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ABSTRACT

Lie algebraic similarity transformations: improving wavefunctions for weak and

strong correlations

by

Jacob M. Wahlen-Strothman

We present a class of correlated wavefunctions generated by exponentials of two-
body on-site Hermitian operators that can be evaluated with polynomial compu-
tational cost via a Hamiltonian similarity transformation. Wavefunctions of this
form have been studied with variational Monte Carlo methods, but we present a for-
malism to perform non-stochastic calculations. The Hausdorff series generated by
these Jastrow factors can be summed exactly without truncation resulting in a set of
equations with polynomial computational cost. The correlators include the density-
density, collinear spin-spin, spin-density cross terms, and on-site double occupancy
operators. The resulting non-Hermitian many-body Hamiltonian can be solved in a
biorthogonal mean-field approach with only a small set of correlation terms required
for accurate calculations in systems with local interactions. Although the energy of
the model is unbound, projective equations in the spirit of coupled cluster theory
lead to well-defined solutions. The theory is tested on the one and two-dimensional
repulsive Hubbard model where it yields accurate results for large systems with low
computational cost. Symmetry projection methods are included to further improve
the reference wavefunction and results under strong correlation without sacrificing

good quantum numbers resulting in very accurate energies for small systems and



producing a better ground state for the calculation of other properties.
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Chapter 1

Introduction

Useful wavefunction approximations are a valuable tool for many-body quantum me-
chanics. There is great interest in producing accurate calculations to both guide and
supplement experimentation on new chemicals and materials. However, attempts to
produce these theoretical predictions must always overcome the fundamental limi-
tation of many-body calculations, the size of the Hilbert space. As the number of
parameters to describe the true solution increases exponentially with system size,
careful approximations must be implemented both to decrease the degrees of freedom
and the computational complexity to reasonable sizes.

In this manuscript, we will explore a new method for evaluating a form of cor-
related wavefunctions that effectively treats a wide range of correlation strengths.
These wavefunctions have long been popular in the Monte Carlo community. Here
we evaluate them via a similarity transformation method resulting in a resummable
series with polynomial computational cost and no need for stochastic sampling. The
low cost of these calculations allows us to benchmark very large systems and the form
of the equations permits the consideration of more advanced wavefunctions beyond

simple mean-field.



1.1 Jastrow correlated wavefunctions

While many of the methods that improve on the mean-field calculations can be de-
scribed as building additional correlations into a mean-field reference, there is a con-
tinuous search for new methods of introducing relevant correlations to a system.
These efforts are made difficult as the developed methods must produce accurate re-
sults while incorporating a reasonable number of parameters and maintaining a low
computational cost. In this work we examine the usefulness of a two-body Jastrow

factor to build correlations into the solution. The wavefunctions take the form,

|T) = ¢’|®), (1.1)

where |®) is a mean-field wavefunction that is easy to perform calculations with,
and J is a set of Jastrow-type correlation factors that build more advanced structure
into the solution. The components of this operator are directly constructed out of
two-point correlation factors such as spin-spin (S7S7%), density-density (N;V;) and
double occupancy (n;n;;) operators. These have the advantage that they contain
few parameters when compared to other common methods, such as coupled cluster,
but they hold much of the relevant physics as they are constructed to directly modify
important correlations within the system.

The operators considered here are not new, and they have been implemented as
correlation factors in the past with methods such as variational Monte Carlo. In this
work we implement them with a new approach requiring no stochastic sampling. The
resulting methods provide low-cost approximations that capture relevant physics of

both weak and strongly correlated systems.



1.2 Weak and Strong Correlation

Most correlated methods for electronic structure can be broken up into one of three
main categories. These groups are classified by the types of problems each method is
effective for and where they break down.

The first and most common category includes methods that are effective for weak,
or dynamic, correlation. Weakly correlated systems are those where the positions of
electrons have little dependance on the positions of all the other electrons in the
system. This could be the case when the particles are non-interacting, or in systems
such as molecules where the electron density can be distributed uniformly. Weakly
correlated systems are generally well approximated by a set of independent particles
placed in a set of optimized, single particle states (sometimes called the molecular or
canonical orbitals), and as such mean field approximations are reasonable and a good
starting point for correlated methods. Methods effective for these systems, such as
coupled cluster [1] and density functional theory, are most common as many molecules
are dominated by weak correlations at equilibrium geometries.

The second category of methods includes those effective for strongly correlated
systems. Strong, or static, correlation is generally associated with strong two-body
interactions, degeneracies, and long range collective behavior. The behavior of the
electrons in these systems is highly dependent on the positions of the other electrons.
For example in a state with antiferromagnetic character if we measure the spin polar-
ization of one site, we know with some certainty that the neighboring sites will have
the opposite polarization. In these systems the single particle picture breaks down as
any single independent particle will have low occupation in the exact solution. Again
with the antiferromagnetic example, there is no single mean-field solution describes

the Néel structure while maintaining good spin quantum numbers. The common



methods effective in the weakly correlated case will have massive errors or fail to find
solutions altogether. There are methods that are robust and reasonably accurate in
this regime such as projected Hartree-Fock [2], which will be discussed later, and pair
coupled cluster doubles [3] which is equivalent to exact diagonalization in the sub-
space of unbroken electron pairs in repulsive systems. While these methods do not
fail for strong or weak correlation, they typically miss much of the weak correlation
beyond mean field, so they are not accurate for all systems.

The third category is reasonably accurate for both weak and strongly correlated
systems, but suffers from other shortcomings. These are correlated methods, such
as coupled cluster, that build on a spin-symmetry broken mean field wavefunction.
Breaking spin symmetry can significantly improve calculated energies and compensate
for many of the failings of methods for strongly correlated systems. This is due to
the spin-broken mean field wavefunction’s ability to describe some of the properties
of a strongly correlated system. For example, breaking S? symmetry, an independent
particle wavefunction can produce an antiferromagnetic structure. However, these
methods suffer from qualitatively poor wavefunctions, as they do not have the good
quantum numbers that the true eigenstates must have. This means that calculated
properties other than the energy may be poorly described.

There are certainly other methods addressing both of these problems such as
DMRG, various forms of quantum Monte Carlo, and exact diagonalization, but they
typically have significant limitations. These problems can include computational cost,
limitations to particular systems, or lack of a ’black box’ treatment meaning that they
require careful tailoring to each individual problem.

In this work, I present a new basis for methods that work to solve some of the

limitations of available methods. We will also explore some potential future endeavors



in order to select strong candidates for further development onto effective universal
methods that address both types of correlation. We will explore a new application of
some correlated wavefunctions by directly introducing correlation factors rather than
as a set of excitations. We will also examine a set of methods combining wavefunction
forms for weak and strong correlation methods as possible routes for building a better

overall wavefunction.



Chapter 2

Background Material

The methods discussed in this work build on a number of long studied theories that
require some review. Here we will discuss the two methods that prevalent in this work,
namely Hartree-Fock and symmetry projection, as well as the quantum systems that

we will be using to test the methods.

2.1 Notation

There are two forms of indexing used in this work to label the single particle orbitals
defining the Hilbert space of the problems. For many of the equations the spatial and
spin indices of the second-quantized operators will be represented separately (eg. io)
with a lower-case index for the spatial coordinate summed over N orbitals, or sites,
and a Greek symbol (¢ =t,]) for the spin. There will be some cases where, due to
length or form of the equations, this will be replaced with a single composite index
represented by an upper-case letter (eg. I) summed over 2N spin-orbitals. This will
be used to reduce the size and improve the readability of some of the longer results
where explicitly identifying the spin sectors is less important.

There are a number of equations that will have indices representing either the
basis of fermion operators with which the Hamiltonian is defined {ay, ag}, sometimes
called the lattice or Hamiltonian basis, and the basis of the quasiparticles for the

Slater determinant wavefunction, sometimes called the canonical basis. This basis



consists of N, occupied and N, virtual states. In the index notation, indices O, o0
and V, v will be reserved to represent occupied and virtual state indices respectively.
The corresponding Fermionic operators will be {Co,CTO,Cv,CI/}. Other indices will
represent summation in the Hamiltonian basis unless otherwise stated. These bases

will be discussed further in Section 2.3.

2.2 Hamiltonians

In order to test the methods discussed here, it is important to have relevant systems
for benchmark calculations. Ideally these systems should be simple to implement, but
have nontrivial solutions. In addition it is useful if these models are exactly solvable
or high quality numerical results are available as a reference. Here I introduce the
main model Hamiltonian that will be used to test the methods discussed later as well

as the Hamiltonian for molecular systems used in a later chapter.

2.2.1 The Hubbard Model

The nearest-neighbor, repulsive Hubbard Hamiltonian is a well studied, non-trivial

system useful for testing new methods,

H = —tz (GITaJ'T + aLaﬂ) + UZTLZ'TTLQ, (2.1)

(i) g

where o/ and a;, are on-site Fermionic creation and annihilation operators, and

Nig = ajo_aw is the on-site number operator. The summation over (ij) indicates
that we only include index pairs that are nearest neighbors. The hopping amplitude
t represents the kinetic tunneling between neighboring sites, and the short-range

Coulomb repulsion U penalizes any site that is doubly occupied. In the limit where



the on-site interaction U is zero, the Hamiltonian is solved by a simple product of plane
wave states. However, when the interaction is nonzero, there is a competition between
the plane wave solution and a Néel structure in the ground state. This competition
produces nontrivial solutions and a rich mixture of both weak and strong correlation
regimes depending on the value of % If the lattice in consideration is one dimensional,
there exists a closed form solution to this system, and the exact ground state energy
can be calculated with the Lieb-Wu equations. In addition, the exact energy and other
properties can be calculated for reasonably sized 1D systems using existing DMRG
packages for the comparison of other properties. While there is not solution for a
two dimensional lattice, extensive studies and benchmark calculations with highly
accurate methods have been published providing a large amount of reference data
for comparison. The simplicity of the system combined with the non-trivial solution
and extensive studies makes the Hubbard model a useful benchmarking tool when
studying the accuracy and effectiveness of new methods. All the energies reported

for Hubbard systems will be given in units of ¢.

2.2.2 General Electronic Hamiltonians

In the case where we consider general electronic structure calculations, we will refer
to the second quantized, non-relativistic Hamiltonian for molecular systems. The

real-space form of this Hamiltonian with a convenient selection of units is written as,

I S I

where r; represents the position of electron ¢, R4 represents the position of nucleus A,

and M4 and Z,4 are the nuclear charges and masses respectively. This Hamiltonian is



treated with the Born-Oppenhimer approximation, where we assume that the electron
and nuclear degrees of freedom are separable. In this approximation we consider the
nuclear positions to be fixed-points, or at least subject to slower, classical fluctuations
compared to the much less massive electrons. This means we now only consider the
electron positions as the quantum variables, and the effective Hamiltonian becomes,

He-jyw-Ta

+ Z E + const. (2.3)

T;
iA i>7

This Hamiltonian is treated via projection into a set of basis functions, |I), in order

to write it as a second-quantized operator,

H = Zt[Ja[CLJ—l— Z U[JKLCL;CLT]CLLCLK, (24)
IJKL

where a! and a; are the electronic creation and annihilation operators for basis func-

tion |I) and,

try = Jy(— —sz Z )u>, VKL = <1J\<ZTU)\KL> (2.5)

r
iA i>7

are the one and two-particle overlaps.

2.3 Hartree-Fock

The Hartree-Fock mean field wavefunction is a common starting point for the devel-
opment of more advanced, correlated wavefunctions. The selection of an appropriate
reference wavefunction is an important consideration in this work, so it is necessary to
discuss the mean-field solution before proceeding further. This will also demonstrate

some of the important concepts for calculating overlaps and expanding expectation
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values of many-body operators.

The Hartree-Fock method minimizes the energy of a given system for a single
Slater determinant wavefunction [4]. There are two main methods for calculation
of the Hartree-Fock wavefunction. We start with a general, two-body Hamiltonian

written in second quantization,

4

1
H= E t]JCL}CLJ + - E U]JKL(IFCLT]CLLCLK. (26)
1J I1JKL

The Hamiltonian is often initially written in some physically relevant basis such as
lattice sites or atomic orbitals with the corresponding creation and annihilation op-
erators ay and a}. We then seek to minimize the energy of this Hamiltonian with a

Slater determinant wavefunction with N, particles in 2N states,

|®) = HCI) =), CTO = Z C;Oajﬂ (2.7)
O I

where |—) is the bare vacuum. The operators c¢; form a new basis defining the Slater
determinant. The coefficients C' are an M x N, transformation matrix between the
two bases and the columns are a subset of N, occupied states in an orthonormal basis
of M single-particle states. Expectation values are evaluated via the one-particle

density matrix in the original basis,

prs = (®lalar|®) =Y " CroCso. (2.8)
O

where K is summed over the occupied orbitals. The expectation value of higher-body

operators can be evaluated via Wick’s theorem as an antisymmetric expansion of
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one-particle density matrices. [5] For a two-body operator we get,
(®lajabarax|®) = priprs — prips. (2.9)

From this result, the mean-field energy expression is straightforward to represent,

2

1
E = Z trgpsr + = Z VIJKLPKIPLJ- (2.10)
% IJKL

Here we have used the requirement that the elements of v must obey Fermionic
antisymmetry (v;jox = —VriKL)-

Solving for the optimal Hartree-Fock wavefunction is typically done with one of
two methods. Each method has certain advantages and we will discuss both. The
first method uses the Hartree-Fock self-consistent field equations (SCF). These equa-
tions are constructed by finding the minimum in the energy under the normalization

constraint S = I, where S is the N, x N, overlap matrix,
Soor =Y CioCio (2.11)
I

If we search for a stationary point in the energy, under this constraint, we can con-

struct the Hartree-Fock equations [5] by varying the energy with respect to C*,

5(E — tr[e(S — I)]) = (%—f 8%{’* _ a‘géff >>5C*, (2.12)

where € is a set of Lagrange multipliers. The derivative of the energy with respect to
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the density is referred to as the Fock matrix,

oFE

F, =
1 Opr

=tr+ Z VIKJLPLK - (2.13)
KL

As C* is free to vary within the limits of the constraint, stationarity is enforced by

requiring the term in parentheses on the right side of 2.12 to vanish,

apﬂ 8tl"(65)
Friga— = —, (2.14)
which simplifies to,
ZFIKCKO = ZCIOEOO’ (2.15)
K @]

Varying the energy with respect to C' rather than C* will get an equivalent condition
(CTF = €CT).
We can modify this requirement into a more useful form. As the constraint is

Hermitian, € will also be Hermitian so we can decompose it as,
No
~ *
€00 = E UOKGKUO/Ka (216)
K=1

where U is unitary. Inserting this into 2.15, multiplying on the right by U and defining
C = CU results in,

> FikCro = Croéo. (2.17)
K

The rotation U does not affect any results as it only mixes the occupied orbitals

amongst themselves. Expectation values with Slater determinants can be written
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purely in terms of the density matrix which is invariant to occupied-occupied mixing,
p=CC' =cuutct =cct. (2.18)

It is also invariant to mixing between the virtual states as the density matrix depends
only on the occupied states.

Equation 2.17 tells us that the Hartree-Fock energy is at a stationary point when
the density and Fock matrices share a common eigenbasis. This requirement is com-

monly written in the equivalent form,
[F,p] =0, (2.19)

as this can be easily calculated and tested for convergence. To see this, we write the

eigenvalue decomposition of the two matrices when Equation 2.17 is satisfied,
F=DED',  p=DAD' (2.20)

D is the full set of eigenvectors for F' containing the coefficients for the occupied
states C' and the virtual states V (D = [C' V]), £ is diagonal and contains the
eigenvalues of F', and A is also diagonal containing ones for the occupied vectors C'
and zeros otherwise. As these matricies have the same eigenbasis, D, at convergence,
the condition (2.19) will be satisfied as DTD = I and £ and A commute since they
are diagonal,

[F,p] = DIE,A]D = 0. (2.21)

If the Hartree-Fock equations have not been satisfied, the Fock matrix will have a

different eigenbasis than the density matrix used to construct it and they will not
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commute. This equation is solved by taking an initial guess for the density and
constructing the Fock matrix to calculate a set of eigenvectors for a new trial guess.
This process is iterated until the convergence criterion is met. This method is fast
and converges rapidly when the initial guess is close to the solution, but suffers from
instabilities in some cases, such as when the initial guess is poor and for systems
where there are near degeneracies.

The second method for solving Hartree-Fock is via the calculation of the energy
gradient and direct minimization of the energy. This is more robust and will find
solutions, or at least local minima, when the initial guess is poor and when the system
contains near degeneracies or strong correlation. The tradeoff is an increased cost for
evaluating the equations and typically slower convergence to the solution. Thouless’s
theorem [6] shows that we can transform one Slater determinant wavefunction into

another via a one body rotation,

|®) = D), K = ZRBVCQCO, (2.22)
ov

where k is an N, x N, matrix. The gradients method simply finds the solution by
minimizing the energy with respect to this rotation K. We construct the optimization
in terms of a unitary rotation (K = K — KT) in order to reduce the cost when
calculating the gradients. This is because the orbital derivative can be written as a
commutator, reducing both the size of the operators to be evaluated and the number
of dummy indices to sum over.

The Hartree-Fock energy is stationary with respect to occupied-occupied and

virtual-virtual state mixing, so only the occupied-virtual mixing is included. We
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write the energy in terms of xk and take the derivative to get the orbital gradient,

oE

E[x] = (Ble "HeX|®), Goy = o
OV k=0

— (D|[H, ¢} co — chey]|®).  (2.23)

As the elements of the operator & do not commute amongst themselves, we take the
derivative centered around x = 0 in order to maintain a simple, low-cost definition of
the gradient.

For simple models such as the Hubbard Hamiltonian, it is often more efficient
to evaluate the gradient in the Hamiltonian basis {a',a} and convert to the Slater
determinant basis {cf, ¢} rather than transform the Hamiltonian into the canonical

basis of the Slater determinant,

Gov = ) CiolGy = G5)Cav, (2.24)
I
G?J = (P|[H, G}GJHCD) (2.25)

At step i in the minimization, the orbital coefficients are updated via iterative steps

of some size € taken in the direction of the negatve gradient at each point.

Diy1 = D, (2.26)
0 -G

K, = , (2.27)
Gl 0

(2

where D is the full set of orbitals as defined below Equation 2.20. Using the calculated
gradient, the energy can then be minimized via steepest descent as above, or via more
advanced techniques such as conjugate gradient or Newton-Rhapson.

Both the gradient and SCF methods converge when the Hamiltonian no longer
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mixes the occupied and virtual sector of the single particle states. The two methods
simply minimize the variance of the energy with respect to two different but equivalent
sets of variables. The gradient method minimizes with respect to rotations of the

reference and the SCF equations directly with respect to the coefficients in C'.

2.4 Symmetry Breaking and Restoration

A simple but effective method to forming a more advanced, correlated wavefunction
out of a single Slater determinant is a process known as symmetry breaking and
restoration. [7] This maintains the mean-field cost of Hartree-Fock, albeit with the
inclusion of an integration grid, and is very effective at describing strong correlation

with minimal complications.

2.4.1 Symmetry Broken Hartree-Fock

Traditional Hartree-Fock, known as restricted Hartree-Fock (RHF), conserves the
spin-symmetry of the Hamiltonian. This is implemented via requiring the orbital
coefficients for the up («) and down (f) canonical orbitals to be the same, and this
can be most easily demonstrated in the form of the resulting density matrix for the

Hartree-Fock Slater determinant wavefunction written in the Hamiltonian basis [8],

paa pa
p= 1. (2.28)

T
We sort the spin-orbitals such that the index values [1, N| represent spin up, and
values [V + 1,2N] represent spin down. RHF is the case where there is no mixing
between the up («) and down () states, and the up and down spatial orbitals are

the same, or mathematically pos = 0 and paq = psg. In cases where there is strong



correlation, the energy may be im-
proved if we are willing to sacrifice
some of the symmetry of the wave-
function. Breaking S? symmetry re-
sults in an unrestricted Hartree-Fock
(UHF) wavefunction. In this case
the up and down orbitals are differ-
ent (paa 7 ppp). We can take it one
step further and allow the up and

down orbitals to mix. This breaks
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Figure 2.1 : Mean-field energies of a 10-site
Hubbard ring as a function of the interaction
strength.

S, symmetry as well and is characterized by p,s # 0. This is referred to as general-

ized Hartree-Fock (GHF).

In systems with strong correlation, RHF' produces qualitatively poor results as

seen in Fig. 2.1. Symmetry breaking of the mean-field wavefunction can significantly

improve the quality of calculated energies. However, the incorrect quantum numbers

of the wavefunction will result in a poor description of other properties aside from

the energy. For example, UHF will produce qualitatively correct energies for strongly

correlated Hubbard systems, but the spin-spin correlation function will have mas-

sively overestimated values. In order to capitalize on the improved energies from the

symmetry broken state without sacrificing good quantum numbers, we can restore

the symmetry of the deformed reference via projection operators.
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2.4.2 Projected Hartree-Fock

The PHF wavefunction is constructed with a symmetry broken state, |®) which is then

projected into the symmetry adapted subspace with a projection operator P [2,7],

|0 = P|®). (2.29)

The resulting wavefunction is no longer a single Slater determinant but a linear com-
bination of nonorthogonal determinants. The energy of the projected wavefunction

is then,
(O|PTHP|®)  (O|HP|P)

E="appw) ~ (epe) (2:50)

Note here that the projection operator is idempotent (P? = P), is Hermitian for
observable symmetries, and the projection commutes with operators that preserve
the symmetry, such as the Hamiltonian. The operator P used in this work for spin

projection is [7],

P = lsim)(s; k|, (2.31a)
s 2541 o
mk = g3 /dQDmk(Q)R(Q), (2.31Db)

where R(Q) = ¢/ 5 and Dg, () = (s;m|R(Q)]s; k) is the Wigner D-matrix.
This operator projects a state on the right into a state with spin quantum numbers
s and m by enforcing that the state is stationary with respect to spin rotations. In
this work we will only consider the projection of a UHF state where S, has a good
quantum number m. This allows some simplification of the projection as the S,

rotations in R(€2) will drop out. The spin projected UHF (SUHF) state generated by
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the UHF state |®) can then be represented as,

9+ 1
ISUHF) = P |) = =2

/ " 4B sin B, (8P| B), (2.32)
0

where ¢, (3) = (s;m|e??v|s; m) is the Wigner d-matrix. Expectation values are then
evaluated by Gaussian quadrature where each point of the integration is evaluated by
transition density matrices between the rotated states. Details on SUHF expectation

values can be found in Appendix A.
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Chapter 3

The Lie Algebraic Similarity Transformation
(LAST)

Similarity transformation methods have been applied in a number of contexts in con-
densed matter physics and electronic structure [9-14]. Jastrow-Gutzwiller correlation
factors are also very popular as variational wave functions in quantum Monte Carlo
and other applications [15-23]. Nonvariational solutions have also been discussed in
the literature. Tsuneyuki [24] presented a Hilbert space Jastrow method based on a
Gutzwiller factor and applied it to the one-dimensional (1D) Hubbard model, min-
imizing its energy variance as in the transcorrelated method [25-27]. Neuscamman
et al. [28] proposed many-body Jastrow correlators, diagonal in the lattice basis, and
truncated them to a subset of sites matching a given pattern; these authors compared
projective solutions with those obtained stochastically via Monte Carlo.

Here, we consider Hamiltonian transformations of the form e~/ He’ based on
Hermitian correlators J built from general two-body products of on-site operators
over the entire lattice. The transformations here are generated by density (charge),
spin, and Gutzwiller factor correlators, including density-spin crossed terms. Similar
Jastrow-type correlators have been extensively discussed in the literature but almost
always in a variational context [18]. Our transformed Hamiltonian is non-Hermitian
but can be solved in mean field via projective equations, similar in spirit to those
of coupled cluster theory [1,28]. In this sense, the model is an extension that fits

under the generalized coupled cluster label [29-31]. The fundamental difference is
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that traditional coupled cluster is formulated with particle-hole excitations out of
a reference determinant via a non-Hermitian cluster operator; the present model is
constructed with on-site Hermitian correlators.

The Hausdorff series resulting from the nonunitary similarity transformation e~/ He”’
can be analytically summed. This result follows from Lie algebraic arguments [32]
after recognizing that both the Hamiltonian and the correlator J can be written in
the basis of generators of an enveloping algebra built from on-site operators. Topo-
logically, our transformation is noncompact and yields a non-Hermitian Hamiltonian,
whereas traditional canonical transformations are almost always chosen to be unitary,
thus compact, and preserve hermiticity. There is a mistaken belief that quantum
canonical transformations must be unitary [33]; this is not correct even in the linear
case [2]. From this perspective, traditional coupled cluster exponentiates the shifts
of a nilpotent algebra, whose Hausdorff series truncates at the fourth commutator
(for a two-body H). For two-body correlators, our model leads to a renormalized
N-body Hamiltonian that produces locally weighted orbital rotations of a reference
state, leading to expectation values between nonorthogonal determinants. Here, we
introduce the main mathematical results in a self-contained manner, touching upon
the physical aspects of the model, and present benchmark applications to the 1D and

2D Hubbard models.

3.1 Jastrow-type Correlation Factors

We seek to construct a theory similar in spirit to coupled cluster, but using correlation
factors constructed of products of on-site spin-density operators n;, = a;aw. These
operators have many convenient properties when constructing a theory. They are

idempotent, commute amongst themselves, and have a simple commutation relation
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with the elemental fermion operators,

n; = nig, [NieyNjor] =0, [Ny, a}a,] = (5”5,,0/&}0,. (3.1)

We can use them to construct a two-body correlation factor,

1
7=3 > g jorMigNjor, (3.2)

io,jo’

with a real, symmetric and containing zeros on the diagonal. This operator contains
several types of correlations between all of the sites, or orbitals in the system. The

main correlations of interest are, N;N;, 5757, N;S7, and D; + D;, where
Ni == niT + ’I’Lw, SZZ == niT — Ny, Dl == nian. (33)

These are the local number, spin and double occupancy operators. The double occu-
pancy term, » . nn;, is often referred to as the Gutzwiller factor as it was introduced
in a similar capacity in earlier work by Martin Gutzwiller [20].

The correlation factor J is applied to a mean-field reference, |®) via an exponential
to produce a more correlated wavefunction, |J) = e’|®). The exponential acts on the
reference by increasing or suppressing the correlations between different orbitals in
the wavefunction based on the values of the parameters in a. Wavefunctions of this
form have been widely used in methods such as variational Monte Carlo. In order to
produce a set of equations that can be evaluated analytically, the exponential can be
applied as a similarity transformation of the Hamiltonian. By acting with the inverse

of the exponential operator on Schrodinger’s equation, we have a new, equivalent
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condition for the exact solution,
He!|W) = Ee’|W) = e 'He!|U) = E|T). (3.4)

In cases where the similarity transformation can be evaluated, this provides a strong
starting point to construct approximate methods. We refer to this as the Lie algebraic
similarity transformation (LAST) as the correlation factors in J correspond to a set
of Cartans in the algebra of all possible operators of a two-site system. Approximate
methods are constructed by replacing the exact solution |¥) with an approximate

wavelunction.

3.2 Evaluating the Similarity Transformation

The similarity transformation can be evaluated by looking at the transformation of

an individual creation operator (Appendix B),
eiJajo,eJ — eiJ’L a:Li;O" Jia = Z aiU,jU/njU/‘ (35)
jo

The two-body similarity transformation becomes a site-dependent, one-body rotation
that commutes with the transformed creation operator. Using this result and its

conjugate, we can easily apply the transformation to one-body operators,

elal aje’ =eal el elajpe’ = e Tival ajeli (3.6)

The expectation value of this operator,

(®le™wal_aje’ie | D), (3.7)

7
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can be evaluated by acting with the exponential term on the Slater determinant |®),

ef) = =TT
oy
= TI(e"che)I-)
oy
= TI(E Cone?=ale) 1), (33)
oy ko'
Using the result [J;,, aLa,] = aw’kafazg,, this evaluates to,

e10) = TT (Y Cioorexplaiorr)al, )1-), (3.9)

oy ko'

= |®Y). (3.10)
We can see that this can be written as a Slater determinant,

) = [ (3.11)

oy

rit = Y R Al (3.12)
ko'

,]L'C(ZT/,O’)/ = CZO'/7O’\/ eXp(aiU,kU’ ) . (3 13)

The array R is the transformation that defines the occupied orbitals of |®%), as C*
does for |®). The superscript represents the dependence on the transformed operator
in Equation 3.5. The transformation on the bra will produce the same result with
the substitution &« — —a. Equation 3.7 can therefore be treated as a matrix element

between two Slater determinants.
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For the two Slater determinants,

1B 4) = H (ZAWO7 w) (3.14)
[®5) = H (D Birwnals )1, (3.15)

oy 1o

under the condition that (®4|®g) # 0, the matrix elements can be calculated as [5],

(@ ala],aio| Pp) = det(S)pio,jor (3.16)
where,
SO’%OI’Y, = Z Azo’ ,0Y ZO’ O,"/lv (3 17)
Pic,jo! = Z Bw o' fy ov o 'y’A;kg 0" (318>
o'~ 0y

The density p reduces back to the original definition of the density matrix elements
with the same Slater determinant on the right and left when A = B and S = [

(Equation 2.8).

3.3 The Working Equations

As we cannot feasibly solve Eq. 3.4 exactly, we can take a similar approach to
coupled cluster methods. By approximating the solution to be a Slater determinant
wavefunction, we can construct a set of equations in order to find the parameters
in a such that Schrodinger’s equation is approximately satisfied. The transformed
Hamiltonian, H = e /He’, is non-Hermitian, so we cannot simply variationally

minimize the energy. We would however like to approximate the variational energy
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expression,
(®le’ He’ | D)
E,=——-—— 3.19
(@] a) 19
This energy can be written in terms of the transformed Hamiltonian,
(Ple* H|D)
E, = , 3.20
(@]e27[a) 320

and in order to be tractable, we will make a linear approximation to the left state,

~ ~ 1
<‘P|62J ~ <(I)|(1 + J), J = 5 Z Zig,jo' NigTjo’ - (321)

io,jo’!

This results in the approximate energy expression,

(3.22)

This energy expression is similar in spirit to coupled cluster, a different method that
utelizes a Hamiltonian similarity transformation. [1] The difference is that J does
not generate excitations orthogonal to the reference determinant, so we must include
the normalization. As we approximate the left state, this energy is not bound by
the variational principle. There are in fact cases where the values of o and 2z can be
chosen to make the energy arbitrarily large and negative. We can still search for local

minima by solving for stationary points,

oE,

82@'0,]'0’

=0 = (®|npnj,H|®) = E;{(®|ni,n;.|®), Vio,jo'. (3.23)

This indicates that the amplitudes are selected to satisfy Schrodinger’s equation in

the subspace spanned by {(®|n;;nj,, (®|}. In addition, it can be shown that the z
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dependance in the energy will vanish under this condition and the energy will reduce
to E; = (®|H|P).
The values in z are still required to calculate other properties however, and these

can be obtained by requiring the energy to be stationary with respect to a as well,

OE; _ (®[(1+ J)[H, nignjo]|®)

0= = = . Vio, jo'. 3.24
T~ @[(1+ 7)) 24
The expectation value of a given operator O is then,
D|(1+ J)e ' Oc’|®

(@[(1+J)|®)

3.4 LAST on the Hubbard Model

In order to examine the effectiveness of this method, we will evaluate benchmark
results for the Hubbard Hamiltonian. As a reminder, the Hubbard model Hamiltonian
is,

H=—t Z CL;-LUCLJ'O + UZTL@TTLQ. (326)
(ij)o %

This has a number of advantages when working with LAST. Number, charge, and
double occupancy correlations all play a key role in the ground state, and the simple
form of the Hamiltonian leads to relatively easy equations to evaluate. The trans-

formed Hamiltonian becomes,
H=—t Z e_‘]“’azaajge‘]f" +U Znnnu. (3.27)
(ij)o i

The correlation factors adjust the one-body hopping term with local one-body rota-

tions but leaves the on-site interaction unchanged as it commutes with J. This is not
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the case in general as will be seen in 10 :
—&— Periodic
—¥— Non-periodic
chapter 5. o, 990 ]
o
2
We present benchmark calculations 4 s}
S
. . kT
for one- and two-dimensional Hubbard ¢ e7}
3
. o
systems with a Hartree-Fock Slater de- = 96}
terminant reference. Unless other- %, = o o %
Size

wise stated, the calculations include
Figure 3.1 : Correlation energy of eight-

Gutzwiller, density-density, and spin- pgle doped Hubbard chains for U = 2 with
open and closed boundaries on an RHF
reference. Density matrix renormalization
group (DMRG) is used to find exact ener-
gies for open systems [34,35].

spin terms, with energy in units of £. The
correlation energy is measured with re-
spect to restricted Hartree-Fock (RHF)
energies.

In Figure 3.1 we compare the correlation energy captured for eight-hole doped
systems with periodic and non-periodic boundaries. The theory is most accurate for
systems with few particles and open boundary conditions, but as we increase the
size of the system, finite size effects are suppressed, and we begin to approach the
thermodynamic limit while still recovering more than 95% of the correlation energy.
We produce highly accurate results for doped systems and find some reduction in the
quality as we approach the thermodynamic limit but still find significant improve-
ments.

We have applied the method to a select set of two-dimensional Hubbard lattices
where high quality reference data are available (Table 3.1). By screening the incorrect
double occupancy with the Gutzwiller factor and incorporating corrections to the
correlations in the RHF wave function with the spin and density terms, most of the

correlation energy is recovered, dramatically improving the results. This supports the
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method as a cost-effective

Siwe N, U Egpyr E;  Ewc %E.
way to treat larger systems . g 94 4 10546 -1.1684 -1.1853 S87.06
with high accuracy. 6x6 24 8 -0.6097 -0.9845 -1.0393 &87.25

We can caleulate other SX8 28 4 -1.0078 -1.0659 -1.0718 90.78

8x8 44 4 -1.0542 -1.1693 -1.1858 87.75

significant quantities using

Equation 3.25, and results

Table 3.1 : Energy per site and portion of the recov-

ered correlation energy (E.) for 2D, periodic lattices

agree well with other state-of-

with occupancy N,, an RHF reference and released-

constraint Monte Carlo (Ey¢) [36,37] as the best es-

the-art methods. Figure 3.2

shows the discrete Fourier

timate for the exact result.

transform of the spin- spin correlation function S(i) = (S§S7) for a one-dimensional

Hubbard ring. We find that the Jastrow correlator adds most of the correct correlation

on an otherwise smooth background. The function is only slightly underestimated at

q = m, unlike the comparatively flat reference, and has the correct long-range decay.

If the wave function |®) is a right eigenstate of the transformed Hamilto-

nian, then e”/|®) is a solution to the orig-
inal Hamiltonian, and we expect good
approximations to |®) and J to reflect
this. In order to attest to the power

of the method, we compare transformed

and variational energies,

(®le’ He’ | D)

E, =
(le*/|@)

(3.28)

By directly computing overlaps with the

exact wave function, we can determine

0.8

‘

= = =Sgur
7

—h— Spyrc

061
=
= 041
= 0

0.2

0 0.2 0.4 0.6 058 1
q/m

Figure 3.2 : The spin-spin correlation
function in Fourier space calculated using
Equation 3.25 (S;) for a 30-site Hubbard
ring at half filling and U = 3 compared to
the RHF reference and DMRG. [34, 35].
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E; E, Eezact Ermpr  [(0[®)] [{0]])]|
-14.6983 -14.7003 -14.7147 -14.4758 0.9721 0.9972
-11.8486 -11.8765 -11.9543 -10.9758 0.8780 0.9815

-9.3925  -9.5059  -9.7488  -7.4758 0.7100 0.9378
-7.4688  -7.4745  -8.0883  -3.9758 0.5296 0.8711
-5.5017  -6.0807 -6.8531 -0.4758 0.3967 0.8544
-3.7983  -4.8766  -5.9165 3.0242 0.3086 0.8437

o NS T GC R RN S IS

Table 3.2 : Energies and overlaps for the exact |0), RHF |®), and correlated wave-
functions |.J) for a 14-site ring, where |J) = e’|®)/|(®|e27|D)|2

how close the correlated wave function is to the exact solution. We show results for a
14-site systesm in table 3.2 where the transformed (E;) and variational (E,) energies
have both been calculated with the same correlation factors « that satisfy equa-
tion 3.23. There is strong agreement between the two energies in the weak-coupling
regime, where the results are of excellent quality, and reasonable agreement at larger
interaction strengths. This is further supported by the overlap of the reference and
correlated wave functions with the true ground state. As e”|®) is close to the true
ground state, the Schrodinger equation is nearly satisfied and the energy evaluation
using the transformed Hamiltonian is close to the corresponding variational energy.
For the treatment of larger systems, the cost can be moderated by restricting the
correlation amplitudes to include only local interactions. For sufficiently weak U, the
correlations can be limited to short range without significant impact on the quality of
the results. Figure 3.3 illustrates this effect. As is clear from the plot, weaker inter-
actions benefit little from correlation beyond second-nearest neighbors. Truncation
at range R results in O(M R) equations (O(R) for translationally invariant systems)

instead of O(M?), greatly reducing the computational effort required. Additionally,



the cost for construction, inversion, and
the determinant evaluation of the over-
lap matrix in Equation 3.16 can be re-
duced by a factor of M via an update
of the overlap for each new iteration due
to the simple diagonal structure of the
transformations. Truncating the range
of the transformation in this manner will
restrict the range at which correlation
functions calculated with Equation 3.25

will be accurate, and we believe this ap-
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Ll
~ 0.961 —y—U=2
—a— U=3 0 2 4 6 8

Figure 3.3 : The cumulative fraction of
correlation energy captured by limiting the
range R of the correlators compared to the
full set (EF ) for a 70-site ring (a), and 8 x8
2D lattice (b), at half filling with an RHF
reference. R = 0 includes the Gutzwiller
factor.

proximation is most appropriate in systems where correlations decay rapidly.

There is some reduction in accuracy near half filling. This can be addressed

using a spin-broken reference (Table 3.3). Whereas the RHF reference has large ionic

contributions (zero or double occupancies), the UHF wave function possesses the

correct qualitative antiferromagnetic character near half filling. As all two-body on-

No ERHF EUHF

Ery Eyy Egp

U
14 2 -1.1172 -1.1644
14 4 -0.7344 -0.8808
14 8 0.0313 -0.5921
16 2 -1.0000 -1.0973
16 4 -0.5000 -0.7854
16 8 0.5000 -0.4619

-1.1634 -1.1920 -1.1982
-0.9018 -0.9595 -0.9840
-0.5354 -0.6691 -0.7418
-1.0509 -1.1188 -1.1261
-0.6931 -0.8270 -0.8514
-0.2235 -0.4873 -0.5293

Table 3.3 : Energies for 4 x 4 Hubbard lattices with RHF (Eg;) and UHF (Ey ;)
references including spin-density correlators (S7N;), compared to exact energies

(Erp) [36,38].
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site correlators are included in our model, it is sufficiently flexible to accommodate the
necessary correlations depending on the nature of the reference. In the case of RHF,
the largest contribution to the correlation energy is typically due to the Gutzwiller
factor. Unlike the RHF case, we find a nonzero contribution from spin-density cross
terms with a symmetry-broken reference as the up and down orbitals are no longer
identical. Results improve significantly with the UHF reference, particularly for large
values of U. However, for large U, we only recover a small fraction of the correlation
energy with respect to UHF. Additional results are available in Appendix B.

From these initial calculations with the Jastrow correlation factors, we can see
that this is an effective way to add some of the missing correlations to mean field
wavefunctions. These contributions not only improve the energy, but can introduce
the correct structure of the corresponding correlation functions into the system. How-
ever we see that we typically get around 90-95% of the missing correlation energy, and
the calculation can be come unstable for strongly correlated systems with an RHF
reference. In addition, this method has O(M*) cost on Hubbard when using the full
set of correlators. This is not so bad, but for other systems where the two-body
component is more complicated, this scaling will be increased up to O(M7). In the
next chapter we will simultaneously address both of these by reducing the problem,
lowering the cost of evaluation, and improving the reference determinant to increase

the accuracy.
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Chapter 4

Improving the Reference Wavefunction

We have seen that Jastrow factors can serve to improve a mean-field wavefunction
by introducing two-body correlations into a simple independent particle state. These
mean-field references were selected as the solutions to the Hartree-Fock equations,
meaning that they are the best possible independant particle wavefunction for the
given system. However, in the presence of these correlation factors, there may be
better wavefunctions on the mean-field level to accurately describe the true wave-
function. This can occur since specific types of incorrect correlation in the reference
can be effectively screened by the correlators allowing greater flexibility on the wave-
function to accurately describe properties that the correlators are unable to capture.
As an example, RHF on the Hubbard model exactly describes the hopping when there
is no on-site interaction. When the repulsive term is turned on, the solution breaks
symmetry in order to reduce the energy penalty from the large double occupancy, but
in doing so the inter-site hopping is no longer accurately represented. If the orbitals
are optimized in the presence of this on-site screening, the energy penalty can be
reduced and the reference wavefunction is free to better represent the hopping in the
final solution.

This optimization is done as in Hartree-Fock (Section 2.3) by requiring the energy
to be stationary with respect to the variations in the reference determinant. The
primary difference is that the similarity transformation results in a non-hermitian

Hamiltonian, so we are not solving for a global minimum, and there is no condition
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that the best possible left and right states are equivalent. As a result we adopt
a biorthogonal ansatz for increased flexibility, and have found that the calculation
is more stable than when the left and right states are forced to be equivalent. In
order to keep the system simple and avoid increasing the cost of calculations, we will
limit the correlators to only the on-site Gutzwiller factor. We have shown this to
be the most important term in the previous chapter, and it makes the form of the
orbital optimization equations particularly simple. In addition we will explore the
further improvement of the results for strong and intermediate correlation by adding
symmetry breaking and restoration on top of the orbital optimization.

As we are now limiting the correlaton factor to only contain the on-site Gutzwiller

term (J = ), ayn;yn;y) the similarity transformation of the Hamiltonian is simpler,

H=—t Z ( —gin)ajap (1= gng,) + (1= Gy Jabaz (1 - 9j”j¢)> +U Y nang.
(4.1)
We have used the fact that n,, is an idempotent operator to rewrite the one-body

exponents of the transformation (Equation 3.5) as a one-body operator,
MM =1+ ginig, gi=e" =1, gi=e * =1 (4.2)

This no longer requires the calculation of a site-dependant density matrix, so the

evaluation complexity does not scale worse than the untransformed Hamiltonian.

4.1 The Calculation Scheme

We now describe the procedure to calculate the parameters in the ansatz. We refer

to the following equations, before any symmetry projection operators are applied, as
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the unrestricted Gutzwiller similarity transformation (UGST). In order to perform
calculations, we construct a system of equations to solve for the amplitudes o; and the
reference Slater determinant. Since the transformed Hamiltonian is non-Hermitian,
we do not expect the left and right eigenstates to be the same. We therefore use a

biorthogonal ansatz for increased flexibility in the optimization,

: (4.3)

where |®,) and |®g) are UHF Slater determinants with different single particle bases
and intermediate normalization (®|®z) = 1. We find this has some advantages aside
from providing a more general ansatz than a single determinant. The results can be
more accurate, particularly for doped lattices, and the stability and convergence rate
of the reference optimization process is significantly improved.

The optimization conditions of all the degrees of freedom are now defined by

taking derivatives of E as before,

E —
gz- X <(I)L|nmnu(H - E)‘(I)R> = O7 V’L, (44)
OF o |
S & (OL|(14 J)[H,nirng ]| Pr) =0, Vi. (4.5)

This system of equations is solved for the parameters «; and z;.

4.1.1 Orbital Optimization

Up to this point this is all familiar from the previous chapter, but we need to have
a way to select the optimal left and right Slater determinants. In order to optimize

the right and left reference determinants, we use Hartree-Fock self-consistent field
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equations as outlined in section 2.3. A generalized Fock matrix is constructed as in

Section 2.3 as a derivative of GST energy with respect to the one-particle transition

density p,
OF
Ea,jo/ = 5 (46)
apja’,icr
where,
Pic,jo' = <¢)L|C;U,CZ‘U|¢R>7 P = CRO}/
We use the normalization condition,
ClCr=1. (4.7)

Cp, and Cg are M x N, matrices containing the occupied orbital coefficients of the left
and right Slater determinants respectively, where M is the number of spin orbitals
and NN, is the number of occupied states. These are the same as the orbital coefficients
for Hartree-Fock in Section 2.3, but they describe different orbital bases which are
not necessarily orthonormal. While the right and left states are no longer the same
and the Hamiltonian is not Hermitian, the condition for a stationary point follows
the same steps and will be the same result as the Hermitian case. The reference
determinants are calculated with standard self-consistent Hartree-Fock iterations un-
til F' and p share common left and right eigenbases indicating we have reached a
stationary point. [4] Both the amplitude equations and the Generalized Fock matrix
have low computational cost, scaling as O(M?) for the Hubbard Hamiltonian after

construction of the density matrix.*

*Expressions for the energy and residuals are provided in Appendix. B
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4.1.2 Using a PHF Reference

Once we have the reference determinants, we use the projection operators to restore
symmetry of the wavefunction and further improve the results. We will refer to this
as spin-projected UGST (SUGST). In principle, the reference optimization above can
be done in the presence of the projection operators, but we find that this does not
significantly change the results. In addition, the cost and difficulty of converging the
equations is dramatically increased. As a result, we can simply choose to leave the
reference determinants unchanged at this point and solve for a new set of amplitudes
o and z° in the presence of the projection. The expression for the energy and

amplitude equations for the projected wavefunctions are the same as before,

(Ps|(1+ J*)H'|Pg)

B = L , (4.8)
(PEI(L+ ) P

0 = (Plniny(H' — E°)|P). (4.9)

0 = (P5I(1+ ) nyna))|PY) (4.10)

where H® and J* are the transformed Hamiltonian and response operator as before

but evaluated with o® and 2°, and

s\ __ PS|(I)R>
|Pr) = NI (4.11)
(Pi| = —od?”

V(@ P?|®g)

are the projected wavefunctions discussed in Section 2.4. As before, the values of af
and z; are calculated by requiring Equations 4.9 and 4.10 to be satisfied.

Expectation values of observables other than the energy are evaluated as before by
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simply inserting the operator in question in place of the Hamiltonian in Equation 4.8.

oy, = LELE J)er” Oc”|Py) (4.12)
(PLI(L+ J#)|Pp)

Operators such as spin, density, and double occupancy that commute with the trans-
formation are still modified by the correlations when calculating their expectation
value. It is important to note here that any operators which do not commute with
the spin operators will require full spin integration with the full projection operator
shown in Equation 2.31.

The iterative procedure for optimization of the reference determinants and corre-

lation amplitudes is as follows:
1. Make an initial guess for C', and Ck.
2. Solve Equation 4.4 for the amplitudes a.
3. Solve Equation 4.5 for the response amplitudes z.

4. Construct and diagonalize the Fock matrix (Equation 4.6) to build a new set of

coefficients C, and Cp.

5. Tterate 2-4 until the equations converge and the Hartree-Fock condition [F, p| =

0 is satisfied.

6. Solve Equation 4.9 for the amplitudes o”.

J

. Solve Equation 4.10 for the response amplitudes z°.

The optimized parameters are then used to calculate energy and other properties with

Eq. (4.3,4.8,4.12).
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Figure 4.1 : Error in the energy per site for 4 x 4 square Hubbard lattices with
16 particles (left) and 14 particles (right) compared to exact diagonalization from
Ref. [38].

4.2 Results and Discussions

We present benchmark calculations on Hubbard systems and compare the results
to available accurate data. All calculations are performed on lattices with periodic
boundary conditions, the spin state s = m = 0, and energies reported in units of ¢.
We also compare to unrestricted coupled-cluster singles and doubles (UCCSD) where
correlations are introduced with a Hamiltonian similarity transformation consisting of
all single and double excitation operators that preserve S, symmetry evaluated with
the UHF determinant. [1] Tables are provided in Appendix B for direct comparison.

In Figure 4.1, we compare results for some 4 x 4 square lattices where exact energies
are available. It is clear that SUHF and UGST have significant improvements over
the UHF reference energy. When the two methods are combined in SUGST, the re-
sult is cumulative and we capture more of the correlation energy, typically more than
UCCSD. The SUGST correlation is less than the sum of the SUHF and UGST correla-

tion energy indicating there may be some overlap in the correlation energy recovered.



40

The quality of the results diminishes 1000 |
A UGST—QO
slightly for the doped systems as spin 800/ ¢ Power fl, p-3.037
— Power fit, p=3.838
projection of a GHF state is likely better g 600
()
suited, but the energies remain similar to E 400
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A significant advantage of SUGST is W0 T 200 300 400 500
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the 1 t of the calculations. As dis-
¢ JOW COSE O BAC Calctliatlons. A8 s Figure 4.2 : Time required for the UGST

cussed above, UGST scales as O(N?) in orbital optimization and SUGST ampli-
tude optimization with integration grid

the number of sites which matches the gjze equal to \/Nyies on half-filled Hubbard
observed times very closely (Figure 4.2). square lattices with U = 4
The SUGST calculation formally scales as O(N3N,) where N, is the size of the in-
tegration grid, which is slightly lower than the observed rate. This may vary for

different systems as the convergence rates can change. The low scaling means we

can easily perform calculations on large systems with relatively little computational

effort.
—@— UHF —&— UGST —4— SUGST —w— UCCSD
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Figure 4.3 : Energy errors and finite-size effects per site for 10 x 10 square Hubbard
lattices with (n) = 1 (left) and (n) = 0.8 (right) compared to UCCSD and averages of
high quality thermodynamic limit calculations (Erpr) from Refs. [39,40] as accurate
results for finite systems are limited.



41

We now apply the method to a set of larger Hubbard lattices at varying values of
U and compare the results to UCCSD (Figure 4.3). There are some finite-size effects
apparent for smaller values of U as the reference energies are borrowed from calcula-
tions for infinite systems. [39] Again we see significant improvement over mean-field
when the transformation is applied and evaluated with the projected wavefunctions.
Unlike the 4 x 4 case, there is some reduction in accuracy for larger U at half-filling.
For the smaller systems, much of the correlation energy in this case was recovered
through the projected wavefunction, and comparatively less was recovered by UGST
than in the doped cases. In the larger systems, there is significantly less correlation
energy per-site recovered with the projection, hence the larger errors.

We can see the reason for the reduction in quality as we increase the lattice
size by observing the effects in the thermodynamic limit. As the computational
cost of SUGST is low, it is a simple matter to perform calculations on very large
systems. In Figure 4.4 we show the size effects on the energy per site of square

Hubbard lattices. It is clear that SUGST

suffers from the same lack of size exten- 78
sivity observed in PHF. [7] UGST con- o °° ]
C o o —— SUGST
verges to a thermodynamic limit as UHF §‘°'82’ -——-TDL |
S
does, but the additional correlation en- & 084
ergy from the projection decreases as the 08B = === m s m s m e mmmmmmmm -
o 0.05 0.1 015 0.2 0.25
system size increases once the thermody- N3
namic limit is reached and eventually re- Figure 4.4 : Energies per site for the

half-filled Hubbard model approaching the
thermodynamic limit for N-site square lat-
tices at U = 4, with an average of high
quality results for an infinite system (TDL)
tion that yields a finite constant to be from Ref. [39].

turns to the UGST energy per particle.

There is a size intensive term in projec-
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Figure 4.5 : Energy errors per site for 30 x 30 square Hubbard lattices with (n) =
1 (left) and (n) = 0.8 (right) compared to extrapolated variational Monte Carlo
(VMC) from Ref. [41] as well as extrapolated UCCSD and averages of high quality
thermodynamic limit calculations (Erpr) from Ref. [39].

added to the infinite energy of an infinite system. [7]

If we now compare results in the thermodynamic limit for different values of

U, we can see the previously observed behavior is maintained for large systems

(Figure 4.5). As the SUHF wavefunc-
tion brings effectively no correlation en-
ergy per site for such large systems,
we again see a reduction in accuracy
for the strongly correlated case at half-
filling with large U. We still find rea-
sonable accuracy for U = 4 and the
doped cases with results very close to the
largest UCCSD lattices available. We
can also compare the double occupancy

of the large lattices calculated with the

1e-2
—e— UHF
—— SUGST
5e-3 —y— UCCSD
a
'_
9
[m]
0 ________
-5e-3 -
2 4 6 8 10 12
U

Figure 4.6 : Double occupancy errors per
site for 30 x 30 square Hubbard lattices
with (n) = 1 compared to UCCSD and av-
erage of high quality thermodynamic limit
calculations (Drpy) from Ref. [39].
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response densities. (Figure 4.6). While SUGST slightly overestimates the double
occupancy, the error does not vary widely as UHF' does.

We can also compare to the results taken from the literature [41] using variational
Monte Carlo calculations with a Gutzwiller factor and an antiferromagnetic, mean-
field reference. As the symmetry projection provides negligible improvement when
approaching the thermodynamic limit, and all the local correlation factors equal a con-
stant value for half-filling, this is a reasonable comparison with the variational solution
of the wavefunction. In Figure 4.5, we can see that both the variational and projec-
tive methods have similar errors. We can further directly compare the wavefunctions
by looking at the correlation amplitudes and antiferromagnetic order parameter in
Table 4.1. While we do not get exactly the same energies and parameters, the results
are very similar. We do not expect the results to be identical as the Gutzwiller wave-
function is not an exact solution. However, the similarity in the results indicates that

we have made a good approxi-

mation to the variational solution

U 4 6 8 12
without the need for Monte Carlo

sampling. gvmc® 0.65 0.55 0.50 0.40

As the Gutzwiller factor only gsuesr ~ 0.6167 0.5205 04679 0.4147

includes on-site terms, it provides My c®® 0.58(2) 0.77(1) 0.86(1) 0.92(1)

significant improvement for short-  Mgygsr 0.5851  0.7422  0.8352  0.9256

range quantities such as the en- = Results taken from Ref. [41].
b Uncertainty for the last digit is given in parentheses.
ergy and double occupancy dis-
Table 4.1 : Gutzwiller correlation factors (g)

cussed above. In this method, and antiferromagnetic order parameters (M) from
SUGST on a 30 x 30, half-filled lattice and vari-
ational Monte Carlo (VMC) extrapolated to the
thermodynamic limit.

longer-range correlations are left

entirely to the reference wavefunc-
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tion. We see that the spin-spin correlation function (Figure 4.7) quickly decays to a

constant value and does not capture the correct long range decay of the exact corre-

lation. There is significant improvement over the Hartree-Fock and projected results

as the correlations are not severely over or underestimated in the medium range. The

short range interactions are effectively screened, allowing the reference wavefunction

to approximate the long-range effects more accurately within the limitations of the

ansatz. As shown in Chapter 3, long-range effects can be correctly calculated if the

Jastrow factor used for the transformation contains long-range terms.

It is clear that this method is an ef-
fective way of calculating the energy and
short range correlations in the Hubbard
lattice model. Including the projected
wavefunction solves some of the failures
of LAST in the strongly correlated limit.
Limiting the correlation factor to double
occupancy screening still results in accu-
rate results and produces a theory that

is only mean-field scaling.

—e— UHF

i)

&5 —=— SUHF
S —4— SUGST |
i ——DMRG
- RHF
0.05f
07 " 3 e —4—dEd 4 —d 44—
0 5 10 15

Figure 4.7 : Spin-spin correlation function
with alternating sign for a 30-site Hubbard
ring with U = 4 compared to the exact
density matrix renormalization group the-
ory (DMRG) result. [34,35]
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Chapter 5
LAST for General Hamiltonians

There is a natural question as to how well LAST performs when applied to general

systems of the form,

1
H = Ztuajaj + Z Z U]JKL(IFCL(T]CLLCLK. (51)
1J I1JKL

Applying LAST to this general Hamiltonian produces a new, correlated Hamiltonian,

_ ) 1 . .
H = E trse JIG;CLJQJJ + - E eI TOKLYy e € JIJa}aT]aLaKeJKL, (5.2)
1J IJKL

where [ have used the notation J;; = J; + J;. The values in a can then be obtained
as before by requiring,

0= (nyns(H — (H))). (5-3)

There is however a very significant limitation. Evaluation of the two-body term
requires the calculation of a transition density at cost O(N?) for each term in the
summation resulting in a cost of O(N”) for the evaluation of the energy and the

amplitude equations.

5.1 The Gutzwiller Similarity Transformed Hamiltonian

In order to simplify the problem and avoid some potential instabilities as before, we

will examine this problem in the simple case where we limit the correlator to the
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on-site Gutzwiller factor. J = ). a;n;n;. By capitalizing on the simple form of the

transformed Fermionic operators from Chapter 4, the transformed Hamiltonian takes

the form,
H = Y tr(1+gmp)cies(1+ gmy) (5.4)
I
1 o NA1 4
+ 7 Z vrykr(L+ gmp)ep(1+ gong)cyer (1 + gng)ex (1 + grng).
IJKL

The bar notation indicates that I and I have the same spatial coordinate, but opposite

«

spin, and gr = e — 1, gy = e~ — 1 as before. Note that these are still only spatially
dependent (gi+ = ¢;y = gr). This is a six-body operator, and evaluating the amplitude
equations, requires the expectation value of an eight-body operator. As this results
in an expansion via Wick’s theorem with more than 40,000 terms, some simplification
is in order.

If we restrict the reference to be RHF or UHF, we can separate the eight-body
operator by spin blocks and evaluate it as separate expectation values of a three and
five-body operator. This significantly reduces the number of terms in the expansion.

This is most easily represented by explicitly writing all of the nonzero spin sectors of

the Hamiltonian,

H= Z (t“o‘ TTCMT + tU a iOLZ¢> + Z Vyikl GZTGT¢Gl¢akT (5.5)

i ijkl
1
P 8686 1
* ZZ (“zoﬁ?a iy @y Qi Ot F Vg %%aliaki)
ijkl
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After applying the Gutzwiller transformation, the Hamiltonian can be written as,

I7 aa (@ aBap=(a) —(8
H= Z (t pgz) Z(J) + tﬂﬁpﬁz) z(y )> + Zvijil ﬁzijkl:z('jlzl (5.6)
(] ijkl

1 acaa(e) EEEE (@)
+ Z Z ( zykl FzgklAz]kl + Uzgkl FzyklAz]kl

ijkl

where we use the operator definitions:

piy) = alan, (5.7)

ol = (14 gima)(1 + gnjr), (5.8)
FE?,L = alalanar, (5.9)
ASY = (L4 Gima) (L + Gimgn) (1 + geni) (1 + gimr), (5.10)
553331 = (L+gima)alian (1 + geng). (5.11)
Egjk)l = al (14 gmir) (1 + gimur) ags. (5.12)

We can see that the transformation has the effect of screening the terms in the Hamil-
tonian with the site-dependant screening coefficients g; and g; along with the expec-
tation value of an operator composed of terms related to the density of the opposite
spin at each site.

The equations for a are constructed as before and simply limited to the same

double-occupancy operators as in J,

0 = (ny, (H — B)). (5.13)

It can be seen above that the Hamiltonian will contain terms with up to six-body

interactions and when evaluated in 5.13 will result in eight-body terms. The size of
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the evaluated terms can be reduced in the case of RHF and UHF wavefunctions as
the spin up and down sectors of the wavefunction are separated in the Hilbert space
and do not mix. To demonstrate this, if we have some n-body matrix element,

<(I)|a]'L il - 'a;rnanajlwajﬂz co gy, |(I)>7 (5'14)

1101 1202

we can evaluate it in the basis of |®). The form of an RHF or UHF wavefunction

does not mix the spin sectors, so we can write,

a;'fa = ZA;OCZa_'_ZA:vCla? (515)

a
T E T E 1
azﬂ - B;(ocoﬁ + B;'kvcvﬁ7
a v

where ¢/ and ¢,, annihilate the Slater determinant |®). For RHF A = B, and for
UHF A # B. In the case of GHF, the transformation cannot be written this way as
the Slater determinant basis will mix the up and down spins. As the operators have
been written as linear combinations of {c, c'}, we can use Wick’s theorem to evaluate

the matrix where the only non-zero contractions are,
(chyCory) = Ooor0ons  (CooCly) = Burlosy. (5.16)

Because there is no spin mixing in the transformation between {a,a'} and {c,c'},
there are no contractions between different spin sectors when evaluating matrix ele-
ments. The only non-zero contractions will be those that share the same spin index.

This means that Equation 5.14 can be evaluated as a product of the expectation
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values of each spin sector (up to a possible sign due to reordering of the operators),

<q)a]a;rlaa32a o aIﬂ/aaajla%a . ajnaa|q>a>(q)5\ajlﬁaj2ﬁ . ajnﬁﬁajlgajﬁ o ajn55|<I>5>,

(5.17)
where n, and ng are the number of spin up and down terms respectively, and |®,)
and |®4) simply indicate that we only need consider the spin up and down terms in
the wavefunction respectively. The n-body expectation values are now the product
of effective n, and ng-body expectation values, reducing the number of contractions
from n! to n,! 4+ ng!. With this we can see that the largest operator in 5.13 can be
evaluated as,

OATLD) = (@] D | @a) (@s]rmy ALY | @5). (5.18)

(®[nmpnm Iy

This has reduced the evaluation of a term containing an eight-body operator to the

evaluation of a five-body and three-body operator.

5.2 Orbital, and Basis Optimization Equations

The Gutzwiller factor on its own is no sufficient for the accurate evaluation of general
systems. We need to consider further optimization for the correlation and reference
bases in order for the screening to be most effective. We demonstrated earlier that
the Gutzwiller correlation factor can produce accurate results for the Hubbard model

when the reference Slater determinant is optimized. With this in mind, we can
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construct a set of equations for orbital optimization,

K NTT oK
0 - 8* (Dle (1 + )~He |D) (5.19)
Orgy (Ple (14 J)eX[®) |,

0 = (®|[(14J)H,clco— chey]|®) — E(®|[J, clco — chev])|®)  (5.20)

The exact expressions for these conditions are long and uninformative, but with
the construction of some intermediates, they can be evaluated with O(N?®) scaling.
However, this on its own in not sufficient to significantly improve the energy and
grant the method size consistency. For this, we also need to consider the basis in
which the correlation factor is written. In the Hubbard results previously, the on-
site basis is a clear choice for the correlation factor. In molecules, this choice is not
so obvious. It seems that the atomic orbitals may be a good choice, but there is
no reason to assume that this is the best solution. It also cannot be the canonical
orbitals of the reference as they are eigenstates of the Jastrow and the correlation
factor would simply evaluate to a constant value and introduce no changes to the
mean-field calculation. This means that a second basis optimization is required. The
condition for the correlation basis can be constructed as stationarity condition for

rotations of the correlators (J' = e X' JeK' | J' = e X' JeX),

0= 0 (®le X' (1+ J)e 7K He K e/ K| D)

= - - —— (5.21)
Oy (@le (14 J)ek'|D)

If this is satisfied at the same time as the reference optimization, then the rotations
next to the reference determinant can be absorbed into the orbital optimization and

we only need consider the rotations about the Hamiltonian. this means we need only
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consider the condition,

No—J oK' [7 oK' ,J
0 - 8/ (P|(1+ J)e e ~He e’ |®) (5.22)
Ory, (@14 ))

0 = (®|(1+ J)e[H, cley — clefle’|®) (5.23)

While the orbital optimization condition (Eq. 5.20) only need consider the mixing of
the occupied and virtual orbitals, the rotation, K’, for the correlator basis optimiza-
tion must be a full rotation, not simply particle-hole mixing. While the idea is to
rotate the basis of the correlation factor, the problem must be cast in the correlator
basis to maintain tractable evaluation. This means that the correlator basis optimiza-
tion is best run as an optimization of the basis for the Hamiltonian. This means that

we change the Hamiltonian via a basis transformation in order to satisty Eq. 5.23,

H[x] = e X HeX (5.24a)
H[x| = Z [ ]PQGQGP + - Z pQRsapagasaR, (5.24b)
PQ 4 pons
t[lil]pQ = Z C}thIJOJQ, (5240)
I
v[]pors = Y CipCoquiskiCrrCls. (5.24d)
LJKL

where C' = e*'. As long as the transformation C' does not mix the spin blocks of the
Hamiltonian, we can still separate the expectation values by spin sectors.

If we examine the energy of the hydrogen system in Figure 5.1 when both the cor-
relation basis and the reference are optimized, we can see that there is significant im-
provement over the results when only the correlator amplitudes and reference orbitals

are optimized . The improved correlation operator can now properly separate the two
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hydrogen dimers and results in the exact H, Dissociation
100 T

energy for dissociation. The dissociated
90

RGST
00-RGST
80 ———00+b0-RGST |

energy is exact for the separated dimers

due to the Gutzwiller transformation be- !

ing exact for Ho, just as LAST was exact ol

% Correlation Energy

for two-particle Hubbard lattices in Fig- wh —m

ure 3.1. The energy at the strongly cor- 0

related square configuration is not exact,

Figure 5.1 : H, square with dimensions
1 x € Angstroms dissociating into two Hy
missing correlation energy. dimers using the GST in the 3-21G basis
. . ' o including RHF as the reference (RGST),
While this result is promising, there 1. optimization (00-RGST), and or-
bital and correlator basis optimization (oo-

bo-RGST).

but now recovers more than 70% of the

are significant hurdles before this can be
used as a general method. Primarily,
these equations are highly unstable. Attempts to obtain benchmark results on other
systems have so far led to divergent calculations. The Hubbard calculations in Chap-
ter 4 suffered from similar instabilities when using orbital gradients. Molecular cal-
culation may be solved in a similar way by using a biorthogonal reference, but the
number of terms needed to construct the appropriate Fock matrix is not to be taken
lightly. While still only scaling as O(N?®), the largest operator in the energy would
result in a derivative with more than 600 terms in the Fock matrix. While this could
be improved somewhat by careful grouping of terms in the expansion, this will still
result in a much longer and more error prone algebra exercise than the orbital gra-
dients (Eq 5.20). This may however be a good candidate for recent developments
in operator algebra software and may yield a simple, effective parameterization of

correlated wavefunctions.
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Chapter 6

Conclusions

We have presented similarity transformations generated by exponentials of Hermitian
on-site operators resulting in a Hausdorff series which can be resummed and leads
to expressions that can be easily evaluated with polynomial cost. Results from this
model are in very good agreement with the variational energies, indicating it is a
cost-effective way of treating wave functions of the form e’|®). Results for 1D and
2D systems are of high quality with little computational effort. Our method is size
extensive as long as the reference wavefunction is, preserves symmetries that commute
with J, and is an alternative to variational Monte Carlo sampling with no stochastic
error. The strategy adopted here represents a reasonable approach to optimizing
wave functions of the form considered in this work without the need to evaluate
the variational energy, which is combinatorial in cost if computed exactly or gains
statistical error if calculated via Monte Carlo. Our method could improve our ability
to control finite size effects and study impurities directly, particularly in the weakly
correlated regime.

By evaluating the transformed Hamiltonian with the more advance projected
Hartree-Fock wavefunction, the results are further improved in the strongly corre-
lated regimes with only double occupancy screening. In addition, the calculated
double occupancies are consistently close to the best available data, and the errors do
not vary greatly for different interaction strengths as in the mean-field calculations.

The results are similar to variational Monte Carlo calculations with similar wavefunc-
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tions, indicating our method is a good approximation to the variational solution. The
projected wavefunction corrects much of the error in the strongly correlated cases,
but the additional energy from projection suffers from lack of size extensivity.

The results are comparable to and sometimes better than UCCSD, a much more
costly method scaling at O(M?) for the Hubbard model versus O(M?) in UGST.
Some of the current shortfalls could be addressed by evaluating UGST with more
advanced wavefunctions and Jastrow factors. Long-range terms can be included in
the transformation to improve the description of the correlation functions. Projected
GHF and multireference projected wavefunctions are likely candidates that build on
the current results as they better address doped and strongly correlated systems on
larger lattices [7]. They would also provide a framework to calculate excited states in
order to explore the low-lying energy spectrum.

While this is an effective method for the Hubbard model, there is still some work
to be done for LAST to be an effective method for general systems. We know that
correlation factors of this form can be effective in molecular calculations when calcu-
lated variationally [21], but the projective form suffers from stability problems. The
biorthogonal ansatz use for UGST may serve to ameliorate this problem, but the cal-
culation of the Fock matrix is a limiting factor. The number of terms in the energy
expression when it is fully expanded in the single particle density matrix makes the
evaluation of the appropriate derivative unfeasible in a reasonable timeframe. How-
ever, with recent developments in symbolic manipulation tools for operator algebras,
this derivation could be performed via computer. If this improves the stability of the
method, this may become an effective tool for electronic structure calculations, as sim-
ple double occupancy screening with both orbital and basis optimization significantly

improves the energy of the Hy benchmark in Chapter 5.
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Appendix A

Evaluation of PHF Expectation Values

Here is a demonstration of the evaluation of an expectation value with a SUHF wave-
function. This example can easily be applied to the evaluation of any operator that
preserves the spin symmetries. Operators that do not preserve the spin symmetries
can also be evaluated but require projection on both the left and right reference
determinants and some or all of the spin integrations of the full projection (Eq. 2.31).

We will simply consider the SUHF energy for this example,

(®|HP|D)
E="are) (A1)

where we use the SUHF form of the projected wavefunction,

2s+1

PI#) = 2= [ agsin i, (5)c% o). (A.2)

To evaluate this, we simply need to integrate the energy over a set of discretized
rotation angles (/3;). This is done by first writing the mean-field energy as a function

of the density (Eq. 2.10),

1
Elp] = Ztupﬂ +t3 Z VIJKLPKIPLJ- (A.3)
1 IJKL

Then, at each integration point, we write the transition density between the deformed
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determinant |®) and the rotated determinant e?*5v|®).

AB) = e , (A.4a)
—BI 0

C(p) =, (A.4b)

S(8) = C'(B), (A.4c)

p(B) = C(B)ST(B)CT, (A.4d)

where C' is the matrix of coefficients for the occupied orbitals of the deformed deter-

minant (Eq. 2.7). The expectation values now can be written as,

2 1
(®|HP|D) = =

/OW dB sin Bd;,,,(8) det(S(8)) Elp(B)]; (A.5a)
25 +1

(@[P|0) = / " dBsin A, (8) det(S(5)). (A5D)

These integrals are then evaluated with Gaussian quadrature.
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Appendix B

Additional Expressions and Results for LAST

In this portion we will present some more detailed expressions that were touched on in
Chapters 3 and 4. These will primarily include derived forms of the expressions that
were previously left as commutators or derivatives. Not all of the expectation values
will be carried through to the full expansion however, as there are several equations
where the result is simply too long to be either useful or informative to display. In
these cases the expectation value of each term was generated directly into executable

code via a recursive algorithm.

B.1 The LAST transformation

Here we show the evaluation of the LAST Transformation in Equation 3.5,

elal e’ =eTeal (B.1)
with the definition
Jka - Z Ao io’ Nig! - (BQ)
e

Expand in the commutator series

eal el =al + [aZU,J] +% Hazo,J] ,J} + ... (B.3)

po



o8

The first commutator is

1
|:CZLO_,J:| = 5 Z Ao g [a,ta,nia/njan] (B4)
jo! o’
S S
- ko,ic' Mio! Ay, -
io’
= —JhoCh, (B.5)

The second commutator is

[[al,, ], 7] = —Jio [aLU, J} (B.6)
= Jpal,
because
[Jkaa J] = 0. (B?)

From here, the main result follows immediately as further commutators will simply

result in further factors of —Jxo.

B.2 LAST Expectation Values

The method for evaluating the expectation value for LAST is already outlined in
Eq. 3.16, but we include some explicit expectation values here for demonstration.

Once again, the energy expression for LAST on the Hubbard Hamiltonian is,

Epasr =—t Z (Ble~"wal,a;,e"7|®) + UZ(®|”¢W¢¢|®> (B.8)

(ij),0 i
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The interaction term commutes with the correlation factor, so this can be evaluated

in mean-field as a expansion in the single-particle density,

(P[nisniy | ®) = pirirpilil — PitilPilit- (B.9)

The hopping term, as mentioned in Chapter 3, requires the construction of a site-
dependant density to incorporate the local modifications brought by the correlation
factors. If we write the site dependent density as,

det (8370 pi7d7) = (@|e~Twal ,

age’ie' | D) (B.10)
with the corresponding overlap matrix S@?7")_ the LAST energy expression becomes,

Epasr = —t Z det(S (w’ja))l)gffaﬂ) +U Z(Pm,mpu,ii = PititPilit)- (B.11)
(ig),o i
The amplitude equation can be constructed in the same manner, The main difference

being that we now need to perform an expansion with Wick’s theorem in terms of

the local density as well,

Rigjor = =t Y (Rlnignjee el cre’|®) + U (Plnignjormpmng, | P)
(kl),y k
_ELAST<(I)‘niJnjU”CI)>- (Bl?)
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The interaction is again a simple, albeit long, expansion in the mean-field density,

and the hopping term is written in terms of the local density,

<q)|nianja’€_‘]k’yc

f
kry

Clvejh D)

det(S*H))( (B.13)
(MM)( (kv,ly) (kvily)  (kv,ly) (k%lv))
Piosic " \Pjo’ jo! Piy kv ly.jo' Pjo’ kv
(kvly) ¢ (kvaly) | (ky,ly) (kv ly) (kv,lv)
Pio’ io (pia,k'y Plyjo' — Piojo! Plyky )
(k%lv)( (kv,ly) (kvily) (k) (k%lv))
Plvyioc \Picjor Pio! kv o’ jo' Pio,ky
(kvslv) (k) (kv,1)
IOiJ,iU ly,jo’ 5j0'1k’7 _’_plfy,ia 67307j0'5j0/7k7
(kv,lv) ¢ (k) (kv,l7)
jo!io ( ly,kvy 5i<77j0/ - pl'y,jo“ 5i0»k’7)
(kv,lv) ¢ (k) (kv,l7)
pl%ia (pja’,k'y 6i0'7j0/ + pia,ja’ 5j0'/:k“/)

(kv,lv) (kv,lv)
pl’y,io‘ pja’,ja" 67;‘77"77) .

B.3 GST Expectation Values

When the calculation is limited to the Gutzwiller transformation, we no longer need

to construct the transition density for each site. Instead we can write out the three-

body Hamiltonian. This increases the size of the operators, and therefore the number

of terms in the expansion, but serves to reduce the scaling of the calculation as we

no longer need to construct a new overlap at each site. For UGST where we need not

consider the mixing of the spin up and down electrons, The expectation values for

the Hubbard model are relatively simple. Here the spin up and down sectors of the
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full density matrix are written as pf; and pfj respectively.

(O'[H|®) = —t ) ((1 + Gipiy + 9500 + Gig; (e — pﬁﬂfj)) ps (B14)
@)

+Ha 5)) +U Y oo

(@' nscrni (H = E)|®) = —t ((Pfk + 9@ nay it [ @) + g5 (D gy | )
(ig)
+ 919j<<1>’!nkmunj¢!@>) (Oirphi + PerP5: — PiPis)

+ (o & ﬁ)) + U Y (@ rgnin| @) (@' niy | @)

- ngpng (B'15)
(@' [y njy | @) = 0iipls + P — piipl) (B.16)
(@' [ngyniyng, |@) = P Biips + popls — plipl) (B.17)

+ POy = Sl = 0Pk + i)

+ Pfk(fsij@k — 5sz£¢ — 5ikp?j + 5jk,0Z~ + PZP@ - ngfj)
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B.4 Additional Results

The following tables contain calculated correlation energies, double occupancies, and
reference data with coupled-cluster singles and doubles (CCSD), exact diagonaliza-
tion (ED), auxiliary-field quantum Monte Carlo (AFQMC), density matrix embed-
ding theory (DMET), density matrix renormalization group theory (DMRG), and
diffusion Monte Carlo based on a fixed-node approximation (FN). Uncertainties for
the last digit from the methods or thermodynamic limit extrapolations are given in

parentheses.



N, U Epgr Evwr Ery  Euy  Epp %EJRJ) %E.UJ)
4 4 -0.6875 -0.7053 -0.7120 -0.7194 -0.7206  73.93 06.33
4 8 -0.6250 -0.6663 -0.6962 -0.7048 -0.7076  86.19 96.55
4 12 -0.5625 -0.6345 -0.6878 -0.6959 -0.7003  90.94 06.84
6 4 -0.8594 -0.9000 -0.9105 -0.9274 -0.9460  58.97 78.55
6 8 -0.7187 -0.8240 -0.8723 -0.8927 -0.9202  76.24 86.36
6 12 -0.5781 -0.7730 -0.8526 -0.8733 -0.9061  83.69 89.99
8 4 -1.0000 -1.0249 -1.0811 -1.0885 -1.0959  84.55 02.24
8 8 -0.7500 -0.8469 -1.0052 -1.0031 -1.0288  91.52 90.77
8 12 -0.5000 -0.7572 -0.9767 -0.9347 -0.9941  96.47 87.97
10 4 -1.1094 -1.1094 -1.2162 -1.2162 -1.2238  93.35 93.35
10 8 -0.7187 -0.8490 -1.0678 -1.0157 -1.0944  92.93 79.06
10 12 -0.3281 -0.7393 -0.9787 -0.9284 -1.0284  92.91 85.72
12 4 -0.9375 -0.9861 -1.0837 -1.0898 -1.1080  85.75 89.30
12 8 -0.3750 -0.7091 -0.8694 -0.8483 -0.9328  88.63 84.85
12 12 0.1875 -0.5967 -0.8508 -0.7491 -0.8512  99.96 90.17
14 4 -0.7344 -0.8808 -0.9018 -0.9595 -0.9840  67.06 90.18
14 8 00313 -0.5921 -0.5354 -0.6691 -0.7418  73.30 90.60
14 12 0.7969 -0.4744 -0.3158 -0.5488 -0.6282  78.08 04.43
16 4 -0.5000 -0.7854 -0.6931 -0.8270 -0.8514  54.94 93.06
16 8 05000 -0.4619 -0.2235 -0.4873 -0.5293  70.29 95.92
16 12 15000 -0.3208 -0.0447 -0.3326 -0.3745  82.41 07.76
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Table B.1 : Correlated energies for 4x4 Hubbard lattices on RHF (Eg;) and UHF
(Eyy) references and the portion of the correlation energy recovered (E.), exact en-
ergies (Egp) taken from [36]. Ey; includes spin-density correlators (S7N;).



N, U Eymr Asvnr Avesr Asvest Avccsp  Aep

14 1 -1.3277 -0.0015 -0.0074 -0.0084 -0.0085 -0.0093
14 2 -1.1644 -0.0069 -0.0271 -0.0309 -0.0309 -0.0338
14 3 -1.0138 -0.0168 -0.0540 -0.0615 -0.0606 -0.0674
14 4 -0.8808 -0.0175 -0.0813 -0.0930 -0.0907 -0.1032
14 6 -0.6988 -0.0382 -0.0979 -0.1173 -0.1083 -0.1400
14 8 -0.5921 -0.0352 -0.0877 -0.1121 -0.1056 -0.1497
14 10 -0.5227 -0.0315 -0.0799 -0.1019 -0.1022 -0.1527
14 12 -0.4819 -0.0256 -0.0689 -0.0880 -0.0869 -0.1463
16 1 -1.2909 -0.0022 -0.0066 -0.0082 -0.0077 -0.0087
16 2 -1.0973 -0.0098 -0.0224 -0.0281 -0.0252 -0.0288
16 3 -0.9267 -0.0220 -0.0393 -0.0505 -0.0435 -0.0506
16 4 -0.7854 -0.0338 -0.0494 -0.0667 -0.0552 -0.0660
16 6 -0.5862 -0.0426 -0.0475 -0.0736 -0.0590 -0.0733
16 8 -0.4619 -0.0410 -0.0354 -0.0645 -0.0536 -0.0674
16 10 -0.3792 -0.0373 -0.0250 -0.0536 -0.0477 -0.0601
16 12 -0.3208 -0.0336 -0.0178 -0.0449 -0.0426 -0.0537
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Table B.2 : Correlation energies per site with respect to UHF for 4 x 4 Hubbard
lattices with spin quantum numbers s = m = 0 and N, electrons. Exact energies
(ED) taken from [38].



n U Eygr Avesr Asvesr Dveesp™  Arpr?
0.8 2 -1.2678 -0.0358 -0.0361 -0.0416 AFQMC -0.038(2)
DMET  -0.0384(4)
FN -0.0366(7)
0.8 4 -0.9774 -0.1061 -0.1087 -0.1151 AFQMC -0.133(3)
DMET  -0.131(2)
DMRG  -0.127(1)
FN 20.1258(7)
0.8 6 -0.7933 -0.1335 -0.1373 -0.1275 DMET -0.184(4)
FN L0.174(1)
0.8 & -0.6815 -0.1386 -0.1424 -0.1431 DMET -0.20(3)
FN 20.196(1)
1.0 2 -1.1354 -0.0286 -0.0302 -0.0318 AFQMC -0.0409(2)
DMET  -0.0410(3)
DMRG  -0.041(1)
FN 20.040(1)
1.0 4 -0.7970 -0.0532 -0.0572 -0.0582 AFQMC -0.0633(2)
DMET  -0.0634(3)
DMRG  -0.0635(5)
FN -0.0605(3)
1.0 6 -0.5927 -0.0487 -0.0537 -0.0583 AFQMC -0.0641(3)
DMET  -0.0635(5)
DMRG  -0.0638(1)
FN 20.0624(1)
1.0 8 -0.4659 -0.0366 -0.0417 -0.0532 AFQMC -0.0588(2)
DMET  -0.058(1)
DMRG  -0.0582(1)
FN -0.0573
1.0 12 -0.3225 -0.0181 -0.0229 -0.0422 AFQMC —0.0468(2)
DMET  -0.046(1)
DMRG  -0.0464(1)
FN -0.0459

a Results taken from [39].

b Results taken from [40].
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Table B.3 : Correlation energies per site with respect to UHF for 10 x 10 lattices with
average occupancy n.



n U FEygr Asvest Avccsp® Arpr®
0.8 2 -1.2602 -0.0376 -0.0463> AFQMC -0.046(2)
DMET  -0.0460(4)
FN 20.0442(7)
0.8 4 -09762 -0.1026 -0.1106" AFQMC -0.134(3)
DMET  -0.132(2)
DMRG  -0.128(1)
FN -0.1270(7)
0.8 6 -0.7843 -0.1416 -0.1457" DMET -0.193(4)
FN L0.183(1)
0.8 8 -0.6772 -0.1432 -0.1461° DMET  -0.20(3)
FN 20.200(1)
1.0 2 -1.1389 -0.0310 -0.0364(4) AFQMC —0.0374(2)
DMET  -0.0375(3)
DMRG  -0.037(1)
FN 20.036(1)
1.0 4 -0.7978 -0.0530 -0.0568°  AFQMC -0.0625(2)
DMET  -0.0626(3)
DMRG  -0.0627(5)
FN -0.0597(3)
1.0 6 -0.5927 -0.0492 -0.0585¢  AFQMC -0.0641(3)
DMET  -0.0635(5)
DMRG  -0.0638(1)
FN 20.0624(1)
1.0 8 -0.4659 -0.0371 -0.0532¢  AFQMC -0.0588(2)
DMET  -0.058(1)
DMRG  -0.0582(1)
FN -0.0573
1.0 12 -0.3225 -0.0187 -0.04224 AFQMC —0.0468(2)
DMET  -0.046(1)
DMRG  -0.0464(1)
FN -0.0459

a Results taken from [39].

b10 x 16 lattice, ©14 x 14 lattice, 410 x 10 lattice
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Table B.4 : SUGST correlation energies per site for 30 x 30 square lattices with
average occupancy n.



U UHF SUGST UCCSD* TDL®

2 02146 01943  0.194(2) AFQMC 0.1923(3)
DMET  0.1913(4)
DMRG  0.188(1)
FN 0.198(1)

4 0.1307 0.1282 0.1268> AFQMC 0.1261(2)
DMET  0.1261(1)
DMRG  0.126(1)
FN 0.125(1)

6 0.0789 0.0843  0.0307° AFQMC 0.0810(1)
DMET  0.0810
DMRG  0.0809(3)
FN 0.0803(2)

8 0.0507 0.0568 0.0537° AFQMC 0.0540(1)
DMET  0.0540
DMRG  0.0539(1)
FN 0.0535(1)

12 0.0252 0.0283  0.0267° AFQMC 0.0278(1)
DMET  0.0278
DMRG  0.0278(1)
FN 0.0278(2)

& Results taken from [39].

b12 x 12 lattice, ©10 x 10 lattice
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Table B.5 : Average SUGST double occupancies per site for 30 x 30 square lattices

at half-filling.
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