M-BAND MULTIWAVELET SYSTEMS

Felix C. A. Fernandes and C. Sidney Burrus

Department of Electrical and Computer Engineering, Rice University, Houston, TX 77251–1892, USA

ABSTRACT

In this paper we investigate multiwavelet systems whose scaling functions have disjoint support. We demonstrate that, with the exception of a trivial case, this property may not be attained by two band multiwavelet systems. We show that to enjoy this property, it is indeed necessary to invoke M-band multiwavelet systems. This indicates the existence of tilings of the time-frequency plane that may be obtained with M-band multiwavelet systems but not with two band multiwavelet systems. Hence M-band multiwavelet systems are inherently more powerful than two band multiwavelet systems and deserve a thorough investigation. Finally, we derive K^{th} order balancing conditions for M-band multiwavelet systems. These conditions will enable M-band multiwavelet systems to be used for practical digital signal processing applications.

1. INTRODUCTION

Two band wavelet systems are powerful because they may be designed to possess certain useful properties. Unfortunately, a given two band wavelet system may not possess all such useful properties simultaneously, and we may be forced to choose a subset of the desired properties for a particular application [1].

On the other hand, two band multiwavelets have attracted considerable attention due to their ability to simultaneously offer a larger subset of useful properties than is possible with wavelet systems. In particular, multiwavelet systems can simultaneously offer real-valued basis functions with compact support, specified approximation order, orthogonality and symmetry [2, 3, 4, 5, 6, 7, 8]. Since two band multiwavelets operate upon vectors, they may be designed to take advantage of structure along a single time series as well as structure along different time series [9]. A significant disadvantage that accompanies two band multiwavelet systems is the urgent need to prefilter data due to spectral imbalance in the multifilter banks [10, 11, 12]. Lebrun et al. [13] and Selesnick [14] circumvent the prefiltering problem by designing “balanced” multiwavelets.

M-Band wavelet systems have also been the focus of several recent investigations [15, 16, 17, 18]. Noteworthy advantages of M-band wavelet systems over two band wavelet systems are their richer parameter space leading to a greater variety of compactly supported wavelets that are practically implementable, and their ability to more rapidly achieve a given frequency resolution as a function of decomposition

This work was supported by DARPA, and Texas Instruments.

Email: felixf@rice.edu, csb@rice.edu Web: http://www.dsp.rice.edu

2

2 C(z) C(z)

Vector Input 2

2

D(z) D(z) X(n)

Figure 1: Analysis bank for two band multiwavelet system

scale, providing greater freedom and flexibility in choosing time-frequency tilings [19].

In this paper, we demonstrate that, except for a trivial case, multiwavelet systems whose scaling functions have disjoint support must be M-band multiwavelet systems with M > 2. This implies the existence of a time-frequency tiling which exists for M-band multiwavelet systems but not for two band multiwavelet systems. Hence it is probable that M-band multiwavelet systems are inherently more powerful than two band multiwavelet systems. In the final section, we prove that Selesnick’s K^{th} order balancing conditions [14] may be extended to M-band multiwavelet systems. These conditions will render M-band multiwavelet systems to be of practical use in digital signal processing applications.

2. PRELIMINARIES

First, we formally define the support set of a measurable function, f, from the real R to the complex C as done by So et al. in [20]. A point t ∈ R is called a support point of f if the measure of the intersection {x : f(x) ≠ 0}∩(t−ϵ, t+ϵ) is not zero for any ϵ > 0. Then the support set of f, denoted by supp(f) is defined as the convex hull of the set of support points of F . For F = [f1, . . . , fr], a vector of functions, we define supp(F ) = conv (∪^r_{i=1}supp(fi))

where “conv” refers to the convex hull of a set.

In a two band multiwavelet system (figure 1), translates of a scaling vector Φ(t) = [ϕ1(t), . . . , ϕr(t)]^T are used to span a subspace of L^2(R), where r is a positive integer and T refers to a matrix transpose operator. ϕ1(t), . . . , ϕr(t) are the component multiscaling functions.

The matrix dilation equation is

Φ(t) = √ 2 ∑ n CnΦ(2t − n), (1) where Cn are r×r matrices referred to as the lowpass matrix filter coefficients. The scaling vector, Φ(t) is obtained by solving the matrix dilation equation (1). We shall view the sequence Cn as an r-input r-output matrix scaling filter for which we adopt the following notation: [Cn]i,j = hi(nr + j), (2)

Vector Input

X(n)

D^1(z)

M

D^1(z)

M

M

M

M

M C(z) C(z)

D^{M�1}(z) D^{M�1}(z)

Figure 2: Analysis bank for M-band multiwavelet system

where [Cn]i,j is the (i, j)th entry of the matrix Cn. Let us define C(z) = N∑ n=0 Cnz^n (3) to be the lowpass matrix symbol associated with the matrix scaling coefficients, Cn. D(z) is the associated highpass matrix symbol in figure (1).

Figure (2) shows the analysis bank of an M-band multiwavelet system. The matrix dilation equation associated with this system is

Φ(t) = √ M ∑ n CnΦ(Mt − n). (4) D^l(z), 1 ≤ l ≤ (M − 1) are the bandpass matrix symbols associated with the lowpass matrix symbol C(z). The bandpass multiwavelets associated with the system are given by

Ψ^l(t) = √ M ∑ n D^l_nΦ(Mt − n), 1 ≤ i ≤ (M − 1). (5) In the synthesis bank, we use the notation, [An]i,j = fi(nr + j) to represent the lowpass matrix filter coefficients and its entries.

3. THE DISJOINT SUPPORT CRITERION

Given a scaling vector, Φ(t) = [ϕ1(t), . . . , ϕr(t)]^T , the disjoint support property of the scaling functions requires ∩_{i∈{1,...,r},k∈Z} supp(ϕi(t − k)) = ∅. (6) We shall obtain the disjoint support property by requiring the support sets of the scaling functions to be determined by supp(ϕi(t)) = [Ni, Ni+1], 1 ≤ i ≤ r, (7) where Ni ∈ [0, 1], Ni < Ni+1, N1 = 0 and Nr+1 = 1. Equation (7) represents the disjoint support criterion.

4. OBTAINING DISJOINT SCALING FUNCTIONS

Assume that a two band multiwavelet system meets the disjoint support criterion. Notice that in the dilation equation (1), supp(Φ(t)) = [0, 1] (8) and supp(Φ(2t − n)) = [n/2, (n + 1)/2] (9)

Hence in order to satisfy the disjoint support criterion we must have 0 ≤ n ≤ 1. It is also evident that only the first row of C0 must have all non-zero entries while all other rows must have zero entries. This is to ensure that only ϕ1(t) has support [0, N2] = [0, 0.5]. Similarly, the second row of C1 must have all non-zero entries, while all other entries must be zero. This guarantees that ϕ2(t) has support [N2, N3] = [0.5, 1]. None of ϕ3(t), . . . , ϕr(t) may satisfy the disjoint support criterion, since N3 = 1. It is clear that two band multiwavelet systems can only fulfill the disjoint support criterion if they have two matrix filter coefficients with four non-zero entries and the following structure:

C0 = [ h1(1) h1(2) 0 0 ] , C1 = [ 0 0 h2(3) h2(4) ] In order to obtain non-trivial instances of the disjoint support property, we must turn to M-band multiwavelet systems with M = r. Applying the same reasoning to the M-band multiwavelet dilation equation (4), we observe that

supp(Φ(rt − n)) = [ n r , n + 1 r ] , (10)

any M-band multiwavelet system possessing the disjoint support property must have r matrix coefficients C0, . . . , Cr−1. Matrix coefficient Ci will have a non-zero (i+1)^{th} row while all other entries are zero. The structure of the M-band multiwavelet system that satisfies the disjoint support criterion is now revealed to be [Cn]i,j = { 0, n + 1 ≠ i, hi(nr + j), otherwise. (11)

The coefficients may also be written as

C0 = h1(1) . . . h1(r) 0 . . . 0 . . .. . . . . . .. . . . 0 . . . 0

C1 = 0 . . . 0 h2(1) . . . h2(r) 0 . . . 0 . . .. . . . 0 . . . 0 ,

. .

Cr−1 = 0 . . . 0 . . .. . . . . . .. . . . 0 . . . 0 hr(1) . . . hr(r) .

The supports of each of the scaling functions are determined by: Ni = i − 1 r , 1 ≤ i ≤ r. (12) It is interesting to note that the above reasoning may be easily extended to equation (5) in order to obtain bandpass multiwavelets with disjoint support. In particular, the

multiwavelets in the lth band will satisfy

supp(ψ^l_i(t)) = [Ni, Ni+1], 1 ≤ i ≤ r, (13)

where Ni ∈ [0, 1], Ni < Ni+1, N1 = 0 and Nr+1 = 1 if and only if the bandpass matrix symbol D^l(z) is determined by matrix coefficients D^l_n, 0 ≤ n ≤ r − 1, with the following structure:

F^1(z)

F_0(z) Mr

Mr

Mr U_0(n)

F r�1_{(z)}

Y(n)

Figure 3: Time-varying Lowpass Synthesis Subband for M-band multiwavelet system

D^l_0 = h^l_1(1) . . . h^l_1(r) 0 . . . 0 . . .. . . . . . .. . . . 0 . . . 0 ,

D^l_1 = 0 . . . 0 h^l_2(1) . . . h^l_2(r) 0 . . . 0 . . .. . . . 0 . . . 0 ,

. .

D^l_{r−1} = 0 . . . 0 . . .. . . . . . .. . . . 0 . . . 0 h^l_r(1) . . . h^l_r(r) .

5. K^{T H} ORDER BALANCING CONDITIONS FOR M-BAND MULTIWAVELET SYSTEMS

We now extend Selesnick’s balancing conditions [14] to Mband multiwavelet systems. Vetterli et al. [21] have shown that a multiwavelet system may be represented as a timevarying filter bank using interlacing/delacing operations in the analysis/synthesis banks respectively. Figure (3) depicts the time-varying lowpass synthesis subband for an M-band multiwavelet system. K^{th} order balancing requires that the discrete-time monomial u0(n) = n^K input to the lowpass synthesis subband should be reproduced exactly at the output if zeros are fed to the bandpass subbands. Let vi(n) = (rn + i)^K represent the polyphase components of u0(n). Writing Pi(z) = Vi(z)/V0(z), enables us to redraw figure (3) using the polyphase component V0(z) alone as input. Applying standard multirate operations, figure (4) may be represented equivalently by figure (5). This is the lowpass synthesis filter of an Mr-band wavelet system, and v0(n) is a monomial of degree K. This monomial will be preserved if ∑_{r−1} i=0 Pi(z^{Mr})Fi(z) has a zero of order K at the Mr roots of unity, though not necessarily at z = 1 [16].

6. CONCLUSIONS AND FUTURE WORK

We defined the disjoint support property as applicable to the scaling functions in a multiwavelet system and used it to show the existence of a time-frequency tiling that is at-

F^1(z)

F_0(z) Mr

Mr

Mr F r�1(z)

Y(n)

V_0(n)

P^1(z)

P r�1_{(z)}

Figure 4: Output Derived From Polyphase Component of Lowpass Subband Mr P_{r�1i=0 Pi(zMr)Fi(z) Y (n)} v_0(n)

Figure 5: Output Derived From Polyphase Component of Lowpass Subband

tainable with M-band multiwavelet systems but not with two band multiwavelet systems. Finally, we extended Selesnick’s K^{th} order balancing condition to M-band multiwavelet systems, in order to allow the use of these systems in practical applications. Our preliminary results are encouraging since they illustrate the potential power of M-band multiwavelet systems. and justify further work channelled toward reaping the benefits of M-band multiwavelet systems.

7. ACKNOWLEDGEMENTS

The authors thank Ivan Selesnick for his assistance.

REFERENCES [1] I. Daubechies, Ten Lectures on Wavelets. Philadelphia, PA: SIAM, 1992. Notes from the 1990 CBMS-NSF Conference on Wavelets and Applications at Lowell, MA. [2] C. K. Chui and J. Lian, “A study of orthonormal multiwavelets,” Applied Numerical Mathematics, vol. 20, pp. 273–298, Mar. 1996.

[3] T. Cooklev, A. Nishihara, M. Kato, and M. Sablatash, “Two-channel multifilter banks and multiwavelets,” in IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, vol. 5, (Atlanta), pp. 2769–2772, May 1996.

[4] G. Donovan, J. S. Geronimo, D. P. Hardin, and P. R.

Massopust, “Construction of orthogonal wavelets using fractal interpolation functions,” SIAM Journal of Mathematical Analysis, vol. 27, pp. 1158–1192, July 1996.

[5] J. S. Geronimo, D. P. Hardin, and P. R. Massopust, “Fractal functions and wavelet expansions based on several scaling functions,” Journal of Approximation Theory, vol. 78, pp. 373–401, Sept. 1994.

[6] P. Rieder, J. Gotze, and J. A. Nossek, “Algebraic design of discrete multiwavelet transforms,” in IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, vol. 3, pp. 17–20, 1994.

[7] G. Strang and V. Strela, “Orthogonal multiwavelets with vanishing moments,” J. Optical Eng., vol. 33, pp. 2104–2107, 1994.

[8] V. Strela, Multiwavelets: Theory and Applications.

PhD thesis, M.I.T., June 1996.

[9] T. Cooklev, Regular perfect-reconstruction filter banks and wavelet bases. PhD thesis, Tokyo Institute of Technology, 1995.

[10] M. J. Vrhel and A. Aldroubi, “Pre-filtering for the initialization of multi-wavelet transforms,” in IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, vol. 3, (Munich), pp. 2033–2036, Apr. 1997.

[11] X. Xia, J. S. Geronimo, D. P. Hardin, and B. W.

Suter, “Design of prefilters for discrete multiwavelet transforms,” IEEE Transactions on Signal Processing, vol. 44, pp. 25–35, Jan. 1996.

[12] X. Xia, “A new prefilter design for discrete multiwavelet transforms,” IEEE Transactions on Signal Processing, vol. 46, pp. 1558–1570, June 1998.

[13] J. Lebrun and M. Vetterli, “High order balanced multiwavelets,” in IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, (Seattle, WA), 1998.

[14] I. Selesnick, “Multiwavelet bases with extra approximation properties,” Aug 1997.

[15] P. Heller, H. W. Resnikoff, and R. O. Wells, Jr., “Wavelet matrices and representation of discrete functions,” in Wavelets: A Tutorial in Theory and Applications (C. K. Chui, ed.), pp. 15–51, Academic Press, 1992.

[16] P. Steffen, P. Heller, R. A. Gopinath, and C. S. Burrus, “Theory of regular M-band wavelet bases,” IEEE Trans. SP, vol. 41, Dec. 1993. Special Transaction issue on wavelets; Rice contribution also in Tech. Report No. CML TR-91-22, November 1991.

[17] P. Heller, “The construction of rank M wavelet matrices with N vanishing moments,” Tech. Rep. AD940123, Aware Inc., Cambridge, MA 02142, 1994.

[18] P. N. Heller and H. L. Resnikoff, “Regular M-band wavelets and applications,” IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, vol. III, pp. 229– 232, Apr. 1993.

[19] S. D. Marco, P. Heller, and J. Wiess, “An m-band 2-dimensional translation-invariant wavelet transform and applications,” in IEEE Proc. Int. Conf. Acoust., Speech, Signal Processing, 1995.

[20] W. So and J. Wang, “Estimating the support of a scaling vector,” SIAM Journal of Matrix Analysis Applications, vol. 18, pp. 66–73, Jan. 1997.

[21] M. Vetterli and G. Strang, “Time-varying filter banks and multiwavelets,” in Proceedings of the Sixth IEEE DSP Workshop, (Yosemite), pp. 223–226, oct 1994.