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INTRODUCT ION

~ This study was done to investigate the behavior of concrete under
three-dimensional stresses with two objects in mind, The £irst object
uas to determine the éffect of the lateral stresses on the longitudinal
strength of & conerete specimen with ewpty voids. -The other was to de-
termine the effect of the interstitial pressure on the strength of the
material,

To achieve these two objecta cylindrical concrete specimens were
subjected to triaxial compressive stresses with two lateral styxesses
constant and equal and the specimens brought to failure under axial come
ﬁreaaiou. Some specilmens weia tested with enpty voids and others with
a liquid under pressure in the pores. To create the £irst of these con-
ditions a rubbe; tubing was used on the specimen to protect it from the
liquid pressure. In the éecond case the liquid was free to penetrate
the specimen voids. The relative difference, between the two, in the
strength of the material gives the effect of liquid under pressure in
the pores.

The influence of lateral stresses on the axial étrength of a
concrete member has a direct application in reinforced concrete columns.
Also, this influence would help us to understand the behavior of concrete
under various stresses and be useful in formulating a theory of failure.
The case of liquid under pressure in the voids has a direct application
to structures that are subject to hydraulic pressure. This is called
the effect of pére-water pressure, or uplift,and it is important to
understand its effect on stability for the design of any hydraulic struce

ture., It is sﬁggested by the latest theories that this effect can be



determined only by experimental means. There is at present no definite
idea about either the exact potentlal area of surface or the part of

it on which the pore pressure acts,



PREVIOUS INVESTIGATIONS

A material may feil in one of two ways: One way ic a brittle
failure in which first there is an elastic behavior vhen stresses are
proportional to deformations., This phase is followed by fracture. The
second way is called ductile and has another range'betweeh tha elaééic
range and fracture. In this range small changes of ctress are usually
accompanied by large deformations.

Several theories are used te explain the failure of wmaterials.
These may be briefly summarized as follows:

Maximum~stress theory: Feilure occurs when maximum normal stress
on any plane exceeds a limiting value foé that material,

Maximum-strain theory: Failure occurs whea the strain at any point
exceeds the failing strain of the material in a simple temsile test,

Maximumedistortion-energy theory: There is a limit to the amount
of distortion energy that a bedy cen sbsorb and remain clastic.

Besides these there 1s another group of failure theories which are
called planes~-of-lecast-resistance theories. According to thasc failure
occurs along a plane where resistance to shearing ztress is cmalleast.

In this group is Coulomb's Internal Friction Theory, in which the limit-
ing value of shearing stress, 3, consists of a conatant chearing strength,
c, and a resistance of the nature of friction, £, vwhich is proportional

to the normal stress, > acting on the plane. Thus

8 = ¢ 4 y(£)
Also in this group is the maximum~shcar theory. According to this theory

failure is produced when the maximum shear stress reaches a limiting



value. This theory was proposed by Guest.

According to Mohr's theory normal stress plays a role in failure
as well as shear and their interdependence is defined by:

8 = £ (y)

This equation is determined experimentally. The value of the interme-
diate principal stress plays no role in this theory. A more specific
study of it will be given in the analysis section,

One of the carliest works in the field is by P. D. Adams(ltgho in
1901 published results of triaxial tests on rock. In his case it was
impoesible to measure the confining pressure because of friction as he
used a steel jacket to confine the specimen.

The next work was done by Rarman and B'éker(zgn marble, under
confining pressures, mainly to test the correctness of Mohr's theory.
In these tests compreaoi§e stresses were applied in three differcnt ways.
In the firpt case two equal principal stressecs werechigher than the third
principal stress, and in the second case two equal principal stresses
were lower than the third principal stress. In the third case, test
specimens were also subjecﬁed to tension. The first two éases ind;cated
that the intermediate principal stress had some effect on the failure.
Higher shearing stresses were present at failure in the first case than
in the second. In the third case tenéile stresges weré‘produced and
whenever they exceeded a limiting value failure occurred, which contra-
dicts Mohr's theory. |

Proﬁably?tha most comprehensive study was done at the University
of Illinois.and was pﬁblished in Bulletin 18§?) In these tests three
differeqt series of tests were done. In the first group concrete specs

imens were subjected to two-dimensional compression. In the second and



third groups spocimens were éubjected to triaxiasl compression. In the
second group the two lateral streseses were lower than the axial stress)
in the third group they wore higher. Using these tests Brandtaaeg‘gg-
velopad a failure thoory, which is explained in the analysis and also
in Appondix 2.

In tho bilaxial tasts at the University of Illinols, specimens were
compressed laterally with oil pressure with no stress ia the third di-
raction. 7o pravent fallure dus to axisl tensile stress specimens were
covered with plaster of Paris, then by a thin sheet of annealed brass
- .and protected from oll pressure that way. It was concluded that the
strength of concrate under biamiel compression iz at lesst as great as
.Qndor unisxizl compreasion end in some cases 25 to 30% greater. Fallure
occurred suddenly as a total fracture acrose & plame mormal to the axis
of the cylindrical specimen. It was alco cod&luded that Saint Venant's

xicume~strain. theory ic inapplicable to concrete for the following
‘reagon: if we compute the strains due to combined compression £rom the
. equatione of ciasticicy and stipulate that the tenaila atrain should not
cxceed a fixed limi:, we flad a- nt:ength in biaxial compreanzon one~hal £
that oE uniaxial compre,a.cn, vhich is not the case.

Series 32 pggpgﬁpﬂ# in Bulletin 185 is much the samec as the-dﬁthor's
Jacketed tests and will be referred to later. In Series 35 two lateral
stregsses were hipgher than the axial. It was concluded from Serics 3a
and 3b that ths compreésive strength of concrete increases with confining
pressure, and that the emount of tha facrease is 4.1 times the simallest
priscipal stress.

In 1936 Grtggsgg%de dwportant contributions to the design of high

pressure equipment. His cquipument 15 basically the same as that desigued



by Jonea(z&d used Ey the author in this study.

At this point it is best to introduce some contributions on the
effect of pore pressure, which, in regard to hydraulic structures, is
often mentionod as uplift, Earlier theorics considered the water in
the pores of an hydraulic structure due to either imaginary or visible
cracks. Modern views disregavd these abstract views and accept the fact
that water £ilters through the pores of masonry or concrete, It can be
demonstrated that water can be made to pass through any kind of concrete
by passing through the pores of the material, whether cracks are present
or aot.

Mr. Fillungeg:qwas the firct person to give a scilentific approach to
the modern views which later were rovised by Professor Terzaghi. Pro-
fessor Pillungor's approach is usually presented as three laus. He
broke some specimons in free air and some subjected to confining pressure,
so that water under pressure was present in the material's pores. He did
not get any appreclable difference in ultimate load between the two cases,
so he states that as long as the water in the pores remains at constant
pressurc it does not afficct the recistance of the meterial. For his
second law the author refers cb Terzaghi’s(%;ample, which {s a pier under
water, See figure 1.

Let J = unlt welght of the material of the pier

W = weight of the shaded portion
Then the stress at section AB will be equal to

U = W
A

Water in the pores will relicve some of this pressure., The relief
in stress at section AB will be equal'to the intensity of the vater pres«

sure at that level, h @ , times the porosity of the material, which we
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shall call n. Thus the relief in stress at section AB is:
hen
where = unit weight of water.
But we see also that the water in the porés 6f éhe material will
cause an increase in stress at section AB which would be equal to Q
times the volume of water in pores above AB per unit area of section,

viz., h n. This increase in stress is thus

hen

The total stress at section AB is therefore
HT = hpn + hen =HJ

This analysis shows that there is no difference between the éaées
of a pler under water.and a pier completeiy out of water, as when there
is no water the stress at section AB would still be HJ. At this point
Prof. Fillunger introduced his thir& law by differentiatiﬂg between the
average porosity of the material, n, and the porosity of mortar, nj.

He reasoned that when failure occurs, the surface of ruptﬁre'goés through
the binding material spch as mortar which binds the aggregates.

We refer to tﬁe.same example of a pier under water, figure 2, which
this time is formed of bIockslofvst;ne Eouﬁd ﬁy more porous mortar.
Using the same coefficients otherﬁise, pressure in thgvpofeé of.seccion
AB is: heny -
Weight of water absorbed at height h- isi
So the final stress will be;

| HJ - hp(n1-§)~
Zhere_is now an uplift force which is edual to:
P=hp(-n) - - | (D
and we define an uplift factor, Ug, as follows:

ug =my -n - (2)



Fillunger's conclusion, expressed as Equation 2, has undergone
some basic changes to ﬁhich we shall refer.

Prof. K. Terzaghi(7’ 8) in 1945 presented an analysis investigating
the mechanical causes of failure of concrete with and without pore pres-
sure. His analysis depends on the fact that splitting governs the fail-
ure and is due to an intergranular wedge action. He explains this ac-
tion as follows:

Figure 3a is a section of a porous quasi-isotropic material which
is acted on by a vertic#l force Y. This force will destroy the solid
bonds of rounded particles by producing tension at point a. Professor
Terzaghi concludes that if such a material fails by splitting, the
failure in the bonds subject to temsion will precede the failure in the
others. Also, the average normal stress on that section is zero, but as
the maﬁerial is only statistically isotropic the_normal stress is only
statically equél to zero. If all the negative forces are divided by
one-half of the section at a vertical section, negative scatter stress-
Ygs 18 obtained., There is a compressive force per unit area on the
other half. If there is an average stress, y, on the section, then one-
half of the section is acted on by y + Yo and the other by y - Yge
As soon as ¥ becomes equal to the :ensile strength, Ye of the ma-
terial, failure is produced by the scatter stress, yg. Prof. Terzaghi

calls it splitting stress and expresses failure with equation 3 as:
Yg =¥+ Y, S - (3)

In triaxial compression, lateral pressure Yy, is the normal stress,
¥y, 8o that y = Y, in equation 3. Then failure in this case occurs when

the splitting stress equals the normal stress (confining pressure in this
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case) plus the tensile strength, ¥y of the material. Also, since the
total axial load, Y;, produces y,, splitting stress increases in pro-
portion to total axial load. At Y, = 0 the failing value of Yy is

equal to the compressive strength, y., of the material and:

Y
Vg = Ve L
yc

Combining with equation 3, also remembering that, y = Yo

Y=y, +Y, e (%)
Te

Equation 4 represents the amount of total axial load we should
expect in a triaxial loading.

According to this theory, failure is always intgrgranular, even
in triaxial loading. In Figure 4, plane AB is the plahg of fallure of
the matefial under triaxial loading, but at a particular point on this
plane the details of thg interg;anular connections will caﬁse the di-
rection of movement acsociated wiéh“failure to deviate from plane AB by
an angle gé . The total unit shearing resistance to failure, Sl’ is

the sum of two independent resistances, s and Sf, where H

S = shearing stress required to sever the intergranular connections

S¢ = frictiona1 re§1s:ance of grains per unit area

Thus . .
~81 =8 + 8¢ , Gy

From a consideration of the vector diagrams in Figure 4 we see that

c
s%cosﬁ + (Y2+Yq) tan (7
and ~ gy +¥) E

cosgé

10
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where: ¢ = unit cohesive strength (assumed independent of stress)
f = coefficient of friction of grain on grain
y = normal stress on AB, which is actually equal to the
confining pressure, Yz, plus the excess unidimensional
pressure, Yo'

Further in his theory Professor Terzaghl considers the effect of
pore water pressure and concludes that the liquid under pressure in the
pores equal to lateral pressure'will decrgase the éffect of the con-
fining pressure as the pressure transmitted from solid to solid will
no longer be Y,, but igstead will be Yo(l - n,), where n, is the
boundary porosity. This decrease depends on the degree of'cohtinuity
of intergranular bond. It is the ratio of that area of the potential
surface of failure which is in coutac£ with.the liquid in ﬁhe pores and
the total area of the surface. This factor should be introduced in
Equations 4 and 5 when there is pore water'pressure.

Professor Terzaghi's most important contribution in the uplift
field is his disregarding of the plane section analysis of Professor
Fillunger to find the uplift factor, as failure might be in a zig-zag
way. Experimental methods are necessary to determine the uplift factor
as it is not necessarily rélated to physical constants. As a result,
equation 2 for uplift factor becomes |

ug=n_ -mn 6)

Professor Terzaghi comes out with an n

a ©f unity in his experi-

ments.
Mr. S. Leliavsky‘g) also has made important contributions in the

field of uplift. His specimens had a hole in the middle just like a



small pipe with extremely thick walls. Mr. Leliavsky wanted to be sure
that the pressure was the same along the entire face of rupture. First
he subjected the test piece to a force, F, then he raised the outer pres-
sure (the pressure outside the specimen) to a constant, Then he waited
until the inner pressure, which he measured with a manometer, was brought
to the same level. He repeated this procedure of raising the pressure
by increments until failure occurred. At the moment of failure the up-
lift must overcome both the force, F, and the resistance, z, of the ma-
terial. The total pressure in the pores is pA times a reduction factor,
n,, which is called the boundary porosity By Terzaghi. Thus the final
- equation will be:
ngpA=z+F (7)

Mr. Leliavsky tested severai specimens at various forces, from
which he deﬁermined the value of n, to be 0.91.

Mr. Leliavsky introduced another concept in uplift theory so that
Equation 6 changes into:

Ug = 0y = 0y ®

The factor nv,replaceé the volumetric porosity, n, of concrete.
n, is a constant which takes into account the fact that there is always
a certain amount of moisture present in concrete which reduces the
amount of moisture concrete can absorb. Mr. Leliavsky fiﬁds that the
water that may be added over normal moisture content is 7% of the volume
of the materials in his tésts: He got that result by exposing his speci-
mens to the sun. Thus he founq n, to be 0.07 and ug to be 0.84.

Mr. McHenry(lo) has done tests on 6-inch by 12~inch spec;mens with
both jacketed and unjacketed specimens. His testing machine was designed

for a pressure of up to 125,000 psi, but the lateral pressure used in



his tests were held to a maximum of 1,800 psi. He used kerosene or
nitrogen gas to confine his specimens. He used the Mohr-Coulomb theory
for his analysis and he reduced the normal stresses in that equation,
for the case of unjacketed specimens, by the amount of the pore pressure
times the boundary porosity. His equation becomes:
s=c+ (y - ¥yn) tan 6

where @ = the angle of internal friction.

He gets an n, value of 1.02. The effect of lateral pressure Yp
on axial load Y; he found to be:

Y} = e + 5.848 Yy withouﬁ'p@re pressure
Yy = Y. + 0.772 Yy with pore pressure

Besides the men mentioned, there are others who have made contribu-
tions in these fields. The ideas presented here cover what the author

considers to be the best approaches to the problems in question.
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SPECIMEN PREPARATION

Four different types of mixture were tested in this study. Test
specimens for each mixture were drilled from the same concrete block
by means of a diamond drill and then weré cut to a standard length with
a diamond saw. Speciﬁens obtained thi; way had a diameter varying be-
tween 0.505 and 0.503 inches and a leugtﬁ varying between 1,007 and
1.0085 inches. These variations are between mixtures regardless of
mixture. As far as the individual specimens were concerned these di-
mensions were consistent. Before cu;ting specimens to the required
length, they were placed into an aluminum tubing with an inside di-
ameter of 0.509 inches and a length of 2 inches. A slotted hole was
cut through one side of the tube for easy enﬁrance and for betterAcon-
tact during the cutting process as it could be better pressed in the
Qise of the saw thét ﬁay. Specimens obtained that way had a very |
smooth surface and.sharp edges. |

To control the moisture contént, specimens were dried at 105°C.
for a period of three days, after which they did not lose any more
weight. Right after dryiné; the specimens were vacuumed for the same

length of time. Checks of the weight showed further decrease in weight

during that process. After this routine, no more weight checks were‘made.'

For each mixture, moisture control of the specimens to be tested jacketed
and unjacketed was done separately. Specimens tested with empty voids
were placed into a plastic tubing after vacuumizing. Specimens go be
tested without a jacket were saturated with oil while under vacuum.

‘ 0il used for this purpose was the one used in the test chamber, namely
No. 1 motor oil. |

Drilling was the most time consuming part of the specimen

14



preparation, In order to get exact outside diameters and smooth surfaces
various combinations of pressﬁre and feeding had to be tried. The author
was unsuccessful in his’ efforts to get mortars containing'only'cement and
water, as all the épecimens broke either during drilling" or cutting.
Also quite a number of specimens broke when they were re;noved from the

aluminum tubes.

15



EQUIPMENT USED AND TEST PROCEDURE

Equipment used in this study is that designed by Jones(s). It
is based on the apparatus of Griggs(a). Figures 32 and 33 show the
preséure tésting equipment used in this study. It is designed for a
maximum of 20,000 psi oil pressure. O0il pressure is appliea with an
hydraulic jack, J, which is ﬁlaced firwly on plate, 13. Piston, 92,
has access to the test chamber through a cavity. Specimen, 8, is
placed into test chamber of the pressure vessel, V. Specimen stays on
a stopper, R, which has a hole'through it so that oil has an access from
the cavity where the pistom, Pz, moves, to the cavity where the test
specimen stays. Upper piston P; enters the cavity through the threaded
plug, T. The specimen stays batween the upper piston and the stopper.

It is placed into a brass sleeve which has a conical portion that fits
to the conical surfaces of the stopper and piston. The rest of the
brass sleeve is cylindrical and fits to a soft steel slug, gsed as a
transition medium betwcen specimencand piston or specimen and stopper,
and extends 1/8 inch onto the specimen. This last 1/8 inch is slotted,

‘The preasure tesfing:equipment is placed between':he ﬁlatena of the
testing machine, which applied the axial load. .Axial load is transferred
to the specimen by means of uﬁper piston, Py, whose spherical head fits
to a bore at the center of plate, Ly. Plates L, and Ly are yoked to-
gether by three equally spaced columns, Y,‘and as the specimen deflects
they are free to move. Three columns, C, connect the pressure vessel
to plate L,. One bar equipped with a slotted hole is fitted to each one
of the pistons., The other edges contact the plunger of a dial indicator,
D, £for upper piston and D, for lower pistom, which are mounted to the

sides of the pressure vessel,
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An 1/8 inch "0" ring is placed in the groove in the bore of the
plug T. A 3/16 inch "0" ring is placed in a groove in the pressure
vessel where it contacts the plug T. Lower piston has a groove for a
1/8 inch 'O" ring.

A specinen is placed into the test cavity with sleaves and steel
slugs as explained. A specimen to be tested jacketed is fitted into
plastic tubing which covers the specimen, sleeves and part of the upper
piston (Figure 34a). After placing the specimen into the test chamber,
oil is added to the level of the "O" ring and then nut T is threaded
into place. There.are small grooves in the nut threads through which
air in the test c#ﬁity escapes, When the test equipment is all assembled
there is a small hydrostatic preasure. Then the pressure equipment is
placed in the testing machine and an initial end load of a little more
than 68 pounds‘ig added. Jones found out that the part of the equip-
ment which the upper piston supports is 32 pounds, but there are also
the friction force# due to '0" rings of 100 pounds. Theﬁ the oil pres~
sure is applied. As oll has access to the pressure chamber through the
stopper R, a condition of equal hydrostatic pressure is created all over
the specimen. The head of the testing wachine is lowered to keep the
excess pressure. The procedure is repeated until the desired oil pres-
sure is reached and from then on the axial load is applied with incre-
nents of 200 pounds. At higher axial loads the increment is increased. |
After a few readings it was possible to record recadings without stopping
the testing wmachine.

At each increment dial indicator readings are recorded. As the

tvo pictons are yoked together, the lower piston P, withdraws as much

2



as upper piston Py advances into the chamber. This helps to keép the
hydrostatic pressure constant in the test vessel. If the volume of the
specimen changes, remembering that the lower piston could wove independ-
ently from the upper piston, though it repeats all the movements of the
upper piston, (See Pigure 32), we get a difference between piston move-
ments, HMultiplying this difference by the piston area will give the
volume change in the chamber.

For the upper piston a 0.000l-inch dial indicator with a travel of
"~ 0.3 inches was used, and for éhe lover piston a 0.00l-inch dial with a
trevel of one inch was used.

In order to get the exact volume changes and deflections we must
correct the readings obtained during the experiment as those readings
include deflection of upper piston steel slugs, pressure vessel and so
on. For this purpbge a steel épecimen, with known wodulus of elastigity
and the same shape and dimensions as the concrete specimens, was tested
under exactly the same conditioms as comcretc specimens. Axiel load was
kept below the yield stress of the steel specimen. From this data, we
will get the apparatué deflection which is the correction to be spplied
 to the piston readings. In these calibration tests the difference of
piston readings did not show any significant amount, vhich points out a
zero volume changa?ﬁnd“also could be taken as & proof about the correct-
ness of future volume change readings of councrete gpecimens.

The correction to be applied is 1 x 10“4 inches for every 100 pounds
of excess load up to 3000 pounds, 8 x 10~> inches from 3000 to 5000
pounds, 6 x 107 from 5000 up to 7500 pounds, and frdm then on 2 x 107>
pounds for every 100 pounds excess load. Decrease in those values is

due to decreasc in apparatus deflections. Also corrections are rounded

18



4 of an inch. There is no definite difference for different

up to 10~
oil pressures so that the above corrections are used for all oil pres-
sures. Only at zero oil pressure the deflection from 0 to 100 pounds
excess load is8 7 x 10'4 and from then on goes the same as the others.

So these are the values applied for correction.
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RESULTS OF TESTS

In this study four different concrete mixtures were tested in
three dimensional loading. For each mixture both jacketed and un-
jacketed specimens were tested at eight different oil pressures:

0, 2,500; 5,000; 7,500; 10,000; 12,500; 15,000 and 17,500 pounds per
square inch. A series of 2 by 4 inch cylinders in compression and
standard teasile briquets were tested for cach mixture.v Concrete
blocks, 2 by 4 inch cylinders and tensile briquets for each mixture
vere kept in a moist closet for 28 days. All mixtures were hand mixed,

Each mixture is separated into two groups which are differentiated
with alphabetic letters C, D, E, ¥, G, H, I, J. C is for the first mix-
ture unjacketed and D for its jacketed specimens; E is for the second
mixture unjacketed and so on. Table 1 shows characteristics of the 2

by 4 inch cylinders.

TABLE 1
Mixture #*Group w/c #*Compressive Tensile
. strength (psi) strength(psi)
0.75: 0.92: 0.25 C&D 0.98 4,210 420
1:2 Mortar . E&r 0.6 4,960 430
1:3 Hortar G&H  0.88 '2,910 A 260
1: 1;: 0.64 1&J 1.00 2,320 185

% C, E, G, I, groups tested unjacketed
D, F, H, J groups tested Jacketed

~ %% Compressive strengths of % by 1 inch cylinders is higher then these.

See tables 10 and 11.
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For all the mixtures the same kind of cement and sand were used,
which are: ASTM Type 1 Portland Cement with a specific gravity of
2.63; sand which has a sieve anaiysis of 100% passing 40 qesh sieve
and 100% retained on G0 mesh sieve, -

For groups c'and D (mixture 0.75: 0.92: 0.25) a pozmix cement
blend of 75-25 was used. Pozailan used in this blend is called pozmix
A (£ly ash), which 1s a reactive silicate that reduces the free lime in
portland cement and renders it more resistant to sea water's corrosion.
Pozmix A has a specific gravity of 2.46. For groups I and J (mixtures
1: 1: 0.64) an expanded clay aggregate is used. Expanded clay has a
specific gravity of 2.63.

Most of the data and computations are presented in Appendix IX.
Columns 1, 2, 3, and 6 show the applied oil pressure, applied cxcess
load, and dial indicator readings for the lower and upper pistons respece
tively. These are the readings.taken during the experiment. The othex
" columns of figures are computed quantities, Column 4 is the difference
between two succgséivéﬁliﬁes of Column 3 with a correction applied.

(The amount and need for correction is explained in the section VEquip=-
ment Used and Test Procedure™.). Column 5 gives corrected lower piston
deflection readings found for-each load by adding Column 3 readings up
to that point. Column 7 is the amount of correction needed at each~ioad
increment in the upper piston recadings. 'Column 8 gives corrected upper
piston readings (Column 6 ~ Column 7) or Unit Deformation of the Speci-
men in inches per inch. Column 9 (Columm 8 - Column 5) times the piston
area (both pistons have the same area, viz., 0,37 square inch) gives the

volume change of the specimen, Column 10,
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#* For unjacketed specimens and zero oil pressure we cannot get the
volume changes with this equipment. At zero oil pressure specimens
tested are without oil, as the only uaj to checg.that the chamber is
full of oil is to have some hydrostatic pressure in it due :6 excess
cil. Ye camnot do this for simple compression tests, for 1f we do,it
will affect the results. And, as long as the chamber is not full, we
cannot get volume changes. For the unjacketed specimens as the qil is
free to move into or out of thé pores we cannot measure volume changes
in the specimen with this epparatus. Attention 15 called to the data
in Appendix II where some of the voluﬁg changes for unjacketed apecimens
are computed. These data show a variation around a straight vertical
line which proves the above hypothesia. Jacketed spccimens did not have
any contact with the oil so that we get results directly.

Tables 2 to 5 are for jacketed speciﬁans and & to 9 are for un-
Jjacketed specimens. All the specimens tested are presented wiﬁh their
confining pressure and their excess load over confining pressure. Also;
when possibie, permanent unit deformations are given in axial and lateral
directions, vhich are a decrease and increase in dimension respectively,
This is done only for jacketed specimeas which defléct beyond the aCOﬁe
of dial iadicators and they always stay solid so that it is possible éo
get permanent deformatlons. Lateral deformations are meﬁsured at the
approximate center of the specimen.

_ Considéring the graphs, Figures 9-16, for jacketed specimens, wé
see that there is a plastic yielding even at the lowestélaterél pressure.
In unjacketed specimens all thé faillures are brittle. ?ﬁr jacketed

specimens all groups deflected in a similar way except‘gfoué ﬁ'&hich

* Refer to the section 'Equipment Used and Test Procedure" to see the
way volume changes are computed,
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showed larger deflections. Deviations from average strength are mostly
independent of oil pressure, ‘ ‘

Volume changes for jacketed specimens are also plot#ed (Figs. 21-28)
and shov & decrcase in volume.

taitial slopes of load-~deformation curves are presented in Tables
2 through 9. Those lines are drawn &s tangents to the straight bottom
part of the load-deformation curves (Figures 9-20). Theese are the slopes
after coxcess load pvér confining prossure is applied and often do not
include the very first onc which is usually way off with respect to the
others.

Tables 10 and 11 arc the summaries of Tables 2 to 5 aud 6 to 9
raspectively. They contain the average of the initial slopes and wmax-
imum axial loads at constant oil ?iessure. Average comprescilve strengths
at zero oil pressure of all mixturcs came out more than their correspond-
ing 2 by & inch cylinder gtrengths, Table 1. The differences for Groups
D, ¥, H and J are 13.5%, 12%, 8% and €% respectively. Strengths of un-
jacketed specimens are more or less similar to corresponding jacketed
ones, with no £ixed pattern.

Average maximum unit loads in Tables 10 and 11 are ploﬁtad in
Pigure 8 againot confining oil pressure, for both jacketed and unjacketed
specimens. In group F (jacketed) the ultimate streagth of the specimen
at lower oil preseures increases'é.ﬁ times the applied oil prassure; at
higher oil pressures the increase in ultimate strength is 3.8 times the
applied oil pressure. For groﬁp D the same increase factor for low and
higﬁ oil pressures is 3,8 end 3.3 respectively; for group H it is 4.5
and 3.5; for group J it is 4.6 and 3.,5. That is to say, for jacketed

specimens the increase in axial load with Increasing oil pressure is
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not a straight-line relationship. A smooth curve through the data
would show a greater slope at low preséures than at high pressﬁres.
Por jacketed specimens the average increase of strength is about 3.9
times the oil pressure applied and straight lines representing that
relation are drawn in Figure 8., For unjacketed specimens an average
increase in strength of 1.2 times the oil pressure is accepted, and
straight lines representing this relation are drawn. For them, the
increase in axial load with increasing oil efessure first follows a
curve of increasing atrength and after low pressures a straight line.

Actual angles of failufe are measured for unjacketed specimens
and ptesented in Appendix II with the compiled data. All jacketed
specimens showed a ductile behavior, If the experiment was continued
long enough, tﬁe jacketed specimens broke into pieces. The surfaee
of failure usually made an approximate angle of about 30° with the
longitudinal axis of the specimen. Angies that lines on the barrel-
shaped specimens made with the longitudinal axis kept increasing as
long as fhe experiment was carried en.‘ Vhenever an experiment was
earrie¢ until the specimen shortened more than approximately 207 of
its length, the brass s;eeves were destroyed, so usually the author
stopped the experiment before then.

Also e;metimee it.waé not‘possible.to measure the angles of
unjackeéed specimens due to breaking into pieces from the brass sleeves
or during femoval from the test'ehahber. For such ceses the author
only wrote that tﬁelbiecevwas‘damaged.

In general the failures for group E happeged as two pieces with
an angle of failure of around 33° with the longitudinal axis. For this

group usually one of the two pieces was larger than the other.
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For group C failure consisted of two pieces with seome léngitudinal
splitting and possibly with an average fallurc plane of 30°, For group
G failurc planes were around 28° with two major picces and a few small
pieces. ¥or group I fallure planes were around 23°_with two major and
seversl small pieces. For these last three groups Ehe failure plane
usually started from one cormer and continucd approximately diagonally
across to the gpposite corner.

There wnu“hsuully a slight incregse of strength, but not always,
with increasing lateral pressures. There was conslderable variation in

failure aangle within each group.



26

1v0* 260° 00€l 0006 4
_ , : GZ6 . 00€E6+ €
080° 1410 : 0624 0v96 00061 14 4
ool 08¢6 l
0201 08EL+ i%
ool 0098+ €
¥L0° 16L° ovel 0¢Z8 ) 14 4
160" 661° : 0201 008L +006¢1 l
L80° - L6t : 0Ell 000L €
€L0° glet - 068 0vZo 00001 14 L
L90" Lz . 00L1 00%9 1
6G1° Gge* 08¢l 00LS . "€
160° 1490 06cZl1 0grs - 006L 14 4
08L 0026+ l :
. 90L1 , 00S¥ 4
090° Gel- 08L 00v¥ 0008 €
0€E6 08cty I 4
LEO® ¥90° 09l . 00€V L -
osl* &bz 0971 080€ >
¥G0° Z80° 00€l 086¢ 006¢ 14 4
ovo°* ¥60° . 0¢¢l : 088¢ 1 X
00.L€ oo€l g 1
00LlY 0001 14
006¢Z 0001 €
oove 0611 0 A 3
00lY¥ 0001 l
‘ul ul *uy
ledate] |eixy °ut <bs Jad *q| 000l 91 *bs Jadeg|
. , m>g:o- .nm04 ~ adnssaud Jaquny -
uoljewdojag uoljewdojaq peo| 4£q leljuadsalllq 110 uawlioadg dnoun

jusauewlay ado|S [®lllu]



27

*9b6ed 1XON UO *pP,1uU0)

VoL

0071 T 00v9

Lv0?

9¢1?

°on

rLo° €
‘ o9vl 00824 00001 14 a
oelL” 140150 09vl 0099 l
£80° 651" 0821 006 £
1GO°* 18{- 006 00v¥- 006!. 4 a
029l 00Zv+ l
vL0°® 16L°* 00S1 0002Z, €
€60° 6L1° 0291 0Zey 0008 4 d
0001 00814 l
09tl ov8l+ £
0¢01 0c0¢ 006¢ c a
9¢0° €L0° ovlLl 0L1l¢ l
006¢ 08L G
096€ _ 0011 ¥
00€S 0001 0 € a
ovll 0clL! 4
oove 008 l
: “ul ‘ul
Ledd3eT Lelxy *ul *bs Jad °q| 0001l 91 *ul*bs Jade 9|
aAIN) , o
uofjewdoisq uojjewdojaq peo’ peo] 94nssald .Jaquny
jusueuwdsd Jo ado|g |elylu] letiusdaiilqg Lo . usw|oadg  dnouy
pa31ayoel po}sd} susw|osdg ||V
£oalqel ‘ -
usyolq uswioads + Bujqny Jaqqna psjedisued [1o }sa8} Bujiang
00L ovLlLl 1%
860° czlL’® 0201 0066 €
Lo LO1°® 009l 006 006.L1 14 4
: l

00L1 000¢l

MAn fnAarsAavAanA AR AAr AntAmrr AandA 1 U




27

uayodq uawilosdg +

Buiqny dJaqqna pejedjeued ({0 }sa} Buiung

0Z01 0066+ ¥
Z90° 161° _ 0zel 0066" €
0€8 009€; 006GL1 Z
060° 96z 0Z0l - 0966, 1
0501 N YA 2 £
0201 0006+ 000§1 Z
vi0° ove® o€l L 00€6 - L
001 0Z9L+ £
L TANEE I A 001 00¥8 005zl Z
AAN 160° o€l 069. l
120°* vol* oov! 00v9" €
YAl 0082, 00001 Z
o y0€° 091 0099 l

paj}ayoe] paol}ssl suswlosdg ||y
*Pi3uo)d - ¢ 9jqel



28

ueyouq uswioadg +

Buigny JaqqnJ psajeJdisuad 1o 3se8) Buiing

0201 0098+ € -

’ 0201 0596+ 00SLl T H
9c0* . LLl°* . 0€6 0096 ]
0EL 0v06 €

50° £gl” 020l 0098 000§l 2 H
1+0° Z€0" 058 | 0L6L . N
v ‘ 0821 _ 08GL+ 3

z260° eve” 68l . 0zzl I TA H
18o° AT 0€6 0€8!. L
— 056 — 00€9 p

056 086G £ _

180" oz 006 008€. 0000l ¢ H
006 0299 L
058 . 0026+ €

9go* . zI* 038 0708 0061. Z H
£60° 18l 006 | 0828 _
_ 0201 - 006¢€ £

‘ 0€6 008€ 0008 4 H
260° elz” ' 6Z9 000¥ L
vo° __ o0Zl° —00v1 0072 €

091 OFLL, 0062 z H
9€0° 90" o opll 0282 L
00Z1 0EY g
00¥E 059 ¥

019l 009 0 £ H
09| 028 z
00l¥ 008 _

‘ul *ul . ’ Sl
leJoje]  |elxy  *ul °bs Jad *q| 000l 9l  ui bs uad g|
T 8AdN)
uojjewdolaq uoljewlojaqg peo peoT alanssald Jaquny
jusauewuad jo ado|g |el}lu] Lelluadailiq 110 uswioadg dnouy

pajeyoer pe3}se} suswioads ||V



usyouq uswiosdg +

Buiqny Jaqgqnu pajedisuad [Jo 3}se} Burung

Lv0° g€ee’ Sov 0026 €
8L0° g€ac’ 028 0026 006L1 4 r
Ly0* 6lLZ° 00V 0098 l
0¢G8 00¥8 14
. £60° voe* 00€¢ 0S¥8 €
¥80° €9¢° 06L 00€8 00061 l r
6G60° 8¢z’ 006G 0098 L
00¢ . 02Vl €
060° €6¢° 008 009. . 0062l [4 r
6L0° 09¢* 00¥ oovL l
¥G0°* €6l° 00t : 0009 €
8L0° 6v¢* 009 00¢9 00001 l r
00¢* oLV* 00€ . 00%9 L
060° JAYA 068 0)74¢14 00G6L rA r
180° 6G6Z° 068 028y : l
068
8LE" ¥v9° 18L . 000¢Z+ € .
190° L 089 09¥€ 000§ 4 r
volL*® 8EC”’ 0ov 00¢Z€ l
08L 00¢e+ €
LGO° o0t* 08L 09v¢ 006¢ A r
L80° gL’ 0¥9 000¢ l
00zl 0EY 14
088 0¢9 0 € r
091 006 [4
0€L - 0ot l
ul ul -
ledsle] |elxXy ul bs Jsd q| 000l 91 ul bs Jsd g}
8Adn)
uollewlo}ag uollewJdolsq peoT peo- aanssald Jaqunp
juauewdad Jo ado|S |elllu] leliustatitq 110 uaw]oadg dnouyg

p518)oRM po3}ssl susuloadg ||V



30

oo¥l olLel €

oovl 0081 00GL1 c J
09vl ooel l

oovl 0091 €

oeel 0081 00061 Z J
0811 ogel . l

066 009l €

0811 ootl 00621 A J
oLl 0Z¢l! l

olLel octl €

0811 060l 00001 Z J
ovlLl 0¢el l

oozl oLvl €

0€G1 0891 006GL Z

0€El 009l l J
0€Sl oozl €

0czl ovel 000§ 4 J
0¢ol 09L1 l

oove ol¥l €

00L1 0zol 0062 4 J
0201 0S¥l l

0G0€ 098 €

0061 008 0 . 4 J
00SY¥ ovel l

ul *bs Jad q| 0001 91 *ul*bs Jad 9] B
aAdnN) .
uollewdolsa(qg peoT peoT 8.1nssaly Jdaqunp
Jo ado|g [el}lu] leljusdajllg 110 uswloadg dnodp

psiayoedun pa}ss] suswiosedg ||V

9 9lqel




31

0081 00L1

0¢el olg o €
0081 o8l 006L1 Z EN
06€1 , 0091 l
0GZl1 . 00L1 14
0091 0091 €
0091 000¢ 00061 Z 3
00€1 . 0061 l
00ll 0081 €
0981 0091 00621 Z 3
0981 : 019l l
oGPl 00¥1 00001 Z 3
ov8l 0861 l
068l 09¥1 €
0l : oo¥ 1 006G. Z 3
0681 0091 l
o0ll 0¢el _ €
06¢€1 oo¥l : 0006 Z 3
09¥1 - 0081 l
06¢€l 0091 . €
09¥%1 . 0091 006¢ Z 3
09¥1 ovol l
00SY E €
o0lY oocl 0 Z 3
00€¢ _ 066 l
*ul *bsuaad q| 0001 _ 91 sul*bs Jad 9]
aA 4N
uoljewdojaq peo peo . 94nss9dd Jaquny
40 adojg |el3tu] leljuaJaiylg L0 uswioedg dnoJp

pajayoefun payssl suawidsadg ||V
[l elaqel




32

0€8 00€l €
08¢l 09ll 0061 Z 9
08zl 0S¥l l
0001 0G€el . €
0821 00Ll 00061 Z 9
08L 0ot 1 o
0811 0091 €
oovl 00€|l 00¢zl1 Z 9
0001 0601 i
0001 00€1 €
oot ool 0000t A 9
0201 0Gl1 |
0e6 ov0l 00S. A 9
0€6l 00¢! l
0001 . 0011 | £
oovl ogeel 000§ 4 9
086 006 l
086 000l €
orlLl ozll 006¢ VA 9
0¢ol! 0¢Z6 |
00€¢ YA €
066¢ 00t 0 VA 9
060¢ 0¢6 l
*utl *bs usd*ql 0001 ol *ul °*bs uod 9|
9AJIND UOI1BWIO0LS( peoT s4nsseud Jaquiny
pec| jo ado|g [BI3IY] IEVEREINET. 110 usw|oadg dnoJy

FERER RPN EREEL

suawl 3adg

Iy




33

007 08V 1 €
oeel 00G1 00GL1 Z I
089 00€l l
0821 001 . 00051 Z |
0EL 0821 l
08 0821 5
0811 09€l Z [
o9 - ozzl 00621 [
0GG 0LZ1 3
0€6 052Z1 00001 Z |
0LS 0501 l
0201 0zzZ1 b € .
GL8 09Z1 00GL Z |
0L6 ov¥1 l
GZ8 0¢6 €
GL8 006 000G Z I
GL8 0021 [
G8L oVl 3
0€6 029 0062 Z I
068 ovzl l
0001 00€ €
08Z1 008 0 Z _
oviL 00¥ l
*ul °*bs uad °q| 0001 91 *ul °*bs Jad 9|
8A1N) uo|lewdo}a( peoT sJanssalyd Jaquny
peo] jo ado|g |el}luj [BlluaJaillq L10 usw|oadg dnoJp

pajayoelun palss] suswioadg ||V
b °l4el




ovii . 0Give 06ZL € 00GL1

0001 . 0681<Z 0689 A 00061

061 » 0e06l 0ESG9o € 00621

G89 00191 0019 € 00001

099 0cCitl 0298 £ 006. |
04i8 06201 pGZC € 000¢S

01L 009. pOo1¢ € 0062

ovil 0GEZ 0CEZl € 0

O€11 002V 0019 € 00G/.1

0201 06E1ZC 06ED € 00061

0111 00tel 0089 E 006zl

0G11 06E91 OBEY € 00001 9
Otdl plzel 0145 A 00G6.

0cil 086801 0686 € 000G

0601 0011 00zZ¢% £ 006¢

0GCZ ” 00¢Z¢€ 00zt £ 0

ob¥i 00092 0058 £ 00GL1

olel 00D€EZ 0008 € 00061

otlt : 001561 00241 £ 00¢zt

il 00891 0089 £ 00001

0891 001 00Z1 € i 00G. J
0GZ1 00€Z! ~ 0O0EL E 0006

D011 0608 - D&ES £ 006¢

000¢€ 008Y 008Y £ 0

o8l oov9z 0088 € 00G.1

ov¥l 00%EZ 0098 £ 00061

0091 0001¢ 0DGB £ 00621

0591 00911 0091 Z 00001 3
ovltl : ‘DGECI 0881 € 00S.

OZEl 00GZ1 00%1 £ 0006

o¥¥l 0696 0611 £ 0062

00tE ov.Lo ovlS € 0

“eu1 °bs Jad qi Qpool °ui°bs usdg| *u! *bs uad 9] *uy *bs usad 9y

S9AJIN) uoljeWIO] : .
-8Q peoT jo adolg pecl [BIXY peo] pa3}sa] suswioadg aJanssayd

1e1ltu] =2Braaay uwn | XeR lellusaslltlq . 10 Ztoqunp 110 [ed91e] dnody




35

00vE9

%44 006SY € 00GL1

GGo 00086 000EYV 14 00061

GOV 00906 oolse € 00621

GEV 0091tV 009l1¢ € 00001 r
0G¢ 009l€e 00lve 4 006L.

089 006l1¢ 00691 € 0006

GElL 008€1 ooeltl € 006¢

0011l 08%¢ 08¥¢ 14 0

086 006t9 000lLY € 006GL1

¢og 00686 00SEY € 00061

000l 00606 00¥8¢ € 00621

00L 0002V 000¢c¢e 14 00001 H
0.8 009¢ce 0019¢ € 0086.

098 008v¢ 00861 € 0008

ogel 00€EVl ool € 006¢

oove 09l¢ 09l€E 1 0

ov0l 00699 0006V 14 006GL1

090l 00919 0009¥ € 00061

001 00626 0000t € 006Gzl

ov¥l 000tV 000¢te € 0000l

09z¢l1 0006G€E 0061.¢ € 006L a
oLel 0069¢ 00Gl1¢ € 000§

oLtl 00EVl o08l1 € 006¢

ovze 0.8V 0/.8¥ G 0

09zl 00€E69 00818 14 006L1

ovel 00119 0019V 14 00061

oLzl 006GES 0001V 14 006Gzl

ogel 00GVvV 00GVE € 00001 i
00ll i 00l GE 009.¢ € 00GL k|
oLzt 0o0clLe 002¢2¢ 14 0006

ovEl 00LL1 00261 € 006¢

000V 0299 0296 g 0

*ul *bs Jad 91 0001 *ul *bs-aad 9] *ul *bs dad 9] *ul °*bs uad 9|
S9AJN) uollewdaolag paisal
peoT Jo ado|S peo] peo suauw]oadg adnssaud
jetliu] abeusAy [BIXY uwnixXeN [eliluadallig 1o Jaqunp 110 [eddle] dnoJy

paleyoer paisal sdnoun ||e jo Asewuwng

~¥1 2lqelL




COMPARISON AND ANALYSIS
OF RESULIS

Haximum stress and strain theories faill to expleain the behavior
of nmaterials under hydrostaﬁic pressure. In the first case the high
normal stresses which are present without failure as a result of lat-
eral pressures and in the latter case the occurrence of large strains
without failure contradicts these theories.

I1f the maximum shear theory were correct the enveloping curve on
the Mohr circles of failure should bz a horizontal straight line and
the fact that this is not so could be seen from ¥igures 29-3l. Ve can
get such a case if the compressive and tensile stress at fallure are
equal.,

The maximum-distortion-energy theory is more applicéble to elastic
failure as the ability of materials to withstand hydrostatic stresses
without yialding contradicté it.

COulomB's internal friction theory is the most applicable one so
far., As could be seen from Figures 29-31, the relationship between maxi-
mum load and lateral load is more or less a linear one. Coulomb's
theory has all the disadvantagea of Mohr's theory, which will be dis-
cussed, h

In this study Mohr's éheory ié used for analysis. Haturally the
causes of fallure are more complex than assumed by this theory but never-
theless it gives the relhtionships of stresses at failure quite accu-
rately in a sippleAana.pictorial way. According to it normal stress
plays a role in failure as well as the shearing stress. This interde-

pendence could be expressed by this equation

s = £(y)
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This relationship ic determined exzperiwmentally by drawing stress
circles for different failing stresses and drawing a common envelope
to them called the envelope of rupture, Figures 29-31. From these
curves the angle of the plane of sliding could be determined so that ¢
is the angle between the longitudinal axis and the direction of weakness
of elements which first fail by sliding, All poiats of every stress
cirecle should be bélow that envelope of rupture. For every circle there
is a point on the circle which gives the stresses on the plane of failure.
Referring below we find'those stresses to be

Yy = Yasin*P+ Yy cos2¢
s= da=to sin2d
These could be directly measured from the Mohr diagram too.
|  As for the case of the specimens tested with pore pressure, there
is no point, as ncCutchen(ll) Suggébted, in}drawing Mohr circles with
pore pressure as a ﬁaramgter. Instead effective pressure should be used.
That is, only 317% of'che’confiniﬁg pressure should_be included in the
compu:ationé instead of IOOZ.g Due to pore pressure.tﬁe strength~that thg
bonds get from the la;eréi §:eséure is reduced, which direcily depends |
on the dégreg to which porefp:easure 18 effective., This point~and the'
way 0.31 is found will be ‘e‘xplamgd‘ later in the analysis. The Mohr
aiagraﬁs in Pigures 31 are drawn according to that principle and,they
defin;£e1y have ghe interdependence equatlon as mentioned. This poiut

corresponds to University of Illinois experiments too. |

Acgordingiéo Mohr's theory materials are homogeneoua and isotropic
so that there is nothing in the material that would cause failure to
happen in-anylpagtigplar direction. He assumes that there is a relation

/Jbetwéen'the'nqrmal-a;ress and :the shearing stress in any plane which
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governslthe resistance to f£ailure along that plane.

Another assumption of this theory completely disregards the effect
of intermediate stress on the foilure of waterials. It reaches this
conclusion since for any styess there ave many planes thaﬁ uight have
thet stress (a vertical line at that stress on the Mohr circle repre-
sents all of thooe points) but only one plane at the same time has wmaxni-
rum ghesving strass and failure will take place on that plane if it cver
does with that stross, The intersection of the enveloping curve on the
negative side of the normal strces axis chows there is a limit to the
amount of tension the material canAtaké. In this case (@ would equal
to zero degroes., | | |

Failure angle @ ic equsl to ; ~ 8 where @ is tho angle of
. : e 2

internal friction so that this theory predicts‘# shear £ailure at a
4streas;equal,to tits shearing strength plus the n;rnal stress times the
tangent of @, In COulomb‘s theor§ 2] ‘ia cqns;ant} .

| To prove that intermediate stress has no influence we have to make
tests by using swall axial stress and iargcr lateral pressure. In this
case we should gst exaetly the same limiting curves. The author has not
donc any tests of this kind. Bulletin 185 of the University of Illinola
Engincering Experﬁﬁénﬁ Station presents results of some tests of this
&ind. AThesa tests indicated lower failing values when axlal strese was
less than lateral pressurce than occurred when axial stress was greater
than lateral pressure. This is the Oppoait@ result of Karmén and Boker's
tests on marble. It was concluded im the Illinois bulletin that the tests
were not sufficient to proﬁe or disprove the point in question.

The greatest advdutage of tohr's theory is that we can obtaln the
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angle of sliding from it as mentioned before.i'By comparing it with the
actual surfaces of failqre deviation from a pure shear could be seen.
Considering Figure 25 we see that the angle of failure changes from.azo
in group E (richest mixture) to 37° for group I (poorest mixture). And
there is an average of 7° difference between tests of highest lateral
pressure and no lateral pressure. We can conclude by uaing'Professor
Terzaghi's term that failure for unjacketed spécimens are pseudo-shear
type or a failure betwéen a splitting and a shear type, as actual angles
of failure are lower than thesc values.

As for the jacketed speéimens the failure angle on Mohr diagrams
changes between 33° and 29° and there is not considersble difference
between individual mixtu;es. This fact is consistent wiﬁh the University
of Illinois results. We caﬁ conclude that jacketed specimens usually
failed close to a shear type failure.

Compariag Mr. Brandtzgeg's theory we gee that he based his analysis
on an ideal material of non-isotropic clements. Its difference from
Mohr's theory is that instead of the material itself its eleméﬁts yield
plastically through intragranular sliding along planes of-One direction
fixed for one element but varying from one element to the other. Mr.
Brandtzaeg introduces the weli-known Coulomb equation for elements, not
for the whole material, which defines the plastic equilibrium of the
cleménts. Mr. Brandtzaeg also assumes that plastic e¢lements deform pro-
portionally to the stresses they carry plus a plastic sli&ing so that
their total deformation is equal to that of elastic elements which results
in all clements deforming alike. An element will not be free to deform

in its own direction of weakness unless it breaks off.
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A point against this theory is that most of the constants still had
to be determined experiﬁentally. Also, Mr, Brandtzaeg disregards the
poras which play the dominant part with materials that have pore pressure.
1f the voids are empty still there is a compacting of the material. In
Mr. Brandtzaeg's equations unit volumetric deformation of the material
is the same as in individual elements. The effect of voids on failure
is obviously seen in the author's experiments., As different elements
will reach plastic stages at different times this theory shows the pas-
sage of the material from the elastic to the plastic stage.

In simple compression plastic elements can carry stresses only if ‘
they are supported laterally by elastic elements, which produces a lat-
eral tension in elascic elements., The same condition occurs in speci-
mens subjected to lateral compression vhere this action is retarded and
a general sliding and disorgénizing oceurs, Mr. Brandtzaeg concludes
that the eventual failure still will be due to a limiting tension. His
analysis does not apply after splitting starts.

Professor Terzaghi(7) conéidera fallures in simﬁie compression as
a splitting type bdt he does not account fof it definitely aé he says
failufe by splitting is not strictly comparable‘to failurevby'pure ten«
sion because the mutusl displacement of the individual cénstituents which
precedes these two types of failure is somevhat different, But neverthe-
less he says the material fails by splitting as soon as the negative
scatter stress equéls the tensile strength of the material. Tor the
case of triaxial failure his analysis in'basic principles corresponds
to the author.'s. As‘seen from Fig. 3, with 1ncreasi§g confining'prggsu;e
failure will depegd more and more on the average stress, which is thé.lat~

eral stress, though still the teasile strength will govern the failure
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but with substantially wore normai stress. The equation Professor
Terzaghi derives (4) gives an increase in strength ten times the lateral
pressure., Compared to author's 3.9 and University of Illinois' 4.1 that
is coo‘high. In finding stresses by Equation {5) Professor Terzaghi uses
cohesive strength and includes the fact that most of the failures Are'
intergracular though iatragranular for high lateral pressures.

iha author's way of roclating the effect of pore pressure is basically
the same as that used by Professor Terzaghi. A reduction formula is intros
duced to ali of the formulas (see section oa Previous Work). |

Me. McHenry(1®) approached the problem with the Mohx-Couloub theory,
o that there is no disagrecment with the author im that respect, but
his results about the effect of pore pressure'doés not agree with the
author's. Reference to this will be made later. Also his increase in
strength of materisl is 5.8 times the lateral pressure which does not
agree with the author's 3.9,

Initial slope averages in taebles 10 and 11 show a definite decrease
with respect to their values in zero oil pressure. This is due to the
effeét of the oil pressure. Those are the initial slopes after oil pres-
sure and some excess load was applied but befora then the specimens also
deflect du2 to an inelastic compacting ia all directions. This point
and the general appearauce of the curves correspoud to the University of
.Illinois results,

Volume changeé for jacketed specimens show a definite decrcase of
volume due to inelastic compactiag which is almost the same at the same
lateral pressurc for all groups except group J. It seems that added
strongth due to lateral pressure is the same for all groups except groﬁp

J. This could be seen by the similarity of both load-deflection curves
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and volume change curves. Group J shows larger decreases in volume and
increase in deformation than all the rest. This is due to its having a
higher porosity than the others (Pig. 5). This proves that pores affect
the failure of material eveﬁ when the vq}ds are empty and should be con-:
sidered., | | |

In Figure 6 load deformation for group H are plotted, where deflec-
tions during the application of oil pregsure are also includéd.v This
figure will clearly show the increzase in strength in axial difééﬁion
| with increasing‘oil pgessure. This is dong by applying a correction of
5 x 1074 inchea per 2500 psi oil pressure (samé%as early stages of loading)
to Colum 6 readings of data® Pinal defléctidn, when we reach constant
ol pressure, is added to each Column 8‘readi§g‘to get deformations at
‘various axial loads. B -
The effect‘éf lateral ﬁréseura on the étrength of the aspecimen is

fepresented by a polynomial of the form:
' 2

+b Y, ¥ .
Yy =2y +b ¥, ch Yz

where Yj is‘the maximum axial load, Yz is the lateral pressure, and Yo
is the standard compressive strength of the concrete. An equation of this
typé.could be writﬁen for each expefiment, ftom'éhich coefficients b and

c could.be determined. These equations for jécketed and unjacketed speci-
mens should be written.sepafately as they are tested under different con-
ditions. As we have more equations than unknoﬁné,'the author used the
method of least squéréé'tb.solbe them. This method is explained on the
following pagef* The resulting equation for ﬁhe jacketed speciméns:

| ¥, =y 45 Y, - 0,56 x 107 ¥2 ®

% See Appendix II.
%% Page 46
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Change i Vo yme
Groip ¥ grams FH /ofa.rc/'zgnl_"qr/”
7 0.5 /5.4
F 068 27./
A 0.6 . /8.8
J’ /.0 - -3/

w These are the averages of wesght decreases, for each group,.

after mossture controf
wx A sample calkolation 7or grocp Jupresen /eo/ betow .

Change 1 Volvrmes 97+ 2.2Xx/07/6

/03 /6 “3sp3
V= 2622«\’40/‘//"3= 0.352x/074F3 or 0,352 x5 %1728 177
= O. 08713 This /s Abe a/y;o/w/ o/ water removed
from Fthe specrmes. 2
Volvrme of a o by ! 1ch specimen 1s (2
per cent change 17 volvre

.06/ _
192 X0 = 3//

7%/5 /s SAhe porosity i per cea/ Sfor Grodp T

= 0/.971/'03

Froore 5



M

coqisII oD (00X 4y T PN

A aro)

AT 4 17 505 127ds Y ) woyow oy proy o biy

1 127 UL Ler oy DI QT (1))

o T IIIl- _ "
_Tw Qo> o P i
oo 0/ 37 LI f1O K
¢,
af/ | £ »
- ‘s dd9y 0 067

, 3/N5S24y[00 N

>

%t w1 bs o g/ 0008 ¢ S
P/ 175534 /70 OU

]
A
N
% | I %,a//

a1 bsrod 5y 09852 ,M

M\\\HW\..A\\\% » N

Q
o 4 3-

s brs00'5) 0007 —
> 405524 /10 I
w-b5.700q) 005C1 .
0% > 105544 /10 \ 6
] \
&t b5 P79/ 0008/ \
25524110

X 0/

QK02



45

Tbip aqua:ion'repréaents'tha effect of the lateral pressure on-
strength in the axiel direction. It is plotted in Figure 7 Experi«
wentel results are also showa on the.s&ma figure, As explained in the -
prasentation of the results, increase in axzisl load with increasing
latezsl prassure follows a curve whose slope decradses leh increasing
lateral pressure, This fact is coanslstent with University of Il@;@ois
rasults. Equa:ion_(é) foilows a siuilar pattern, The author haéAélso
drawvn a stralght-line relation in Fig. 8 ahich gives the following
approximate equation for Jacksted specimen:

| vy ey, +39%, . ao

The 3.9 in this aquatioq coispazas with a cozfficlent of Ty of 4.1
~ in the Illinols tests. As the author's tests were carried to higher lat-
erai preasurad than tha Illinois tosts a lower coefficienﬁ; l.¢., &
lower average slopa:af'che liﬁa.'wauld ba axpected in the a&uhor’a re=-
sults. The advaﬁtqge of Bquation 9 over 10 13 that wa get higher waxi-
mum axial loads at lower éransurés as the affect of O.Sé:x 10'4 Y% is
very little at low lateral pressuras.  EBquatlon 9 also fab:ascnea et=
perimental rasults betges. : |

Tha :csclting equatlons for the uhjacka;ed_spaéimuné-aie as followa:

The quadratic equat.on-

%=y + 1617 - 011 10“’ D)
Tha ncraight-linn equation: .
iz_lay :»12?2 - a2

As mantioncd in the rasults the nawe ¥, is used for the jacketed
and unjackated speaimenu pf-each mixture as thore 18 no obvious diffe
exeace botwcen the two. Dquations 9 and 11 could bo reduced lato one

aquation whilch would reé?esent the efifect of latoral pressure at different
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Grven equations are .
}///"yc (ﬁ))ﬁ/ "“{C))’z/
D - yc. = (a2 -/-(C)}’zz.

xf? Ye .= /é/)’m */q)yzn

Lhere, b and ¢ are 2he unknowns. The,n, Given egvatins
arranged i» Fhe follocing forn.:

[h%nié »r 4 )QZJC LYY -y)]

LRYI6 +L 020 Tc = LAY -4

These equa Yions are solved Fo ge/ bes/ valves ofaandb.
Notations: L Ve Yal= Jai+ Jiz r)gg . 2,,
L 1), 2] ).,l./ * yz&"')&g .}/177
[)i)u]-yz.l*y;*yz.?.....)ﬁn
[22.’[),1 - gc)]= ');1[)/,/"%)7" X;g/)ﬂ:gg‘) e yzn(}’,,,’gg)

Samp e Calcvfationfor Jacketed specimens .
[Vl -y.)] = e500(17700-5620)+ 5000 (272005 620)1 7500(35100-5620)

#-FPO00(94500 -5630) +12500 (53500-5620) + /5000 (6/120-5620)+
17500(69200-5620) + 2500 (/4300-4870) +5000 (26500~ 1870) +
7500 (35000 -9870) +/0000 ( 13000-4870) ¢/2500(52500-9870)
15000( /600-4870) + LX500(66500-9870) #2500 (/4300-3/60)

L 5000(24800-3/60) # 7500 (33600 - 3/60) +/0000 (92000 -3/60)
12500 (50900-3150) +15000 (58500-3/80) #17500/69500-3160)
2500 (13800~ 24980)+ 5000 (2/900- 2498£d)+ 7500 ( 31600-2480)+
10000 (91600 - 2480)# 12500 ( 50600~ 2980)+15000 (58000 - 2480)%
/7500 /63400-2450) = 4,303 700x/07

Avera 9e maxsvmer axia/ Joad }, 75 wec/ 2 eac/; or/
pressvre for each mix/ore. [ 7ables 9and 10)
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pore pressures P
Yy =y + L.4L P - 0.11 x 107 P? 4 4.5(¥, - P) - 0.56 x 1074 (v2-r2)

(13)
The scecond part of the experiments, the unjacketed tests, was done
to fiﬁd the effect of the pore-~water pressure on the strehgth of the
specimens. This effect will be a reduction in the lateral support of
~the material. As pore pressure wiil counteract the laterai stresses,
there will be a_decregse in the strength of the material in the axial
direction dépending on the cffectiveness of pore pteésure'P. Accord-
ingly quation 9 sﬁould reduce.into Equation 11 if we deduct effective
pore pressure from lateral stresses. |
Y) = Yo + 4.5 (Y - Py - 0.56 x 107(v% - 22 od) (14)

or remembering that Yz = P
Y, =y, +64.5% (L -n) - 0.5 % 10°% ¥2 (1 - nd) (15)
1 Je * 2 a * 2 a

where n, is the reduction factor that will reduce equation 15 into 11.
An ng = 0.69 will reduce 4.5 into 1.41 and an n, = 0.90 will reduce

4 jnto 0.11 x 107%

0.56 x 10 . This way we get two differeht reduction
factors where actually there should be one. As the author arfived at
those two equations independently and also remembering the size of the
specimens this discrepancy would seem justified. Since at low oil pres-
sure# ;hé effect of the second degrec term is negligible, it would be
best to use 0.69 for o, The author suggests Equation 14 with an n,

factor of 0.69 for ell cases, i.e,, full pore pressure, no pore pressure,

or various degrees of pore pressurc,

This way we get the reduction factor which is part of the uplift



factor or the effect of the pore-water pressure on the strength of the
material. In this analysis the author got the reduction factor in a
purely experimental way, which should be the case as concluded in all

the latest theories, contrary to the earlier ones. It is determined

as a purely physical problem. It is an empirical constant that we shouldv
know, since in design of hydraulic structures it woﬁld be foolish either
to disregard it or to congider a 1007 cffect which would make the design
uncconomical.,

When the voids are empty a lateral pfeaaure provides an additional
support to the bonds between particles, but when there is pore pressure
the strength is reduced as the supporting pressure applied to the bonding
material is reduce&. Professor Terzaghi calle the reduction factor bound-
ary porosity which he defines as the ratio of the part of the area of the
potential gsurface of failure which is in contact with the interstitial
liquid to the total area of this surface. This term of potential sur-
face of failure is important as failure never occurs in a plane section
contrary to Professor Fillunger's approach. Failure usually occurs in
the binding material but as it i3 not a plane section it could be best
determined experimentally by tests of failure,as we really do not know
either the actual shape of the pores or the shape of the potential shape
of failure.

In our experiments, specimens being small compared to the amount of
hydraulic pressure applied, either the effect of additional weight due
to water in the pores or the increase in hydraulic pressure due to its
cwn weight with increasing depth is completely insignificant. But in
hydraulic structures thé weight of the water in the pores increases the

specimen's own weight and thus reduces the uplift factor. This is
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rélated to the quantity called effective volumetric porosity, n, of
the material. It could be best determined experimentally. It is the
amount of water that the material could absorb over the permanently pre-
sent water content. A value of 7% is found by My, Leliavsky as an average
value of permanently present water for the specimens he exposed to the
sun in order to determine it. HNow the f£inal formula for uplift is
Ug = 0 = Wy
By multiplying this by the area of the pressure diagram we get the amount
of uplift.
All the earlier theories considered the uplift factor equal to the
average porosity of thec material |
. ﬁf = n
That would give a value of 227, taking the average porosity from Figure 5.
‘They thought of it as a result of 1maginar§ cracks. Thié is the average
porosity of the material and does not agree either with the author's
approach or coefficient.
Fillunger, who introd&ccd the modern theory, made the plane section
a basis. But we cannot do this as the material is not homogeneous and
the failure‘mpst probably would not happen that wa§ as explainad before,
His formula gives an uplift factor:
‘ﬁf = nl - 0 '
where nl is the porosity of the mortar that binds the aggregates.
*Professor Terzaghi's approach gives a value of 0.78.
uf = n; -ln
As scen from the.above equation his reduction factor is 1.00 which is far

from agreement with the author's but also his éxpetimental values of 0.83

up to 1.20 are debatable too. Another differcnce is his using volumetric

“*Refex to section on Previous Work
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porosity instead of effective volumetric-porosity. Effectlve volumetric
porosity better ex?resses the true conditions as the material has always
some amount of water present in its pores. .

Mr. Leliavsky's formula for the uplift factor forwms the last link

iﬁ the modern theories which is:

ug =m_ - uv
His values for this equation were
\ uz = 0.91 - 0.07 = 0.84

Mr. Sarafim(lz) obtained values for uplift factor between 0.40 and
0.50.

Mr. McHenry found uplift factors r#nging from 0.78 to 1.18 with an
average of 1.02. Those values séem too high. His using gas for con-
fining pressure probably influenced the results as it has a lower vis-
cosity than water.

The author's reduction factor of 0.69.is less than the values
obtained by others as explained. That might be partly due to his using
oil as a medium for lateral pressure which has a higher viscosity than
water which wbuld make it harder for its penetratiod into finer voids.
Also, in the unjacketed specimens some values of ultimate load deviated
as much as 20% from average values. In the University of Illinois tests
the maximum deviation was 11.8%, but a greater deviation might be ex-
pected in the author's results because of the small size of specimen.
These factors suggest that possibly the value of reduction factor should
be higher than 0.69, but perhaps not as high as Professor Terzaghi's
and Mr. McHenry's vaiues. The author also got a second u, of 0.90.

This too suggests @ value higher than 0.69. 1In all the experiments on-
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the effect of pore pressure, the author believes that Mr. Leliavsky did

tha best one. HNec created the actual failure conditions that wight happen
in an hydraullc structurz, viz., a constant weight producing compression,
and a tension due to hydraulic pressure iu.thé pores that might cause the

failure,
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CONCLUSTONS

Concrete may fail in one of two ways, brittle or ductile. In a
brittle failure stresses are proportional to deformations almost up to
fracture. In a ductile failure small changes_of stress may be accompanied
by large deformatiﬁna; this happens between the elastic range and frace
ture.

The tests of jacketed specimens definitely prove that concrete
subject to lateral compression shows & ductile behavior under axial com-
pression, and it resists high stresses and szhows large amounts of de~
flections, sometimes even up to 3/4th of its length. The relationships
of stresses are given accurately by Mohr's theory. The comparison of
angles suggests that shear plays a dominant part in failure. There is
probably some splitting but mostly disorganizing of material and an intra-
granular type of failure due to sliding at an inclined direction. As
suggested by Brandtzaeg the plastic eclements are supported by elastic
ones and that causes a tension in them, but under triaxial loading that
action is retarded and its'effect is much less important.

For specimens subject to pore pressure the condition of fallure
could only be expreséed by.Mohr circles using effective pore pressure.

There is an inclastic reduction in volume of concrate specimens
with empty voids. The load-deflection curves and volume change curves
are similar for all mixtures except one which has.a much higher porosity
than the rest. This proves the influence of voids on strength of a
material whether the voids are empty or noé. Group J with a greater
porosity than any other mixture showed a lafger decfease in volume and

greater deformation than the rest of the mixtures.
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The specimens with pore pressure in the voids failed in a brittle
wmanner. Splitting due to lateral tension played some role in this as
sliding occurred on one plane eventually,

There is no question that uplift force way exist in hydraulic
structures and may cause their faillure in tension if enough attention is
not given to it. This force depends on the potential surface of failure,
which is not a plane section, and also upon the ratio of the part of that
failure area with which the liquid under pressure is in coatact to the
total of it. Due to these reasons it may be étudied best by experi-
meatal wmeans, such as was done in this study, |

The relationship between stresses in trianial compression, with or
without pore pressure, could be defined by the following emgirical
aquation:
¥) = yg + 4502, - Pag) - 0.56 x 1074¢¥2 - p2nd) (14)

¥ = axial load at failure
Y, = the equal and smaller stresses, i.e., the confining lateral
pressure
P = pore pressure
¥, = standard compressive strength of conerate
- When there is no pore pressure this gqua:iOn'reduces to:
tp ®)

When pore pressure is equal to lateral pressure this eguation re-

duces to:

. - ’ .
= » . :?\; - .
Yl v, + 1.41% - 0.29 % 10 Yz (16)

The effect of pore-water pressure or boundary porosity could be

expressed by the reduction factor, Bs which has a value of 0.69.
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This might be higher, as mentioned in the analysis. As can be seen, this
rasio will reduce Equation 14 into 16. In hydraulic structures the effect
of pore-watcr pressure is called uplift, wherc n, represents only part of
the pora pressure effect. The uplift factor is equal to:

u, = n, - 7

Whe:::e‘nV is the effective volumetric porosiﬁy of the material
Equation 17 is the factor that necds to be multiplied by the area of the
pressure diagram in order to find the uplift force in hydraulic struc-
tures. N, is the effective volumetric porosity which again needs to

be found experimentally. It takes the permanently present water in the

pores into consideration.
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APPENDIX I

LIST OF FIGURES IN ORDER

‘

9 & 10: Load Deformation Curves for group F, 1:2 Concrete,
Tested Jacketed

11 & 12: Load Deformation Curves for group D, 0.75: 0.92:
0.25 Concrete, Tested Jacketed

13 & 14: Load Defoimation Curves for group H, 1:3 Concrete,
Tested Jacketed

15 & 16: lLoad Deformation Curves for group J, l: 1: 0,64
Tested Jacketed ’

17: Load Deformation Curves for group E, 1l:2 Concrete,
Tested Unjacketed

18: Load Deformation Curves for group C, 0.75: 0.92;
0.25 Concrete, tested unjacketed

19 . Load Deformation Curvec for group G, 1:3 Concrete,
Tested Unjacketed

20: Load Deformation Curves for group I, 1: 1: 0.64
Concrete, Tested Unjacketed

21 & 22: Volume Change Gurves for group F, 1:2 Concrete,
Tested Jacketed

23 & 24: Volume Change Curves for group D, 0.75: 0.92: 0.25
Concrete, Tested Jacketed

25 & 26: Volume Change Curves for group H, 1:3 Concrete,
Tested Jacketed

27 & 28: Volume Change Curves for group J, l:4: 0.64 Concrete,
Tested Jacketed

29; Mohr Circle Diagrams for groups F & D

30: Mohr Circle Diagrams for groups H & J.

31: Mohr Circle Diagrams for groups E, C, G, & 1

32: Schematic Diagram of the High Pressure Strength Test
Apparatus

33: Apparatus for Co;duccing Strength Tests on Rock under

Hydrostatic Pressure in Place in Testing Machine



Figurc

Figure

k4% 5]

34t

Specimen Assombly Showing Upper Piston, Lower Support:"
Brasas Sleevas, and Plastic Tubing

1: 2 Qoncrete, Tested Unjechketed at 10,000 pai Con~
fining Pressurse -

1: 2 CQCoucrete, Tested Unjacketed at zexo 041 Pressure

1: 2 Concrete, Hacested Length = 1 inch; Diaxneter =
% inch ‘

1:.1: 0.646 Concrate, Teiated Jacketed at 5000 psi.
Confining Pressure, Length = 0.35 inches; Diameter =
0.864 4inches

1: 2 Concreto, Tested Jacketed at 7500 psi Confining
Pressure; Length = 0.502 inches; Diamster = 0.762 inches

1: 3 Coacrote, Tested Jacketed at 12,500 psi Conw
£ining Pressuraj Length = ,270 inches; Diemctoer = 0,8.25
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SPPENDIX I

RECORDED DATA 4D COMPUTATIONS

In thie appendix to diffrentiacte various-axperimanta a cartain .
dosignation ucod,such as 2 G £500 .there G is the concrete mixture,2500
is the constont confinigs prossurs,and 2 is the experiment nusbor for
that confining proscurs.There are st least thyce exporimsnts for cach
mizture 8t a certain confinig prossure.For further information nbsﬁt

concrote mixturss refer parsgraph tso and Table 1 on page 20.
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2500
"5000
10000
12500
15000
15000
15000
15000
15000
15000
15000
15000
15000

15000

2500
10000
12500
12500
12500
12500
12500
12500
12500
12500

12500

600
1000
1400
1800
2200
2600
3000
3500
4000
5000
6000
7000
7800

3 4
187
269
436
512
572°
571.5 3
570.5 8
969.3 8
566.7 23
563.7 26
560.3 30
556.3 36
552 39
546 36
547 4
944 30
535.5 85
526.5 80
513.7 128
167
416
495
494.5 3
494 3
493.5 3
493 11
490 16
488 26
484.5 31
481.5 26
478.5-473 45
460.5 70
472 75
461.5 95
447 125
417 290

1H 15000

5 6 7
18
41
107
141
175
3 181 177
11 190 179
19 200 181
42 223 183
68 262 185
98 297 187
134 337 191
173 381 195
209 414 199
213 470 203
243 527 207
328 643 215
408 779 221
536 962 226
1265 230

Ultimate load 7970 1b

1H 12500

20

83

113
3 130 115
6 143 117
9 157 119
15 189-192 124
26 224 128
42 257 136
68 298 142
99 335 148
125 376 152
170 432-435 160
240 488 164
315 602 172
410 730 178
935 895 194
825 1200 200

11
19
43
77
110
136
186
215
267
320
428
558
736
1035

12
20

91
70
79
88
88
89
105

155
142
166
176

10

kL
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. Appendix 3
FAILURE'OF A MATERIAL COMPOSED OF NOM-ISOTROPIC ELEMENTS

by Anton Brandtzaeg

- Mr. Bfaﬁchaeg's failure theory has been di\{scussed in the analysis
section. In tﬁis section an abstract of the theory will be given. HMr,
Brandtzaeg considets. an elastic material with a const#nt Poisson's ratio,
u, and modulus of elasticity, E.V All elements havg different directions
of wgalcneases. and until a limiting tensile stress occurs they can only
fail with a plastic sliding at a limiting shearing stress and that ac-
tion is governed by Coulomb's equation.

Clim= Zo Harn E(c) (18)

In this theory different notations for elements and material have
to be used to differentiate between the two. Hotatlons for the material
arc the same as before, and for elementé will be présented as they occur,
In Equation 18 ¢~ is the normal stress, Oo is} the shearing strength,
6 is the angle of internal friction, and Um 1is the limiting shearing
stress in 'fhe elements., |

From figure 35.8';he stresses on a plane in the direction of

weakness are:

T;G’; 5,‘,92 ¢ +G_zcosl ¢ (19)
C= G"___%:_f’_:‘_ S/ 2o ‘ , (20)
Ov =+4(53 + 203/ | (21)

vhere 0z and G, are the normal stresses in axial and lateral dircc-
tions respectively. Combining equations 19 and 21:
¢ =ov+ SEETZ (L _cos 29) | (22)

vhere tan @ = cot 2 0 and Do = ZF-£ introducing angle and
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combining equations 18 and 20 and 22:

(i‘ﬂ) .HrFov (23)
Z cos 2(P-Qo)-5F

where M= Zo s/n2¢o , F=cos2Po
This is the necessary condition for plastic equilibrium and a limiting
value that the difference between the principal stresses can never ex-
ceed. If it is below this limit the element is elastic end as long as
‘the stress difference is equal to this limit the element deforms plasti-
cally. Elements that have the lowest limiting stress difference values
-will reach the plastic stage first, for which ¢ will be equal to.é for
g >0, | | '
ﬁow consider figure 35b where plasticity spreads from point A to
both directions. At A, ¢‘n Qo where the eLements first started to
plastic action are represented. Points between B and B: such as C, de~
fined by #ngle‘p, have been deforming plastically for some time. Ele-
ments B and B with an angle = are just becoming plastic. Eleﬁents be-
twecen the x-y plane aand B/or between the z-axis and B are elastic.
>3 is a conétant vhich defines the extent that loading has made the
waterial plastic.
B: 1is a variable for a given Stress situation defining plastic clementsi
with the same direction of weaknesses.
¥: 1s a'variable for a given stress situation defiﬁing elements in the
elastic range.,
Suffix and B are used for stresses in elaétiq end plastic ele-
ménts respectively. Substituting in equation 23 we get stress differeqce
equations for elaétic and plastic elcments. Stresses in elastic elements

are the same as in an element just passing the plastic stage. Combining
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equations 21 and 23 with B = $ - §o or = =¢ - for plastic and elastic

elements respectively the priacipal stresses in an elastic element are:

T =0t E o i ) e T Kt FSV (24a)
LE vt 3 { iz &) v+ 3cos 2ox— F
= — - Is)
Toa =0V =5 (632-07a)- Ov-2LEEY  (24b)

in a plastic element are:

+ FOy 25
Cgs =0v +4 :co.s z‘fg—F (22)
Cg, =0 _ B+ Far 25b
52 V-2 3cos 248-F (25b)

Mr. Brandtzaeg assumes elements in a cubical shape with a side length
d, so that the number of elements in a unit volumec is:
N = 1/d3

A unit volume contains all geometrically possible directions of weaknesses
of the elements. Mr. Brandtzaeg further assumes normals of unit length
from the origin of coordinatés, to the direction of the weakﬁesses of the
elements. Thesé elements could be represented as a point on a hemisphere
(Fig. 35c), which contains all elements in a unit volume. The number of
elements in a small area of the hemisphere:

dV = Folh= oz cos dp oy , (26)
In a unit volume N elements exert forces on each other. Some of these
balance inside the unit volume. The number of forces that should be
balanced'by the average stress in the material is Ny = N , so that
equation 26 becomes: |

I =t cos 3 dddV (27)
Substituting into equation 27 sr ¢, or Br gy for §, we £ind the
elemeqﬁary forces in dig elements in an axial direction, exerted by

elastic elements:

dfy, =t s cos (y+ @o) dy ofY
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by plastic elements;

dfg, = 25 B, €oS (B+ @) df ¢
In a lateral direction, exerted by elastic elements:

dfy, =5 T cos( Yt Po) I dy
by plastic elements:

dtg, = 271'6_6" cos (B+@) dfd¥

The pringipal' average stresses may now be obtained by double inte-

gration with respect to ¢ (between limits 0 and 2 %) and ¥ or B
(between § = 0 and § = 7T/2 ). This covers all the hemlsphere and as a
result all the elemer;ts in a unit volume. The equations for the prin-

cipal average stresses are:

fo = 6v +4 Bl K+F6V) | (282)
fto = v - 2Rx(K+FCV) | (28b)
bv = L(tet 2£2) =0V (28c)

where

R 3 c0S 2o~ F 6]32‘761‘ /W Sinet
Fquation 28c shows that volux_ue stress in the material is equal to the

volume stress Iin an element. Combining eguations 28a, b, and c:

1+ 4F Ben & A=
fo =4 =2 F A= iz Aw _. (292)
fo = fg I=2FBx _ o 6A= (29b)
NS PN @
" B o« fa+2 29¢)
*y v 4?7’ Aot 7— 2R »

By substituting volume stress from equation 29c into equations 24

~and 25, stresses in elements could be expressed in terms of principal

' - average stresses, To find deflections, remembering that all elements de-

form alike, deférmation of material is equal to deformation of individual

elements. The unit deformatioan of the materisl is found by combining
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equations 21, 29¢c and 30 with values of stress differences,

For an eclastic element equations of deflection are:

Ea=—4—(02~-2402) » (302)

£z = A [on-e(Tar0z)] (30b)



