
#(C0) $(S)

:/ B0y Gz, )V o — v ¢l @) dz — | Gz, 2850 — 0o)(x) da.
() o()

(4.3.12)
Now, the traces are “interior” or “exterior” to ¢(£2y) depending on whether
they came from the I' or I'™ side. Note that (4.3.12) is just the representation

formula (4.2.11) applied to the jumps across the surface.

e The normal component of the elastic displacement field has no jump across the
shell. For shell models, this is true already: the normal displacement compo-
nents are

N
’U,|p+ -ag = (ziaz + é(iaa"‘) - a3 = 23,

and
N/
ulp- - a3 = (za' — §0aa°‘) cas = z3.
Under the coupling assumptions, this implies that the jump
(01,0 — 0,,¢] = 0.
The representation formula thus becomes

wuw=/' Ou G, ) 0 )20 (4.3.13)
o(Q)

Taking the normal derivative here (from either side) gives the hypersingular integral

equation defined on the middle surface I'y = ¢(Qg):

Dry[elr, = —9, (4.3.14)
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on the middle surface, for the jump in ¢ in terms of the unknown Neumann data g.
Here, Dr, is the restriction of D defined in the usual way to the surface patch I'.

Application of the traces gives the equations

Subtraction of the second from the first yields the useless identity

[‘P] Lo = [(p]Fo .

Thus, something akin to Burton-Miller cannot be established by taking the usual
linear combination of two integral equations. Krishnasamy, Rizzo, and Liu [83] present
a modification of Martinez’s assumptions, by which the Burton-Miller equations can
be used on the middle surface, but this method requires extra field variables, and the
discretization of additional integral operators. It also lacks existence and uniqueness
theory.

Martinez [96] derived (4.3.14), and suggested that it be used, but did not discuss
existence or uniqueness of solutions. Note that this theory would follow readily from
theorem 4.3.3 if I'y were a closed surface. However, as is seen in the next section, it
turns out that (4.3.14) does in fact have a unique solution, and that the theory had
already been developed at the time Martinez published.

4.3.3 Screen Problems

Stephan [109] proved a well-posedness result based on integral equations for “screen”

problems of the following form.

Problem 3 [Neumann screen problem] Let Iy C R? be an open, bounded, simply-

connected Lipschitz surface (i.e., locally the graph of a Lipschitz function), and find
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Figure 4.3: Assume that I'y can be extended to enclose a bounded Lipschitz domain
Qy, with 92y = I'. Bpg is a ball of radius R sufficiently large so that 2; C Bp, and
QQ = BR \ Ql'

¢ € HL _(R*\ I'y), a weak solution to

loc

Do + k2o =0 in R®\ Iy (4.3.15a)

Ontp =9 on I'y (4.3.15b)
% _ x| =0 (2 a 00 (4.3.15¢)
or 14 r? ST

For subsequent proofs, the geometric setting of figure 4.3 is used.

Stephan did not discuss in detail the assumptions leading to this problem, though
he clearly knew that it arises as the limiting case of a thin scatterer. He presumably
did not have the results of Costabel [48] for integral operators on Lipschitz domains, as
they had not yet been published, and thus, used unnecessary smoothness assumptions.
The uniqueness theory of Stephan [109] is repeated, using the results by Costabel
[48] for boundary integral operators on Lipschitz domains to arrive at existence and
uniqueness theorem 4.3.8.

First, it is necessary to establish uniqueness to solutions of the screen problem
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(4.3.15).

Lemma 4.3.5 (Uniqueness of solutions to the screen problem)

Let o € HL (R®*\ Ty) be a solution to (4.8.15) with g = 0. Then ¢ =0 in R3\ T.

loc

Proof: The result [109, Lemma 2.1] is reproduced with greater detail.
If 1,92 € HL (R3\ Ty) are weak solutions of

(A + k), =0 in €,
(A + &) =0 in R®\ 001,

1
‘%—impz =0 (;5> as r — o0

subject to the transmission conditions
o1 =2 on '\ T, pp1 = nipp on T,
then

Y =@ in Ql)

Y =p2 n R3 \ Ql‘
Application of Green’s formula (4.2.7) for the Helmholtz equation over Q;, Q5 gives

IVsoll2—/<2|s01l2+/ IV¢2|2~F~2|<,02I2=/ ¢‘18n¢1+/ P10np1+ (4.3.16)
QQ o I‘l\FO

/ P20nips — / P20np2 — / P20n P2
8Bg I'o I\l

- / B30n03. (4.3.17)
OBg

1931

In the last step, application of the transmission conditions plus g = 0 reduces the
right-hand side by canceling the terms on I, " \ T.
If K > 0 (Im(k) = 0), the Sommerfeld condition implies that

/ Fa0nin = i / lpal? + O(1/7).
8B 8Bp
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Therefore, as Im(-) of the left-hand side of (4.3.17) is zero,

/{/ |2l — 0 as R — oo.
8B

This implies by a theorem of Rellich [113, Theorem 4.2] that ¢, = 0 in R*\ ;. Thus,

1 solves the Helmholtz equation with the homogeneous boundary data
1 =0o0n T o =0o0nT\Ty,

whence Green’s identity implies that ¢; = 0 on Q;.

Now, consider the case x = 0 or Im(x) > 0. It will be shown that in this case,

/ P20pp2 — 0 as R — oo. (4.3.18)
0Bg

@9 can be computed via the exterior representation formula (4.2.11) on I':

o(2') = /Fan,zG(x, z)vto(z) — 0Fp(z)G(z, 2') dz.

The entire integrand is proportional to the Green’s function exp(ikr)/4nr (where
r = |z —2'|). If Im(k) > 0, then p, will decay exponentially with r, and (4.3.18) is
satisfied. If k = 0, the Sommerfeld condition (4.2.5¢) ensures that

/ F30ups = O(1/R),
8Bg

and (4.3.18) is also satisfied.
Therefore, the real and imaginary parts of the left-hand side of (4.3.17) vanish,
implying that ¢s = 0 on R3\ Q;. Therefore, ¢; = 0 on Q, as before. a

Next, the representation formula must be established for the screen problem.

Theorem 4.3.6 (Screen representation formula) Let ¢ € HL (R*\Ty) be a so-
lution to the screen problem (4.3.15). Then for z’ & Ty,
o(z') = | [¢lry0n.G(z,2") dz. (4.3.19)
18]

Note the equivalence between (4.8.19) and (4.3.13).



106

Proof: This argument appears in [109, Lemma 2.4].

An important point in the following argument is that given boundary data from
an exterior solution to the Helmholtz equation, the exterior representation formula
yields zero when computed at interior points. Likewise, given boundary data from an
interior solution to the Helmholtz equation, the interior representation formula yields
zero when computed at exterior points. See [47, Thm. 3.1].

For points interior (to ),
o) = [ 07 ¢(@)6(a,7) = 0,.Gla,a V1 (o) do
0= / OnaGla, 217 () = O p(2)Gz, o) da
For points exterior (to ),
0= /r O p(2)G(z, ") — 0, .G (z, 2" )y () dz
o) = [ 00l 2" o(z) = O ela) Gl ) do
In either case, the two equations add to

o) = / Glx,2') (3 (x) — 0} p(x)) +0naCl(x,2) (v 0(x) = 7 0(x)) da,

W v
=0onl =0 on I'\I'g

which immediately yields the desired representation formula. O

Recall that the integral operator Dr, is defined via restriction of the usual integral

operator D to the surface patch Ty = ().

Lemma 4.3.7 (Equivalence of the corresponding integral equation)
For given Neumann data g € H™Y/?(Ty), the jump [¢]r, € HY?(Ty) solves the integral
equation (cf. 4.3.14)

Dryyp = —g (4.3.20)

if and only if ¢ solves (4.3.15).
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Proof: Suppose that ¢ € HL_(R3\I') solves (4.3.15). Apply 9, to the representation
formula (4.3.19), and recall (4.3.2d) to see that [¢]r, solves (4.3.20).

Conversely, suppose that [p]r, € HY?(T) solves (4.3.20). Apply the represen-
tation formula (4.3.19) to [¢]|r, and check that (4.3.15) is satisfied. Certainly, the
Sommerfeld condition is satisfied. For z & Ty, the Helmholtz operator (A + %) may
be moved inside the integral of the representation formula, as ¢ is C*®° away from
I'y. Application of 0, to the representation formula confirms that the boundary data
matches. The more technical question of whether ¢ as determined from [p]r, is in

H] (R3\Ty) is addressed in [109, Theorem 2.6]. 0

With these tools in hand, the main result can be proven.

Theorem 4.3.8 (Well-posedness of thin boundary integral equations)

Let 'y C R® be an open, bounded, simply-connected Lipschitz surface (i.e., locally the
graph of a Lipschitz function), and let g € H™Y(T'y). Let Dr, be the hypersingular
operator restricted to I'y. Then (4.3.20) has a unique solution ¢ € HY/?(Ty).

Proof:

Extend Ty to enclose a bounded Lipschitz domain €2, with 9Q = T'. Then by [48,
Theorem 2], there exists a constant ¢, and a compact operator T such that for every
e € H'*(T),

Re((D +T)0,8) > cllelusagy.

Extension by zero of ¢ € HY 2(T'y) to the whole surface I' shows that this strong
ellipticity property also holds on the surface patch I'y: for every p € H 1/ 2(Ty),

Re((DFO + TFo)Q»?) > CHQHip/z(FO)-

Thus, Dr, is Fredholm with index 0. Injectivity (and therefore invertibility) of D fails
if and only if 2 is an eigenvalue of the Laplacian on Q. However, by lemmas 4.3.5

and 4.3.7, Dr, is injective for any &, and therefore, existence of solutions to (4.3.20)
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Uniformly pulsating sphere

10

—=—%—grror
----- quadratic

10 10
mesh size

Figure 4.4: The L2-error vs. mesh size h for an exterior Neumann problem on the unit
sphere with constant data d,o = 1. The constant analytic solution ¢ = 1/(ix — 1)

comes from [49].

follows from uniqueness. m|

4.4 Numerical Examples

In this section, two numerical examples are presented to illustrate the convergence
behavior of the piecewise-linear Galerkin boundary element scheme described in §C.1.
In both cases, the given exterior Neumann data is smooth, and so the error estimate

of [105, Thm. 2.3] gives

I — enll2y < CR?|lell ),
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Asymmetric fundamental solution

10

——L%—error
----- quadratic

10"
107" 10°
mesh size

Figure 4.5: The L2-error vs. mesh size h for an exterior Neumann problem on the
unit sphere. The data is constructed using the Green’s function with a source point
interior to the sphere, i.e., 0,9 = 0, exp(ik|z — '|) /4m|x — 2’|, with 2’ = (0,0,1/2).

The corresponding Dirichlet data is thus exp(ix|z — 2'|)/4r|x — 2/|.
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i.e., quadratic error in the L%-norm for mesh size h. This is indeed what is observed

in figures 4.4,4.5.

4.5 Shape Optimization with Boundary Integral
Equations

Eppler and Harbrecht propose the solution of boundary shape optimization problems
by means of boundary integral equations. They consider three-dimensional electro-
magnetic problems in [59], and compute first [58] and second [60] derivatives of the
boundary integral operators for two-dimensional problems, using wavelet bases for
acceleration. Some work has been done with boundary integral equations for topol-
ogy optimization problems (obstacle location) in [27, 26]. Boundary shape derivatives
are also developed without integral equations, e.g., in [52, 71].

While one would expect that shape differentiation increases the order of the kernel
singularity of the integral, it turns out that for C? surfaces, the singularity remains
of the same order. This result is proven by Potthast [101, 102], and is the basis for
the result I state in the next section about Fréchet differentiability for the weak form
of the hypersingular operator. However, for implementation purposes, quite a bit
more work is required to deal with the modified kernel, and it is also necessary to
keep track of changes in geometric quantities such as element area factors and normal
vectors. Thus, due presumably to the tedium of the implementation, there is little
about shape derivatives in the engineering literature. There is a sensitivity study in

[86] for a one-way coupled problem that does not appear to use adjoint equations.

4.5.1 Shape Differentiation of the Hypersingular Operator

Up until now, the boundary integral equations have been stated as integrals over the
boundary I' of a domain €2~ or a screen I'y. In order to compute shape derivatives,

it is necessary to represent the shape of this surface as a mapping from reference
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coordinates into R®. For the description of screen surfaces Iy, the language of the
shell chapter is the natural choice.

Let Qo C R2, with the chart function ¢ € C?()3. The weak form
<DF0§01 Q>F0 =<V(n X V(P), n X vQ}Fo - K'z <V(QDTL), Qn>l"0-

from theorem 4.3.2 is to be evaluated for I'g = ¢(£).

In particular, recall the definitions given in §3.1.3 of the quantities a3 and +/a:

45 = 019 X 020
019 x 82|’

Va=+/(01¢0,9)(0:¢ - 028) — (016 - 020)2.

In the double integral below, these are written using superscripts z or y to indicate

the integration variable on which they depend, i.e.,

aZ =a3(x) — 81¢(£E) X 82¢(x)
- 1016(z) x D26()||”

var =\/a(z) = /(019(z) - 816(2))(D29(x) - 0r9(2)) — (Dr6(x) - ap(2))2. (4.5.1b)

(4.5.1a)

Thus, the the product (Dr,p, 0)r, for I'y = ¢(€g) becomes
(D(9)¢, 0)a (4.5.2)
-/ [ G(6(0). ) (@ x VO (@)Tpl0) - (0 x VO () Fle)) VPV dy
- [ [ G(6(a), ) (@he(0) - (a5 dyde,

where

D21, 22, 23) = P(x1,22) + 373
and the derivative V is defined via
~ T
Vely) = (ayx‘p Oy, 0) '

In (4.5.2) the notation D(¢) is used to emphasize that for the screen I'g = ¢(Qp)

the hypersingular operator depends on the chart function ¢.
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The Fréchet differentiability of the hypersingular integral operator D in the weak
form follows from the work of Potthast [101] for C? charts, and is stated in the

following theorem. In the following theorem recall that

exp(ir|¢(z) — ¢(y)) _ exp(irr(z,y))
ar|p(z) — o(y)| drr(z,y)

G(¢(z), o(y)) =
with 7(z,v) = |¢(z) — ¢(y)|.

Theorem 4.5.1 (BEM Shape Derivatives) Let ¢ € C?()3, and let the chart

function space be
C={6€C()° : dlle2eye <1},

for some fixred | > 0. Then the mapping

C3¢— (D(¢)p,0)0, €C
is continuously Fréchet differentiable, and the derivative in the direction 8¢ is

P)e, Q>905¢
/ /Q ( ()09} x V& (@) Vp(y)) - (a§ x V&7 (2)Vo(a))

+ G(9)Dy((af x VO T (2)Ve(y)) - (a& x VT (z)Vo(x) 5¢> Vavva® dydz
= [[| (G5 0lelolw) - (65e(o) + Gle)eu)olo) Dolef - a5)30 ) Voo Ve
+ / . G(0)(af x VO~ T(2)Ve(y)) - (a8 x VT (2)Vo(z)) Dy(vVa¥/a?)d¢ dydz
- [ [ Gle)alo) - (el Do(aVa) o dyd. (45.3)

Here, the abbreviations G(e) = G(¢(z), ¢(y)),

oG 0 (exp(ikr)
or *) = 5;( ZWT )‘T= |p(z) — o (y)|’

and

O o= BE) —oy) sy
2% = o =g P9 W)

are used. In addition, a%,a} and /o, /a¥,depend on ¢; see (4.5.1).
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Proof: Potthast, shows in [101, Thm. 3] that under these assumptions, the kernel re-
mains weakly singular after Fréchet differentiation. The integrand in (4.5.3) therefore
includes weakly singular kernels multiplied against a function composed of geometric
factors, the vector operations - and x, and the functions ¢, g¢. It is established in
the proof of theorem 3.5.1 that the geometric terms 1/a, a3 are continuously Fréchet
differentiable with respect to ¢, implying that the integrand is also. Since C x Q is
compact, uniform continuity implies that the differentiation and integration can be

interchanged. O

In the implementation, I use a singular quadrature method developed in [98].
New analytic integration routines are also required: see §C.2.1. The derivatives of
the geometric quantities in (4.5.3) are worked out in §C.2.2. Numerical tests show

agreement between the directional derivative and finite differences.



Chapter 5

Coupling between Elastic and

Acoustic Problems

5.1 Introduction

The elastic component of the coupled problem (1.2.1) is recast in a weak form:

/(H e(u)) : e(d) — wipu - vdx =/(f —iwpopn) -vdr Yv € HY(Q™)® (5.1.1a)

r
Opp = —iwu-n onI' (5.1.1b)
A + k2o =0 in Q% (5.1.1¢)
V- z/|z] — irkp| =0 (1/|z|?) as |z| — oco. (5.1.1d)

First, in §5.2, the existence and uniqueness theory for the coupled problem (5.1.1)
worked out by Bielak, MacCamy, and Zeng in [22] is restated using the notation of this
thesis. A significant deficiency of [22] is that it does not characterize the situations in
which uniqueness can fail. This issue is cleared up in [90], but I otherwise prefer the
exposition of the former. The crux of the matter is that it is possible in general for the
elastic body to have a “Jones mode,” a free eigenmode that exhibits no surface motion
in the normal direction, and thus does not drive the acoustics. This is known to be

possible for spheres and axisymmetric structures [90], but almost never happens for

114
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general shapes, as shown by [73]: it turns out that any sufficiently smooth boundary
can be approximated arbitrarily well by shapes that have no Jones modes.

This work was later extended to more general situations. In [80, 81], the problem
is considered with an anisotropic inviscid fluid, and an anisotropic thermoelastic body.

Having summarized existing results for (5.1.1), in §5.3, three-dimensional elastic-
ity is replaced with Naghdi shells (§3.2), and the boundary integral equations with the
hypersingular “thin” boundary integral equation (§4.3.2). The existence and unique-
ness result is then extended to cover this case. Finite element implementation is
discussed in §5.3.2. Finally, in §5.4, adjoint equations are derived, and optimization

results presented.

5.2 3d Elasticity Coupled to Boundary Integral
Equations

It turns out that in general, uniqueness of solutions for the coupled problem (5.1.1)
does not hold. Uniqueness can fail if there exists an eigenmode of the elastic structure
that does not drive the acoustics. The elastic displacement 0 # v € H'(Q7)3 is called

a Jones mode at frequency w if
/ (H :e(w)) : e(@) — w?pu-vdr =0, Vv € H'(Q7)*

u-n =0, onT.

In the absence of Jones modes, the following lemma guarantees uniqueness of solutions
to (5.1.1). The key physical idea is that the elastic boundary forcing (the sum of the
contribution from f and ¢ in (5.1.1a)) does no net work on the structure. Therefore,
if f = 0, the structure does no net work on the air, and it can then be shown that

v = 0, and that either u = 0, or u is a Jones mode.
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Lemma 5.2.1 If Q= has no Jones modes at frequency w, then (5.1.1) has at most

one solution

(u,9) € H'(Q7)* x Hp,l(QF).

Proof: It suffices to show that if (u, ) solves (5.1.1) with f = 0, then ¢ = 0 in Q.
Given that this is true, ¢ = d,¢0 = 0 on I, and therefore either u = 0, or v is a Jones
mode.

So let f = 0. Combining (5.1.1a,b) and taking v = u,

/'(H ce(w)) :e(@) — wipu - udr = pow2A¢6n¢dx.

- By symmetry of the elastic bilinear form, the imaginary part of the left-hand side

Im (/ go@nadx> = 0.
r

Thus, as in the proof of lemma 4.3.5, one can conclude via Rellich’s theorem ([113,

equals zero. Therefore,

Theorem 4.2],[97, Lemma 9.9]) that ¢ = 0 in QF. This completes the proof. ]

Upon replacement of the exterior Helmholtz equation with the Burton-Miller

method of §4.3.1 (with 0 # 7 € R), (5.1.1) becomes

/“(H s e(u)) 1 e(®) — wlpu - vdx :/r(f —iwpopn) - Tdx Yv e HY(Q™)?

(5.2.1a)
(=31+K+imD)p=(V—in(3I+K*)) (—iwu-n) in H™Y2(T).
(5.2.1b)

Instead of Burton-Miller, MacCamy et al. [22] use the method of Brakhage and
Werner [29], which by use of an indirect formulation gives unique solutions at all
frequencies to integral equations for the exterior Dirichlet problem. However, the au-
thors later formulate the coupled problem using a linear combination of Burton-Miller

and Brakhage-Werner in order to achieve a symmetric finite element discretization.
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For the uniqueness result, all that maters is that the integral equation have a unique

solution.

Theorem 5.2.2 (Uniqueness of Solutions to (5.2.1)) Assume that = has no
Jones modes at frequency w. Then the coupled problem with the Burton-Miller integral

equations (5.2.1) has at most one solution.

Proof: Let (u,¢r) be a solution to (5.2.1) with f = 0. Then (u,y), with ¢ €

HL (Q7") determined from the surface data by the representation formula (4.2.11) via
¢ = DLyr — SL(—iwu - n)

solves (5.1.1) with f = 0. Thus, since 2~ is assumed to have no Jones modes, it holds
by lemma 5.2.1 that (u,¢) = (0,0). Since u = 0, the right-hand side in (5.2.1b) is
zero, and thus, by theorem 4.3.4, ¢r = 0. O

Now, (5.2.1) is stated using operator notation: find (u, ¢) € U = H*(Q)3x H/?(T)
such that for all (v, p) € U,

A(u,v) + B(p,v) =F(v) (5.2.2a)
C(u, 0) + E(p, 0) =G(0), (5.2.2b)

with
Alu, v) :/_(H : e(w)) : e(T) — wipu - Tdz
B(p,v) =Aiwpo¢n'6dx
Fv) = /F f Tdz
Clu,0) =((V —in (31 + K7)) (—iwu - n)’§>H—1/2(F)xH1/2(P)

E(p,0) =((~3] + K +inD) 90’—9>H—1/2 I)xHY/2(T
() ()
G(o) =0.
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The operator A : H'(Q7)3 — (H'(Q27)3)" is defined by
A(u,v) = (A(u),v).

Analogous definitions are made for B, C, E. For the functionals F, G, these are, e.g.,

The key observation of Bielak, MacCamy, and Zeng is that the forms A, F are
nearly coercive. For A, by Korn’s second inequality, there exist constants k1, kg > 0

such that
A(u,u) > kl”””%ﬂ(ﬂf)‘? - ko”’d“%z(ﬂ_) (523)

For E, consider a decomposition of the hypersingular operator D, suggested by the

following lemma.

Lemma 5.2.3 Let Dy be the hypersingular operator defined for the imaginary wave

number k = 1. Then there exists a constant ¢ such that
<D090’¢>H—1/2(1“)><H1/2(F) 2 C“S”“ip/z(r)a Yy € Hl/Q(F)~
Proof: See [22, Lemma 4.1]. O

With D = Dy + Dy, define Fy, E; by

Eo(i, 0) =(inDow, 8) g-1/2(ryx m1/2(T)
El(ﬂ/"v Q) = <(_%[ + K+ inDl) ‘P1§>H—1/2(y)xH1/2(p) )
and Ag, A; by
Ao(u,v) =/ (H : e(u)) : e(D) + kou - Udz,

Aq(u,v) =/ —(ko + w?p)u - vdz,
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where kg is the constant appearing in the Korn inequality (5.2.3). Equation (5.2.2)

can be rewritten as

Ag(u,v) + A1 (u,v) + B(p,v) =F(v)

C(u, 0) + Eo{p, 0) + E1(y, 0) =G(p)-

Lemma 5.2.4 (Compactness) The operators Ay, B,C, E; are compact.

Proof: See [22, Lemma 4.3]. O

The following theorem also appears as [77, Thm. 5.6]; it differs from [22, Thm. 3.1]

in that different integral equations are used for the Helmholtz problem.

Theorem 5.2.5 (Existence and Uniqueness) For every f € HY*(T'), provided

that Q= has no Jones modes, (5.2.2) has a unique solution.

Proof: Switching to operator form and using the invertibility of Ay, Ey, (5.2.2)

becomes
~ —1 = ~ -1~ ~ —1 =
U+A0 A1U+A0 Bgo :AO F
E~0_1C~'u -+ 2 + Eo_lél(p ZEO—IG.

This can be written
Ao_lgl A’owl‘é U A‘()hlﬁ
I+ . . I R
EO C EO E1 7 EO G
Due to the compactness of the operators /fl,é,é', E; (lemma 5.2.4), the operator
on the left hand side is Fredholm with index 0. Thus, in order to show existence, it
suffices to show uniqueness. But if (u, ¢) solves (5.2.2) for FF = 0, G = 0, then it also

solves (5.2.1), with f = 0. Thus, by theorem 5.2.2, (u, ¢) = (0, 0). O
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5.3 Shell Equations Coupled to Boundary Integral
Equations

The coupled problem (5.1.1) is now stated in the case that the body is a shell, using
the assumed equality of normal velocity across the thickness to solve the exterior
Helmholtz problem with (4.3.15). The elastic terms in (1.2.1) are replaced with
(3.2.6) and (3.2.8).

One seeks U = (0,2) in U = {(8,2) € H' ()% x H(%)* : 6-a3=0a.e.} and
¢ in HL (R*\ ¢(£)) such that

K(O, Z;ﬁa y) - w2M(0) Z;?’-) g)

=/ (f T —iwpop(9(x))7 - n) vadz YV =(n,y) €U (5.3.1a)

Opnp = —iwz-n on () (5.3.1b)
Ap + k*p =0 in R*\ ¢(0) (5.3.1c)
|V - z/|z] —ikp| =0 (1/]]?) as |z| — o0. (5.3.1d)

Analogous to lemma 5.2.1, the following lemma characterizes conditions required

for uniqueness to solutions of (5.3.1).

Lemma 5.3.1 Provided that there do not exist any Jones modes at frequency w, i.e.,

that there are no 0 # U = (6, 2) € U such that
K(6,77,7) — «w*M(6,%7,7) =0 VW= (ny) €U
z-n =0, on T,
then (5.3.1) has at most one solution.

Proof: Once again, it suffices to show that if (6, z, ¢) solves (5.3.1) with f = 0, then
¢ =01in R*\ ¢(Q). Given that this is true, ¢ = 8,0 = 0 on ¢(Q), and therefore

either (8,2) =0, or (6, z) is a Jones mode.
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So let f = 0. Combining (5.3.1a,b) and taking (n,y) = (4, 2),
K(0,2,0,%2) —w*M(8,2,0,2) = powz/ 0oL pVadx.
)
By symmetry of the shell bilinear form K (3.2.7), the imaginary part of the left-hand

side equals zero. Therefore,

Im (/QO 00V d:p) =0. (5.3.2)

However, one cannot conclude the proof just yet because ¢(Qq) is not a closed
surface, and so the argument of lemma 5.2.1 cannot be applied directly. However,
using the construction of lemma 4.3.5, namely to extend the surface I' = ¢(Qq) to
enclose a region §2;, and work out the junction conditions at the interface, equation
(4.3.16) will result from application of Green’s formula. In this case, the terms on the
fictitious surface I'® will still cancel, as ¢ is continuous away from I'. In the proof of
lemma 4.3.5, the zero Neumann data was necessary to eliminate the terms of (4.3.16)
on I itself; the condition (5.3.2) now suffices to do so. The rest of the argument
can thus be carried through without further modification to conclude that ¢ = 0 in

R3\ ¢(%). This completes the proof. 0

With this uniqueness result, the Helmholtz screen problem can be replaced with
equivalent boundary integral equations, and consider the question of existence of

solutions. The following problem is the primary focus of this work.

Problem 4 [Shell coupled to thin BEM]
Find U = (6,2) in U = {(6,2) € H'(Q)> x H* (%)% : #-a3=0ae.} and ¢ in
HY2(4(Q)) such that for all V = (n,y) € U, and for all g € H/2(¢(y)),
0

(D@, 0) g-1/2(p00)) x B2 ((0))) =(1w2(Z(B)) * 1, B) H-172(s(020)) x H2(9(%)))  (5-3-3D)

where K, M are the Naghdi stiffness and inertial forms, defined in (3.2.7),(3.2.8).
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5.3.1 Existence and Uniqueness

For 3d elasticity coupled to the Helmholtz equation (or equivalently, to boundary in-
tegral equations), there exist geometries for which Jones modes preclude uniqueness.
For shells, this can also happen. As a very simple example, if the shell is flat, then
the in-plane motions decouple from the out-of-plane motions. The in-plane problem
(2.2.17) is elliptic, so there will be an infinite sequence of positive increasing eigen-
values, corresponding to purely in-plane motions, which do not drive the acoustics
through (5.3.3b). If the forcing excites one of these motions, then uniqueness will
fail for the coupled problem (5.3.3). This situation seems exceedingly unlikely for
general curved shells, or for joined shells, where the in-plane motions of one would

drive out-of-plane motions of the other.

Theorem 5.3.2 (Well-posedness of problem 4) Let ¢ € W2*(Qq)3, and f €
L*(Q%)3. Then if ¢ admits no Jones modes (in the sense of lemma 5.8.1), then there
exists a unigue solution (0,z) € U, ¢ € HY*(¢()) to (5.3.3). Furthermore, the

solution depends continuously on f, i.e.,

(8, Z)Hzi + ||<PH§{1/2(¢(QO)) < C(¢)‘|f!|%2(ﬂo)2'

Proof: The basic method of [22], outlined in §5.2, is repeated.
Make the following definitions, analogous to (5.2.2),

AU, V) =K(8,270,7) —w*M(8, 2;7%,7)
BloV) = [ iwmplé(@)y - n/ada
Fv)=[ f-pvads
Q0

C(U, o) =(iwz(z(¢)) - 1, D) 5 1/2(4(92))x H/2(8(52)))

E(p, 0) =(D9, 0) r-1/2(4(00)) x H1/2(6(52)))
G(o) =0
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so that (5.3.3) is equivalent to

AU, V)+ B(p, V) =F(V)

C(U, o) + E(p, 0) =G(0).

Once again, define corresponding operators, e.g., A via
A(u,v) = (A(w),v).

Here, the decomposition D = Dy + D used in [22] (§5.2) is no longer necessary,
as on the “screen” ¢(£2), E is invertible by theorem 4.3.8, which requires only that
#(§2) be Lipschitz.

The necessary Korn inequalities on the strain tensors v, x, ( in the shell bilinear
form K (3.2.6) appear in [25, lemma 3.6} in the context of proving coercivity of the
Naghdi bilinear form. Under positive definiteness assumptions on the constitutive

tensors C*% D and in light of (3.2.6), it is clear that for all (6, 2) € U,
K(0,29,7) = cll(6, 2)II3,

where

1/2
100, 2)[|s = (Z(H%ﬁ(Z)Hia(no) + Ixas(8, 2) 1 2204)) +Z“<a(072)”%2(90)> :

a,8
The quantity || - ||s is in fact a norm. It is equivalent to the Sobolev norm || - ||, if and
only if rigid-body modes are prohibited by the boundary conditions. The Korn-type

inequalities are

2115 (s <Cy (“ZH%Z(QO)S + Z ”%ﬁ(z)H%mo))
a,f

106, 2) |1 <Cy (H(é, Z)||%2(90)2><L2(90) + Z [ Xas(0, Z)Hi?(m))

a8

16, 2) I <C¢ <H(97 Z)“%%no)zxm(no) + Z [[¢al(8, z)“%“’((‘m)) :

a,B
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These permit the decomposition of K (and thus of A) via

Ao(U, V) =K(0,0,9)+k [ 0-T+2z-Fdx
Qo

AI(U’V):~w2]\4(97z;ﬁ)y)—-k0 97_7—+ng$,
Qo

and are proven via application of the two-dimensional Korn inequality to the vector
fields

Wo = 2+ Qg, W), = 0 - aq.

As in the previous section, it is necessary to establish compactness of the non-
coercive part, i.e., that the compactness properties of lemma 5.2.4 still hold. The

operators are

AvU— D)3 x{0€L*Q)°® : u-az=0ae} —U
B H'*(6(0)) — H™*(6(%2)) > U’
G H(9(S0)) — H2($(0)).

The operator A; is the composition of the injection
U— L) x {0 € L*(Q)® : u-a3=0ae.},

which is compact, and the embedding into &, which is continuous. The operator B
involves the compact embedding HY2(¢(£2)) — H~Y2(4()), and the adjoint of
the normal trace operator. The operator C composes the normal trace operator with
the compact embedding H?(¢(Q0)) — H~2(¢(Q)).

Therefore, using the invertibility of Ag, E,

Ay F
(I+T) =7 ]
@ E-'G
where
~_1~ ~_1~
Ay A A
T— 0o A1 Ag
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is compact. The operator on the left-hand side is a compact perturbation of the
identity, and thus, the Fredholm alternative applies. By lemma 4.3.7, solutions to
(5.3.1) and (5.3.3) are equivalent, and so in the absence of Jones modes, lemma 5.3.1
implies uniqueness and therefore existence.

In order to show continuous dependence of the solution on the right-hand side p,

it is necessary to show that the operator

A B
¢ FE

has a bounded inverse. Coercivity of Ag, E implies that /fo_l,E”l are bounded,
and therefore, it remains to show that 7 + T has a bounded inverse. If this is not
the case, then —1 is in the spectrum o(T"). Since T is compact, this implies that —1

is also in the point spectrum o, (7T"). This is a contradiction since I +7T is invertible. O

In the next section, discretization of the coupled problem is discussed.

5.3.2 Finite Element Implementation

Finite element implementation of problem 4 is complicated by the fact that the bound-
ary element code implemented in this thesis uses piecewise-linear elements, while the
piecewise-linear MITC3 shell element (proposed in [87, Sec. 4], along with the MITC6
elements) is known to suffer from locking, and also exhibits mesh-dependent effects,
as discussed in [88]. For a flat middle-surface, it reduces to the MITC3 triangular
plate element, described in [38], which is known to be unstable. Following the work
of [66, Ex. 4.1], who modified the MITC3 triangular plate element so as to achieve
stability, the analogous modification is made to the MITC3 shell element. The util-
ity of this element (as opposed to higher-order shell elements which generally exhibit
better performance) is that its geometry is linear, and hence, it matches the boundary

elements, making the implementation of the coupling simple: a one-to-one matching
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of flat facet elements on the boundary, with the same basis functions. In doing this,
the implementation of the adjoint equations becomes simpler. The most significant
drawback to the modified MITC3 element is that it still does not perform nearly as
well with respect to locking as does the MITC6 element for general shell problems.
Thus, I have also implemented the coupling with the quadratic MITC6a and MITC6b
elements. In this case, once again in order to simplify the implementation, geometry
errors are made in the coupling, but much improve the performance in the sense that
far fewer boundary elements are required.

Now, consider the implementation of problem 4 in the case of two joined shells
with the Galerkin boundary element method of section C.1 for the acoustic prob-
lem, and MITC6 shell elements or MITC3 shell elements with the Duran-Liberman
modification (the latter described in section B.1.3) for the shell problem. The im-
plementation of the shell coupling is as in §2.5, which describes two plates without
acoustics. Let K, Ky be the stiffness matrices, M;, My be the mass matrices, and
F1, Fy be the forcing vectors (corresponding to the term p/v; in (5.3.3a)). Once again,
S = [51, 5] is the matrix that imposes the kinematic constraints.

Each shell has its own mesh on local reference coordinates. These meshes are
created to be compatible at the junction, and give rise to a three-dimensional mesh
of the shell middle surface, for use with the boundary element code, which uses the
matrix D(w) from section C.1.1.

It is also necessary to translate the forcing terms from the global (acoustic) mesh
to and from the local shell meshes. For this purpose, the matrix N, is constructed,
which is used to calculate |, #(0) 230 OVer the elements of shell a.. IV, T can then calculate
[ $(020) Y3¥- Note that each of these operations involves translation between the global

and local meshes.
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The finite element system thus appears:

Kl —w2M1 0 S? 'LWPONiT -1 -41
0 Ky — w?M, ST iwpoNT | | U F

2 2 W2 WPy ol I (5.3.4)
S, S, 0 0 X 0
—’inl —iU.)NQ 0 5(&)) (,5 6

Of all the matrices involved, only D is dense. Define the matrices

K, — w*M, 0 ST
A= 0 Ky — w? M, Sg
Sy Sy 0
iwpoNT
B = | iwpoNy
0

C=(—z’wN1 —iw Ny 0)
D =D(w)

and the vectors

1 1
6: F‘2 ) 6267f= U:; 737:95’
0 X

so that the system (5.3.4), now written

8)

A B
C D

2y
o R

can be solved via the Schur complement technique:
(A-BD'C)f=a.

The term —BD~b does not appear on the right hand side because b = 0. GMRES

is used, with dense linear solves to apply D~!. For larger problems, an accelerated
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BEM code would provide matrix-vector products for D, and the application of D=1
would be performed by an iterative solver, as D is typically very well-conditioned.
In general, much can be said about the linear algebra associated with this prob-
lem, but with the present implementation, the costs associated with it are so small
compared with those of matrix assembly, that I do not address the issue in any detail.
For a discussion of solver strategies for this type of problem, see [63]. General theory

on numerical solution of saddle-point linear systems can be found in [18].

Figure 5.1: The driven box encloses the region [—1, 1] x [—1, 1] x [0, 1] with unit-circle
hole in the top face. It is driven with a spatially Gaussian pulse, centered near the

red spot at 200 Hz.

Transfer functions for the box shown in figure 5.1 computed using this method
with MITC3 and MITC6 elements are shown for different plate thicknesses in figures

5.2 and 5.3. Agreement is good at most frequencies. I have done some tests at the
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frequencies where significant discrepancies occur, and found that the linear systems
are being solved accurately. [ also tried local mesh refinement (and a uniform forcing
profile) to rule out the possibility that the refinement of the mesh was changing the
response through better resolution of the driving force profile. In general, boundary
layers can be a significant issue for both shell problems [36] and thin boundary integral
equations [109], but based on numerical experiments, this does not appear to be the
case for this problem. I base the calculations on the number of elements required
to resolve the shell discretization on the speed of bending waves in Kirchhoff plates
(§2.7). Further mesh refinement should resolve these lingering questions, but is too

expensive with the present implementation of the boundary element code.

t=0.05

pressure (Pa)

-5

1 1 ] 1 i
0 50 100 150 200 250 300

f (Hz)

Figure 5.2: Transfer functions of the driven box for ¢t = 0.05. Blue indicates MITC3,
while red is used for MITC6. The dashed lines were computed on a mesh with the

characteristic length A halved to test for convergence.
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Figure 5.3: Transfer functions of the driven box for ¢ = 0.1. Blue indicates MITC3,
while red is used for MITC6. The dashed lines were computed on a mesh with the

characteristic length h halved to test for convergence.
5.4 The Coupled Optimization Problem

In this section, specifics are given to the optimization problem formally suggested
in the introduction (§1.2), using the model problem of §5.3. Recall that under the
Naghdi model, the shape is determined by the middle-surface chart function ¢, and
the thickness function t. These parameters are denoted ¢ = (¢,t) € G. The choice of
G is as yet unspecified.

For w > 0, define the constraint function ¢: G x Y — U’ by

(9, Usw), V3ursu (5.4.1)

:Kg(ga z; 7, y) - WQJ\/IQ(Q? 21, y) - / (f Y- Wﬂo‘ﬂw(l’))y ) n) \/de

Qo

+ (D, 0) 5-1/2(p(00)) x H2(6(00))) — (W2 (T(D) - 1), 0) H-1/2(p(520))x HI/2(6(00)))
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and solve ¢(g, U;w) = 0 € U'. Assuming that a unique solution exists at the frequency
w, it shall be denoted by Ulg;w]; this uniqueness would fail only in the presence of a
Jones mode.

The objective function is a weighted least-squares over N, discrete frequencies:
Ny

J(g) = 3 S (lig, Ulgs el wn)] = i)

k=1
with
3(9,U;w) = Rex[g;w]U,
N——
rep. formula

where R, represents the action of the representation formula (4.3.13) on the velocity
potential ¢ for the point z*.

The shape derivative of the objective function is
Ny

(DJ(g),09)g'xg = Zak(lj(9> Ulg; wil; we)| = 7%) [D| +|Dg3(9, Ulg; wi); wi)dg
k=1

+ DI |Dyjg, U{g;wa;wk)DQU[g;wk]ag}

Assuming that the hypotheses of the implicit function theorem hold on the constraint

function c (see theorem 5.4.1), the state derivative in
(Dyj(g, Ulg; wil; we) DgU|g; wi], 89)grxg
can be replaced with
DyUlg;w] = =Dyc(g, Ulg; w];w) ™' Dye(g; Ulg; w]s w).-
By solving the adjoint equation
Dyc(g,Ulg; wi];wi)* Py = —Duj(g, Ulg; wi]; wi), (5.4.2)

the objective function derivative is then computed after N, state and N, adjoint

solves via
Ny,
(DJ(9),89)arxg = D (|5(g, Ulgs wels ) — )] [Dl |(Dyi(g, Ulgs wil; wi)dg
k=1

+ D| - |{Dyc(g, Ulg; wi); wk)dyg, Pk)bﬂxbl} .
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It is necessary to differentiate the representation formula (4.3.13). If r = |z’ —

é(z)|, and 7 = (' — ¢(z))/r (note that x € Qq, while z/ € R3\ ¢(€)), then

oG oOr Jad.

Rlg;w]U = Qoﬁa_ag, ()

The derivatives of the representation formula are
oG .
DyR[g;w)U = | —% - azgp(x)Dyv/a dz+
Qo 87"

2
/ (a G(Ddﬂ’)f -az + Qg‘l)qﬂQ -as + Qg‘f’ . D¢a3> g&(l‘)\/adl'
Qo

orz or 15}
and
oG |
(Dyrlg; wlU, 6Uxu = | —7- azdp(z)y/adz.
Qo 87‘
The derivative of the modulus function
|-[:C\0—R"
is given for z = x + iy by
) )
Iz 4 62] — |2] = 222X L 152)).

vVt +y?
The forcing terms (assuming that the surface pressure loading p is independent of
@) require only differentiation of v/a:

Dg/ (f‘?*iwposo@n)\/id:r:/ (f -7 — iwpopT - n) Dg\/adg dx
Qo Q

0

D, | iwgz -nvadz =/ iwgz - nDy\/ad dzx.

Qo Q0
In discretization, the method works: numerical tests of the objective function

derivative computed using this method are shown in figures 5.4, 5.5.

5.4.1 Adjoint Equation Theory

In order to justify the adjoint equation (5.4.2), it is necessary to verify the hypotheses

of the implicit function theorem for the constraint function (5.4.1).
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Error in coupled gradient MITC3
10 T T

abs(f(x+dx)—f(x)—~g*dx)/norm(dx)

10 10 107 107
norm(dx)

Figure 5.4: Objective function derivative test, MITC3. The horizontal axis represents
the size of the shape perturbation. The vertical axis is the difference between the
derivative and the Newton quotient, i.e., it should be O(|dx|) as dz — 0. This
behavior is observed until |dz| becomes sufficiently small for floating-point errors to

take over.

Theorem 5.4.1 Let w > 0 be a fived frequency, I, L > 0 and t,,0: > tmin > 0 be given
constants, and go = (¢o,ty) € G =C x T, where

C={s€C*()° : gllcany <1},

T={t: 0 =R : tmw > tx) >t and |t(z) — t(z)] < Llz — 2|, Vo, 2" € Qo } .

If there are no Jones modes for the shape go at frequency w, then the hypotheses of
the implicit function theorem are satisfied for the constraint function (5.4.1) at the
point (go, U|go; wol)-

Furthermore, the state Ulg;w] is Fréchet differentiable with respect to g at the
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Error in coupled gradient MITC6

10

abs(f(x+dx)~f(x)-g*dx)/norm(dx)

RN
o

norm(dx)

Figure 5.5: Objective function derivative test, MITC6. The horizontal axis represents
the size of the shape perturbation. The vertical axis is the difference between the
derivative and the Newton quotient, i.e., it should be O(|dz|) as dz — 0. This
behavior is observed until |dz| becomes sufficiently small for floating-point errors to

take over.
point go, and the derivative is given by
D,Ulgo;w] = —(Duelgo, Ulgo; whiw)) ™ Dyclgo; Ulgo; wl; w).

Proof: The hypotheses of the implicit function theorem (see [19, Thm. 3.1.10]) are

verified for the constraint functional ¢(g, Ulg; w]; w).

e By theorem 5.3.2, the equation ¢(gp,U;w) = 0 € U’ has a unique solution
U = Ulgo; w].

e The constraint c(g,U;w) is affine-linear and continuous in U.  There-
fore, Dyec(go,Ulgo;w];w) exists, and furthermore, by theorem 5.3.2,

(Dyc(go, Ulgo; w]; w)) ™! is continuous.
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e By theorems 3.5.1 and 4.5.1, the constraint ¢(g, U;w) is continuously Fréchet
differentiable with respect to g.

In order to establish existence of solutions to the optimization problem

min J(g),

geg
it remains to specify the shape parameter space G. For plate thickness optimiza-
tion problems [75], compactness requires that the thickness ¢ be uniformly Lipschitz-
continuous. Existence of solutions is proven for a class of mechanical shell shape
optimization problems in {7] for C? charts. The addition of a uniform bound on
the second derivatives allows differentiability of the boundary integral operators (see
§4.5.1), so this may be an appropriate requirement for G in order to ensure existence

of optimal solutions.

5.5 Coupled Optimization Results

Optimization results for the box example shown in figure 5.1 are given in this section.

Recall that the problem is to find

N,
. o
I;lelél Jl9) = Z '2“k(|](97U[g;wk];wk)| — Tk)2.
k=1

The shape space G allows the chart and thickness to vary over all six (initially) planar
surfaces of the box, but the chart function ¢ is subject to the kinematic junction
conditions from §3.6, and the thickness function ¢ is subject to bound constraints.
In addition, ¢ and ¢ are subject to Lipschitz-type constraints: to prove existence
of solutions to optimal plate thickness design problems, Hlavdcek and Lovisek [75]
required uniform Lipschitz continuity of the thickness function ¢. From the point of

view of analysis, the constraints serve to enforce compactness of the design space, but
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in discretization, they also prevent the optimization algorithm from making design
changes that cannot be accurately represented by the finite element mesh. However,
Lipschitz continuity constraints are non-linear, so I replace them with uniform bounds
on the partial derivatives. This ensures that uniform Lipschitz continuity holds with
a related constant.

For this problem, MITC3 elements are used with
w = 2m{50, 100, 200}, z* = (5,5,5), = {1,1,1}.

The theory for the adjoint equation (theorem 5.4.1) further requires uniform bounds
on the second derivatives of ¢, but this cannot be enforced for a piecewise-linear sur-
face. Future work could involve investigation of whether the smoothness assumptions
can be relaxed in the theory, and how the discrete solution behaves under limited
smoothness assumptions.

Optimization is done using the interior point method provided by Matlab in the
Optimization Toolbox function fmincon. Over the course of the optimization, the
objective function (and derivative) are evaluated 146 times. The objective function
value drops from 5.19 x 1073 to 5.00 x 10~7. The norm of the gradient never drops
to levels that suggest satisfaction of first-order necessary optimality conditions; I just
stop the optimization when it fails to make further significant progress. This sort
of behavior is to be expected for a non-convex, non-linear problem with only first-
derivative information, and a large number of optimization variables. Images of the

initial and final shapes and transfer functions can be seen in figures 5.7, 5.6.
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Figure 5.6: The initial shape is that of the box above with flat faces. In the optimized
shape below, color indicates the shell thickness. In addition to the thickness variation,

ripples also develop, and are particularly noticeable in the top of the box.
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Figure 5.7: Box optimization: initial and final transfer functions. The red x marks

indicate the desired values of the objective function.



Chapter 6

Conclusion and Future Work

In this thesis, I have developed a model of shell-structure acoustics using thin bound-
ary integral equations and Naghdi shells, and proven its well-posedness. I have given
theoretical justification, under additional smoothness assumptions, for the corre-
sponding adjoint equations. I have set up finite element models for the state and
adjoint computations associated with optimization of an acoustic transfer function,
and demonstrated the utility of the method by solving design problems with the
thickness and chart function as optimization variables, parametrized at the scale of
the finite element mesh. With an accelerated BEM code, this method could be used

to solve optimal design problems posed over a wide range of frequencies.

6.1 Accomplishments

I have implemented piecewise-linear Galerkin boundary elements with analytic singu-
lar integration described in [105] for solution of Helmholtz boundary integral equations
in three dimensions, and computation of integral operator shape derivatives.

In order to make the coupling to the flat triangular boundary elements simple,
I also created a new shell finite element based on the MITC3 shell element of [87],

but with a modified rotation angle space. The modification is analogous to that
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made by [56] to the MITC3 plate element, so that the modified element, which I call
MITC3-DL, reduces to the stable Duran-Liberman plate element in the case of flat
shells. The second-order MITC6 elements of [87] exhibit better locking behavior, so
I have implemented them as well, allowing geometry errors in the coupling. I have
implemented shape derivatives for all of these elements.

With these finite element tools in hand, I have set up the fully-coupled problem
corresponding to (1.2.1), and implemented adjoint equation-based optimization for
the coupled problem. This involves a great deal of tedious differentiation of shape
parameters, which must be carefully integrated with the finite element codes. Finally,
I have solved some small-scale optimization problems involving multiple joined shells.

In order to justify the method, I have analyzed the coupled problem (5.3.3). Pro-
vided that all eigenmodes of the shell couple to the acoustics, the problem is well-posed
at all frequencies. Under the assumption of a C? midsurface, the adjoint equations
and shape derivatives can be justified via the implicit function theorem. Numerical
tests of the method show agreement between the calculated derivatives and finite

differences.

6.2 Future Work

This work could be extended in several directions. First, in order to explore more
fully the potential of this kind of optimization, the BEM code must run faster. There
are many potential methods for doing this. It would be easy to exploit parallelism
of the problem, and it is also possible to implement acceleration techniques such as
hierarchical clustering [105].

A more physically realistic model would also include viscoelastic material damp-
ing. This would also alleviate the problem of non-uniqueness of solutions for certain
special geometries. In practice, it would be easy to include damping via a complex

frequency-dependent elastic constants determined by experiment.
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In the optimization problems I have tried, the gradient-based methods typically
make significant progress, and then stagnate. Hessian information would likely accel-
erate convergence substantially, but it would require second shape derivatives of the
shell and boundary integral operators, which would increase the complexity of the
implementation.

Hlavacek and and Lovisek [75, 76] investigate various thickness optimization prob-
lems for plates, and prove convergence of the approximate optimal solutions. How-
ever, they do not prove rates, which could likely be worked out using error estimates
for MITC elements. Work of this type could also be extended to shells, at least
conditionally, by assuming that the necessary inf-sup condition holds for the shell
elements.

It is also desirable to develop existence theory for the optimization of the cou-
pled problem through combination and extension of existing work on plate thickness
optimization [75] and shell chart optimization [7]. Uniform bounds on second deriva-
tives of the chart function required in [101] for existence of Fréchet derivatives of the
boundary integral operators might then be shown to be a sufficient requirement on the

chart function space for existence of both optimal solutions, and of state derivatives.



Appendix A

MITC Plate Elements

A.1 Implementation of the MITC7 Element

The weak form of the Reissner Mindlin plate equation (2.2.16) can also be written in

matrix form: find (6, z) € R x V such that for all (n,y) € R x V,

/ k()T Cpr(6) d:v+/ v(n,y) Csv(0,2)dz = | Gydz, (A.1.1)
Q% Q0 Q
where
1 v O
10
Cg=Dt*|v 1 0 |, Cs = At
0 1
00 L
and
0,01
83312 — 91
K(0) = Oz, 02 ) v(8,2) = :
53022 — 92

Ory01 + 0,02
A.1.1 MITC Discretization of the Reissner—Mindlin Plate
Equation

For the MITC discretization of A.1.1 appropriate subspaces R, C R, V, C V, and

a reduction operator Ry : Ry — S, must be selected. The MITC approximation
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(O, zr) € Ry x Yy of the solution of A.1.1 is computed as the solution of

/ k(mw)" Cpr(n) dz + / Y(Banh, yn) CsY(Rubn, 2n) dz = | Gyndz  (A.1.2)

o Q0 Qo

for all (nn,yn) € Ry x Vi. Aside from taking the discrete subspaces Ry, Vi, the only
change from (A.1.1) is the presence of the reduction operator Ry, : Ry — S, in the
shear term.

I describe the MITC7 discretization of the Reissner Mindlin plate equation. The
MITC?7 elements were introduced in [30]. Error analysis was completed in [33].

Let A\, be a triangulation of £y. For a triangle T', denote by P;(T’) the space of all
degree j polynomials on T and for an edge e, denote by P;(e) the space of all degree

j polynomials on e. Furthermore, for each triangle T, define the spaces

Si(T)={pe P(T) : pl. € Py(e) for all edges e of T},

a1+ b1y + c1xe + To(dxy + ex
RTI(T)z ' o v 2( ' 2) : aiabiaciadaeeRai'__laZ
as + boxy + cag — x1(dzy + ex2)

Let P;(€) be the space of all degree j polynomials on €, and let T be any
triangle in the discretization. For MITC?7, the spaces are given by

Rr={p€R : plr € S:(T)* VT € Ly} (A.1.3a)

Vi={p€eV : plr € P(T), VT € L} (A.1.3b)

S, ={v : v|r € RTi(T), v - 7 continuous at inter-element boundaries}, (A.1.3c)

where 7 is the tangential unit vector to each each edge in T. The reduction operator

Ry, is defined on each triangle T € A\, via

/ (6n = Ruba)(s) - 7(s) pr(s)ds = 0, Ve edge of T, Wy € Po(e), Vo € R,

e

(A.14a)

/ 6 (x) — (Rufn)(z)dz = O, 65 € R

(A.1.4b)
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Again, 7 is the tangential unit vector to each each edge in T'. Since (6, — Rirbr)le €
Py(e) and p; € Py(e), it holds that (8, — Rp6s)|e 7 p1 € Ps(e). Since 2-point Gaussian
quadrature is exact for polynomials of degree 3, see, e.g., [110, p. 154], (A.1.4a) can
be enforced by requiring that

(On — Bibp)(z5) - 7(25) =0, i=1,2

for all edges e of triangle T', where z¢, ¢ = 1,2 are the Gauss quadrature points on

edge e, which for an edge with vertices vy, vo are given by

U1 + V2 n Vg — U1 . U + V2 Uy — V1

, x5 = — .
2 23 2 2 2V/3

The points z¢ are also referred to as tying points . Thus, replace (A.1.4) by

e .
I =

(6n, — Rpbp)(z5) - 7(25) =0, i=1,2 VeedgeofT, VO,€Ry  (A.lba)

/ 0n(z) — (Rpbr)(z)dz = 0, V6, € Ry,.  (A.1.5b)
T

A.1.2 Ordering of Local and Global Degrees of Freedom

Each triangle Ty, € A\, has seven degrees of freedom for each component of the rotation
0}, and six degrees of freedom for the vertical displacement z. Let @, be the vector of
the components of ¢, corresponding to the kth Lagrange basis function. The vectors

of finite element degrees of freedom are then written

ekl Zkl
eRM 7= : | eR

S
I

9k7 Zkeg

The local displacement vector is then

e R%,

N1
Il
Ny
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The degrees of freedom are arranged globally according to vertex and triangle

number:

T
3T

U' = (91,1 01,2 21|‘92,1 02,2 22| Tt Ien,l On,2 Zn|9n+1,1 9n+1,2l T lem,l 9m,2> ‘

(A.1.6)

The local matrix assembly routines, including construction of the reduction oper-

ator Ry, are described in A.1.5. The linear equation (A.1.11) is then written as

KU =G.

A.1.3 Boundary Conditions

In order to enforce the boundary conditions (2.3.5), it must be required that R, C R,
and V, C V, with V,R as in (2.3.6). This is done by constructing a matrix S such
that if U is the vector of global finite element degrees of freedom, as before, then with

0, z, defined in (A.1.10)
8(7=0<:H9h € Ry, zp € Vy.

These are then enforced by using a standard saddle point approach, i.e., by solving

K ST\ (U G
= . (A.1.7)
S 0 X 0

A.1.4 Basis Polynomials

The basis for V}, are the piecewise Lagrange polynomials corresponding to the triangle
vertices and the edge midpoints. The basis for R, are the piecewise Lagrange poly-
nomials corresponding to the triangle vertices, the edge midpoints and the triangle

centroid. The finite element functions are then

() = Z 2iN; (x),

() = Z 0N/ (z).
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As usual, the basis functions N?, N7 are constructed by mapping the Lagrange poly-

nomials on the reference triangle
T={(cR: 620,6£>04+&6<1}

to the triangles T' € Ay,

The Lagrange basis polynomials for P, (f) and 5’7(? ) are given by

N§(61,6) = (1— &~ &)(1—26 — 26),
N6, &) = &(26-1),

]/\736(51,&) = &(26 - 1),

N§(&,8) = 466,

[\756(51752) = 461 - &~ &),

N§(&, &) = 46(1-& —&).

(A.1.8)

and

) = (I=&6~&)(1—26 —28) +36&(1 -6 — &),
) = &(26 - 1)+ 36601 - & — &),
1(61,82) = &(2&—1)+366(1-& - &),
) = 466 — 12661~ & — &), (A.1.9)
) = 41— & — &) — 12661 - & — &),
N £1,8) = 46(1 =& — &) —1266(1 - & — &),
NI(61,&) = 276&(1 - & — &).
respectively (see also Figure A.1).

Let T} be the triangle with vertices v, , Uk,, Vk;. 1The map
§ = vy + Jik,

where

2x2
Jy = (Ukz = Vky Uk — vkl) €eR

maps the unit triangle onto Ty (see Figure A.2).
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&

o~ ~

Figure A.1: Degrees of freedom for the Lagrange basis for P(T") (left) and for S;(T)
(right).

If NP, ..., NS are the basis functions for Vj, then the basis functions Nf ,..., N§

which have support that intersects with 7}, satisfy
NS (z) = NS(JyY(ax — ), i=1,...,6.

Similarly, if N,..., N are the basis functions for R, then the basis functions

N,Zl, e ,N,; which have support that intersects with T} satisfy

N,Zz(x) = N:(Jk—l(x —Ug)), 1=1,...,7.

A.1.5 Matrix Assembly

Using the basis functions, (A.1.2) can be reformulated as follows. Find

2n(z) =D zN(z), Oh(x) = 6;N](z) (A.1.10)
=1 =1
such that
/ k(N Cpr(0)) dz + / Y(RuNT, N2 Csv(RnOh, z,) dx = / GNfdr (A.1.11)
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M)
Vkq
&2
Vs Uk, -+ Jk§ Uk,
Vi,
T Z1
01 Vg &1

Figure A.2: Transformation between reference and physical coordinates.

foralli=1,...,nand all j =1,...,2m, where
N7 0
N;j—lz J s Ngjz 3 ]21,,m
0 Nj7
Equation (A.1.11) is a linear system of equations in the unknowns 21, ..., z, and

6., ...,0,. Since

the linear system is assembled element-wise. Let T} be the triangle with vertices

[=

TxEAR

Uk, » Uky, Uk @nd nodes with indices ki, ..., k7, where ky,..., ks are the indices of the
vertices, ky, ..., kg are the indices of the edge midpoints, and k7 is the index of the

centroid. For z € Ty,

6 7
wn(z) =) 2 NE(x), Ou(z) =D 0, Ni(x), z€T
=1 i=1

Define
Vb,

Vo2

Ve, =
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and

. [VN] ;[0 -
VN, = , VNI = L j=1,...m
0 VN]

Recall that

Oy 01 1000
V1
r(0n) = OrrOn 2 =l000 1 = EV#8,
V2
OgyOn1 + O, On 2 0110
U
=E
Hence,
/H(VNZ)TCB/{(Oh)dQS
Tk
= /(VNZ)TETCBEVBhdx,
Tk
=y / (VN))'ETCpEVN] dz 6, (A.1.12)
g T

where the summation is over j = 2k; — 1,2ky,...,2k; — 1,2k; and 1 € {2k, —
1,2ky,...,2k; — 1,2k;}. The integrals in (A.1.12) are computed by transformation

onto the reference triangle. If

. N7 . 0 ,
N;]'—l = ( (;) ) N;J = (]/\7'7> y J = 17 cee 771
J

then transformation of the integrals in (A.1.12) onto the reference triangle gives

(VN3 _1) ETCpEVNG, _, da (A.1.13a)

Tk,
. J7b 0 T 0 .
= |Jkl / (VNg,_)" ( * 1) E"CyE ( ¢ T) VNI,_, de.
T 0 Jg 0 J
and
/ (VNG )T ETCEVNG, dx (A.1.13b)
Ty

N J1oo JT 0 .
= |Ji| /A (VNZ)T | 7% ETCRzE | " VT, de.
T 0 J! 0o JT
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fori,7=1,...,7.
For the computation of the second integral in (A.1.2) recall that

Y(RyOn, 21) = Vz, — Rp0h,
where R,0h|1, € RT1(Ty). If

(Ramn)(€) = (Bumy) (v, + Ji€), € €T,

then the transformation onto the reference triangle can again be used to obtain

/‘ Y(Ramn, Yn) T Csy(Ry6h, z1) dx

Ty

= |7 [(JgTvah—%)Tcswfvzh—@fde. (A.1.14)
T

Next, the computation of R,n, and fTh-'r?h is given in detail.

A.1.6 Calculation of the reduction operator R}

For each triangle T} the reduction operator R, satisfies

(0, — RpO:,)(26) - T(28) =0, i=1,2 Veedgeof Ty, VO, € S:(Tx)? (A.1.15a)

/ 04 (x) — (RnBn)(z)dz = 0, W0, € Sy(TL). (A.1.15b)
Ty
Since for each triangle Ty, it holds that

Rh . S7(Tk)2 b RTl(Tk),

the operator can be represented by a matrix R, € R3*4,
Let Ty be the triangle with vertices v, , Vk,, Uk, and nodes with indices &y, ..., k7.

Define

1 2z 20 0 0 0 a2 22
ME(z) = b ol et
0 0 0 1 z; 2o —22 —zy79
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The columns of MJ are a basis for RT;(T). Furthermore, define

R = Ni(6) Ao o N (O Ao e
0 N ... 0 N

With this notation, the finite element functions are written

eh(x) = E ekz‘NIZi (.’I?)

7
= Z ekile;ki—l (m) + eki,2N’27ki (T)
i=1

= N(J = vi,))8, z € T. (A.1.16)
where
6]61,1
0y, Ok, 2
6= :|=| : |er"
9k7 0/67,1

Okr,2 )

is the sub-vector of 8 corresponding to node indices in triangle 7.

The reduction operator can now be written as
(Rp0:)(z) = ME(z)ReB, z €T (A.1.17)
Using (A.1.16) and (A.1.17), (A.1.15) can be written
7(z) - ME($) Re = 7(xf) - N(J7 (a6 — w)), i=1,2 Ve edge of Ty,
(A.1.18a)
k] /f ME(ve, + Je€)de R = | Je| /T R(e)de. (A.1.18b)

Note that the quantities on the right hand sides in (A.1.18) are independent of the
triangle Tj.
Finally, the function I?hFh in (A.1.14) is computed as

(Rama)(€) = (Ramy) (Ui, + Ji€) = ME (v, + JeE)RiO ceT.



Appendix B

MITC Shell Elements

B.1 General Shell Elements

Finite element discretization of (3.2.6) is usually based on what are called general
shell elements; see [39, 6.3] for a detailed discussion. Recall the geometric definition

of the shell (3.2.1), given by the chart function
Oz, 2%, 2%) = p(2!, 2?) + 23as.

In general, the exact surface chart function ¢ is not available, so it is necessary to use
some sort of interpolation. Suppose that ¢ is assumed to be piecewise polynomial.

Then
Aq = a¢7

and

G = ai; X Ay
’ lla:r x as|

in general will be discontinuous across element boundaries. This is clearly suitable
neither for the definition of the shell geometry nor as a basis for the expansion of
vector and tensor fields.

The general shell element approach begins once again with the mechanical as-

sumption o33 = 0, allowing the derivation by the procedure in section 3.2.1 of the

152
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equation (3.2.4), repeated here:

—% /Q (CMenp(u)er,(u) + D*eq3(u)ers(u)) /g dz. (B.1.1)
Rather than continuing to the Naghdi weak form (3.2.6) by expanding the strain
tensors based on the kinematic assumption (3.2.3), the general shell method approach
uses a direct discretization of (B.1.1), with a polynomial-interpolated chart function.
The vectors a; are stored at the nodes, and interpolated in between, rather than
being calculated as derivatives of the chart function. The result is that the Naghdi
kinematic assumption is satisfied at the nodes, and nearly so elsewhere. In [39, Prop.
6.3.1], it is shown that solutions to the general shell problem still converge to those
of the Naghdi model. The next section discusses the calculation of the strain terms

in (B.1.1), while the following two sections discuss the interpolation schemes used for

the MITC3 and MITC6b elements.

B.1.1 General Shell Element Strain Calculation

This section goes through the general details, which except for the choice of the
polynomial space, are common to general shell models. Let A, be a triangulation of
g, with Ny triangles 71, - -+ , Ty, and vertices labeled 1,2, -, Ny,. The polynomials
U;(€),7 € {1,2,---, Ny} form a Lagrange basis for the space of piecewise linear or
quadratic polynomials on A,. In the quadratic case, the vertices are assumed to
include those at the edge midpoints.

The chart function ® :  — R3 is approximated by

Ny '
On(br, &2,&) =dn(61, &) + & > Vi(&1,&)ab.

j=1
Here, ¢, is the approximate middle surface chart, given by

Ny

bn(&1, &) = Z U,(&,E6)¢ .

J=1
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The 3-vectors
{¢11 ¢21 o 7¢NV}7 {aéa a’gv e aaévv}

determine respectively the middle-surface and its unit normals.

The displacement u = u} is assumed to satisfy

up (€1, &2, &) = ui (&1, o) + &30, (&1, &2).

where
Ny
Ui = Z (&, €a)u?
j=1

Ny
O =) W61, 60)6°.
j=1
The 3-vectors
{u11 uzv Tt 7uNV}a {917 027 T 76NV}

determine respectively the middle-surface displacement and its rotation angles. While

w’ is arbitrary, it is required that
¢ -a} =0,

i.e., that Naghdi kinematics holds at the nodes.

The mass matrix comes from discretization of

/QU}Q’L(@ 'Ui(f)\/gdf —_-/Q(ufzz(fl,fz) + &30n (&1, &2)) - (Ui(fl’fz) +§377h(£17€2))\/§d£
=/Q(ui~vi+£s(0h-vi+m-ui)+§§0h'nh)\/gdg
3
&‘/Q (tuiviﬁ—%&hnh)\/adf

The forcing vector comes from

/ o fdé = / (R (61, &) + Emn(60,62)) - f de.
Q Q
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If it is further assumed that the forcing f is independent of &3, then this simplifies to

/Q tup(€y, &) - f(&1, &) dE.

The stiffness matrix is constructed via discretization of (B.1.1) using the assumed

form 3. First, calculate the strain components via

eas(ui) == (Opu) - go + Oati - g5)

Ny
((Bsup + &0361) - (Batbn + & Y _ 0aV;ad)

J=1

N = DN

Ny |
+ (Oat}, + &30abh) - (Opdn + & D 0p¥;al))

Jj=1

%e‘iﬁ(ui) + 533243(“}3;)»
where

1
egﬂ(ui) =3 (Bgui * Oan + Oppp - 8&“2)

Ny Ny
1 ; . , ~
G;ﬁ(ui) =§ (8{3[1,,21 Z Ba\I/jag + 85(9h . 8a¢h + dau,% Z dg\Iljaé + 8a0h . 8g¢h> .

=1 j=1
The transverse shear strains are given by

1,
eas(u}i) =3 (aau?,, ©gs + 33“2 ’ go,)

Ny Ny
1 ) )
:5 ((aau% + §3aa0h) ) Z \I/ja?g + 9h . (aa(,bh + 53 Z aﬁlﬁa%))

7=1 7=1

=eos(uh) + Eaens(ui)

where
1 AL
ens(Ui) =3 (%Uﬁ : Z Uiag + 0 - 8a¢h>
j=1
1 AL il 4
€qs(U) =3 <8a0h : Z al + 0y - Z 3a\I/ja§> )
=1 J=1
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Neglecting the term el,, (B.1.1) leads to the weak form

/n (CMeqp(up)enu(vi) + D*eas(un)ers(vn)) /g d€
3

t
= [ oo (setstutyenon) + Gebstudlebsloh) ) + D ekstuidebott)| Ve
0

(B.1.2)

B.1.2 Framework for Strain Interpolation

The MITC3 and MITC6 shell elements are described in [87]. In the subsequent
two sections, I discuss respectively a modified version of the MITC3 element, and
the unmodified MITC6b element. In both cases, the next step in the formulation
of the MITC shell elements is to replace the strain terms in (B.1.2) with carefully-
chosen interpolants, denoted by, e.g., €3, the interpolant of e,s. The choice of these
interpolants is inspired by the MITC technique for plate models: one can think of
the interpolant € as the image of the strain e under action of the reduction operator
Ry, as in section 2.4.4.

The interpolation and the tying points are described using coordinates (r,s) for

the unit reference triangle
{(r,s) : r+s<1,0<r,s<1}.

In order to employ the interpolation, it is necessary to transform the strains e,g and

€3 tO tensors on this reference triangle. This task is discussed in section B.1.6.

B.1.3 MITC3 with the Duran-Liberman Modification

The MITC3 triangular shell element was proposed in [87, §4]. It is known to suffer
from locking, and also exhibits mesh-dependent effects, as discussed in [88]. For a
flat middle-surface, it reduces to the MITC3 triangular plate element, described in

[38], and known to be unstable. Following the work of [56, Ex. 4.1], the MITC3
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(1)

€zx

(3) (4) (2)

Cxx Cxx (S

T .

Figure B.1: Tying points for the MITC3 element. In the above, zz can be replaced

with either rt or st, i.e., only transverse strains are interpolated.

triangular plate element can be modified so as to be stable. In this section, I make
the analogous modification to the MITC3 shell element.

In the following, let 71, 75, 73 be the unit tangent vectors to the triangle T' € Ay,
and Ar, Az, A3 be its barycentric coordinates. 7; corresponds to the vertex opposite
the side with A; = 0. Consider the Duran-Liberman plate element, which uses the

spaces

Rh = {p € R p]T < Pl(T) D Span(Tl)\Q/\3,7'2/\1)\3,7'3)\1/\2), vT € Ah}
Vi, :{P ey : p[T € P](T), VT € Ah}

S, ={y€S8 : v€ RTHT)VT € Ay, - T continuous at inter-element boundaries} .

RTy(T) is the lowest-order Raviart-Thomas space, given by

a+ cxo
RTO(T) =4 YE Ho(I'Ot, Qo) : ’)/IT = VT € Ay
b— CIy

The reduction operator Ry, : Hy(rot, o) — Sy satisfies

/(Rh'y — ) Teds =0, Ve edge of T.
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Using the notation of the shell elements described in the previous section, define (see

figure B.1)
— : T T .T
T =blkdiag(r] , 79 , 73 )
T
—{ 1 1 2 .2 3 .3 4 4 5 5 6 6
T (ert €t €t € € €g Gy € Cp €y Epy est) .

The vectors 7; here are the tangents to the reference triangle. The coefficients a, b, ¢

on each T may then be determined by solving the 3 x 3 linear system

10 0 003 o0Lof2o0000
01—§a 0003 03/02000°0
T10§ b:TéooogooogoooT‘
01 o0t} 02000000200
10 14 10 t000/0000%0
01 -1 0 £0%00/0000O00CO0?2

The interpolated strain tensors on the reference triangle must then be transformed
back into physical coordinates, as in section B.1.6.
As with the MITC3 shell element, described in [87], the in-plane strain terms are

unaltered. Thus, the weak form for the stiffness matrix is

t3 - -
[ | (setstubiebaton) + fyehstubledsteh) ) + DA ats(uids ()| vade
Q

B.1.4 MITC6b

Here, I outline implementation of the MITC6b shell element, described in [87, §4].
The MITC6b element uses interpolation for both the in and out-of plane strain
components. The weak form for the stiffness matrix then becomes

o - - 3 . s s~ .
[ oo (te2stuetstet) + Tyetaud)ehs(ud) ) + DACaR()8s(eR) | V.
1]

The in-plane strains on the reference triangle are written

€rr, €ss, Eqq-


file:///fadt
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Figure B.2: Tying points for the MITCG6b element. In the above, zz can be replaced

with any of rr, ss, qq, rt, st,qt. Not all of these are used.

The strain ey, along the hypotenuse is used directly in the interpolation so as to

enforce isotropy, and is defined via

€qq (err + €ss) = €rs.

[ R

The tying points are shown in figure B.2. They are defined via combinations of the

coordinates

1 1 1 1
+

§l==— —=,Tyg =83 = — + ——.
122\/32 222\/5

Note that these are the Gauss quadrature points used to enforce (A.1.4a) for the
MITC? plate element.
However, unlike the flat MITC3 shell element, the MITC6 shell elements use

ry =

interpolation for both the in-plane and transverse strains.

The in-plane strains are given by

Err a1 by C1 1
€ss | = a2 by C T

éqq as + ¢z b3 —C3 —C3 S
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With the definitions

(3)

€irr
e
efo
el 1 -140 0 00 0 0)]e
e =10 0 0l -1 10 0 offe2
e 00 00 0 01 —11)[eD
esor
e
ele)
mdy 1 1 9 o 0 o0\ (¥
mi? 0 0 % % 0 0 egi),
m@ | o o o o 1 1|2
i -8B g 0 0 o]
12 0 0 -2 B o o[
@) Lo o o o -5 g)\

the coefficients are computed via


file:///CcqqJ
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The transverse strains are given by

1
Ert ar by o
= T
Est az by c
S
The coefficients are computed via

m® 1 1 0 0 0 0 0 0)/(e2
m? 0o 0o i L 0o 0o 0o 0]
mt o 0o o 0 I L+ 0o o]l
mP o 0o o o o o i i}
1 - 3
1y - B9 0 0 0 0 0]l
1P 0 0 -¥ ¥ 0 0 0 0[]
R 0 0 0 0 =% B8 o o]
1 0 0 0 0 0 0 - BJ\e)

1

(mf-t)

" 1 0 0 0 -1 0 0 0)|m®

by 0 0 0 0 2 0 0 0f][m®

a -1 1 1 -1 1 1 1 =1||m®

as 0O 1 0 0 0 -10 0 i

by 1 -1 -1 1 1 1 11|12

S, 00 0 0 0 20 0|

\l(3)

st

B.1.5 MITC6a

The MITC6a element is identical to the MITC6b element, except that it uses an
additional tying point (rs, s3), with r3 = s3 = 1/3, and a different assumed transverse
shear strains. It is more closely related to MITC7 plate elements, and seems to

perform better in practice [5].
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The transverse strains are given by

€rt a by o di e f1 S

Est ag by co dy ex fo rs

The quantities m,(i),mg),mi‘:’), .-+ are the same as for the MITC6b element. The

coeflicients are computed via

a 1 0 0 0 -1 0 0 0 0 O
by o 0 0 0 2 0 0 0 0 o0]fmY
a 4 1 -2 2 2 -1 0 0 6 -3||m®
d; 0 -3 3 -3 -2 1 -1 1 -3 6/[[|m?®
er 0O 0 0 0 0 0 0 0 0 o]}|m®
Al |3 0 3 -3-12 1 -1 -6 3 S
e| o 1 0 0 0o -1 0 o o ofl®@]
b 1 -4 2 -2 -1 2 0 0 -3 6 1
co 0O 0 0 0 0 2 0 0 0 0 1)
dy 3 0 -3 3 1 -2 -1 1 6 =3|]| em
e 0 3 -3 3 2 -1 1 -1 3 —6]| \ e
f2) o 0 0 0 0 0 0 0 0 0

where e.., e.sx are the displacement-based strains evaluated at the new tying point

(7”3, 83).

B.1.6 Tensor Transformations

As previously mentioned, the interpolation in the previous section assumes that the

tensors are given with components on the unit triangle. Consider figure B.3. The
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N

Figure B.3: The reference triangle at left with coordinates x maps to the triangle
Tr C Qo with coordinates y via y(x). The mapping ¢(T%) then yields the patch of

the middle surface corresponding to 7.

reference coordinates on the unit triangle here are denoted x, while y is the variable
corresponding to the triangle T} in the finite element mesh of €25. The chart function
¢ then takes Ty to its image on the middle surface.

The covariant basis vectors can be defined by either of the mappings ¢(y), ¢(y(z)).

Let them be written
g = a¢(m)7 ba — a¢(y(-73))7

and as usual, define the contravariant basis vectors via
a®-ag = g, b* - bg = d5.
Let e be a rank-two tensor in €3, i.e.,
e = el ga%a’ = eZgb°b’. (B.1.3)
The chain rule gives
(b b2) = Vot = Vy60(@) - (Vat)(@) = (a1 a2) Ji,

with Ji as in figure A.2.
Dotting both sides of (B.1.3) with the covariant b vectors yields the formula for

the tensor transformation:

et = eap(a® - ba)(a” - by).
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These relations can be expressed in the form

x Y
e e
1t 1t
:Rl .
xr
€2t €at
T Yy
€11 €11
T Y
€12 | _ €12
_R2 y 3
xr
€93 €91
T Y
€39 €39

with the matrices R, Ry given by

(R1)ap =a” - by
(a' - b1)? (@' - by)(a® - by)
(@b - by)(a' - ba) (a*-b1)(a® - by)
(al - ba)(a' - b1) (a'-by)(a® - by)
(at - by)? (a' - bo)(a? - by)

(a® - b1)?
(a? - b1)(a? - by)
(a? - by)(a® - by)

(a? - by)?

Ry =

B.2 Differentiation of Geometric Terms in Shell
Equations

Listed here are the geometric terms needed for the shape differentiation of the shell

equations under the MITC3 discretization.

e The triangle normal vectors n;,j € {1,---, Nr}.
e The change of area factor /a;,j € {1,---, Nr}.

e The vectors al,a},a},5 € {1,---, Ny}

12

e The contravariant components a'!, a'?, a?? of the metric tensor on each triangle.

MITC6 is somewhat more complicated, since the normal vector (as computed from
derivatives of the chart), v/a, and a®® are not constant over each element. In this

section, only the MITC3 case is discussed.
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The calculation of the derivative of the normal vectors is worked out in the section
on shape differentiation for boundary integral equations, §C.2.2.

The most troublesome part is the vector as. Recall that for MITC3 (also MITC6)
elements, it does not make sense to define a3 in terms of derivatives of the chart
function, because they are discontinuous at element boundaries, c.f. §B.1, and that
the solution to this problem is to define a3 at each vertex, and interpolate in between.
When the middle surface is something like a parabaloid, the exact formula for a3 can
be used at the vertices, but in order to do optimization, explicit explicit dependence
of these quantities on the chart function ¢ must be established: it does not make
sense to include the choice of the vectors az as optimization variables. Let nb(j)
denote the set of all triangles that include vertex j (its neighbors). Define a3 by the
area-weighted average

ol = ZiEnb(j) Ain; .
| Zz’Enb(j) Aingll

Recall that af,a} need only be in the plane orthogonal to a}. Let {e;,es,es} be the

three Cartesian coordinate vectors. Remove from this set the vector ex, where
k = argmax;c(; o 33l€; - asl,

leaving the set {dy,ds} (the Cartesian coordinate vectors less in the direction af).

Define a}, @} via the projection

af = (I - aj(a})")dr

al = (I — a(a})T)d,.
The derivative of aj is

) 1 i g
Dyal = (I - ajg(ajs)T) (”1D¢Ai + AiD‘f’ni)‘
I Zz‘Enb(j) av| ie%;j)
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The derivatives of af, a} are
Dgal = — ((ag)lel + aéd{) D,d}
Dgal = — ((ag)ngl + a}d? ) Dygaj.
In the rest of this section, note that if, e.g., a; appears without the superscript

j, it means the derivative 9,¢, not the nodal basis vector. The change of area factor

and its derivative are given by

_ 2
Va =4/aiaz — d?,

) a1
Dygva 22—\/’(—; <a22 —2ai2 Cbn) Dy | arp

22

It is also necessary to differentiate the contravariant components of the metric tensor,

viz.
al’ al? 1 Q22 —Q12
=)
CL21 a22 \/a —a9g1 aii
a“ 0 0 1 agsg a1
1 1
Dy a2 ] = 5|0 -1 0| ——= | —anz <a22 —2a12 all)JDqﬁ a2
va Vva
a?? 1 0 0 a1 a9
For both of these, the derivative
ail 2(1,"111 0
T T a
D¢ aiz | = | as ay D¢
a2
a92 0 2&%1

is needed. Recall figure B.3, in which x is used for the reference element, and y is

used for the coordinates in the mesh of the reference domain. Then

(a1 @) = Voo = Vb, (B.2.1)


file:///a22J
file:///a22J
file:///a22J

where

Jx:(yz—@h ys—?h)_l: (a ﬁ)

v 4
is the Jacobian of the transformation z(y). From (B.2.1), it holds that

(a+s aly ~I e

D, a1 5 = —\Q 7T Y43 Qi3 7yig 5
ag —(,6+(5)13 ﬂ[g (5[3

o3
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Appendix C

Boundary Elements

C.1 GGalerkin Boundary Element Methods

In this section, Galerkin discretizations of (4.3.4) and (4.3.9) are worked out. In both
instances, it is assumed that the boundary I' is composed of Nr triangular patches
{Ty, -+ ,Tn,} with N, vertices. The area of Tj is Ay. The piecewise-linear and

piecewise-constant finite element subspaces are
CI)’T = {w € HI/Q(F) : wlTj € Pl(TJ)’VJ € {1) te >NT}}7
®, ={yp € HVAT) : ¢lr, € R(T}),Vi € {1,--  Nr}}.
Let T}, be the triangle with vertices vy, , Vk,, Vk;- The map

§ — v, + Ji, (C.1.1)

where

— 3Ix2
Jp = (’Uk2 = Vkyy Vkg — ’Uk1> eR

maps the unit triangle T onto Ty (see Figure C.1).
If N3,... N} are Lagrange basis functions for ®;, then the basis functions

N ,S’l, N;:‘z, N,fs which have support that intersects with T}, satisfy
NE (e, + Je&) = N}(€), i=1,2,3,
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T2
Uka
&2
Us Vg, + Ji€ Uk,
Ukl
T Z1
U1 (%) &1 w3

Figure C.1: Transformation between reference and physical coordinates.

Due to the representation formulae of theorem 4.3.2, if g5, ¢, € @;, and ¥y, xn €
@, , then

<th’Xh>H1/2(F)xH“1/2(F) (ClZa)
1 exp(ik|z — y|)
—E,AXh(x)[w_h:tT_wh(y)dydx

<K9h’¢h>H1/2(F)xH*1/2(F) (C.l.?b)
1 [n(@ [(1 inka = sexplinte o) U2 ) dy

<K*wh7 Qh>H—1/2(I‘)XH1/2(F) (C.1.2¢)
:%/Qh(”’)/(~l +i/~c|m—y|)exp(7ﬁ/<;|m~y|)_( " yff)) w(y) dy dz

<D9h’gh>H 1/2(F)x HL/2(T) (C.1.2d)
= / [ R 04 x Van(s) - (00) Ve

// exp MIJC - ?JD( n(y)on(y)) - (n(z)sn(x)) dy dz.
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In the formula for D, the gradient Vg, is the gradient of a function p : R3 — C,
satisfying o|r = gn, and d,0 =0 on I

C.1.1 Finite Element Matrices

Galerkin discretization of (4.3.3) and (4.3.4) using respectively the spaces @+ and &~

leads to the finite element matrices

CNNe 5 My, = / N2 (%) dx (C.1.3a)
Tl
ChNrxNr 5 Y, = / / explinle = y1) 4 4o (C.1.3b)
r Ty J T |x-y|
ChNrxNo 3 K, :—/ /(—1 + ik|z — y|) exp(ik|z — yl)(l——m——@N?’( ) dy dz
4 17, Jr | y'
(C.1.3¢c)
CoMe 5 B, = / / SR () x VNA0).n(e) x VNP(e)) dy
eEXptRIT —
- [ 2R w8 0) - )N ) dy e, (C130)

Since k = w/c, the matrices K , 17, and D depend on the frequency, i.e.,

=)

K=Kw), V=V(w), D=Dw).

The discrete forms of (4.3.3) and (4.3.4) are then

——

(—iM + K)gr =Vg (C.1.4)
D@r = - AMT + K7)g (C.1.5)

Of course, (C.1.4) does not make sense for solving the Neumann problem, though it
could be used to solve the Dirichlet problem.
For a discretization of the Burton-Miller formulation (4.3.9), additional matrices

are required, since Burton-Miller treats the terms of (4.3.3) as elements of H~1/2(T").



The new matrices are:

CNNo 5 My, = /F NP (z)N3 (z) dzx

VN 5 :ﬁ/FNZB(CE) /F(—l +ik|z — y) exp(irlz - yl)w_%y_)le

|z -yl

. 1 ; —_
cNvxNr 5 7 :__/ng(m)/ exp(ik|z — yl) dy da.
dn Jr - |z — y]

Since & = w/c, the matrices K and V depend on the frequency, i.e.,
=KW, V=Vw)

The discrete form of (4.3.9) is then
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(y) dy dzx

(C.1.6)

In the next two sections, the numerical procedures required to evaluate the entries

of these matrices are discussed.

C.1.2 Singularity Subtraction

The integrals

N2 dz =22, [ N3(¢) d¢ = 2Aké = Ay/3
T

Tx

L
NENE dz =24 /A N )N (€) de = 20,8
T T 1 7 q
22 ¢ #

allow evaluation of the mass matrix entries, yielding

— £/3  if N3, supported in T,
Im =
0 otherwise
. N;/6 l=m
Mlm = J/

@1 Pm N;/12 L#m.

supported in T}
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Figure C.2: Parameterization of the triangle
Ty = {g=z1+sm+trg : 0<s<$p, 18 <t <ags}. oy = —t/sp,a0 = (tr —

t.)/sr are the tangents of the angles between r; and T1Z2, 7123, respectively.

In the formulae for the finite element matrices, it is necessary to evaluate the

following integrals, which are broken up as

/ exp(ik|z — yl) dy = 1 dy +/ exp(iklz —y[) — 1 dy
T lz -yl J Tk lz -yl JTy lz =y
integrate analytically use quadrature
/ exp(iﬁ[:ﬂ - y|>N3 (y) dy :/ 1 N3 ( )d' +/ eXp(ti|:E — y|) - 1N3 ( )d’
T |z — y| k; Iz, 1z -y ki \Y !i Jr, Iz — y] k;\Y éi
integrate analytically use quadrature

(1 —ik|z — y|) exp(ik|z — y|)
- |z —yf?

000 o )4y [ =m0

& |z —y3

~
integrate analytically

+ [ (@ =inle =yl explinle — y) - pE= W) s gy

N§ (y) dy

~

|z — y|3

“

~~
use quadrature

In this decomposition, the analytically integrated terms are exactly those potentials
that appear for the Laplace operator, while the quadrature terms are non-singular. A

Sth-order quadrature scheme is used, with parameterization for analytic integration
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following [105, Appendix C.2]. The analytic integration is used for the singular inner
integrals in (C.1.3), while quadrature is used for the non-singular parts, and for

evaluation of all outer integrals.

C.1.3 The Parameterization

The parameterization is shown in figure C.2. The vertices of triangle Ty are z;, 2, x3.
The local coordinate system uses the in-plane vectors ry, 73, and the triangle normal

n. These are computed via

T3 — T2
Ty =—7
tr

tr =|zs — 4|
Ty =T1 F S7T1 = Tg + L7y

[ =(-T1 - 3?2) " T
Ty — I

™ =
ST

st =|T. — 1.

The normal is then n = r; X r5. The source point x is then represented
T =Ty + 8zT1 + tpTy + Uyn,

while the integration point y is written

Yy =x1 + sr1 + try.

C.1.4 Single Layer Potential

Using the parameters
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the first of these integrals can be computed as

1
/ / dt ds
Tklx—yl V(s =82+ (t—t)? +u2

= (F(ST)CYZ) — F(O, CZQ) — F(ST,al) + F(Oa 041)) )

where (from [105, §C.2.1])

F(s,a) =(s — s;)log (as — b+ /(5 — 55)2 + (as — ;)2 +u§) —s

@Sy — b W/ 2 , 2 2 1 2

—\/I—_—i_;a?log( 1+a2(s—p)+ /(1 +a2)(s - p) +q>
(6-%2#) VO+ M) —pP+ P+ (@5 —t —q)a

+ 2u,; arctan
(S - p)u:c

_+_

There is numerical trouble with the arctan term in F(s,«) when s — p. In this
case, the argument of arctan approaches a limit, but will be inaccurately computed
in floating point. The term can be written

2A2U + Al

2u, arctan —————,
2vV1 + au,
where
A =2aV1 + a?q
A2 (1 + a) q— (CMSz - tx)
VO +a)(s—pP+—g
V1+a?(s—p) '
Then,
limv = 0,
s—p
and thus,

2A2U + Al _ oq

lim ———— = —.
s=p 2¢/1 + 0?u, Uz

If w, = 0, the arctan term vanishes, and if s — s, it is necessary to use

lim (s — s;) log (as —to+ /(s — 82)2 + (as — ;)2 + UZ) =0.

§— Sz
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Likewise,

as; — Uy
a—sz/tz /1 + o & ( p) \/( )( p) q

C.1.5 Single-Layer Potential With Basis Function

Recall that calculation of the integral
/ L N3 () dy (C.1.7)
nlz—yl ¥
is also needed. Following a personal communication from O. Steinbach [108] in which
the procedure from [105, §C.2.1] is modified for the basis function, the integral can

be written as

=N W) dy = o= (Flsr, ) = P(0,02) = (Plsr,0) = F0,00)),
T, 1T y| ST

where the function F' is now given by

F(s,a) == (s + 2s7(s — s5) — s%) log (as—tm—i- V(14 a?)(s - )2+q2> +
2
+ -;—8( —2s7) + ;U?c (log(2q) — log (q +V0% (s —p)* + q2)) +

s

4

1

«B (aq +2(ty — asg) (g — sT)) (1og (ﬂ(s —p)+ V3 (s—p)?+ q2) — logq) +
1 — asy) (\/ﬁ2 s—p)2+q? +q> —~u log(Agv + Av + Ag) -

u s7) ar ni (ﬂ q— (O‘S:v -—tm))(S—p) a
Zx(ac T) cta < \/Eim—i-q + q),

where 8 = /1 + a?. If u, = 0, then this becomes

a5 =

F(s, @) —% (52 + 2s7(s — 82) — 32) log (as —tz+ VA +a)(s—p)2+ q2) +
2
o 350 = 261) 4 (6 — as) (VRGP F 4 g) +
21ﬂ (aq + 2(t; — asz)(sz — sT)) (log (ﬂ(s —p)+VB%(s—p)?+ q2) - 1ogq) .

Once again, if u; = 0, the limit

lim % (52 4 2s7(s — 55) — s%) log (as —ty+ V(1 +a?)(s-p)?+ q2) =0

§— 8¢
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must be used. Likewise,

lim o (g® + 20tz — ase) (s — 57)) (1og (8(s ~ 1) + VEG ~ PP 1 ) ~logq) =0

$— Sy /tz Qﬁ

C.1.6 Double-Layer Potential

The integral of the double-layer potential against the basis function NV, ,:c”l can be com-
puted as

— sT . s
(I' Y, n(3y)) N]gl (y) dy =/ ST S / Uy 7 dt dS
7. |z =yl 0 ST Jays ((t—t2)2 + (s — 85)% + u?)

(C.1.8)

zi (F(sr,2) — F(0,c0) — F(s7, 1) + F(0, 1)) .

Once again, the vertex order can be permuted to get the integrals against the other

basis functions. Here, F (see {105, §C.2.2]) is given by

1 e A
F(s,a)=— Sl log (v + Av + By) + (s7 — sx)|u— arctan (2U + 1)

1 " 2 A
+ U= log (v2 + Aqv + Bg) — (s7 — sz)u— arctan ( vt 2)
u

log (VI+a2(s—p)+ A+ —pP+ ),

_uw

o
V14 o

where

A = 2av1 + a?q tx-a5z+ A = 20V1 + a?q (t, — as,

P w2y alg? 1+a2 ' 7) 2Tt a2 1+az !
1+a? by — s 2 14 a? ty — as, 2

By =~ 2,2 2$+q J By = — 2,2 . 4
uz + a4q 1+« ug + afq 1+a

G V14 a?|ug +tm—-asw C V14 oy, ty — s,

T u2 + a?q? 1+a2 )’ 2 u2 + o?q? 1+02 /)’

Once again, as s — p, v — 0. When u, — 0, the integral just becomes zero.
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C.1.7 Numerical Evaluation of the Representation Formula

Evaluation of ¢ in the exterior domain relies on (4.2.11), repeated here:
©= DLy p— SL3 .

The evaluation of the SL and DL operators is done using the machinery developed
respectively for V' and K there is no singularity since the source point is now in the

exterior domain.

C.2 Differentiation of Boundary Integral Equations

C.2.1 Double-Layer Potential for Shape Differentiation

This section deals with the discretization of the derivatives of the hypersingular op-

erator, appearing in (4.5.3). The term

— [ (Frgtebetu) - (@5e(o) + Cotuleto)Dulet - ) ) ya/azdo dyde

provides the worst of the added complication: upon singularity subtraction, it is
necessary to evaluate an integral that is like the double-layer potential (C.1.8), but
with the piecewise constant term n(y) replaced by the differential shape change z,
which is piecewise-linear. Moreover, z can have non-zero components in the plane of
integration. This means that unlike the case of the double-layer potential (C.1.8),
the integral does not vanish in-plane, and so it is necessary to compute the finite-
part integrals arising when the source quadrature point is in the integration triangle.
These are evaluated using the finite part quadrature method of [98].

When the source point is not inside the triangle (but is near enough that quadra-
ture is expensive), the parameterizated integral

1 s _ ags _ _
1 / (2-92) N} (v) dy = 1 / ST — 8 / (52 =) + (te = D)2+ UsZn
47 Jpr |z —y|® ar [, ST Jays ((E—1t5)2+ (s = s5)2 +u2)3/?
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is used, where

Z = 2111 + 29T + zZN.
In order to deal with the piecewise-linear nature of z, introduce another copy of either
the first or second Lagrange basis functions on the triangle, respectively

ST — S8 OégS-t

ST ’ ST(042 -061)’

and thus must compute the integrals

sT _ 2 razs - _
i ST — S / (Sx 8)21 + (tx t)zz + Uz 2p dtds, (C-Q-U
o 51 ) Juw 0P+ =)

1 [Tsp—s /"‘23 ags — 1 (8p— 8)z1 + (tp — t)29 + upzy dtds. (C2.2)
ws ST(a2 — 1) (8= te)? + (s — 80)% + ul)?/?

E 0 ST
To compute these integrals, one must modify the procedure for the double-layer

potential found in [105, §C.2.2]. In both cases, one does the inner integration over ¢

first, obtaining

1 . (as = tz)((5z — 8)r1 + ugn) ds
Fs,a) = 4 s2. /(ST )2[ (5 — 82)2 + u2 e V(s —t5)2 + (s — 85)% + u

for (C.2.1), and

F(s,a) =m /(sT - 5) [rg log(as — tz + /(1 4+ a2)(s — p)2 + ¢2)+

(g — a)sro
V(1 +a?)(s = p)? + ¢
(82 — 8)r1 + uzn)((s — 82)% + to(tz — as) + u2 + ags(as — ty))
((s = 50)> +ud)V/(1 +0?)(s - p)* + ¢

for (C.2.2). These integrals can be computed using essentially the same technique

ds

involved in the calculation of the integral (C.1.8). The trick is to factor the term
((s—sz)?+u2) out of the numerator. This reduces the integral to the sum of a simpler
integral, and the same integral as before, but with a lower-degree polynomial in the
numerator. See [105, §C.2.2] for details. Unlike that case, in order to evaluate (C.2.1)
and (C.2.2), it is necessary to repeat this step several times until the numerator is

reduced to first order in s. Then, unless a; = u2 +a?q? = 0, the rest of the procedure
T
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beginning on page 250 works with only slight modification: if u; = 0, G1/2 = 0, and
the integral [(v? + Ay/2v + Bij2)~' dv must be evaluated differently. If a; = 0, the
integral at the top of p. 250 (but with different coefficients in the numerator) must be
treated differently. In particular, the relevant cases are ¢ = 0, and ¢ # 0, but o = 0.
In the latter of these two, it is necessary to take ratios between log terms arising for
s =0 and s = s, as these may not make sense for F'(s,,0) and F(0,0) separately.

It is also important to note that when the source point is in-plane (u, = 0), and
when s = s,, it does not make sense to divide by ((s — s,)? + u2) as in [105, §C.2.2],
even if the source point is outside the triangle. If in addition to the basis function
combinations (1, 1) and (1, 2), corresponding respectively to (C.2.1) and (C.2.2), one
has the above integral evaluated for the combinations

S;—8 ws—t

s: sr(a1 — ag)

s —t 2
—— 2,2
(37(0‘2 - a1)> 2.2)
98 — L a8 —1 (2,3)

sr(az — o1) Sr(ozzl — )
<§&%) ’ (3,3)

it is always possible to choose an ordering of the triangle vertices so that at least one

(1,3)

will work, as a point cannot lie between all three pairs of parallel lines generated by

the triangle’s edges without being in the triangle.

C.2.2 Differentiation of Geometric Factors

The metric factor \/a associated with the mapping (C.1.1) is given by

Va = |(za — 1) X (z3 — 21)| = 1/det(JT J).

The unit normal vector is

(1‘2 - CL’l) X (5173 - .Tl).

Va
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Let a differential change (6z1, 0z9, dz3) be made to (z1, 22, z3), and use the fact that

|z + 8| - |z| = l—i—’-5+o(|5|).

The corresponding change in /a is

§v/a =|(xz + 6xy — &1 — 621) X (23 + dz3 — 21 — 621)| — Va

=n- ((0zg — 0x1) X (x5 — z1) + (x2 — z1) X (dz3 — dz1)) + o(|d]).

The change in the normal vector is

Sn = (xg + 69 — Ty — 621) X (23 + 023 — 21 — d11) -
1(1’2 + 51‘2 — X1 — (51‘1) X (.CE3 4 (5553 — X — (51’1)'
1
:—\/—5 (I - nnT) ((6zg — 0my) X (3 — 1) + (z2 — 21) X (623 — 6x1)) + 0(]4]).

The differential change in the coordinates x is just the derivative of the mapping

(C.1.1):

6x(§) = (5x2 — 6z, bz3— 51-1) £+ 0.

The change in the distance r = |z — y| is

x_
dr=dlz —y| = |x_z|-(5x—6y).

For calculation of the term
(n(y) x VNZ (y),n(z) x VN}(z))

appearing in (C.1.3d), it is necessary to be able to differentiate the gradient terms
with respect to shape. These functions are defined on the reference element shown in

figure (C.1) via

Nl(f) =1-§ — &
Ny(€) =&
Ne(&..) 2627
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with gradients

-1 1 0
VNI - -1 ) VNQ - 0 ) VNS = 1
0 0 0

The meaning of these gradients, as explained in theorem 4.3.2 is as derivatives

with respect to the mapping

Ny (z) = N;(€(2)),

where
’E(f) = (372 — T X3— T n) f+’L‘1

Thus by the chain rule,
T .
(12 — I, T3— Ty n) VNlc,- (x) = VNJ’('S)-
Differentiation of the shape coordinates yields the equation

T T
(a:2 — X1 X3— I TL) (5VNkj(-T)) = - (5332 — by O3 — 14 6n> VN, ().
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