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Abstract

A Comparison of Transcription Techniques for the

Optimal Control of the International Space Station

by

Jonah Reeger

The numerical solution of Optimal Control Problems has received much attention
over the past few decades. In particular, direct transcription methods have been
studied because of their convergence properties for even relatively poor guesses at
the solution. This thesis explores two of these techniques—Legendre-Gauss-Lobatto
(LGL) Pseudospectral (PS) Collocation and Multiple Shooting (MS), and draws dis-
tinct comparisons between the two, allowing the reader to decide which would be
better applied to a particular aﬁplication. Specifically, comparisons will be made on
accuracy, computation time, adjoint estimation, and storage requirements. It will be
shown that the most distinct advantage for LGL PS collocation and MS methods
will lie in computation time and storage requirements, respectively, using a nonlinear

interior-point method described in this thesis.
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Chapter 1

Introduction

A relatively young topic in applied mathematics, particularly in the area of numerical
optimization, is the direct numerical solution of Optimal Control Problems (OCP)
governed by ordinary differential equations. This field of study is rich in application,
and one of these applications appearing in the aerospace industry is explored in the
numerical study of this thesis. The wealth of applications has led to many contribu-
tions in this field even over the past couple of decades, to include the development of
efficient transcription techniques that convert a continuous OCP into a problem that
can be handled by the various nonlinear programming techniques that are available.
Of the many transcription techniques, two have been studied in the research of this
thesis; the first because of its use in the particular acrospace application that was
studied, and the second as an alternative to the first.

This research was prompted by the need to generate solutions to a particular



optimal control problem, dubbed the Zero Propellant Maneuver (ZPM), quickly, with
limited memory, and accurately. The ZPM is a concept that substitutes reaction
control systems, like thruster firing, with momentum storage devices, i.e. Control
Moment Gyroscopes (CMGs), to control the attitude of a spacecraft without the use
of expensive propellant [6, Section 1.1]. The attitude control performed by the ZPM
is completed by exchanging the angular momentum created by rotating the CMGs
and the momentum introduced by external disturbance torques, like aerodynamic
torque and gravity gradient torque [6, Section 1.1]. This concept can be stated as
an OCP, formulated in general in Chapter 2, which transitions a spacecraft from an
initial orientation to a final orientation in a fixed amount of time without exceeding
a constraint on the CMG momentum. The OCP is governed by a set of equations of
motion that describe the change of attitude, rate, and CMG momentum in time, and
it seeks to achieve the optimal value of some predetermined objective.

The ZPM was defined and successfully tested as a method of control for the
International Space Station (ISS) (see, for example, [3]). However, the ZPM can be

applied to any spacecraft equipped with CMGs and an appropriate controller.

1.1 Existing Work

The solution of optimal control problems has been the subject of a significant amount
of study since the Seventeenth Century when Newton applied the calculus of varia-

tions to the Brachistochrone problem [9, Page 405]. The general numerical methods



that have been applied to generate optimal controls of dynamic systems were catego-
rized and described by Betts in the 1990s [5]. Betts describes the two most general
approaches to solving these problems as indirect—the application of calculus of varia-
tions to find the necessary conditions of an optimal control and the numerical solution
of the resulting two point boundary value problem (TPBVP), and direct—application
of a discretization technique to the states and controls or controls alone and the
solution of the resulting nonlinear program (NLP). In particular, Betts introduces
collocation and multiple shooting as methods for solving both the TPBVP of the
indirect approach and the NLP of the direct approach [5, Section VI|. This thesis
takes the direct approach to solve optimal control problems of a general form through
two particular techniques. These are Legendre-Gauss-Lobatto (LGL) Pseudospectral
(PS) collocation and multiple shooting (MS).

LGL PS collocation essentially approximates the states and controls of the problem
using global basis functions that can be differentiated exactly to approximate the
time derivative. However, these global basis functions introduce an explicit global
dependence between the states and controls across the entire interval of interest.
This is not necessarily a problem when adequate memory is available, but poses a
problem when memory is limited since the optimization often requires storage of
large, dense matrices. The advantageous properties of PS collocation are highlighted
by many. Particularly, LGL PS collocation has been studied extensively by Fahroo

and Ross in [14, 15, 16, 47] who highlighted the connection between the costates



of the indirect problem and the multipliers of the direct problem and developed a
transcription package known as DIDO [15]. Gong, et al., [21] provide results on the
convergence of the solution of the discretized OCP using LGL PS collocation to a
solution of the original OCP.

Likewise, MS transcription parameterizes only the controls of the problem using
local basis functions, splits the entire interval of interest into several subintervals, and
solves a series of initial value problems while introducing some matching conditions
between consecutive subintervals. The introduction of this local basis instead of a
global basis leads to only an implicit dependence between the states and controls
across the entire interval of interest. This translates into storage of large, sparse
matrices that often require an order of magnitude less in storage space over those
stored for PS collocation. Morrison, et. al, are credited with some of the earliest
application of MS to OCPs as an alternative to Finite Differencing and single shooting
[39]. Bock and Plitt [8] introduced a recursive quadratic programming technique,
tailored to MS transcription, for solving optimal control problems. MS transcription
has also been shown to share many of the desirable properties that LGL PS collocation
exhibits. For instance, Grimm and Markl [24] showed the consistencies between
the costates of the continuous problem and the multipliers of the discrete problem
discretized by MS transcription.

This thesis will make some distinct comparisons between these two transcription

techniques, that, until now, have almost always appeared only as alternatives to



one another without direct comparison. These comparisons will be made generally
on the ability to approximate the adjoints of the continuous problem, the storage
requirements to compute an optimal solution to the OCP using an Interior Point
method, and the computation time to evaluate the constraint functions of the resulting
nonlinear programs (NLPs). Further, the total computation time and a measure of
accuracy will be compared for a particular example. This example is a ZPM taken
from Bhatt [6].

The ZPM has been developed and modified over the past ten years by several
individuals. First, McCants [37] showed the validity of solving an unconstrained opti-
mal control problem governed by the attitude dynamics of the ZPM. Next, Pietz [42]
employed DIDO [15] to solve a constrained optimal control problem that decreased
the momentum state of the CMGs from a nonzero value to a zero value without
exceeding a constraint on the norm of the momentum; this essentially was the first
type of ZPM. Pietz further highlighted the consistencies between the costates of the
continuous problem and the multipliers of the nonlinear program. Following Pietz,
Bhatt [6] successfully developed maneuvers for a 90-degree reorientation of the ISS
that were implemented and verified during an actual flight test in November 2006.
Finally, in an effort to make available trajectories applicable to perturbed initial con-
ditions and uncertainties in the dynamic model of the 1SS, Roady [46] applied the
idea of Neighboring Optimal Control (NOC), a one-step Newton-type correction to an

existing trajectory, to the ZPM and drew a comparison to a Linear Model Predictive



Control (LMPC) algorithm.

1.2 Organization of the Thesis

Following this introductory chapter, this thesis proceeds in the following order.

Chapter 2 presents the general optimal control problem formulation of this thesis
along with the optimality conditions for both the indirect approach and the direct
approach to solving the problem.

Chapter 3 describes an interior-point method for nonlinear programs that com-
bines aspects of the interior-point methods given by Waltz, et al., [56] and Wéachter
and Biegler [55]. This chapter first provides some of the theoretical development of
interior point methods, and then explains step-size calculations and an attempt at
increasing the robustness of the algorithm through a feasibility restoration.

Chapter 4 introduces Pseudospectral Collocation in general, and also describes the
particular PS formulation that is used in the development of the results of this thesis;
that is, Legendre-Gauss-Lobatto Pseudospectral Collocation. Then, the consistency
of the direct approach is discussed relative to the indirect approach, so that the
adjoint estimates for the LGL PS method can be developed. A singularity result that
prohibits the use of LGL PS methods for certain problems is also given, and, finally,
the structure of the linear system of equations that must be solved throughout the
optimization procedure is given.

Chapter 5 parallels the development in Chapter 4, but for the Multiple Shooting



method. The general problem formulation is given, followed by the derivative com-
putations that are required for this method. Three control parameterizations that
have been tried in the development of the results of this thesis are also presented.
Again, consistency of the direct problem relative to the indirect problem is given so
that estimates of the adjoints can be cited. Finally, the structure of the linear system
of equations is given.

Chapter 6 highlights some of the merits of the two transcription techniques on
some examples that can be found in the literature. These examples illustrate the
effects of smoothness on obtaining an accurate numerical solution.

Chapter 7 presents a numerical example that has practical implications. This
chapter explores the 90-degree Zero-Propellant-Maneuver given by Bhatt [6], and
highlights the performance of the optimization algorithm of Chapter 3 relative to the
two transcription techniques given in Chapters 4 and 5 in a few areas. Some general
conclusions are made both relative to this optimization algorithm and excluding the
algorithm in terms of computation time and a specific measure of accuracy.

Finally, Chapter 8 presents some concluding remarks about the content of this

thesis.

1.3 Notation

First, throughout this thesis ¢ will represent a vector of 1s of appropriate size, whereas

the notation exp(-) represents the exponential function with the argument as its ex-



ponent and e itself will be a function specified in the next chapter. Second, bold-face
variables represent transcribed, or discretized, variables. Finally, due to discrepan-
cies between the definitions in the works referenced by this thesis, three important
notations denoting the partial derivatives of scalar and vector valued functions with
respect to a vector of variables need to be defined. Consider z € R™ and define the

function f(z) : R® — R, then the gradient, V_ f(z) : R® — R", is the vector

T
Vof(@) =1 2 f(z) 2f(2) - Zflx)|
where z;, i = 1,...,n is the i*® element of z, and the Hessian, V2_f(z) : R* — R™*™,
is the matrix
i 2 2 2 T
%gf(l?) &vfaxl f(x) e 8xfaa:1 f(l')
82 82 a2
V2 f(;z:) _ amlaxzf(w) a—xg (I) e axnaxzf(m)

Now redefine f(x):R™ — R™, then the Jacobian D, f(z) : R®™ — R™*" is the matrix

afi(z) Zhx) - FZ=filz)

a=fa(z) Efalz) - = falz)

sorfm(z) fm(z) - 5l fm(2)

where fi(z),7i=1,...,m, is the i'd row of f(z).



Chapter 2

The Optimal Control Problem

2.1 General Form of the Optimal Control Problem

This thesis considers optimal control problems with state and control variables
z:R— R"and u: R— R™,

respectively. Given functions

['R*xR™ xR— R, (integral objective)
e:R"xR— R, (final time objective)
fR"xR™ xR +— R", (dynamics)
g:R*"xR— R", (state/control constraints)
a:R" x R+— R™, and (initial conditions)
b:R" x R—R™, (final conditions)
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which are all assumed to be twice continuously differentiable with respect to z, u,

and t, the general form of the optimal control problem under consideration is

min / (), u(t), )t + e(z(ty), 1)) (2.1a)

to

S.t.
2(t) = f((t),u(t), t), € [to,ts] (2.1b)
a(z(t), to) = 0 (2.1c)
b(z(ts), t7) = 0 (2.1d)
g(z(t),u(t),t) <0, tE€ [to,ty]. (2.1¢)

The OCP seeks states z € W1*°([ty, t;], R™) and controls u € L=([tg,t;], R™) that
are local solutions of (2.1) [19, Section 2].

In the literature there are two main approaches to solving problems of various
forms similar to (2.1). Some of the earliest approaches involved the development
of optimality conditions by employing calculus of variations. This is often known
as the indirect approach. Perhaps the most recognized theory resulting from this
approach is that due to Pontryagin, et al. [44]. The optimality conditions lead a
two point boundary value problem (TPBVP). This TPBVP is often too difficult,
or impossible, to solve analytically. Instead, these TPBVP are usually solved using
various numerical techniques. See for example the article by von Stryk and Bulirsch
(52].

The other popular approach to solving problems similar to (2.1), often dubbed
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the direct approach, consists of discretizing the dynamics and the objective function.
Discretization of the optimal control problem (2.1) leads to a nonlinear program
for the discretized states and controls. This thesis studies two direct approaches, a

pseudospectral discretization (see Chapter 4) and a multiple shooting discretization

(see Chapter 5) of (2.1).

2.2 Optimality Conditions

Solution of a problem of type (2.1) requires satisfaction of a set of optimality condi-
tions that are often derived through various applications of Pontryagin’s Minimum
Principle.

First order necessary conditions for similar problems are presented in many re-
sources. For instance, if the constraint on the states at time ¢, is fixed in the sense

that

a(x(ty), to) = z(to) — o

for some vector xo € R™, then Hartl, Sethi, and Vickson [27] provide various formal
and informal theorems outlining these necessary conditions. The necessary conditions
presented here are those given by Gollman, Kern, and Maurer [19], which are adapted
from a similar formulation to (2.1). Note also, for the purposes of this thesis all of
the constraints g(x(t), u(t),t) are considered to be explicitly dependent on w(t) for

the development of the adjoint estimates presented in chapters 3 and 4.



Let

g (t) = {7 : g;(z*(t),u"(t),t) = 0}

12

denote the set of active inequality constraints at a locally optimal state and control

pair (z*,u*). The following regularity assumptions must be satisfied at (z*, u*)

Dxa(I*(to), t)
rank =N, +my

Dxb(x*(tf)? t)

and
rank | (2 g,(@* (), u*(0),1)) jegey | = 19 O
Define the Hamiltonian
H(z(t),u(t), A0), alt), ) = Ua(t),u(t).t) + A" f(2(t), u(t), t)
+a(t) g(a(t), u(t), 1)
and the control region

Qz(t),t) ={u e R™ : g(z(t),u,t) <0}.

(2.2)

(2.3)

Theorem 2.2.1 Let {z*,u*} be a locally optimal pair for problem (2.1). Assume

that the regularity conditions (2.2) and (2.3) are satisfied. Then there exist a costate

(adjoint) function X* € W' ([to, t;], R?), a multiplier function fi* € L>®([a,b], R™),

and multipliers v§ € R™ and v} € R™, such that the following conditions hold for all

e (i) adjoint differential equation:

N (OF = =V H(z"(8), (1), \*(t), *(t), ¢)

(2.4a)
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e (ii) transversality conditions:

Mt)T = —()  Dealz*(t), to) (2.4b)

N ()" = (V) Dab(a*(ts), 14) + Vae(a™(ty), ty) (2.4¢)

o (iii) minimum condition for the Hamiltonian function

0= Vo H(z*(t), u*(£), \(t), i (1), 1) (2.4d)

e (iv) multiplier condition and complementarity

£5(t) >0 and @ (t)g:(z*(t),u"(t),t) =0, i=1,...,n,. (2.4e)

One can even show that the Pontryagin minimum principle

H(a"(t), w(8), \* (1), &7(1), 1) < H(z"(8),u, X*(t), (1), 1), Vu € Q(a*(t), 1)

is valid. These conditions describe the TPBVP that must be solved to find a local
minimum of the objective functional with respect to the dynamic, path and boundary

constraints.

2.3 Direct Solution of Optimal Control Problems

Given a transcription technique, two of which will be further explained in the com-

ing chapters, the optimal control problem (2.1) can be transformed into a nonlinear
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program (NLP) of the form

min  J(y) (2.52)
s.t.
F(y)=0 (2.5b)
G(y) <0, (2.5¢)

wherey € R, J:R»™ — R, F: R™ — R and G : R™ — R"¢. This is the
general form for the nonlinear programs that will appear throughout this thesis. The

Lagrangian associated with (2.5) is given by
Ly, A p)=J(y)+ X F(y) +pn"G(y).

The first order necessary optimality conditions for (2.5) are given as follows (see
Nocedal and Wright [40}).

Recall the Mangasarian Fromovitz Constraint Qualification (MFCQ) [36]. Let
A(y) = {i|G;(y) = 0} be the active set at y. The MFCQ holds at y if there exists

d € R" such that

VGi(y)Td < 0, i€ Aly”)

VE(y)Td=0, i=1,...,np

and if VFi(y),...,VF,

np(¥*) are linearly independent.

Theorem 2.3.1 Suppose that y* is a local solution of (2.5) and that the functions

J, F, and G are continuously differentiable. If the MFCQ holds at y*, then there are
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multipliers X* and p*, such that

YV, L(y*, A%, ) =0 (2.62)
F(y*) =0 (2.6b)
G(y") <0 (2.6¢)
p >0 (2.6d)
(L)'G(y") =0 (2.6e)

These necessary conditions are often referred to as the Karush-Kuhn-Tucker (KKT)
conditions.

Numerical techniques for solving nonlinear programs are employed. This thesis
will adopt an interior-point /barrier algorithm to solve the NLPs that arise from the

discretization of optimal control problems.



Chapter 3

The Optimization Algorithm

3.1 Introduction

In order to compare, and truly understand, the two transcription techniques studied
in this thesis, and to take advantage of some of the properties of the two techniques,
an optimization algorithm was implemented in the MATLAB environment. This al-
gorithm combines several aspects of the interior-point algorithms described by Waltz,
et al., [56] and Wichter and Biegler [55]. The interior-point algorithms described in
these papers are not the only methods available to solve nonlinear programs like (2.5).
For instance, active-set methods or any sequential quadratic programming solver, like
those described in Nocedal and Wright [40], could also be employed. Interior-point
methods were chosen because of the favorable convergence properties, compared to

active-set methods, they exhibited when experimenting with the optimization algo-

16
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rithms available with MATLABs fmincon to solve ZPM OCPs. The development
of this algorithm also stands as a step toward creating an optimization algorithm

efficient and compact enough to be fieldable for ISS applications.

3.2 Interior Point Methods for

Nonlinear Programs

According to Nocedal and Wright, [40, Chapter 19], to solve the nonlinear program
(2.5) with inequality constraint G(y) < 0, a vector of nonnegative slack variables

z € R"6 can be introduced and the problem can then be transformed to

min J(y) (3.1)

y7z

st.  Fy)=0

This transformation still requires the handling of the inequality z > 0, which is
often done by adding a barrier term to the objective J(y). For instance, to handle

the inequality, the term —n "¢ In(z;) in the following nonlinear program serves as

a way of penalizing slack variables that become too small because of the natural
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logarithm’s asymptotic behavior near zero [40, Section 19.1]:

min  J(y) = 1) In(z) (32)
st. F(y)=0
Gly)+z=0

The parameter 7 is known as the barrier parameter, and as 7 — 0 the solution to
(3.2) approaches the solution of (2.5).
Derivation of the first-order necessary conditions for the problem (3.2) for a fixed

barrier parameter leads to the system of equations

VyL(y,z,\,np) = 0 (3.3)

—nZ'e+pu = 0

and Lagrangian
ngG T
Ly, z,A p) = J(y) —nY_In(z) + F(y)" A+ [G(y) + 2" p.
i=1

An iterative Newton type approach can be taken to satisfy (3.3) by linearizing these
constraints around the current iterate. Throughout this chapter, define the current
iteration of the algorithm to be k, the primal variables at the current iteration to be
y* and z*, and the dual variables at the current iteration to be A* and p*. Also, let

the superscript £ on a function denote the function evaluated at the current iterate.
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The resulting KKT system for the interior point problem is

- 17 - _ -
vz, Ck 0 (DyF¥T (D,G*)T 5y* \e
0 MkZF? 0 I 5z* —n*(ZF) e+ pk
D, F* 0 0 0 SN F*
D,GF I 0 0 Sp” G* + z*

where Z* = diag(z*) and M* = diag(u*). In the way of Nocedal and Wright [40,
Section 19.3] this system of equations can be reduced using the fourth and second

equations to eliminate 6zF and du”, respectively. Notice that
§z" = — (D, G*oy* + G* + ")
and
6Nk - _ (Mk(Zk)—l(sZk _ nk(Zk)_l€+ ,Lbk) )

Substituting these results into the first equation, the reduced KKT system has the

matrix

V2 Lk 4 (DyG¥)T M*(ZF)"1D,G* (D, F*)T

(3.4)
Dy F* 0
on the left hand side-also known as the KK'T matrix, and right hand side
VyLF + (DyGR)T(ZF) ' [M*G* + n*é] @5
_ . 3.5

Fk

Once this system is solved for dy and dA and the values of dz and dp have been
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computed, the next iterate can be defined by

yl =y~ + Oz’;5y’c (3.6a)
Z" = 2" + ko2t (3.6b)
AL = AF 4 akoaF (3.6¢)
pF = pf + okop” (3.6d)

for some step sizes oy and o).

For a fixed barrier parameter, the iteration to solve (3.2) is continued until a set
of termination criteria are met. Several different criteria have been tried, including
those from Wichter and Biegler [55, Section 2.1], but, for consistency with some of
the parameter choices, the algorithm terminates based on the criteria of Waltz, et al.,
[56, Section 3.5]. Define (G*)* to be (G¥)* = max{0, G¥} for each row i = 1,...,ng

of G*. Then the termination criteria for the barrier problem are

Iy T + (D, PN 4 (DyGHY oo < max{L, [ Vy J¥|oc}e?, (3.7)
|26 — el < max({L, | VyJ}e, and  (3.7D)

Il (FHT (6% + 25T T oo < max{L, [I[ (FOT (G0 I lleo}e™,
(3.7¢)
where P = max{6n", e’ — 1} and €**> = max{fn*, =} for parameter 6 and
predefined tolerances ¢°P* and € (currently, § = 1 and %Pt = ¢feas = 1076),
Once the termination criteria (3.7) are met, the barrier parameter is decreased

by the following procedure taken from Waltz, et al., [56, Section 3.5]. First, 7° is
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initialized to be 0.1. Then, assuming that the current barrier problem was solved at
iteration k, the barrier parameter is decreased by n**! = max{nmi, n¥/100} if the

F1 = max{Nmin, n"/5}

barrier problem was solved in fewer than three iterations and n
otherwise. The minimum barrier parameter 7,;, = min{e°P', ¢} /100 is chosen so
that the barrier parameter does not decrease too much relative to the predefined
tolerances €°P* and € [56, Section 3.5].

Further, once a barrier problem is solved to meet (3.7), the termination criteria

of the optimization algorithm are checked. These termination criteria are

IVyJ* + (Dy F)TA" 4+ (Dy G*)T ¥l oo < max{1, ||V J*]|oc }F, (3.8a)
12 ¥ ]loo < max{1,[[VyJ*||oc }€P*, and (3.8b)

I (F*T (68T T lleo < max{L [|[ (FOYT ((GO)H)T M lloo e,
(3.8¢)

[56, Section 3.5].

3.3 Step Size Selection

3.3.1 Fraction to the Boundary Rule

k+1 k+1

To guarantee the nonnegativity of z°7 and p""" the step sizes a’; and o are chosen
such that the length of the step does not allow the iterate to violate these constraints.

This is done by enforcing a fraction to the boundary rule ([40, Section 19.2],[55,
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Section 2.4], [56, Section 2]), defined by

a'; = max{a € (0,1] : 2* + adz* > (1 — 7%)2*}

ok = max{a € (0,1] : p* + adp® > (1 — 7%)uF},

where 7% € (0, 1] is typically a parameter close to 1. In the implementation of this
thesis, 7 = max{0.99, 1 — n*} so that 7% — 1 as #* — 0 allowing z* and u* to move
closer to the boundary. This heuristic is implemented by Wachter and Biegler in their

filter interior point code [55].

3.3.2 An [, Merit Function and the Penalty Parameter

After the fraction to the boundary rule is enforced, the step size is bisected using a
backtracking line search starting from a'; and of. The backtracking line search can
be completed in many ways. For instance, Wachter and Biegler [55] propose a filter
line-search that only takes steps that are acceptable to some pre-defined filter.
This algorithm considers the merit function proposed by Waltz, et al., [56]. This

merit function is defined by

N

Sur(y*,2°) = TF = nf Y2l + P+ R GH

i=1

with the strictly positive penalty parameter v*. This penalty parameter is chosen to

coincide with the parameter in Waltz, et al. [56, Section 3.1]. Without explanation
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the choice of v* is the following. Begin by letting

Fk
Cly*.z") =
GF + z*

and compute the trial penalty parameter vy by

Vy J*oyr — n*(Z*) 102" + §[(0y*)T V2, LFby* + (62%)T (ZF) ' M*62¥)
et (=) ICH |

The parameter ¢ is chosen so that if the curvature of the Lagrangian with respect to
y and z is not negative, then it is not considered in the computation of the penalty
paramter, and p is chosen so that the reduction in the merit function is sufficient.
The computation of ¢ is as described below:

1, if (5yk)TV§,y£k6yk + (82F)T(ZF) 1 M*6z*;

0, otherwise.

Finally, choose v**! by

k ek
v, if % 2 virial;
Vk’—‘rl _ Tia
Viriat + 1,  otherwise.
(Initially, ©° = 1 in this algorithm.) The barrier function ¢, has a directional

derivative defined by
D(¢r(y",2%); 05", 02%) = Dy J*6y* — n*(Z%) 1oz — V¥ F*|l, — | GH|s

in the direction of dy* and dz*; this is a result that can be found in, for instance,
Nocedal and Wright [40, Section 18.3]. Their results suggest that under certain
conditions this direction will be a descent direction, and the choice of * here attempts

to satisfy those conditions.
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3.3.3 Step Acceptance and the Second-Order Correction

With the merit function fully defined, the backtracking line search is completed by

bisecting o/; and of until the Armijo condition, defined by
Gk (y* + afdy*, 2" + 0f62") < ¢,k (y*, 2°) + cap D¢,k (y*, 2°); 8y*, 62F),

is satisfied for some constant ¢ (¢ = 107* in this implementation). This Armijo
condition suggests a sufficient decrease in the merit function before a step is acceptable
(see, for example, Nocedal and Wright [40, Section 3.1]).

Line search algorithms that employ merit functions like ¢,«(y*, z¥) suffer from a
phenomenon where certain steps computed by solving the KKT system lead to larger
values of the merit function and constraints, but would otherwise lead to quadratic
convergence of the algorithm if accepted by the merit function [40, Section 15.5].
This rejection of steps is known as the Maratos effect. To overcome this obvious
shortcoming of line search methods, a second-order correction can be computed and
combined with the original step. At the first iteration of the line search procedure,

the algorithm described here employs a second order correction when
J(y* + akdy*) — ’“Zlnz + abozf) < JF — Zln
i=1
and
Gk (y* + apdy*, 2 + afdz") > i (y", 2°) + colD(g,r (y", 2"); 6y*, 62"),

an idea proposed and implemented by Waltz, et al., [56, Section 3.2]. The second-

order correction step, dyf and §z% , is computed by modifying the vector of the

socC?
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right hand side (3.5) to be
VyJ* + (Dy FF)T (N + akdXF) + ok V2 LESy* + (D, GF)T(ZF) Y (M*G* + n*e)
F(y* + agdy*)
and solving the system with the original KTT matrix (3.4) on the left hand side.

With dy%_ and 6AE_, 6zF . and Suk  can then be computed by

SOC) 80C

s0C

ozh,. = —(DyG*yk.+ G(y* + ofdy*) + (z° + aféz")) and
Opioe = 0gdu* + ((Z") ' M*)(DyG oyg,e + G(y* + aydy*))
(25— (4 alou®).
Again, the fraction to the boundary rule is applied by

ok oo = max{a € (0,1] : 2* + a(akdz” + 628 ) > (1 — %)z}
i soc = max{a € (0,1] : p* + a(afop® + 0pg,) > (1 - 7°)ut},

and the second order correction is accepted if
Gk (¥* + 0 oc(0py" + 8y 5,). 2° + 0y oo (g 02° + 52, )

< (¥, 2") + caf D(¢,e (yF, 24); 6y", 62°),

and the line search is discontinued so that

Yy =y + af o (ahdy® + 0yE ), (3.9a)
2" = gF ¢+ a’;’soc(algézk + 62" ), (3.9b)
Nt = N8 ok (bSA" +6AL),), and (3.9¢)

p =+ ag oo (efon” + o). (3.9d)
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Otherwise, the second order correction is rejected and a’; and of are bisected with

the regular line search procedure, where the iterates are updated by (3.6).

3.3.4 Dealing With Small Steps

The backtracking line search sometimes continues until the length of the step is too

small to make any meaningful progress toward the solution. That is, when
ma,x{o/;éyk} <e

(¢ = 107! in this implementation). In such a case, the optimization tries to find a
y* that satisfies the constraints better. As a safeguard, the current implementation

enters the feasibility restoration when

a’; < Ve¥ and > /feas,

H (FHT(GM)" }

o0

Otherwise, if

< A / Efeas

max{akdy*} < ¢ and

{ (@ ] }

the optimization terminates and a new guess for y* should be given to restart the

optimization.

3.4 Feasibility Restoration

The feasibility restoration algorithm seeks a point y such that the constraint error

defined by

max{||F(y)llee; I(G(¥)) "Il }
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is decreased by some proportion (this proportion is half in this algorithm). Nonlinear

programs of the form
min - [[F(y)ll: + 1(G{y))" Il (3.10)

have been considered, but the discontinuity in the derivatives of such an objective
could create obvious problems. Instead, a smooth reformulation of the problem,
suggested by Nocedal and Wright [40, Section 17.2] and Wéacther and Biegler [55,

Section 3.3], is employed. Consider the problem

min  SIMaly ~yR)E 03 (bt m)+p Y (k) (311

y.p.mt =1 i=1
st. Fly)—p+n=0

G(y) <t

p,n,t >0

Clearly p € R** n € R"#, and t € R™. This reformulation has the same goal as
(3.10), with the added goal of finding feasible points close to some reference value
yr € R™, which is currently considered to be the iterate of the regular interior point
algorithm when the feasibility restoration is called. Mg € R™*™ is a scaling matrix

defined as in [55, Section 3.3] by Wachter and Biegler to be
Mp = diag(min{1,1/]yk|}, ..., min{1, 1/]yZ|}). (3.12)

The parameters p and ¢ are chosen to weight the components of the objective ap-

propriately for a desired outcome of the feasibility restoration. These parameters
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are exactly those given by Wichter and Biegler [55, Section 3.3], where p = 1000
and ( = W; here n° is the current barrier parameter of the original optimization
algorithm.

The problem (3.11) is solved in the same manner as (2.5) using an interior-point
approach with the same type of line-search. If the Lagrangian at the current iterate

is defined as

L(y,p,nz,Ap) = %”MR(Y —yR)3+p)  (Pitm)+p)_(t)

1=1 1=1

=1 Z (In(p;) +In(n;)) — 7 Z (In(t;) + In(z,))

=1

+AT(F(y) = p+n) +u(G(y) - t +2), (3.13)

the KKT conditions in this case are

VyL(y,p,n,z, A\ p) =0, (3.14a)
PA~ — @ =0, (3.14b)

NAT —né =0, (3.14c)

TM~ —né =0, (3.14d)

ZM —né=0, (3.14e)
F(y)—-p+n=0, and (3.14f)

Gly) —t+z=0, (3.14g)

where P = diag{p}, N = diag{n}, T = diag{t}, Z = diag{z}, A~ = diag{(p€— )},

AT = diag{(pe + A\)}, M~ = diag{(pe — u)}, and M = diag{u}. Linearizing these
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equations around the current iterate and, again, making some eliminations, the KKT
system for the feasibility restoration has the KKT matrix
Viyﬁk + (D, G*)TW*D,G* (Dy F¥)T
Dy F* —P((A7)F)71 = N*((AT)F)
the right hand side
VyLF + (DyGEYTWH (o (M¥) 16— (M) 16+ G)
F* —p*+nf + (nf& — (AT)ENE)((AT)E) 71 = (nfe— (A7) PR)((A7)F) !

and is solving for §y* and dA*, where W* = (M~ )*M*(M*T* + (M) Z*¥) ' is a
diagonal matrix. The KKT matrix of the feasibility restoration has essentially the
same structure as that of the original nonlinear program, allowing the use of the same
factorization techniques for both matrices in many cases. When the KKT system is
solved for 6y* and 6AF, 6p*, onF, 6t*, §z*, and su* can be computed by the following

relationships:
5p* = (A7) '(n*& — P*(pg — X* — 6XY))
sn* = (AT) 1 — NF(pe+ AF + 6AF))
Spf = (MFT* + (M7)FZF) 7 (nf pé = 20 p* + (pM* — (M*)*)(G* + D, G*6y*))
ot* = (M) (&~ T*(pe — p* — 5pv))
62 = M1 (5 = Z¥(u* + op1¥)).
The step length a’; is computed initially so that it satifies

aﬁ = max{a € (0,1] : p* + adp* > (1 — 7)p* n* + aén* > (1 — 7)n*,

tF + adtt > (1 — 1)y* 2" + adz® > (1 — 1)2F}
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and of is computed as before. The backtracking line search continues in the same

manner as the original NLP, with the merit function and penalty parameter defined
analogously to the previous section, only excluding the second order correction. The

iterates are then updated by

n*!l =n* 4+ a’;(ink
t* 1 = t* + alot”
2" = 2" + ol 62
AFFL = XF 4 akoaE

uk+1 — “k -{-O{S(S[Lk

Once the error in the constraints has been reduced sufficiently, the feasibility restora-

tion returns the current iterate y* to the original optimization.

3.5 Initialization of Primal and Dual Variables

At the beginning of the optimization algorithm, a guess at the primal variables y°
must be given. The slack variables are initialized as z° = max{107°, G(y°)} to avoid
singularities in the matrix Z~!. Also, A’ =0 and p° = €.

In the feasibility restoration, A’ = 0, u® = & and y° is chosen to be the current

iterate of the original algorithm. The variables p°, n®, t°, and z° are chosen to satisfy
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(3.14b-g) at y°, and if the feasibility restoration computes a stepsize that is too small
at step k, a feasibility restoration is attempted by satisfying (3.14b—g) at y*.
When the feasibility restoration started at y* is completed and the value y**!

is returned to the original optimization algorithm, z**! = max{107%, —G(y**!)},

AL = 0, and pFt! = € If a quasi-Newton update is used for V2 LFL then it is

reinitialized along with v**! = 1 and n*™! = 0.1 as if the original algorithm were

being restarted.



Chapter 4

Direct Transcription using

Pseudospectral Collocation

4.1 Introduction

Collocation methods for the solution of the optimal control problem (2.1) approxi-
mate the states and control by (piecewise) polynomials and require that the dynamics
and constraints in (2.1) with states and controls replaced by their (piecewise) polyno-
mial approximations hold at specified points, the so-called collocation points, in the
interval [to, ty].

Many collocation methods exists for optimal control problems. Reddien [45] used
collocation at Gauss points. Reddien established best possible convergence rates for

the Gauss PS method applied to unconstrained optimal control problems. Gauss PS

32
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method also applied to nonlinear OCPs by Benson [4]. Stryk and Bulirsch [52], von
Stryk [54], and Kameswaran and Biegler [30] use collocation at Radau points.

This thesis considers Legendre-Gauss-Lobatto (LGL) Pseudospectral (PS) meth-
ods. Here states and controls are approximated by polynomials of degree N and the
collocation points are the roots of the derivatives of the N** order Legendre Polyno-
mial and the two boundary points. LGL PS collocation is described in [14, 15, 21, 31,
48], and was chosen because of its exclusive use in solving ZPM OCPs of Chapter 7
through an implementation in the software DIDO [15]. The Master’s thesis of Bhatt
[6] and the paper by Bedrossian and Bhatt [3] applied an LGL PS method to the
ZPM. The computed control was successfully implemented and flight tested. See the
Master’s thesis of Bhatt [6].

This chapter will review some of the properties of the LGL PS collocation method.

4.2 Problem Formulation

The description of the Pseudospectral Collocation method appearing in this thesis will
proceed in the same way as Pietz [42, Chapter 3]. Pseudospectral Collocation methods
approximate the states and controls by polynomials defined by a given global basis
function ;(t). That is, z(t) ~ ™V (t) = SN, sab(t) and u(t) = u™(t) = SN qui(t).

Often, the chosen basis is the Lagrange basis

o =112y
-

oLk,
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This basis has the useful property
1, ifi=j:
Yi(ty) =
0, ifi+#y,
so that V(t;) = s; and u™(¢;) = q;. Further, the time derivative of the states can

be approximated by z(t) ~ iV (t) = Zij\io sithi(t). Integral objective functions in the

optimal control problem are approximated by

ty ty N N
/ (z(t), u(t), t)dt ~ / D it)i(si i, ta)dt =Y wil(si, i, k),
to o ;9 =0
where
ty
’U)i:/ ’wl(t)dt, LZO,,N
to
Once the nodes t; are chosen the optimal control problem (2.1) can be transcribed,
resulting in a nonlinear program in the optimization variables sy, sq,...,sy € R® and
do,d1,---,dy € R™. The PS transcription of the optimal control problem (2.1) is

given by

N
min Z [wil(s;, i, t;)] + e(sn, tn)
i=0

s.t
N
ZDiij = f(si,qi,t:),i=0,...,N
=0
a(so, tg) =0
b(SN,tN) =0

g(SuQuti) _<_O>7::O7"-,N7

where Dij = ’w] (tz)
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4.3 Legendre-Gauss-Lobatto (LGL)

Pseudospectral Collocation

This thesis will consider a particular form of pseudospectral collocation where the
collocation points t;, ¢ = 0,..., N are defined as the zeros of the derivative of the

N*™_order Legendre polynomial

1
T ONNIgN

Pn(t) t? — 1)~

with the extra conditions that ¢, = —1 and ¢y = 1 [42, Section 3.1]. For more
information on Legendre polynomials see, e.g., Hesthaven, Gottlieb, and Gottlieb
[28]. LGL PS collocation is only one of the many available PS discretizations and it
is currently implemented in the software DIDO [15], which has been used exclusively
in the solution of ZPM OCPs.

It is important to note that the roots of the derivatives of the Legendre polynomial
of order N lie in the interval (—1,1), so that, along with the nodes ¢, and ¢y, the
collocation nodes lie generically in the interval [—1,1]. To apply LGL PS collocation
on an interval [to, t/], a change of variable 7 : [to, t;] — [-1,1] by 7 = Titoj(t_tf)—'—l

must be applied to scale the time interval appropriately. This leads to a scaling of

the differential equations due to

dr dz dt 2 dz

P i P

and a scaling of the integral objective function.
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The differentiation matrix for Legendre-Gauss-Lobatto collocation is defined by

(

while the quadrature weights are

1
wl-:/
-1

Pn(t:) 1 : -
Px(t]’) ti—t; ’ ¢ # J5
) L i=j=0
MR, i=i=N
0, otherwise,
\
2 1
vilt) N(N +1) [Px(t;)]?

[14, Section III]. Applying Legendre-Gauss-Lobatto Collocation to the optimal control

problem, the problem (2.1) is transformed into a nonlinear program in the variables

y:[soT

T
ab sh qﬁ} € R

(4.1)

that can be written in the form of (2.5). The functions of (2.5) are defined as,

J(y) = Z {tf 2 "

=0

tf;tof(so, Qo to) — Z;'V:o Dy;s;
F(y) == | L2 f(sn,aqn, tn) — > o Dujs;
a(sg, to)
I b(sn,tn)
9(so, qo, to)
Gly) = ,
| 9(sn,an,tw) |

u’il(sia qd, tz)} + G(SN, tN)

(4.2a)

, and (4.2b)

(4.2¢)
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where ny = (N +1)(n+m), np = (N +1)n+n, +n, and ng = (N + 1)n,. Further,

(4.2) has equality constraint multipliers
T

and inequality constraint multipliers

u:[ug u;r, (4.4)

where A; € R"and p, € R™ fori =0,..., N, vy € R%, and vy € R™, corresponding
to the rows of (4.2b) and (4.2¢).

It should be noted that in LGL PS collocation the state is approximated by a
polynomial of degree N, but that the dynamics (2.1b) alone are enforced at the N +1
collocation points. Additional constraints on the states are enforced by the boundary
conditions (2.1c), (2.1d). For a given control u¥ this leads to an over-determined

system for the discrete states.

4.4 Well-posedness and Convergence of the LGL

PS Collocation

After the optimal control problem (2.1) has been discretized using LGL PS collocation

several important questions arise:

1) Does the discretized optimal control problem have a solution (for sufficiently

large V), provided that the original optimal control problem (2.1) has a solution
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2) If 2V(t) = 3N say(t) and uN(t) = SN o @ti(t) solve the discretized opti-
mal control problem, does the sequence {z",u"} converge to a solution of the

original optimal control problem (2.1)7

Answers to these questions are given by Gong, et al., [21]. The answer to the
first problem is negative. A simple example given by Gong, et al., [21, Section 3]
illustrates the absence of a feasible solution for even some linear systems. The lack of
feasibility is related to the fact that in LGL PS collocation the state is approximated
by a polynomial of degree IV, but that the dynamics (2.1b) alone are enforced at the
N + 1 collocation points. Since additional constraints on the states are enforced by
the boundary conditions (2.1c), (2.1d) this leads to an over-determined system for
the discrete states for a given control u”.

To remedy this situation, Gong, et al., [21] propose to relax the problem. Suppose
that a solution (z.,u.) of the original optimal control problem (2.1) exists with z, €

Wnao([ty, ts],R™), ng > 2. The relaxation to the discretized optimal control problem
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is given by
N
. t; —to
Zl (2 i?ti 7t 45
mm;{ 5 w;l(s:, q )}Jre(sN ~) (4.52)
s.t.
B 1
tf;t"f(sO, Qo, to) — Z;V:O Dy;s;
2 n
ti;‘t‘of(SMQN, tN) — Z;V:O Dyjs; <(N—-1)2 ™ (4.5b)
a(SOa tO)
b(sn,tn)
g(so, o, to)
< (N =1)2me (4.5¢)
g(sn,an, tn)

Using polynomial approximation properties of functions in W ([ty, t;], R"), Gong,
et al., [21] show that the relaxed problem (4.5) has a solution for sufficiently large
N. The relaxation is used theoretically, but it does not seem to be used in actual
numerical computations.

Let
N
() = D s
=0

N
ud (1) = > ai(t)
=0
denote the solution of the relaxed (4.5) discretized optimal control problem (for suf-

ficiently large V).
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The following convergence result is proven by Gong, et al., [21, Thm. 2].

Theorem 4.4.1 Let 2 (t) = S s (t), ul¥ (t) = 3o aN*yy(t) be a global min-

=0 %1 *

N N
x 0 Uy

imizer of the relazed problem (4.5). If the sequence {(s)’*, )} has a uniform
accumulation point (s3°, 2%, u>) such that t — £™®(t), t — u™(t) are continuous on
[to, ty] then u™ is an optimal control of (2.1) and z°(t) = s + ftz °(7)dT 15 the

corresponding state.

The previous theorem applies to global minimizers of the relaxed problem (4.5).
It does not make any statement about convergence of the adjoint variables, which

will be examined next, and it provides no information about convergence rates.

4.5 Adjoint Estimation Properties for

Pseudospectral Collocation

Let sg,...,Sn,Q0,...,an be a solution of the discretized optimal control problem
(assuming it exists) and let Ag, ..., An, o, - - -, By, Yo, Vn be the corresponding La-

grange multipliers. Furthermore set
N N
N (t) = Z sihi(t)  uM(t) = Z qithi(t)
=0 =0
N N
V@) =" Nabi(t)  pN () =) pai(t).
=0 i=0

How are the discrete adjoint variables related to the adjoint variables that arise in

the first order optimality conditions stated in Theorem 2.2.17
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This question is examined by Fahroo, Ross, et al., in [14], [47], [21]. Suppose the

first order optimality conditions (2.4) are discretized using LGL PS collocation. That

is, replace x, u, A, it in (2.4) by

2" (t) = Zsﬁv%‘(t) u(t) = qu.vg/)i(t)
WO =YXt () =3 a0

1==0

and enforce (2.4a,d,e) at the collocation points. This leads to

tr— ¢ tr —t ~
0=-" 5 Ovsl<si7qi7ti)+ ! OAiTDSf(si,qi,ti)
N
~T N .
+ZDZ]AJ +N?Dsg(si7qi7ti)a Z=O,...,N,
=0
5\5 = Vnga<$07 tO)v

5\% :V?Dxb(sm tn) + Vee(sy, tn),

tr — to t; —to

0= 5 Val(si, qs, t:) + 7 S\z-Tqu(Sian»ti)

+ i; Dag(si, qi, 1), i=0,...,N

and

[1'1207 ﬁ?g(szaqzvtz)* ZZO:vN

(4.6a)

(4.6b)

(4.6¢)

(4.6¢)

Now consider the discretization (4.2). The Lagrangian corresponding to the dis-
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cretized optimal control problem (4.2) is given by

N
te— 1t
Ly, A\ 1) ZZ l:wi ! 2 Ol(SiaCIz',ti)} +e(sn,tn)

=0
b — N
A < ! 5/ (sis Qs t:) ZDiij> +M¢ng(5i7qi»fi)J
7=0

N
+
=0
+ v§ aso, to) + Vib(sn, tw),

where A\; € R* for i = 0,....N, p, € R for i = 0,...,N , and vy € R* and
vy € R™ are the multipliers.
Recalling the KKT conditions, the control optimality conditions for ¢ =0,..., N

are

Ly

t
qul(sz, qza >+AT I inf(siaqhti)+“’,{Dq¢g(si7q’i7ti) = O

vq't‘c(y) =W 2

Dividing by w; gives

ty —t 18—t 1
O - ! 2 quil(si’qi7ti) + J‘_f.z—okz‘Dsz(Suq’L? ) + I""L Dch (Sivq’iati>'

Similarly applying these first order necessary conditions, the state optimality condi-

tions result in three cases. First, fori=1,... N — 1,
tr —to 1t —tg g
0 = Vs l(8i, @i, ti) + —~—F—A; Ds, f(8i, Qi &
N
1 Ty
o ZDjiAj —‘Il'l I'Dg,qg(si, i, ). (4.7a)
? i—=0
For ¢ =0,
tp—t 1ty —t 1
_ T f T YONT T
0 = 5 Vsol(80, qo0, to) + w2 Ao Ds, f (80, Qo to) — ” ;Djo)\j
1 1
+—pud Dy, g(s0, Qo, to) + — & Dgyalso, t;); (4.7b)
Wo 'IUO
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and, for i = N,

tr —1 1 t,—t
0 = f OVSNl(sN,qN,tN)+—— / 0
2 WN

AN Dy f(sn, an, tw)
! g:DA DYARE ! I Dsvg(sn,an,t )+LV e(sy, tn)
wy FN A lelvN sv9\Sn, AN, IN wy NyUN

1
—i———V]J\;-DSNb(SN,tN). (47C)
wn

By the definition of the elements of the differentiation matrix for LGL PS collo-
cation the following, shown by Fahroo and Ross [14, Section IV], are true: w;D;; =
—w]-Dji, when 1 7é j, Dii = 0 for i = 2,...,N - 1, 2DNN = El;, and 2D00 = i;‘.

Using these relations, (4.7a-c) can be rewritten as follows:

ty—to 1t;—to\p
0 = Ve, l(si,qi, ————MX, Dg, f(si,q;, ¢
5 A(sivq )+wi 5 i J(si, i t)
N 1 1
D;i— X'+ —uT D, g(s;, q, t; 4.8
+%; by i oM s:9(8i, s i) (4.8a)
fori=1,...,N—1,
tr—t 1t,—t o 1
0 = f 5 OVSOl(so,qo,tO) —+ w_o f 5 OAgDSOf(SO,qO,to) +ZD0]E‘A;F
=0 !
L 7 L (1. r 7
+— g D5, 9(S0, Qo, to) + — | —Ag + g Dsga(so, t:) (4.8b)
Wo W \ Wo
for : = 0, and
te— 1t 1 ¢t,—t
0 = OVle(SN,QN,tN) +—- O)\%DSNf(SN,QN,tN)
2 wn 2

N
1 1

—— Y DjnA] + —pyDayg(sn, an, t
uy INA; wNHN ~vI(sn, an, tw)

1 1
+— (—‘—A% +V5N€(SN,tN) +I/17\;D5Nb(SN,tN)) (48(3)
wN WN
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for i = N. Comparison of the KKT conditions (4.8) to (4.6) shows that the re-

lationships A; = w;A; and n, = 24 ;to w; i1, hold provided that the so-called closure

conditions

1
— AL 4+ vl Dgya(sg, to) = 0
Wo

1
w—Nxﬁ — Vsye(sn. tn) — VﬁDsNb(sN,tN) =0

hold. For more details see Ross and Fahroo [47] and Gong, et al., [21]. It should be
noted that the closure conditions are not automatically satisfied. See the example in

Section 5 of Gong, et al., [21].

4.6 Singularity of the LGL PS KKT Matrix

One often overlooked shortcoming of Pseudospectral Collocation is the potential sin-

gularity of the KKT matrix for a class of optimal control problems. Consider now
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optimal control problems of the form

min ‘/fyguymw¢)+Lu@me¢yiaﬂﬁ

SOEIORTOREN N
+e(x(ty), ts) + E(x(ty), tp) 2(ty) (4.9a)
s.t.
B(t) = fx(t),ult),t), tE€ lto,t] (4.9b)
2(t) = fla(t),u(t),t),  t € [to, ] (4.9¢)
a(z(te), to) = 0 (4.9d)
b(z(t;),t;) =0 (4.9¢)
g(z(®),u(t),t) <0, t€ [ty 1] (4.9f)

with 2 € R, L : R* x R®" x R — R and £ : R® x R™ x R — R® This class
of problems defines a particular form of (2.1), where some of the state variables, Z,
do not appear in the right hand sides of (4.9b,c), the constraints (4.9d-f), and only
appear linearly in the objective (4.9a). Problems with the structure (4.9) arise for
example when the optimal control problem (2.1) in Bolza form is converted into an

optimal control problem in Mayer form.
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When transcribed by LGL PS collocation, the Lagrangian is

N
ty — 1t R "
L(-)= Z (wif—Q—Ol(Sia Qs ti) + L(ss, qivti)TSi) +e(sy,tn) + E(sn, ty) 8y

i=0

N S Dys; — L0 fi(s qu, th)

—g HijS; 2 iy Uiy U i
+vga(se t) + > [ AT | + ulgi(si, qir ti)
j— N ~ tr—to p4
=0 > =0 D8 — L5 fi(si iy ta)

+ V%b(SN, tN).

Let -
- N
%fo(so, Y0, to) - ijo DOij

tf;to °(so. g0, o) — Z;—V:O Dy;s;

Ef—;ﬂfjv(st an, tN) - Z;V:() DNij

tf;to fN(SNa an, tN) - Z;V:O DN]é]

then the KKT matrix for this particular class of problems has the form

-

V4L 0 VAL DFT Dyl DT

0 0 0 -DT 0 0
V2L 0 VEL DgFT 0 0
DsF =D DyF 0 0 0
Dsa 0 0 0 0 0
Db 0 0 0 0 0

At first, it is not so clear why this matrix could be singular; however, B. Fornberg [17,
Section 4.4] states that the matrix D for LGL PS collocation, and for all nonperiodic

PS approximations, has only zero eigenvalues. This is a result of differentiating
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the polynomials that approximate the states and controls a finite number of times
[17, Section 4.4] and is substantiated by Gong, et al. [22, Section III]. This poses
a problem when considering this class of problems, since the KKT matrix is always
singular, particularly when transforming an OCP in Bolza form to a problem in Mayer

form.

4.7 Structure and Sparsity of the KKT Systems

In order to solve the nonlinear program resulting from the transcription of (2.1) by
LGL Pseudospectral collocation a variety of methods can be employed. Often these
methods require the factorization of a matrix known as the KKT matrix. Essentially
this matrix is the linearization of the KK'T conditions with respect to the optimization
variables, y, and the multipliers, A and g. Visually, in its simplest form the KKT
matrix looks like

Viyﬁ(y) + (DyGOYTM*(Z¥)'D,G* D, F(y)"

DyF(y) 0

T
when the variables are considered in the order given by { yT AT J , with y defined

n (4.1) and X defined in (4.3). However, if the variables are considered in the order
T
oS a NGl AT s af AL uf | @

this matrix has the structure shown in figure 4.1 for LGL Pseudospectral collocation.

It is important to note that only half of this matrix must be stored at any time since
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it is symmetric. Also, this ordering of variables was chosen to correspond to that of
the MS KKT matrix shown in the next chapter. Other orderings could be used, but
after considering a few of the permutations given in MATLAB, none of these have
a significant advantage over this predefined ordering. This comparison is shown in
figure 4.3.

When factored into lower- and upper- triangular matrices by Gaussian elimina-
tion with pivoting, these matrices are dense for LGL PS collocation, and require a
significant amount of storage space even compared to the storage of the KKT matrix
itself. An example of this can be seen in figure 4.2, where the decomposed matrices

correspond to the matrix in figure 4.1.

NCONN NN NN N NN NN NN
MNRNNORNRRONRRONONNN
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OSSOSO NN
100 SO0 RN
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RSO NRNNNRNNRN
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Figure 4.1: Sparsity pattern for LGL PS KKT matrix with N = 20, n = n, = n, = 10,

and m=3
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° ' ' ' ' AR
50+ 24 {  s0f
100} -3 100}
150/ = 150/
2001 552 200
250 250}
300 300}
350 350}
400 400}
450/ 3 450}
0 100 200 300 400 0 100 200 300 400

Figure 4.2: Lower triangular matrix (left) and upper triangular matrix (right) for

factorization of LGL PS KKT matrix
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Number of Nonzero Elements (1 06)

5,
4.5
4l
— SYMAMD
35 |—COLAMD
3 |—AMD
—SYMRCM
2.5¢ —Chosen
2,
1.5¢
1_
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Number of Nodes
Figure 4.3: Comparison of different orderings of the PS KKT matrix. Chosen refers to
the ordering given in (4.11), SYMAMD refers to MATLAB’s symmetric approximate
minimum degree permutation, COLAMD refers to MATLAB’s column approximate
minimum degree permutation, AMD refers to MATLAB’s approximate minimum
degree permutation, and SYMRCM refers to MATLAB’s reverse Cuthill-McKee per-

mutation.



Chapter 5

Direct Transcription using

Multiple Shooting

5.1 Introduction

Shooting methods have originally been used for the solution of two-point boundary
value problems (TPBVPs). Single shooting methods solve the initial value problem
(IVP) corresponding to the TPBVP and adjust the initial data in such a way that
the IVP solution satisfies the TPBVP. Due to instabilities of the IVP solution over
longer time intervals, the TPBVP is broken up into a system of coupled TPBVP over
smaller time subintervals. This leads to the Multiple Shooting (MS) method. MS
methods for the solution of TPBVPs are described in [1, 2, 13, 51].

MS methods are also intensively used for transcribing optimal control problems

51
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into nonlinear programs. See, e.g., [8, 32, 34, 33, 52]). One area that has used MS

methods extensively is dynamic process optimization (see, e.g., [7, 32, 34].

5.2 Problem Formulation

Consider again the problem (2.1). This thesis considers a development of multiple
shooting similar to that of Bock and Plitt [8].

First the controls u are approximated by piecewise polynomials. See Section 5.4.
This approximation parameterizes the controls u by q € R¥. After replacing the
controls u by the parameterization ¢, (2.1) can be written as follows (to simplify the

notation, I(x(t), u(q;t),t) is written as I(z(t),q,t)):

min /: Ua(t), q, t)dt + e(x(t)), ) (5.1a)
s.t.
i) = f(2(), at), €€ [tort/] (5.1b)
alz(to), to) = 0 (5.1c)
b(x(ty) 1) = 0 (5.1d)
g(z(t),q,t) <0, te€ [ty tys] (5.1e)

The interval [t, t¢] is subdivided into subintervals

t0<t1<...<tN_1<tN=tf,

and at each point ¢;, ¢ = 0,..., NV, auxiliary states s; € R" are introduced. On each
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subinterval, then, the initial value problem

(1) = f(z(t), q,t), 1€ [t tin] (5.2a)

z(t;) =s; (5.2b)

must be considered. Assuming that (5.2) has a unique solution z;(t;s;,q), the con-

straints (5.1b-d) have the solution
’E(t) :TZ('IL,S“CD, te [tiati—i—l]: Z_—‘O,,N—l

if and only if the auxiliary states s; € R*, ¢ =0,..., N satisfy

xi(ti—{—l;si’q) = S8i+1, = 07"'aN_ 17 (538’)
CI(S(), fo) = 0 (53b)
b(sn,ty) =0. (5.3¢)

The integral term of the objective can be separated into

N-1 ity
Z/ [(z(t;s:,4), q, t)dt.
i=0 Vi

Each integral ["** (z(t;s;,q), q,t)dt can be computed by solving the auxiliary scalar
t;

VP

L(t) = l(z(t;s1,q), q, 1), t € [ti tiss] (5.4a)

L(t;)) = 0. (5.4b)
If L; solves (5.4), then

tit1
/ l(z(t;si,Q),q, t)dt = Li(tis1).
t;
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Since the right hand side in (5.4) depends on the solution z(¢;s;, q) of (5.2), the IVPs
(5.2), (5.4) are solved as one system of IVPs.

If (5.3) is satisfied, then the final time term in the objective reads

e(x(ty) ty) = e(sn, tn).

Finally, the path constraints (5.1e) are enforced at the subinterval endpoints only.

That is, (5.1e) is replaced by

Thus, the optimal control problem (5.1), with (5.1e) replaced by (5.5), can be

equivalently written as

min T Li(x(tiy1;8,9),9,t) +e(sn, tn) (5.6a)
i=0

s.t.
Si+1 — Zi(tin1;8,Q) =0, ¢=0,...,N -1, (5.6b)
a(sg, to) =0 (5.6¢)
b(sn, tn) = 0 (5.6d)
g(si,q,t;) <0, i=0,...,N. (5.6e)

The problem (5.6) is a nonlinear programming problem in the variables

T
Yy = Sg S% qT € R™
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that can, again, be written in the form of (2.5). The functions of (2.5) are now defined
by

N-1

J(y) = Z Li(x(tiz1;8,9),9,t) + e(sy, tn) (5.7a)

1=0

s1 — zo(t1;80,Q)

sy — z1(t2;81,Q)

Fly) = ' , and (5.7b)

sy —zn-1(tN;SN-1,9)
a(so, o)

b(SN, tN)

- -

9(807 q, tO)

Gly) = : , (5.7¢)

g(sNaqa tN)

where ny, = (N + 1)n+k, np = Nn+n, + ny and ng = (N + 1)n,. Further, (5.7)

has equality constraint multipliers
T
and inequality constraint multipliers

”:{MOT "HT’ (5.9)

where A, € R*, ¢ = 0,...,N -1, and g, € R%, 5 =0,...,N, vy € R*, and

vy € R™, corresponding to the rows of (5.7b) and (5.7c). However, while (5.6) is a
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finite dimensional NLP, the evaluation of the constraints (5.6b) require the solution

of a system of ODEs (5.2) and (5.4).

5.3 Derivative Computations

5.3.1 First Order Derivatives

The Jacobians of the constraints (5.6b) and gradient of the sum in the objective (5.6a)
require the computation of derivatives of the solution of initial value problems with
respect to initial values and parameters.

The following results can be found in [26, Sec. 1.14] (Theorems 14.1 and 14.3)

Theorem 5.3.1 Let x;(-;s;,q) be the solution of

z(t) = f(z(t),q,t), t € [ti,ti1] (5.10a)

2(t) = si (5.10b)

and let O C R* x R¥ x R be an open set such that (z,(t;s;,q),q,t) € O for all
t € [titiy1].
(a) If the partial derivatives D, f and Dqf ezist and are continuous in O, then

the partial derivative

Qz() = quﬂi(‘;sz‘,Q)
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exists, is continuous, and satisfies the differential equations

Q(t) = sz(tvxi(t;shq)vq)Q(t) + DQf(t’zi(t;siﬂq)vq)’ te [ti7ti+1] (5'113‘)
Q(t:) = 0. (5.11b)

(b) If the partial derivative D, f exists and is continuous in O, then the solution

zi(-;8:,Q) 1s differentiable with respect to s, and the derivative

Si(+) = Dszi(+; 86, q)

satisfies the differential equations

S(t) = D, f(t,z:(t;8:,4),q)S(t), t € [t tit1] (5.12a)

S(t) = 1. (5.12b)

If an ODE solver with adaptive time stepping is used to solve (5.10), then (5.10),

(5.11), and (5.12) have to be solved simultaneously, i.e.,

z(t) = f(z(t).q,t) (5.13a)
L(t) = U(z(t), q, 1) (5.13b)
Q(t) = Do f(2(t), 4, )Q(t) + Dqf(x(t),q,1) (5.13¢)
S(t) = Daf (2(t), a,1)S(t) (5.13d)
Ls(t) = Dal(z(t), q, )S(1) (5.13¢)

La(t) = Dul(x(t), @, )Q(t) + Dol(x(t), . ) (5.131)
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x(t;) = s, (5.13g)

2(t;) =0, (5.13h)

Q(t:) =0, (5.131)

S(t;) =1, (5.13j)

Lg(t;) =0, (5.13k)

Lqy(t;) = 0. (5.131)

must be solved on each subinterval ¢ € [¢;,t,,41], 4 =0,..., N — 1, which is a system

of 2n + nk + k +n? + 1 ODEs in the unknowns ¢t — z(t) € R*, t — L(t) € R,
t— Qt) e R™* t > S(t) € R™", ¢ — Lg(t) € R, and t — Lg(t) € R™¥*. See,
e.g., [10, 35].

Under the assumptions of Theorem 5.3.1 the derivatives of the functions J, F, G
defined in (5.7) can be computed. For example, the Jacobian of the equality con-

straints are given by

—So(ty) I 0 e 0 —Qo(t1)
0 —Si(t) I 0 —Oulta)
DF(y) =
0 0 E —Syalty) I —Qn-a(tw)
Dy,a 0 0 0 0
0 0 0 Dayb 0

(5.14)
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5.3.2 Second Order Derivatives
The second order derivatives of the constraints
z(tiz1;8,4) =81 =0, i=0,...,N—1,

which are needed for the computation of Vi,yﬁ, can be computed exactly, in a manner
similar to the computation of the first order derivatives. However, this significantly
increases the number of differential equations that must be numerically integrated
on each MS subinterval. Instead, quasi-Newton updates are used to approximate the
Hessian.

Further, if it is assumed that the control is parameterized on a single subinterval by
qi,t =0,..., N so that it does not appear in the definition of the parameterization on

any other subinterval, then considering the Lagrangian of the problem (5.6), defined

by
N-1 N-1
L = Li(x(tiz1;8:, i), Qi t) +e(sn, ty) + Z M (sip1 — ziltig; si, ai))
i=0 1=0
N
+ 3w g(si i ts) + 15 also. to) + vib(sw, ty), (5.15)
i=0

it is apparent that the second derivatives of all of the individual functions that com-
pose (5.15) only depend on the intermediate initial values and control parameters of
a single subinterval. This is a favorable property since the Hessian of (5.15) has a
separable block structure; that is, the blocks of the Hessian corresponding to inter-
mediate initial values and control parameters of different subintervals are identically

Zero.
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The separable block structure then motivates the use of a block quasi-Newton
update procedure, where the Hessian of (5.15) is updated on each subinterval indi-
vidually. It is not clear whether this block update procedure has the same convergence
properties as a regular quasi-Newton update. However, in practice fast, superlinear
convergence has been observed when close to a solution.

The quasi-Newton update used in the analysis of this thesis is a damped BFGS
update given by Nocedal and Wright [40, Section 18.3]. Let B* be a symmetric and
positive definite matrix, an approximation to a separable block of the Hessian of
(5.15), and let the gradient of (5.15) with respect to the intermediate initial values
and control parameters of the subinterval under consideration at the previous iterate

and the current iterate be

V. LF and V,, L5
T
respectively, with y* = { (5T (g))T jl . Further, define

'wf = yf and 'Uf = (Vyiﬁfﬂ) - (Vyiﬁf)-

Then the Hessian update can be defined by

Bkwk(wk)TBk 'rk(rk)T

Bk+1 — Bk .
(wk’)TBkwk (Uk)T,rk ’

with 78 = %% + (1 — 0%) B*w*. 6% is defined so that B**! is always positive definite
by
1, if (wk)Tvk > 0.2(w*)T Brwk;

ok —
(0.8(w*)T BFw*) /(w*)T BFwk — (w*)To*), if (w®)Tv* < 0.2(wk)T BFw*,
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[40, Section 18.3]. This is another favorable property that meets the assumptions of
the merit function in Section 3.2.

Control parameterizations that elicit this structure are not difficult to surmise,

and three of these are explored in the next section.

5.4 Control Parameterizations

The parameterization of u can be done in many ways. For instance, the techniques
used in LGL PS collocation to interpolate the control could also be used in MS
methods. However, such a parameterization would create an unnecessary explicit de-
pendence between the parameters defining the control. Instead, the parameterization
can be completed piecewise on each of the subintervals. These piecewise parame-
terizations do not themselves need to guarantee the continuity of the control or its
derivatives at the junction of two subintervals. To guarantee these properties, the
control parameterization on each subinterval could be defined analytically so that the
control and derivatives at the junctions are continuous. However, a scheme like this
would destroy the ability to approximate Vf,y[, with block quasi-Newton updates. To
overcome this destruction, extra constraints can be imposed on the control param-
eterization. With this in mind, the three control parameterizations that have been

used in this analysis will be detailed.
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5.4.1 Piecewise Constant Control Parameterization

T
First,letqz{aOT a%} ,a € R forv=0,..., N, and define

U(t) = a,, t e [ti;ti+1)7 and ¢ :O,...,N,

and u(ty) = ay, such that kK = (N 4+ 1)m. Clearly, defining nearly any extra equality
constraints at the junctions would severely restrict the ability of this constant param-
eterization to effectively approximate the control. However, inequality constraints
could be imposed to guarantee that the difference between controls on adjacent inter-
vals is not too large, but these have not been studied in this thesis. The only extra

constraint imposed on this constant parameterization is
ay —an_—1 = 0. (516)

Without this constraint, the KKT matrix tends to become singular if there is no
constraint governing the behavior of the control at ¢y. This is because the rows and
columns of the Hessian of the Lagrangian corresponding to ¢y will be zero, and the

columns of the constraint Jacobian corresponding to these parameters will be zero.

5.4.2 Piecewise Linear Control Parameterization

T
Second, let q = al bl ... a% b} ,a, € Rmand b; e R fort:=0,..., N,

and let the control parameterization be

u(t)=a1-t+bi, fE[fo,tf], 7:=O,...,N,
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so that now & = 2(N + 1)m. To impose the continuity of this linear control parame-

terization, the constraints
(aiH — aﬂtiH + (bl‘+1 — bl) = O, 7= O, e, N-—-1 (517)
are defined.

5.4.3 Piecewise Cubic Control Parameterization

T
Finally, let ¢ = | a7 bT ¢TI a7 ... a% by & d% | ; a,bsc,di € R7,

for:=20,..., N, and define
u(t) = at® + bt +cit +di, t €ty ty], i=0,...,N,

where k = 4(IN 4+ 1)m. In this case, the constraints imposed in the analysis contained

in this thesis are on the continuity of the control and its derivative. That is,

(41 — @)ty + (bip1 — by)th, + (Copr — C)tipr + (diyr —di) =0, and  (5.18a)

and 3(a¢+1 — a,i)tfﬂ + 2(bi+1 - bi)ti—H + (Ci+1 - Ci) = 0, (518b)

fort=0,...,N—1.

5.5 Well-posedness and Convergence of the MS

Transcription

The MS transcription is performed in several stages. In the first step a control

parameterization is applied to approximate the original optimal control problem (2.1)
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by (5.1). For piecewise constant controls Goh and Teo [18] provide convergence
results for the convergence of the parameterized control to a solution of (2.1) as the
parameterization is refined. See also [53] and [43].

If (5.2) are integrated exactly, then a solution (x, q) of the optimal control problem
(5.1) with (5.1e) replaced by (5.5) is equivalent to a solution (sg,--- ,sn,q) of the
NLP (5.6) in the following way. If (z,q) solves (5.1) with (5.1e) replaced by (5.5),
then (sg = z(ty), - ,sy = z(tn), q) solves (5.6). On the other hand, if (s, -- , sy, q)

solves (5.6), then (z, q) solves (5.1) with (5.1e) replaced by (5.5), where
.'E(t) zxi(t;si,q), t e [ti,ti_ﬂ], ZZO,N——l

and x; solves (5.2). Moreover, the Lagrange multipliers Ay, - - - , Ax_1 corresponding
to the equality constraints in (5.6) are related to the adjoint variables A corresponding
to the dynamics (5.1b) in the optimal control problem (5.1) with (5.1e) replaced
by (5.5) by the identity A; = A(t;). See Grimm and Markl [24]. Further, Grimm
and Markl [24, Section 5.2] suggest that the Lagrange multipliers g belonging to
the function G of (5.7) are proportional to the path constraint multipliers for the

continuous problem (2.1), that is

H;

T = [,
(tiy1 —ti)

when the control is parameterized by a piecewise constant function like that of Section

5.4.1. This result is originally due to the proof of Grimm [23].
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5.6 Structure and Sparsity of the KKT Systems

The same methods that can be used to solve the NLP formed by transcribing (2.1)
with LGL PS collocation can also be used to solve the NLP resulting from an MS
transcription. This again leads to the construction and factorization of the KKT
matrix. The structure for the KKT matrix resulting from an MS transcription (cubic

control parameterization) with the ordering of variables

T

Vg Sg q(j; Ag SlT Clrir )‘1T SJTV—l ng )‘ﬁ—1 S% q% Vﬂ]\} (5.19)

is shown in figure 5.1. Each of the A;, 2 = 1,..., N — 1, are the multipliers corre-

sponding to the constraints

Sir1 — xz(tz—‘rl’ S, Ay, bi) G, dl) = 07
(241 — a;)t5, ) + (bipr — b)t2 ) + (Cis1 — €)ti1 + (dip1 —di) =0, and

(a1 — ai)tl g +2(bir — b)tir + (cip1 — ¢;) =0,

so that A\; € R"*?™, Again, only half of this matrix needs to be stored since it is
symmetric.

The KKT systems that arise in MS discretizations of optimal control problems can
be solved by structured direct methods that are tailored to the structure introduced
by MS. See, e.g., [49, 50, 32, 34]. In this thesis a sparse LU decomposition is applied.

When factored into lower- and upper- triangular matrices by Gaussian elimination
with pivoting, these matrices are sparse for MS transcription, and require a similar

amount of storage space to that of the KKT matrix itself. These triangular matrices
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are shown in figure 5.2. A comparison of the required storage for MS transcription
with constant, linear, and cubic control parameterizations as well as LGL PS col-
location for various NV is given in figure 5.3. Clearly, for any of the given (/:ontrol
parameterizations, MS transcription has a distinct advantage over PS collocation

when storing the KK'T matrices, particularly as N increases.

0

50

100+

150}

200+

250+

300

350+

400+

450

—

0 160 200 360 460

Figure 5.1: Sparsity pattern for MS KKT matrix with N = 20, n = n, = n, = 10,

and m =3
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50+ b 50

100t 1 100

150+ 1 150F

200+ L 200!

250+ 1 250}

300} 1 300

350} 1 350

400} 1 400+

450} 1 450
0 100 200 300 400 0 100 200 300 400

Figure 5.2: Lower triangular matrix (left) and upper triangular matrix (right) for

factorization of MS KKT matrix

Number of Nonzero Elements

—PS
—MS (constant)
= MS (linear)
——MS (cubic)

0 10 20 30 40 50 60 70 80 90 100
Number of Nodes

Figure 5.3: Comparison of storage requirements for LGL PS collocation and MS

constant, linear, and cubic transcriptions with N = 20, n = n, = n, = 10, and m = 3



Chapter 6

Numerical Examples

6.1 Introduction

To illustrate the consistency of the numerical solution of the direct problem with
that of the indirect problem, the following simple examples, chosen because of the
availablity of analytical solutions for the states, control, adjoints, and multipliers,
were considered. Let s;, q;, A;, and p, represent the optimal numerical solution of
a given example at node t; found by the LGL PS method or the MS method with a
constant control parameterization, satisfying the KKT conditions of Theorem 2.3.1.
Also, let z*(t;), u*(t;), A*(¢;), and p*(¢;) be the optimal analytical soluton to a given
example, which satisfies the necessary conditions of Theorem 2.2.1, evaluated at the

transcription points t;. Then define the state, control, adjoint, and multiplier errors

68
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to be
2T (L) = [2 () — sl (6.1)
urN () = [ut(t) — ail (6.2)
ATt = | AT () — |, and (6.3)
per () = [t () — mal (6.4)
respectively.

The numerical solutions discussed here are found by interfacing the objective
and constraint functions defined in Appendix A with MATLABs fmincon on a PC
running Microsoft Windows XP Professional, Version 2002, Service Pack 3, with
an AMD Athlon 64 X2 Dual Core Processor 5600+ at 2.91 GHz and 2.0 GB of
RAM, and under the MATLAB 7.6.0 (R2008a) environment. fmincon was chosen
for these comparisons so that they are more easily repeatable, without the need for
the optimization algorithm described in this thesis. The default options of fmincon
were altered to allow the definition of the objective gradient and constraint Jacobians,
to specify the algorithm as interior-point, and to set stricter tolerances on the exit

creteria of the algorithm. These options are as follows:

e 'GradODbj’ set to ’on’

o 'GradConstr’ set to ’on’

e ’Algorithm’ set to ’interior-point’



e 'TolX’ set to 1 x 10716

e "TolFun’ set to 5 x 1078

70

Also, these examples serve as a way of highlighting the ability of the MS tran-

scription to approximate the states, controls, adjoints, and multipliers of an OCP

as well as LGL PS collocation, despite the spectral convergence of the PS method

highlighted by Gong, et al. [20]. This becomes much more apparent when there are

discontinuities in any of these variables or their derivatives.

6.2 Linear-Quadratic Example

This simple example is adapted from Hager [25] and is given by

1
1
min / x(t)2+§u(t)2dt

z(t),u(t) Jo

st i(t) = %x(t) Ful), tei0]

z(0)=1

The analytical solution is defined by

() = 2exp(3t) + exp(3)
exp(3t/2)(2 + exp(3))’
eron _ 2(exp(3t) — exp(3)) an
u'(t) = exp(3t/2)(2 + exp(3))’ ;
2(exp(3t) — exp(3))
exp(3t/2)(2 + exp(3))

N (t) =

(6.5a)

(6.5b)

(6.5¢)

(6.6a)
(6.6b)

(6.6¢)

These solutions are shown in figures 6.1, 6.3, and 6.5. The smoothness of the analytical

solution of this example leads to significantly better approximations of the states,
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controls and adjoints by LGL PS collocation. This is due to the optimal solution
being infinitely many times differentiable. When the solution of an optimal control
problem is not smooth this is not the case and can be witnessed in the following

examples.

Optimal State

1
0.95(
0.9}
0.85;
0.8
0.75¢
0.7;
0.65
0.6

0'550 0.1 0.2 03 0:4 0:5 0:6 0:7 0.8 0.9 1
t

—
=
=

«

x

Figure 6.1: Optimal state for example (6.5).

PS State Error MS (constant) State Error

e

(i

0 041 02 03 0.4 0.5 0.6 0.7 0.8 0.9 1 0 01 02 03 0.4 05 0.6 0.7 08 09 1
t t

Figure 6.2: State error for LGL PS collocation (left) and MS (constant) transcription

(right). Error computed by (6.1) for the example (6.5).
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Optimal Control

-0.2
-0.4
-0.6
-0.8

-1

u'(t)

-1.2
-1.4
-1.6

-1'80 0:1 0‘.2 0:3 0:4 0é5 0:6 0:7 08 09 1

Figure 6.3: Optimal control for example (6.5).

PS Control Error MS {(constant) Control Error

-10

10

0 0.1 020304 05 06 07 08 09 1

Figure 6.4: Control error for LGL PS collocation (left) and MS (constant) transcrip-

tion (right). Error computed by (6.2) for the example (6.5).
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Optimal Adjoint

% 0.1 02 03 04 oés 06 07 08 09 1

Figure 6.5: Optimal adjoint for example (6.5).

MS (constant) Adjoint Error

o PS8 Adjoint Error 0
10° ¢ 10
1072 —N=25 107
—N=50
——N=100
10 ——N=200 Zw
g £
%< %
107°
—N=25
—N=50
. —N=100
10 —N=200

i 0 011 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9 1
t

0 01 02 03 04 05 06 0.7 08 0.9
t

Figure 6.6: Adjoint error for LGL PS collocation (left) and MS (constant) transcrip-

tion (right). Error computed by (6.3) for the example (6.5).



6.3 Piecewise-Constant Control Example

3
min / x(t)dt
z(t),u(t) Jo
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(6.7a)

(6.7b)
(6.7¢)
(6.7d)
(6.7e)

(6.7)

This example is adapted from Hartl, et al. [27], and has an analytical solution defined

by

1—¢t, tel0,1);
() =9 0, tel1,2];
t—2. te (23]
-1, t€]0,1);
w(t)=4¢ 0, tel[l,2;

1. te(2,3];
1—-t, te€l0,1)
At =1 o, tell,2);

2—1t, te€(2,3]; and

(6.8a)

(6.8b)

(6.8¢)
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( ( ¢
1—t, 0, 0, te[0,1);
p)=q o0, m®=9 o mE=91 tel,2; (6.8d)
0, t—2, 0, te€(2,3],
\ \ \

where pi(t), u5(t), and pj(t) are the multipliers corresponding to the inequalities
u(t) > —1, u(t) < 1, and z(t) > 0, respectively. These solutions are shown along with
the errors of the numerical solutions in figures 6.7-6.14. Only one of the multipliers
is shown; however, the others elicit similar behavior in the errors of the numerical
solutions The discontinuities of the control and the derivatives of the states, adjoints,
and multipliers degrade the ability of LGL PS collocation to approximate the optimal
state, control, adjoint, and multipliers, particularly at the times ¢ = 1 and t =
2 where the discontinuities exist. These discontinuities also have an effect on the
MS transcription, and introduce a significant amount of error at these points. A
potential way to achieve similar accuracy to the example of Section 6.2 would be
to discretize the problem on three separate intervals, so that on each interval the
solution is smooth. However, in cases where the analytical solution is unknown, and
the ability to anticipate the location of discontinuities in the solution is not available,

such a scheme would be ill-conceived.
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Optimat State

X {t)

S

0.5 1 1.5 2 25 3

Figure 6.7- Optimal state for example (6.7),

PS State Error

Ms (constant) State Error

Figure 6.8 State error for LG, pS collocation (left) and Ms (constant) transcription

(right). Error computed by (6.1) for the example (6.7).
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Optimal Control

1
0.8
0.6

0.4
0.2

u'()
[=]

-0.2+
-0.4;
-0.6
-0.8

-1

Figure 6.9: Optimal control for example (6.7).

MS (constant) Contro! Error

0 PS Control Error R
10 10
107
g 10™
v
=
% 10"
-8 —8 . -
1o 10 0 01 0.2 03 04 0i5 06 07 08 09 1

0 01 02 03 04 05 06 07 08 0:9 1
t

Figure 6.10: Control error for LGL PS collocation (left) and MS (constant) transcrip-

tion (right). Error computed by (6.2) for the example (6.7).
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Optimal Adjoint

0.8
0.6
0.4
0.2

()
[=]

~0.2
-0.4
-0.6
-0.8

-1

Figure 6.11: Optimal adjoint for example (6.7).

MS (constant) Adjoint Error

PS Adjoint Error 0
10
10
= =
g g
%2 %
-10
10 —N=25
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—N=100
—N=200
-15
10 0 0.5 1 1.5 2 2.5 3

t

Figure 6.12: Adjoint error for LGL PS collocation (left) and MS (constant) transcrip-

tion (right). Error computed by (6.3) for the example (6.7).
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Optimal Multiplier

0.8
0.6
0.4
0.2}

M
(=]

-0.2
-0.4
-0.6
-0.8

-1t

Figure 6.13: Optimal multiplier (u(t)) for example (6.7).

PS Inequality Multiplier Error MS (constant) Inequality Multiplier Error

O

10 10
10'2 —N=25 %
= N=50
9 — N=100
= 10 —N=200
g
¢ —
10° p
 ———
107
1 -10 . 1 ~10 .
0 0 0.5 1 1£5 2 25 3 ° % 0.5 1 1i5 2 25 3

Figure 6.14: Multiplier (u;(t)) error for LGL PS collocation (left) and MS (constant)

transcription (right). Error computed by (6.4) for the example (6.7).
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6.4 A Final Example

Lmin /0 (1)t (6.92)
s.t.
#1(t) = 2(t), t€0,3] (6.9b)
Bo(t) = u(t), te[0,3] (6.9¢)
21(0) = 2 (6.9d)
25(0) = 0 (6.9€)
—2<u(t) <2, tel0,3] (6.9f)
() > -1, tel0,3 (6.9g)

Define 7 = v/6 and ¢ = v/6/2. This example is adapted from Hartl, et al. [27], and

has an analytical solution defined by

( (
2 — 2, —2t, t€0,0);
ai(t) =9 2424+ 20% —dot, T3(1) =4 2(t—20), te€lo,7); (6.10a)
-1, 0, t €l[r,3;
\ \
.
-2, t€[0,0);
u'(ty=9 2 te o, T); (6.10b)
0, telr3];
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( 4
30 — 2t, 202 — 30t +t%, te|0,0);
M) =< 30— 2, M (t) =19 202 — 30t + 2, teloT); and (6.10c)
0, 0, t € [r,3];
\ \
4 4 4
202 — 3ot + t2, 0, 0, t€0,0);
pi(t) = 5 0, pa(t) =9 202 — 3ot +12, u3(t) =9 0, teor);
0, 0, 2, teln3;
\ \ \

(6.10d)
where A\i(t) and A}(t) are the adjoints corresponding to the differential equations for
z1(t) and zo(t), and pi(t), us(t), and pji(t) are the multipliers corresponding to the
inequalities u(t) < 2, u(t) > —2, and z(t) > —1, respectively. These solutions are
shown along with the errors of the numerical solution in figures 6.15-6.22. Again,
because of the points of disconuity, ¢t = ¢ and t = 7, in either the states, controls,
adjoints, multipliers, or their derivatives the approximation of the optimal states, con-
trols, adjoints, and multipliers degrades significantly for the LGL PS approximation,
and likewise for the MS transcription. LGL PS collocation has a particular problem
with approximating the adjoints at the boundaries, a defect highlighted by Benson

[4, Section 3.3.2]. This is especially apparent in figure 6.20.
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Optimal State

Figure 6.15: Optimal state (x2(t)) for example (6.9).

MS (constant) State Error

0 PS State Error
10 10° ¢
10 Vz 10
e =
g d
e Lo ////
-10 -10 —N=25
10 —N=25 10 —N=50
—N=50 —N=100
—N=100 —N=200
—N=200
-15 -15
1 ‘
0% 0.2 04 08 0.8 1 0% 02 04 06 0.8 1
t

Figure 6.16: State (z3(t)) error for LGL PS collocation (left) and MS (constant)

transcription (right). Error computed by (6.1) for the example (6.9).



83

Optimal Control

3
2
1
£ o _—
-1
-2
S o5 4 1tl5 2 25 3

Figure 6.17: Optimal control for example (6.9).

PS Control Error MS (constant) Control Error
10 r 10 ~

~2

107} 2t

10

1
&

u error
-
=]

u error
-
o

_s_b——‘_’_‘_’—-‘—’—_’_‘_,_,—r

107 1o‘BL
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10 10

Figure 6.18: Control error for LGL PS collocation (left) and MS (constant) transcrip-

tion (right). Error computed by (6.2) for the example (6.9).
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Optimal Adjoint

At

Figure 6.19: Optimal adjoint (A,(t)) for example (6.9).

2 PS Adjoint Error " MS (constant) Adjoint Error
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. —N=25
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1 . . .
0 0 0.5 1 1.5 2 2,5 3

Figure 6.20: Adjoint (A;(t)) error for LGL PS collocation (left) and MS (constant)

transcription (right). Error computed by (6.3) for the example (6.9).
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Optimal Multiplier
3.5;

25

1.5

1y

0.5

-0.5

Figure 6.21: Optimal multiplier (u(t)) for example (6.9).

PS Inequality Multiplier Error MS (constant) Inequality Multiplier Error

Figure 6.22: Multiplier (u1(t)) error for LGL PS collocation (left) and MS (constant)

transcription (right). Error computed by (6.4) for the example (6.9).



Chapter 7

A Practical Application: The ISS

ZPM

7.1 Introduction

The difficulty of finding an OCP that is complicated to solve numerically, but has
a numerical solution, paired with the desire to understand the capability of LGL
PS collocation and MS methods on the ISS ZPMs, has prompted the testing of the
algorithm described in this thesis on a particular ZPM. The particular ZPM under
consideration is that of the first ZPM flight test demonstration, since it has been

proven to work in practice [6, Chapter 5].
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7.2 International Space Station Dynamics

The International Space Station (ISS) dynamics, assuming circular low Earth orbit,
can be described by a set of differential equations using the rotational rate w : R — R?
of the body reference frame with respect to an inertial frame, the total three-axis mo-
mentum of the ISS Control Moment Gyroscopes (CMGs) h : R — R3 and the CMG
control torque 7, : R — R3 [6, Chapter 2]. The states w(t), h(t), and 7.(t) are ex-
pressed in the body reference frame, which is fixed with respect to the ISS with the
positive x-axis directed toward the nose and the positive y-axis along the main truss
pointing starboard. Also, the dynamics are specified with respect to the orientation of
the body reference frame with respect to the Local Vertical Local Horizontal (LVLH)
frame, where the positive x-axis points in the direction of the velocity vector, the pos-
itive z-axis towards the Earth, and the y-axis perpendicular to the orbit plane. These
reference frames are depicted in figures 7.1 and 7.2. The optimizations performed in
this thesis will use the orientation described by a quaternion, ¢ : R — R*; however,
this orientation can be described in other ways as well. For instance, the orientation
could be described using Euler angles or any sequence of rotations about the axes of
the body reference frame [57, Section 5.5.2].

Quaternions, also known as Euler parameters, can be described by an angle, 6 :
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R — R, and a unit vector, é(¢) : R — R3, pointing along the rotation axis:

0 (t) cos(49)
Wt é:(t) sin(2Y
o) = q1(t) _ (t) sin(=")
3 (t) é;(t) sin(%2)
i as(t) | ] éx(t) sin(%t)) |

[67, Section 5.4.1]. Further, quaternions are constrained to be unit norm, that is,
llg(t)l]2 = 1. With these definitions, identities that are often described by other
rotations sequences can be written relative to quaternions. For instance, the direction

cosine matrix, C : R* — R3*3 can be written as

Clq(t)) =

1—2(q2(t)* + q3(t)®)  2(q1(t)q2(t) + qo(t)as(t)) 2(q1(t)gs(t) — qo(t)g2(t))

201(t)a2() — qo(B)gs(t)) 1 =2(@(®)* +as(H)*)  2(q(t)as(t) + wo(H)ar(t)) | -

i 2(q1(t)gs() + () 2(t)) 2(q2(t)as(t) — @) () 1 —2(q1(?)* + ¢2(2)?) |
where the convention C; will be used to denote the i*® column of C [57, Section 5.4.1].

Define parameters J € R**3 and w,,, € R to represent the moment of inertia of
the spacecraft in the body reference frame and the orbital rate of the space station
around the Earth, respectively. These two parameters can vary with time, but for sim-
plicity are not described by their respective differential equations or other functional
relationships.

Bhatt cites two of the prevailing disturbance torques acting on the ISS as the

gravity gradient torque and aerodynamic torque [6, Sections 2.4.1 and 2.4.2]; however,
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only the first of these is treated in this numerical example. The gravity gradient

torque, written with respect to g(t), is defined as [29]

7ag(q(t)) = 3won,Ca(q(t)) x (JCs(q(t)).

The representation of the states relative to the body reference frame and the dynamics
relative to the LVLH reference frame requires a description of the LVLH rate at the

current orientation defined by ¢(t). This is given by [6, Section 2.2.1]

wo(q(t)) = —worsCalgq(t)).

With these definitions in mind, the rotational dynamics of a spacecraft in a circular

orbit are given by [57, 6, 29]

w(t) = T =w(t) x (Jw(t) + h(t) = 7o(t) + 74(a(t))],
h(t) = 7(t), and

q(t) = %T(q(ﬂ) 0 (w(t)” —wolg(®)T) | >

where T'(g(t)) is the quaternion operator

r =

q(t) —q(t) —q(t) —qs(t)
a(t)  q(t) —g(t)  gt)

g(t)  aq3(t)  qlt) —alt)

a(t) —q@(t)  aft)  ql)



Figure 7.1: ISS body reference frame (adapted from [41}).

Direction of

Wo n

Geocentric Radius
Vector of Vehicle

Vehicle Orbital Plane = LVIiH

Figure 7.2: ISS LVLH reference frame [6, Section 2.1] (adapted from [38]).

90
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7.3 ZPM Optimal Control Problem

The ZPM OCP transitions the states w(t), h(t), and g(¢) from predetermined initial
values to a set final values without exceeding the path boundary conditions on h(t)

at any time t € [to,t;]. This OCP is now stated in a particular formulation:

w(t»h(tnf,?(lt),n(t) /o elt) () dt
) s.:c. i
w(t) J 7 =w(t) x (Jw(t) + h(t)) = 7o(t) + T4e(q(t))]
h(t) = 7.(t)
KN - 2 Ta®) { 0 (W(t) —wi (a(t)) ] ]
h() h(t) < hia
( w(to) (:.10
h(to) = ho
q(to) | I do
- A -
w(ty) Wy
htg) | = | hy
| Q(tf) ] | qs ]

7.4 ISS 90-degree Maneuver

The prototypical example for the International Space Station ZPM Maneuvers is
adapted from the Master’s Thesis of S. Bhatt [6, Section 4.5]. The problem was to

rotate the Space Station 90-degrees from the orientation in Table 7.1 to the orientation



in Table 7.2 in 7,200 seconds. The parameters chosen for this maneuver were

J =1 3,666,370

and w,p = 0.0657 deg/sec.

2,965, 301

18,836,544 3,666,370

27,984, 088

2,965, 301

~1,129,004 | slug-ft’

—1,129,004 39,442,649

State Roll Pitch Yaw Units
e(to) 2 —9.34 13 deg
h(to) 1,000 —500 —4,200 ft-1b-sec

Table 7.1: Initial conditions for 90-deg ZPM

State Roll Pitch Yaw Units
e(ty) -2.19 —7.88 —89.85 deg
h(ts) -9 3,557 —135 ft-1b-sec

Table 7.2: Final conditions for 90-deg ZPM
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The optimal state and control trajectories computed from the PS method with

30 collocation points and the MS method with 30 equally spaced nodes and 30 inte-

gration intervals on each subinterval are shown in figures 7.3-7.15. The optimization

algorithm described in Chapter 3 was applied until the solution met the tolerances

€P' = 5 x 1072 and € = 5 x 1075, or ¥ = 5 x 10712,

The performance of the

optimization algorithm on this example is given in the table 7.3. Notice that the
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solutions produced by the LGL PS and MS methods, with each of the control pa-

rameterizations, are similar and produce objective values that differ at most by 19

percent from the best value found, which is the value for MS (linear) in table 7.3.

These differences are likely due to the differences in the transcription techniques and

the choice of N = 30. The results of Sections 4.4 and 5.5 suggest that these so-

lutions would approach one another, and approach the true optimal solution of the

continuous OCP if N — oo.

Transcription Function CPU Time Objective
[terations
Technique Evaluations [sec] Value
LGL PS 145 29 427 70.9
MS (constant) 114 31 1813 74.1
MS (linear) 117 34 1916 62.3
MS (cubic) 84 24 1405 66.4

Table 7.3: Performance of the optimization algorithm described in Chapter 3 on

90-deg ZPM
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Figure 7.3: 90-deg ZPM CMG momentum magnitude
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Figure 7.4: 90-deg ZPM CMG momentum (roll axis)
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Figure 7.5: 90-deg ZPM CMG momentum (pitch axis)
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Figure 7.6: 90-deg ZPM CMG momentum (yaw axis)
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Figure 7.7: 90-deg ZPM rotational rate (roll axis)
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Figure 7.8: 90-deg ZPM rotational rate (pitch axis)
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Figure 7.9: 90-deg ZPM rotational rate (yaw axis)
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Figure 7.10: 90-deg ZPM YPR Euler angles (roll axis)
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Figure 7.11: 90-deg ZPM YPR Euler angles (pitch axis)
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Figure 7.12: 90-deg ZPM YPR Euler angles (yaw axis)
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Control Torque (Roll Axis) [ft-1bf]
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Figure 7.13: 90-deg ZPM CMG torque (roll axis)
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Figure 7.14: 90-deg ZPM CMG torque (pitch axis)
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Figure 7.15: 90-deg ZPM CMG torque (yaw axis)
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7.5 Numerical Comparisons

Defining fair, one-to-one comparisons between LGL PS collocation and MS transcrip-
tion is not such an easy task. The optimization algorithm interfacing the objective
and constraint functions defined by the two methods can have a great impact on the
performance of one method or the other. For this reason, the comparison of the com-
putation time for both methods will be on the time required to evaluate the objective
and constraint functions. Essentially, the objective and constraint functions take the
state and control trajectories at the current iterate and evaluate the functions and
derivatives of the equations (4.2) of the LGL PS method or the equations (5.7), along
with (5.16), (5.17), and (5.18), of the MS method with constant, linear, and cubic
control parameterizations, respectively.

The accuracy of these methods is also a meaningful comparison, so a measure of
accuracy that is fair to both of these methods was defined. In essence, this measure
of accuracy compares the optimal state trajectory to a state trajectory resulting from
a simulation of the dynamics subject to the optimal control. Note that optimal here
refers to the optimal numerical solution computed by the algorithm of Chapter 3.

The comparisons of this section were completed using the ZPM example of the
previous sections. The comparisons in this section were made on a PC running
Microsoft Windows XP Professional, Version 2002, Service Pack 3, with an AMD
Athlon 64 X2 Dual Core Processor 5600+ at 2.91 GHz and 2.0 GB of RAM, and

under the MATLAB 7.6.0 (R2008a) environment.
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7.5.1 Computation Time

A comparison of the computation time was made by evaluating the objective and
constraint functions for N = 3, ..., 100; evaluation began at N = 3 so that there was
at least one node between ty and ;. This was chosen as a fair comparison since the
optimization algorithm spends a significant amount of time evaluating these functions.
The objective and constraint functions are sometimes evaluated several times in one
iteration of the optimization algorithm, and, in the optimization algorithm described
in Chapter 3, these function were evaluated up to 23 times in one iteration. Figure
7.16 illustrates the time required to evaluate the constraint functions for the LGL PS
and MS transcriptions.

Figure 7.16 shows that the NLP function evaluations for the LGL PS transcription
are significantly faster compared to NLP function evaluations for the MS transcrip-
tion. This is due to the fact that in the MS transcription method the system of
ordinary differential equations defined by (5.13) must be evaluated over each of the
N — 1 subintervals in a particular transcription. This point is fortified by comparing
just the MS methods for different values of n;,. The computation time increases
significantly as the number of integration intervals is increased, reaching nearly 2
minutes when N = 100 and n;,; = 70. This would result in approximately 46 minutes
for a single iteration of the optimization algorithm if the functions were evaluated the
maximum number of times. However, this comparison needs be viewed as preliminary.

Many aspects need to be included for a final computing time comparison.
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Figure 7.16: CPU time required to evaluate objective and constraint functions. The

label ny, refers to the number of integration intervals between nodes of the MS

method, using a simple, fixed-step Runge-Kutta 4 integrator.

For a better comparison of computing time requirements for single NLP function
evaluations in the LGL PS transcription method and the MS transcription method
several factors need to be included. The LGL PS transcription function evaluations
are better vectorized than those for the MS transcription method, which is an ad-
vantage in the Matlab implementation. More importantly, the comparison was made
for fixed number of points and Runge-Kutta time steps inside MS intervals. The use
of an adaptive ODE solver inside the MS transcription method should be studied.

For both transcription methods it would be better to study computational cost re-
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quirements for desired accuracy. Ultimately, this requires adaptive discretizations for
both methods. Additionally it requires an evaluation of the overall optimization. For
example, considering the numerical example of Section 7.4, the number of function
evaluations is significantly less for each of the control parameterizations of the MS
method when compared to those required to solve the problem transcribed by the

LGL PS method (see, table 7.3).

7.5.2 A Measure of Accuracy

The CPU time required to evaluate the objective and constraint functions of the MS
method seems like a profoundly limiting factor in the use of the method compared
to PS methods. However, if a measure of accuracy for the two methods is defined as
the difference between the states of the optimal solution computed numerically and
the actual states obtained by integrating the dynamics subject to the control, then
it can be shown that MS methods can perform increasingly well, even with only a
few transcription nodes, just by increasing the accuracy of the numerical integration
technique on each subinterval, while PS methods require an increase in the number
of collocation points to achieve greater accuracy.

Let (z*(t),u*(t)) be the optimal state and control trajectories obtained from the
optimization algorithm described in Chapter 3 and z(¢; u*(¢)) represent the state tra-
jectory resulting from the integration of the dynamics subject to u*(¢) in an accurate

numerical integrator. Then the desired measure of accuracy is defined as the error
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between z*(t) and z(t; u*(t)):

[l27(8) — 2 (t; " (1)) |2 (7.2)

For the optimization performed in the comparison that follows, the tolerances on
the optimization algorithm were chosen to be €P* = 5 x 1072, ¢ = 5 x 1076, and
¢ = 5x 10712, The stricter tolerance on feasibility is enforced since the satisfaction of
the dynamic of the PS methods and continuity constraints of the MS method should
be accurate at the transcription nodes if this measure of accuracy is to make sense.
The accurate numerical integrator was chosen to be MATLAB’s ode45, with “RelTol”
set at 5 x 1075 and “AbsTol” set at 5 x 107® to coincide with the tolerance e of
the optimization. These comparisons are shown in figures 7.17, 7.18, and 7.19. For
fixed N, the MS method does, indeed, perform better as the number of integration
intervals, n;,, increases, while the only control over the accuray available for the LGL
PS method is to increase the number of nodes. This must be taken into consideration
when the memory available to perform the optimization is limited since the required

storage space increases with N, and it does so significantly for LGL PS collocation.
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Figure 7.17: rotational rate Error in LGL PS and MS (cubic) methods. rotational
rate error is computed by (7.2). The label niy refers to the number of integration
intervals between nodes of the MS method, using a simple, fixed-step Runge-Kutta 4

integrator.
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Measure of Accuracy of LGL PS Method
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Figure 7.18: CMG momentum error in LGL PS and MS (cubic) methods. CMG mo-
mentum error is computed by (7.2). The label ny, refers to the number of integration
intervals between nodes of the MS method, using a simple, fixed-step Runge-Kutta 4

integrator.
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Measure of Accuracy of LGL PS Method
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Figure 7.19: YPR Euler angle in LGL PS and MS (cubic) methods. YPR Euler
angle error is computed by (7.2). The label ny, refers to the number of integration
intervals between nodes of the MS method, using a simple, fixed-step Runge-Kutta 4

integrator.



Chapter 8

Conclusions

This thesis drew some distinct comparisons between two popular transcription tech-
niques for optimal control problems governed by ordinary differential equations. Prior
to this research, these two techniques existed separately from one another, and, of-
ten, in the detailed description of one technique the other was only mentioned as an
alternative without explanation. The comparisons drawn in this thesis point to the
limitations of these two methods, and suggest that the application certainly defines
which should be used in particular situations. For instance, in situations where mem-
ory is limited, but accurate solutions are desired, MS methods would be the better
choice. On the other hand, some situations require that solutions be found quickly,
with little regard to the use of memory, and in this case, using the current implemen-
tation of these methods in MATLAB, the LGL PS method would be preferable.

Both methods suffer, in some aspect, in approximating the true optimal solution.
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The absence of an existence result for LGL PS collocation is alarming, particularly
when the continuous OCP has a solution but the LGL PS transcription does not.
This can be overcome by the relaxation given in Section 4.4. MS methods suffer
from their ability to approximate the solution to the continuous problem when the
transcription is defined at only a small number of nodes. This can certainly be
overcome by increasing the number of nodes. However, in the framework of the
ZPM, these difficulties are not prohibitive since feasibility is far more important than
optimality.

Much more can be done to strengthen these comparisons. For instance, these
methods could be applied to many more OCPs to confirm the results in computation
time and accuracy. Further, the optimization algorithm is hardly robust at this
point, and could be tuned to handle a greater variety of nonlinear programs. One
way to potentially increase this robustness is to introduce a trust region step like that
described by Waltz, et al., [11, 12, 56]. Tuning this algorithm and reapplying these
comparisons would also lead to even more meaningful comparisons. Ultimately, the
goal is to transfer the optimization package, along with the transcription techniques

into an environment other than MATLAB, which could be compiled on any system.
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Appendix A

Matlab Code Organization

The code developed for this thesis research has been written and structured for use
only in MATLAB; this structure is shown in Figure A.1. One main directory titled
matlab holds four main subdirectories optimalgs, MSbolza, MSmayer, and PS. The
directories MSbolza, MSmayer and PS contain the files that handle the transcription
of the continuous optimal control problem to the NLPs of (4.2) and (5.7). MSbolza
and MSmayer hold essentially the same MATLAB m-files, but for the Bolza and
Mayer formulations of the optimal control problem (2.1), respectively.

The following sections will describe the inputs to each file in these directories in

the order they are called to solve an optimal control problem.

126



127

* can be replaced by constant, linear, or cubic to represent
the three controf parameterizations discussed in this thesis

N |
-—)li msobjective*.m ]
—)Ii msconstraints*.m J
|
|
|
|
|
|

/PS

psdriverm

psobjective.m

psconstraints.m

pshessian.m

—)li mshessian*.m

—)I mshessian*feasibility.m

—)l mslhsrhs*.m
—)I msode*.m

dampedBFGSupdate.m

pshessianfeasibility.m

legdc.m

Iglnodes.m

v v ¥ v ¥ Vv ¥
N | N | N | | S | —

/MSbolza

—)l rkdintegratorm

3 The directory structure of Msmavyer is the same as MsbolzaJ

foptimalgs i interiorpointmethod.m J

—9| interiorpointmethodfeasibiiity.rﬂ

i

/MSmayer

Figure A.1: Directory structure for the code developed for this thesis

A.1 User Defined Settings and Problem Specific

Functions

Use of this code on a particular optimal control problem of the form (2.1) requires

the definition a global structure, problem, defined by

e problem.finalcostfunction - handle to MATLAB function that computes
and returns l(Si, qs, tl)) vxl(sia q;. t’L)7 vul(sia qi, ti)’ Vixl(s‘h q;, ti)) Viul(sb q:, tl)7

and V2 I(s;, qi, t;).

e problem.costfunction - handle to MATLAB function that computes and re-
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turns e(sy, tn), Vee(sy, tx), and V2 _e(sy, ty).

problem.initeventfunctions - handle to MATLAB function that computes
and returns a(so, qo, to), Vza(So, do, o), Vua(so, do, to), Vz,a(so, o, to),

V:Zpua(507 d0, tO)v and viua(sm o, tO)

problem.finaleventfunctions - handle to MATLAB function that computes
and returns b(sy, qn, tn), Veb(Sy, an, t), Vub(sn, an, tn), Vi b(sy, an,tn),

VZ2,b(sn,an, tn), and V2, b(sy, qn, ty)

problem.odefunctions - handle to MATLAB function that computes and re-

turns f(s;, Qi, t:), Vef (i, Qists), Vo f (8 Qi ti), V2,1 (86, dints), V2, f (80, Qi 6),

and V2_f(s;, q;, t:).

problem.pathfunctions - handle to MATLAB function that computes and

returns g(sia qs, ti)7 vxg<si7 q:, ti)y Vug(siv q:, ti)a Vix‘g(sw qs, ti)a Viug(slﬁ q;, ti):

and V2, (s, i, t:)

problem.n - number of states in the optimal control problem
problem.m - number of controls in the optimal control problem
problem.N - number of transcription nodes

problem.ng - number of path constraint equations

problem.na - number of initial time constraints
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e problem.nl - flag indicating that there is an integral component to the cost

(=1 if true, =0 if false).

e problem.nb - number of final time constraints

e problem.tinitial - starting time for the optimal control problem

e problem.tfinal - final time for the optimal control problem

e problem.nint - desired number of integration intervals on each of the

(problem.N-1) subintervals of the MS method

e problem.plotfunction - handle to MATLAB function that plots state and con-
trol trajectories at all outer loop iterations of Direct Multiple Shooting. This
function takes inputs x = {sg,..., sy}, u ={qo,...,an}, and t = {tg,...,tn}.

If this functionality is not being used, the user must set problem.plotfunction=’".

In all cases the vector functions f, g, a, and b are column vectors, and for a given

function h(z) € R™, where x € R", the Jacobian matrix h, € R™*" is given by

[~ ]
Ox1 Oxo Oxy
Ohy  Ohy , ,  Ohy
dx1 Oz Oxn
hy =
Ohm Ohm .. Ohm
3 ox1 Oz Ozn

Further, certain parameters can be defined for use in the optimization algorithm. The

structure options contains the following;:
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e options.iprint - if equal to 1, relevant information at each major iteration of

the interior point algorithm is printed to the command window; default = 0.

e options.plotflag- if equal to 1, the function pointed to by problem.plotfunction

is called at each iteration of the algorithm; default = 0

e options.maxit - maximum number of major iterations; default = 1000.

e options.opttol - first order optimality stopping tolerance €°P*; default = 1.e-6

e options.feastol - tolerance on satisfaction of the constraints ef®; default =

l.e-6

e options.xtol - stepsize stopping tolerance ¢¥; default = 1.e-7.

The following two options are predefined relative to the MS and PS transcriptions
in this code, but can be modified when solving other nonlinear programs with the

optimization algorithm:

e options.hessian - option to set the Hessian to either a BFGS (set by the
string 'BFGS’) quasi-Newton update or a user-supplied Hessian (set by the

string 'user-supplied’); default = 'BFGS’

e options.hessianfunction - handle to function that computes the Hessian of
the Lagrangian (defined in Section 3.2) with respect to the state and control

variables.
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An initial guess at the state and control trajectory must also be given to the

optimization algorithm. This is done by defining the structure guess that follows:

e guess.x - guess at the state trajectory z(¢). This must be a problem.n by
problem.N array where the trajectory of state i occupies row 7 of the guess.

Must also be specified for at least ¢y and ¢;.

e guess.u - guess at the control trajectory u(t). This must be a problem.m by
problem.N array where the trajectory of control i occupies row 7 of the guess.

Must also be specified for at least ¢y and ;.

e guess.t - node locations (time) of the elements of guess.x and guess.u.

A.2 Driver Files

e [primal,dual]l=msdriverconstant(guess,options)

e [primal,duall=msdriverlinear(guess,options)

e [primal,dual]l=msdrivercubic(guess,options)

e [primal,duall]l=psdrivercubic(guess,options)

Inputs:

e guess - the structure guess described in the previous section

e options - the structure options described in the previous section
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Outputs:

e primal - structure containing primal . states, primal.controls, and primal.nodes.
These are arrays containing the optimal state and control trajectories at the lo-
cations defined by primal .nodes. The structure also contains primal.cputime—
the runtime (seconds) of the multiple shooting algorithm, primal.fcount-the
number of calls to the objective and constraint functions in the optimization al-
gorithm, primal.iterations—the number of iterations required to complete the
optimization algorithm, and primal.objval-the value of the objective function

at the completion of the algorithm.

e dual - structure containing the corresponding dual variables of the optimization

algorithm.

These driver files format the supplied guess so that it is useful to the interior point
code, call the interior point code, and format the output of the interior point code

into the primal and dual structures.

A.3 Nonlinear Interior Point Method Function

[x,lambda,muu,objval,out]=interiorpointmethod(. ..

nlpobjectivefunction,nlpconstraintfunction,x,options)

Inputs:
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e nlpobjectivefunction - string containing the handle to a function that takes
input x and outputs the scalar function J evaluated at x and the gradient with

respect to x of J evaluated at x.

e nlpconstraintfunction - string containing the handle to a function that takes
input x and outputs the vector functions F and G evaluated at x and the Jaco-

bians with respect to x of F and G evaluated at x.

e x - initial guess or starting vector for the optimization algorithm

e options - structure defined as before

Outputs:

e x - optimal value for the vector x

e lambda - equality constraint multipliers at optimal x

e muu - inequality constraint multipliers at optimal x

e objval - J evaluated at optimal x

e out - structure containing the number of iterations taken to complete the opti-
mization (out.iterations) and the number of calls to the objective and con-

straint functions (out.fcount).

interiorpointmethod.m solves the nonlinear program defined by (2.5).
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A.4 NLP Objective Functions

[J,DJ]=msobjectiveconstant (x)

e [J,DJ]=msobjectivelinear(x)

[J,DJ]=msobjectivecubic(x)

[J,DJ]=psobjective(x)

Inputs:

e x - input trajectories for states and controls of the optimal control problem. x

is a vector in the form

T

So 9o S1 41 - Sy Qn

where N =problem.N and s; and q; for ¢ = 0,..., N are the state and control

parameters defined in the context of this thesis.

Outputs:

e J - J evaluated at x from the function problem.costfunction

e DJ- Jacobian of J with respect to x evaluated at x from the function problem.costfunction

These objective functions convert the objective of the optimal control problem (2.1)
to the objectives of the nonlinear programs (5.7) and (4.2) using the transcription

techniques described in this thesis.
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A.5 NLP Constraint Functions

[G,F,DG,DF]=msconstraintsconstant (x)

[G,F,DG,DF]=msconstraintslinear (x)

[G,F,DG,DF]=msconstraintscubic(x)

[G,F,DG,DF]=psconstraints(x)

Inputs:

e x - input trajectories for states and controls of the optimal control problem. x

is a vector in the form

T

So 9o S1 4q1 -+ Sy Qn

where NV =problem.N and s; and q; for z = 0,..., N are the state and control

parameters defined in the context of this thesis.

Outputs:

e F - F evaluated at x from the function problem.odefunctions

e G- G evaluated at x from the function problem.pathfunctions

e DF - Jacobian of F with respect to x evaluated at x from the function problem.odefunctions

e DG - Jacobian of G with respect to x evaluated at x from the function problem.pathfunction:
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These constraint functions convert the constraints of the optimal control problem (2.1)
to the constraints of the nonlinear programs (5.7) and (4.2) using the transcription

techniques described in this thesis.

A.6 Fixed-Step Runge-Kutta 4 Integrator

[t,x]=rk4integrator(func,tspan,x0,N,varargin)

Inputs:

e func - handle to the function containing the ODE’s to be numerically integrated

tspan - 1 by 2 vector containing the lower and upper bounds for the integration

interval

x0 - column vector initial conditions for the ODE’s

N - number of integration intervals

e varargin - arguments to pass to the function defined by the handle func

Outputs:

e t - node locations where the ODE’s were integrated

e x - solution to the differential equations resulting from the numerical integration

rk4integrator.m numerically integrates a set of ODE’s using Runge-Kutta-4 numer-

ical integration.
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A.7 ODE Functions for the MS Methods
e [odestatedots]=msodeconstant(time,odestates,u,ti,problem)
e [odestatedots]=msodelinear(time,odestates,qi,qidot,ti,problem)

o [odestatedots]=msodecubic(time,odestates,apram,bparam,...

cparam,dparam, problem)

Inputs:

e time - time at the current iteration of the numerical integration

states - x, S, and Q at the current iteration of the numerical integration

e u, qi, qidot, aparam, bparam, cparam, dparam - control parameters at the
beginning of the interval tspan defined in the function rk4integrator.m for

the respective control parameterization

ti - lower bound of the interval tspan defined in the function rk4integrator.m

problem - structure defined in the first section of this appendix
Outputs:

e odestatedots - x, S, Q computed from the ODE’s defined in this thesis given

the value of states.

These ODE functions compute %, S, Q for the ODEs defining the continuity conditions

and objective of the MS methods of this thesis.
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A.8 NLP Hessian Functions

[del2L]=mshessianconstant (x,lambda,muu)

[del2L]=mshessianlinear (x,lambda,muu)

f[del2L]=mshessiancubic(x,lambda,muu)

[del2L]=pshessian(x,lambda,muu)

Inputs:

e x - trajectories for states and controls of the optimal control problem. x is a

vector in the form

T

Sop Qo S1 Q1 -+ Sy qn

where N =problem.N and s; and q; for 2 = 0,..., N are the state and control

parameters defined in the context of this thesis.

e lambda - equality constraint multipliers at the current iteration of the optimiza-

tion algorithm

e muu - inequality constraint multipliers at the current iteration of the optimiza-

tion algorithm

Outputs:

e del2l-Hessian of the Lagrangian evaluated at the current iteration of the opti-

mization algorithm
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These Hessian functions compute the hessians of the Lagrangians, with respect to
the state and control variables, of the nonlinear programs (5.7) and (4.2) relative the

transcription techniques described in this thesis.

A.9 LHS/RHS functions for the MS Methods

e [rhs,lhs]=mslhsrhsconstant(lhs,rhs)

e [rhs,lhs]=mslhsrhslinear(lhs,rhs)

e [rhs,lhs]=mslhsrhscubic(lhs,rhs)

Inputs:

e rhs - right hand side of the KKT system evaluated at the current iteration

e 1hs - left hand side of the KKT system evaluated at the current iteration
Outputs:

e rhs - reordered right hand side of the KKT system evaluated at the current

iteration

e lhs - reordered left hand side of the KKT system evaluated at the current

iteration

These functions take the right- and left-hand sides of the KKT system and reorder

them to take advantage of the structure resulting from the MS transcriptions.
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A.10 Quasi-Newton Update to the Hessian
[Bkplus1]=dampedBFGSupdate (Bk,xkplusl,xk,gradkplusl,gradk)

Inputs:

Bk - approximation of the Hessian at the current iteration

xkplus1 - value of x at the next iteration

xk - value of x at the current iteration

gradkplusl - gradient evaluated at xkplus1

gradk - gradient evaluated at xk
Outputs:
e Bkplusl - approximation of the Hessian at the next iteration

dampedBFGSupdate.m computes the damped BFGS approximation to the Hessian of
a scalar function given the gradient of this function evaluated at the current and next
iteration as well as the variables at the current and next iteration and a previous

approximation to the Hessian.

A.11 Feasibility Restoration

[x,out]=interiorpointmethod(nlpconstraintfunction,x,muu,...

barrier,stoptest,options)
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Inputs:

e nlpconstraintfunction - string containing the handle to a function that takes
input x and outputs the vector functions F and G evaluated at x and the Jaco-

bians with respect to x of F and G evaluated at x.

e x - initial guess or starting vector for the optimization algorithm

e lambda - current equality constraint multipliers of the regular interior point

method

e muu - current inequality constraint multipliers of the regular interior point

method

e barrier - current barrier parameter of the regular interior point method

e stoptest - constraint violation of the regular interior point method

e options - structure defined as before

Outputs:

e x - value for the vector x that satisfies the stopping criteria of the feasibility

restoration, or stoptest

e out - structure containing the number of iterations taken to complete the opti-
mization (out.iterations) and the number of calls to the objective and con-

straint functions (out.fcount).
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interiorpointmethodfeasibility.m solves the nonlinear program defined by

(3.11).

A.12 NLP Feasibility Hessian Functions

e [del2Lfeas]=mshessianconstantfeasibility(x,lambda,muu,Dref,zeta)
e [del2Lfeas]=mshessianlinearfeasibility(x,lambda,muu,Dref,zeta)
e [del2Lfeas]=mshessiancubicfeasibility(x,lambda,muu,Dref,zeta)

e [del2Lfeas]=pshessianfeasibility(x, lambda,muu,Dref, zeta)

Inputs:

e x - trajectories for states and controls of the optimal control problem. x is a

vector in the form

T

So Qo S1 91 -+ Sy gy

where N =problem.N and s; and q; for ¢ = 0,..., N are the state and control

parameters defined in the context of this thesis.

e lambda - equality constraint multipliers at the current iteration of the optimiza-

tion algorithm

e muu - inequality constraint multipliers at the current iteration of the optimiza-

tion algorithm
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e Dref - the matrix defined by (3.12)

e zeta - the weighting parameter of the objective defined in Section 3.4.

Outputs:

e del2Lfeas-Hessian of the Lagrangian of the feasibility nonlinear program eval-

uated at the current iteration of the optimization algorithm

These Hessian functions compute the Hessians of the Lagrangians, with respect to the
state and control variables, of the nonlinear program (3.11) relative the transcription

techniques described in this thesis.

A.13 Miscellaneous Functions for LGL PS Method

e [t,w]=1glnodes(N,tf)

e [Dl=legdc(N)

Inputs:

e N - number of collocation points

o tf -ty relative to the optimal control problem (2.1)

Outputs:

e t - node locations for the LGL PS Method.
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e w - weights for quadrature with respect to the LGL PS Method.

e D - the differentiation matrix D of the LGL PS Method.

These functions compute the node locations, quadrature weights, and differentiation

matrix for the LGL PS method.



