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Optical detection of a Bardeen-Cooper-Schrieffer phase transition in a trapped gas
of fermionic atoms
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A theoretical treatment of light scattering from a degenerate Fermi gas of trapped ultPaceitbms is
presented. We find that the scattered light contains information that directly reflects the quantum pair correla-
tion due to the formation of atomic Cooper pairs resulting from a Bardeen-Cooper-Schrieffer phase transition
to a superfluid state. Evidence for pairing should be observable in both the space and time domains.
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The realization of Bose-Einstein condensati®EC) in ground state andR excited state. To avoid incoherent heat-
trapped atomic gasé4] has generated interest in the atomic ing of the gas due to spontaneous emission, the magnitude of
physics, quantum optics, and condensed-matter physics cortie laser detuningi= w, — wy, is assumed to be large com-
munities. Although the experimental realization of a degenfared to the transition linewidtly. In vector quantum-field
erate atomic Fermi gas has not yet been demonstrated, int¢heory[10—12, the atoms in the light field can be described
est in this subject is also increasif}-6], and efforts to trap by a four-component atomic fiel¥ (r)=¢ . [+)+¢_[—)
and cool ®Li and %% gases into the quantum degeneratet Ye+|€+)+ ¥e_|€—) with 4. denoting atoms in the
regime are underway in several laboratories. Of course, thground-state hyperfine levelst), and . in the corre-
behavior of a degenerate Fermi gas is remarkably differentPonding excited-state hyperfine levels. For lagethe
from that of a degenerate Bose gas. As in the Bardeerf*Cited-state components can be adiabatically eliminated,
Cooper-SchrieffefBCS) theory of superconductivity in met- yielding a total atomic polarization operator with positive-
als, it has been predicted that a degenerate Fermi gas Cgﬁquency parf10]
undergo a BCS phase transition if the interatomic interac- E(H)
tions in the gas are attractif@]. In this phenomenon, the PO (rt)y=—p
Fermi gas is cooled to near absolute zero, so that all trap
levels up to the Fermi energy are filled. Attractive interac- - T + )
tions can then cause atoms in the vicinity of the Fermi levelVNere p(r,) =y¢-.(r,0)¢..(r,0)+ ¢ (r,t)¢_(r,t) is the to-
to form Cooper pairs, with each pair composed of two quan{@! atomic density operator in the ground stgieis the ma-
tum correlated atoms behaving as a composite Bose particlfX €lement of the atomic dipole moment, anis a location
In the BCS theory, these bosons automatically undergo BEX! thE.“ gas. Light propagation is determlne_d by the atomic
and form an atomic superfluid, with the quantum pair Corre_polanzatlon operatofl) and the wave equation
lation of the Cooper pairs characterizing the superfluid prop-

p(r,tyeiot, 1)

ho

1 9’EM) §?P(+)

erties of the gas. In this paper, we address the question of V2E(H - = = 110 @)
how to detect this superfluid state once the transition has c? oat? at2
occured.

A promising experimental system consists of a degenerat&€he solution to Eq(2) can be expressed as
gas with atoms in an incoherent mixture of two internal hy- ) o
perfine states. Such a mixture allows Cooper pairing via an EM(R,H=E§V(R, e Tet+ E(Hekeiot,  (3)
swave interaction, and leads to practically attainable BCS-
transition temperatures when the scattering lermgth large ~ WhereES™(R,t) is the scattered field at positidR. For R
and negative. This occurs naturally f6ti [8], or can be =|R|>|r|, the scattered field has the foffh0,12,
obtained in the vicinity of a Feshbach resonance for other
atoms[9]. We consider here a trappédi gas in an incoher-
ent mixture of ground statelst)=|M¢=1/2, M;=1) and
|—)=IM=1/2,M,=0) [2]. ) 3
The key to observing the superfluid state is to determine X[PH(r,t)—R-PHI(r, )R], 4
the existence of pair correlations. To achieve this goal, we A
propose to use off-resonance light scattering and Fouriemwhere the directional unit vectét=R/R. From Eqs(1) and
imaging techniques. A laser beam with amplituie, fre-  (4), we see that the scattered field depends on the density
guencyw, , and wave-vectok propagating along the di-  operator of the gas, so that the averaged spectral intensity of
rection is used to illuminate the gas. We take the light to beahe scattered field received by a photodetector contains the
linearly polarized and tuned near resonance between$he 2second-order correlation of the atomic field operafd¢s,

(+) 2eikR 3, ,—ikR
ES (R,t)zk ? dore ¥~ T
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<P(r:t)P(r vt )> (p(r,t))(p(r 1t )>+G(rvr ,t,t )1 (5) |h ;ﬁf =(H0—,u++V|_—iﬁF/2)1//+—A(r)wi,
where (---) denotes the quantum-mechanical expectation ayt
value. The first term in Eq(5), which depends on the total ih——= —(Ho—p—+V +itiT12)y" = A(r) .,
averaged density, describes the contribution to the scattered (11)
field by the normal ground-state component. The second
term, whereHy= — (22/2m)V2+ ;mw?r? is the free Hamiltonian

of the trapped Fermi gas/, =4 0?/46 is the light-induced
G(r,r' tt)==2(g_(r,) g, (r' tONy (r,H gl (r' th), potential,I' = yQ?/45? is the rate for spontaneous emission,
(6) u- are the chemical potentials of the two internal states, and
A(r)=(4m|alh?/m){_(r)¢(r)) is the BCS energy-gap
gives the quantum pair correlation function arising from thefunction [2]. The Rabi frequency of the light field i€
formation of Cooper pairs in the superfluid state. =|p-E_/#|. For simplicity we consider the cage, = u_
The contribution of the laser fiel& in Eq. (3) can be  with equal numbers of atoms in each spin state, and intro-
removed by imaging the cloud with a dark ground techniqueduce the renormalized chemical potengia . —V, . Fur-
as discussed in Ref§13]. If a plane located a distan®  ther, a large laser detuning and a weak intensity allow
from the atoms is observed in this way, the spectral and<;, A so that destruction of Cooper pairs by spontaneous
spatial intensity distribution measured on the detector will beemission and interactions involving excited-state atpht§
[14] can be neglected. Employing an approach similar to that
adopted in BCS theory, we approximate the solutions of Egs.
I _fx ivr 1 IT (=) (11) by
(R, ,v)= dre'”" = dt(Eg ’(Rg,t)
e 2T) -1
Yo(r,)=2 [Un(rbpee™ By (r)b] &/,
n

(12

XEST(Rg, t+ 1)), 7

where 2T is the time interval used for detection, aft R
=(R, ,z;) is a point in the image plane. Equatio#), along  whereb,. are generalized Bogoliubov quasiparticle opera-
with relations(1) and(5), gives the spatial-temporal correla- tors andE, is the excitation energy for the mode indexed by

tion function of the light field, n. The superfluid state of the degenerate Fermi gas is char-
acterized by the BCS ground stategzcg with the property
(ES(Ro,1)-ESV(Rg t+ 7)) by |Pgc9=0. From Egs.(11) with the dissipative terms

ignored, the transformation coefficients, ,v,} satisfy the
celebrated Bogoliubov equations,

(Ho—m)un(r)+A(r)v,(r)=Enun(r),

wherel, =E{7).E{*) is the intensity of the incident light. —(Ho— 1)vn(r)+A(1) Uy (1) = Eqp (1) (13)
The functions!; andI, are defined as A " mn

9l y?

:]_G(k—zoé‘)zﬂl(Rl,t,T)+|2(Rl,t,7-)]e*iwL7-, ®

The total averaged density can be expressedpds,t))
I1(R, ,t,7)=J Jdzridzrie*ik'ﬂ~(frfi)/zo =(Ppcd ¥y, + Y g |Ppce=28,lvn(r)|> and  the
quantum pair function is

X{(p(r, HNp(r] t+1)), (9)
G(r,r' t,t') =22 Un(Nv(r" ) Um(r Hom(r)
and nm

x @~ 1 (EntEp)(t—t)/t (14)

— 2 ¢n—ikR, - &7 2
2Ry ‘t’T)_f d*ge R Of dr G(r . ri=§tt+), The average density and pair function can be calculated
(100 by self-consistently solving Eq$13). In the normal degen-
erate ground state, energy levels below the Fermi I&¢el
where the relative distance between atoms is denoted by are occupied, while those above are empty. The effect of
=r, —r . The functionl ;, describes the signal from the nor- interatomic interactions is to cause scattering between nearby
mal component of the gas arid describes the signal from energy levels, and creates an energy shell fgawhere
the Cooper pairs. In general, is much weaker thah; since  normally unoccupied states acquire an amplitude to be occu-
the averaged density of atoms in the normal component is fgsied, and states belo®: have some amplitude to be unoc-
larger than that of the pairs. cupied. The stronger the interatomic interaction is, the wider
The averaged density and the quantum pair-correlatiothe energy shell and the more atoms are available to form
function can be found using vector quantum-field theoryCooper pairs. Physically, the coefficients andv, in Egs.
[10]. In the off-resonant light field, the degenerate Fermi gag13) determine the amplitudes for atoms to be scattered into
is described by the coupled quantum-field equations, the pair states. To evaluate these amplitudes, we expand the
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O 4ol N FIG. 2. The spatial image measured a distancérom the at-
AN oms, with (a) the trapped Fermi gas in the normal degenerate
e T ground state andb) in the superfluid state after the BCS phase
0.0 " ! " T " ) " transition. In both images, the central peak is clipped and actually
0 2 4 6 8 L
k& extends by a factor of- 10° above the axes shown. The radial size
F

of the normal component is approximately/krg , while the pair
FIG. 1. The normalized spatial distributions of the equal-timeComponent is larger, extending #g/kr.
quantum pair-correlation function, with the distangd®etween at- o ] ] ) ) o
oms scaled by the Fermi wave numiier. The dashed curve is the function is shown in Fig. 1, along with the spatial variation

correlation due to Cooper pairs with center of mass located at th@f the energy gap. _
trap center and the solid curve is the average contribution of all In studies of a homogeneous gas, the correlation length at

Cooper pairs. The inset shows the spatial dependence of the energ@ro temperature is conventionally expressed in terms of the
gap, normalized to the center of the trap and with position scaled bgoherence lengtlf,= 2k 'Ex/A(0), which determines the
the Fermi radius ¢ . region over which the pair function extenf. Within this
region, however, the pair function oscillates on the shorter
coefficients asi,=2qUnqbq andv,=2qvnqdbg, in terms of  length scale .. The numerical results for the trapped gas in
the eigenstategp, of the single-atom Hamiltoniati,. In Fig. 1 similarly show that the pair function varies substan-
principle, the sum oveq in the coefficients should extend tially across the distande-*, while the tail of the function
from zero to infinity. However, in the BCS theof2,3], Eq.  does indeed extend to approximatély.
(13) is derived using the Born approximation, by replacing It is the short-length-scale variations that allow the pair
the nonlocal interatomic interactiovi(r) by a local contact function to be optically detected. If a plane &t=2 cm is
potentialV(r) =4#2asé(r)/m. However, the Born approxi- imaged with unit magnification and with a transition wave-
mation is only valid for low-energy scattering, and the inac-length A=670 nm, the image size will bezy/krg
curacy of the approximation in the high-energy regime is~0.09 mm for the normal component amg/kr.~1.9 cm
known to cause an ultraviol€UV) divergence. In the case for the pair component, differing by a factor oE2/# w.
of superconductivity, the UV divergence is naturally re- The calculated images for a gas below and above the critical
moved by considering the fact that the phonon-exchangetemperature for the BCS phase transition are shown in Figs.
induced interaction between electrons must cut off at the(a) and Zb), respectively. It is seen that when the transition
Debye frequency. However, in the case of an atomic gasoccurs, a spatially broadened image appears. The physical
avoiding the UV divergence requires a more exact theorgituation is depicted in Fig. 3, where the small-scale structure
accounting for the real shape ®f(r). Two approaches to induced by pairing causes light to scatter at a larger angle
this problem have recently been proposed. One is to renothan that scattered by the cloud as a whole.
malize the interaction potential in terms of the Lippman- The normal signal is produced by coherent scattering and
Schwinger equatio2], and this is the approach we have is, therefore, proportional to (), as can be verified by
taken here, and the other is to employ a more sophisticated
pseudopotential approximatig8]. For the Born approxima- N
tion to be valid, the cutoff momenturik, must satisfyk,
<l|al]™1. The other momentum scale present is the Fermi
momentum?zke= (2mEg)*2, which for SLi under reason-
able experimental conditions is comparable|ab 1. As a
check on the renormalization procedure, we find that values
obtained for bothc andA(0) are hardly affected by chang-
ing k. from |a| ! to [2a] 1. 4 Te >
To be concrete, we assume tiit=2Xx 10° SLi atoms in ' Z0
each spin state are confined in a magnetic trap with an oscil- FIG. 3. Schematic of the imaging technique. The white area

lation frequencyw=2mx150 Hz. With these valueste . represents the incident probe laser, the dark gray represents the light
~100h 0~740 nK, and the peak value of the energy 9ap iSggnerently scattered by the cloud, and the light gray represents the
A(0)~5tw=36 nK. For a degenerate Fermi gas in a har-jight scattered by Cooper pairs. The small length scale of the pair
monic trap, the characteristic size of the average density igyructure scatters light at a relatively large angle, so by measuring
given by the Fermi radiusg= (2E,:/mw2) Vo~ 48 opm, the intensity in the far field, the components can be distinguished.
while the length scale of the pair-correlation functiGnis  Dark ground imaging techniques can be used to eliminate the con-

rc~k;1~0.23 pum. The numerical result for the correlation tribution of the probe laser itseJfL2].
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reference to Eq(9). The pair signal, however, arises from 1.0 ;
inelastic scattering and is found using E#0) to be propor-
tional to the number of paif,. This number is determined 08
by the number of atoms in an energy shell of widthcen- >
tered onEg, so N,~3NA/Eg. For the parameters given é
above,N,~3x 10" and the ratio of the peak signal intensi- g 061 {

ties is1,(0)/1,(0)~2x10"". Although it is difficult to ex-
perimentally measure a signal with such a large dynamicS o.44
range, the pair signal can be revealed by using a nearl38
opaque spatial filter to attenuate the normal signal. If thew
diameter of the filter is chosen to be approximately equal to 3
the spatial dimension of the normal signal image, it will af- .
fect only the central region of the pair signal, and both con- 0.0 . L Y
tributions can be observed with the same intensity scale. -30 -20 -10
Finally, we calculate the spectrum of the scattered light. Avim

For the normal degenerate ground state, a single spectral liné i 4 The normalized scattered light spectrum of the scattered
is obtained at the frequency of the incident laser. For thgjeiq The frequency shifh » is scaled by the trap frequenay. For
superfluid state, the spectrum exhibits a double-peaked strugse solid curve, the gap enerdy~5 % w=36 nK, and for the dot-
ture as shown in Fig. 4. The coherent peak is from scatteringq curve A = 72 nK. A spatial filter with a transmission ef10 4
by the normal component. The frequency shift of the sideis used to reduce the strong signal from the normal component to
band is approximately twice the gap energy, indicating thathe same level as that from the pair component. A small spontane-
the sideband arises from the formation of two quasiparticlesous scattering rate is assumed to give a width to the elastic peak.
The long oscillating tail of the sideband is due to modulated ) , .
broadening from the center-of-mass motion of atoms at the !N conclusion, we have studied off-resonance light scat-
trap frequency. Hence, the presence of the shifted peak prd€find by a trapped degenerate Fermi gas. The results show
vides another effective method to detect the BCS phase trafial Poth spatial imaging and the scattered light spectrum
sition and can be used to directly determine the gap energ live clegr signatures for a BCS phase transition to a gaseous
The theory presented here was simplified by the neglec uperfluid state.
of spontaneous emission, permitting, for example, the as- The work in Australia was supported by the Australian
sumption thatA remains constant during probing. However, Research Council, and a Macquarie University Research
the pair signal depends on breaking pairs by inelastic scatGrant. The work at Rice University was supported by the
tering. The theory is, therefore, valid only in the weak-signalNSF, ONR, NASA, and the Welch Foundation. We are
limit, where '<T 1. Larger signals could be obtained ex- grateful to H.T.C. Stoof for helpful discussions. W.Z. thanks
perimentally by allowingl ~T %, but quantitative interpre- the atom-cooling group at Rice for their hospitality during
tation would then be more difficult. his visit, and also thanks Karl-Peter Marzlin for his help.
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