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NOMENCLATURE
a, b =  coefficients of model parameters
3i» bi = coefficients of model parameters
Ai’ Bi’ Ci = coefficients in solutions for concentration in model
compartments

CETY = cumulative expired tidal volume
e = error vector for vector function f
§ = error vector for linearized vector function i
E = vector norm of error vector g
E = vector norm of error vector &
f = vyolumetric concentration difference = F—FI
F = vo]umefric concentration* in saturated gas phase
hi = vector function of parameter set £
‘f = 1inearized vector function
FRC =  functional residual capacity
) = transform of the Jacobian matrix, %%
]i = alvealar compartment volume fraction = V%i
Mi = roots of characteristic equation,é(EP)'M=0
n =  breath number
r = breathing rate

. c Vg
ti = tidal volume fraction = VT
v =  volume (body temperature and pressure, saturated)

*  Volumetric concentration is the pure-component volume divided by
total volume, where pure-component volume is the volume of a
gas component at total pressure and temperature conditions.
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volume flow rate

vector of data points
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separated dead-space volume fraction = VQ§
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vector of model parameters

concentration difference between discretely-ventilated
and continuously-ventilated model

Levenberg adjustment
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dilution factor = FRC
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alveolar compartment
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total dead space
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end=expiration
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I. INTRODUCTION

GENERAL INTRODUCTION

Transport of physiologic gases, 02 and COZ’ between the
environment and internal tissue cells requires an efficient gas-exchange
organ and a distributing medium. In man the Tungs and blood occupy
these roles. The lungs are a highly-branched airway system terminating
in tiny air sacs called alveoli whose primary functions are to provide

low diffusional resistance by having a large surface area and thin

'membrane, and to provide stable concentrations of physiologic gases.

Blood has a large capacity through chemical composition for trans-
porting oxygen and carbon dioxide.

The three limitations to transport of gases to and from
pulmonary blood are diffusion impairments, ventilation maldistribution
and perfusion maldistribution. Methods of assessing ventilation mal-
distribution include radiologic scanning techniques, single-breath
tests and open- and closed-circuit inert gas washout tests. Radio-
logic scanning techniques consist of an inspiration of a radiocactive
gas and detection of emissions in different parts of the lung by
external counters. The peak emission is a measure of the ventilation
of the tissue between the counters. Single-breath tests involve a
single inspiration of oxygen and analysis of the nitrogen concentra-

tion and volume expired in the subsequent expiration. Maldistribution



of ventilation is indicated by the degree of rising concentration.
Washout techniques consist of inducing a step change in concentration
of an inert gas such as helium of nitrogen and monitoring the breath-
by-breath decay of this jnitia] step size.

Cournand, et al. [9] in 1941 were the first to devise the
open-circuit washout procedure using pure oxygen to wash out atmosphe-
ric concentrations of nitrogen. Due to the lack of a rapid nitrogen
analyzer at the time, the gas samples only at the beginning and at the
end of a seven-minute period were used to assess maldistribution.

Normal subjects washed out to less than 2.5 percent at the end of seven
minutes. Clinically at present the same basic procedure is used, al-
though a rapid nitrogen analyzer has long been available.

This study investigates the breath-by-breath course of ni-
trogen decay from an open-circuit washout system by simulation of sub-
ject data with a compartmental lung model which consists of a common
dead space in series with two branches, each having a separate dead
space leading to an alveolar compartment. The governing equations for
this model are derived and a closed-form solution for end-expired common
dead-space concentration is obtained. Parameter values for this model
along with two simpler models are found which describe the relative sizes
of the compartments as well as ventilation of the two branches. Unique-
ness of the parameter set is examined and application to clinical use
is discussed.

Previous studies concerning breath-by-breath analyses [28,40]
have included compartmental models with common dead space, but corre-
lation between these models and experimental data was usually not at-

tempted. Where experimental correlations were made, only the simplest



model consisting of separate dead spaces was used and only for single
washout curves [4,14,20,21]. The inclusion of mixing of expired gases
in a common dead space complicates the analysis of the model consider-
ably. Wise and Defares [40] obtained a closed-form solution for a
similar model with common and separate dead spaces, but for a closed-
circuit washout system. This differs from the present open-circuit
system in that expired gases are mixed in a large bellows and re-
breathed. Equilibration is arrived at when the bellows and lungs are
at the same concentration of test gas. Inspired concentrations thus
change with each breath, whereas for an open-circuit system the in-
spired concentration remains the same throughout the test. Functional
residual capacity is determined by final concentrations in the bellows-
Tung system and Tissot spirometer for the closed-circuit and open-cir-
cuit procedures respectively (see Appendix A for apparatus and proce-
dure for open-circuit washout test).

The following sections provide background on pulmonary

anatomy and l1iterature.

PULMONARY ANATOMY AND PHYSIOLOGY

Pulmonary Anatomy [17,35j

The lungs are the specialized organ responsible for most of
the gas exchange that occurs between the environment and the body.
They bring environmental gases in contact with blood through a large

surface area, the alveolocapillary membrane, across which the respira-



tory gases, 02 and COZ’ diffuse.

The Tungs consist of a highly-branched airway system termi-
nating in the respiratory surfaces of the respiratory bronchioles,
alveolar ducts, alveolar sacs and the alveoli (see Figure [1]). Start-
ing with the upper respiratory passages of the nose, mouth, pharynx
and naso-pharynx, the inspired air is progressively warmed, humidified
and filtered. It flows next through the larynx and the trachea before
entering the right and left lungs through the two main bronchi, which
~in turn divide into the three right lobar bronchi leading to the three
lobes of the right 1ung and into the two left lobar bronchi which lead
to the two lobes of the left lung (see Figure [2]). Considering the
trachea as the zeroth generation, there are 16 generations of bifurca-
tions in the conducting airways. The total cross-sectional area varies

2 2

from about 2.54 cm” in the trachea to 2.0 cm™ in the third generation

2 in the 16th generation. Up to and including the 16th

to about 180 cm
generation, the airways do not participate in any appreciable gas ex-
change role. Rings of cartilege keep the bronchi open and plates of
cartilege are contained in the bronchioles which have dimensions down

to about 1 mm, so the airways become progressively more distensible as
the generation increases. Smooth muscle is also contained in all air-
ways to the alveolar ducts and these passages are subject to contraction
due to physip]ogic influences. The columnar epithelial cells which

line the airways down to and including the terminal bronchioles are cilia
bearing and mucus secreting, and serve the purposes of filtering the

air and cleaning the lungs of foreign particles and aerosols. They give

rise to flattened cuboidal epithelial cells in the respiratory bronchioles
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which are about 0.5 mm in diameter or less and line the main gas ex-
change surfaces of the alveolar ducts, alveolar sacs and alveoli. In
the human Tungs, there are about 300 million alveoli ranging in diame-
ter from 150-300 M Gas transport by convection occurs up to the
openings of the alveoli after which gaseous diffusion reduces concen-
tration differences in a fraction of a second [22,35].

There is an adjoining arterial tree which serves to collect
and trancport physiologic gases to and from the rest of the body. About
280 billion capillaries with nominal diameters of 8 /A-surround the

alveoli, and there is a common surface area between 50-80 mz.

Mechanics of Respiration [35]

During resting inspiration, contraction of the diaphragm and
movement of the ribs, sternum and vertebrae cause an increase in thoracic
volume and distension of the lungs, which create a negative pressure
gradient for air to flow into the lungs. During expiration, cessation
of inspiratory muscle contraction causes the elastic recoil of the lungs
to force air out. Other muscles may be recruited during both inspira-

tion and expiration when more vigorous ventilation is required.

Physiologic Causes of Nonuniform Ventilation [17]

The causes of nonuniform ventilation can be divided into three
cases, the origin of which may or may not be assigned to a specific ana-

tomic area.

In Case 1, the cause is due to regional volume-expansion dif-

ferences. This can be due to local differences in Tung tissue distensi-



bility or to nonuniform distribution of the forces of inspiration. Case II
causes are due to differences in the time course of inspiration and ex-
piration, physiologically due to differences in airway resistance and
tissue compliance. Case III is attributed to nonuniform distribution
of common dead space gas due to asynchronous filling or to regional dif-
ferences in bronchial pathway length.

Nonuniform vehti]ation is present to some extent in even
healthy individuals and can be detected by analysis of the nitrogen

washout procedure.

Factors Affecting Nitrogen Washout [17,32]

The following factors are known to affect the course of

nitrogen elimination from the lung:

1. Respiratory rate: Changes in breathing frequency or respiratory
rate implicitly affect flow rates which may affect the distri-
bution of insp%red gas through altered airway resistances,
increased convection and decreased diffusional equilibration
times. Previous studies [3,33] have demonstrated that varia-
tions within physiological limits do not affect gas distribu-
tion significantly. 'M11itano [25] has also experimentally
verified that N2 washouts can be treated as independent of
breathing rates up to 20 breaths per minute in normal and
diseased subjects. However in a more recent study [10] signi-
ficant changes in washout results in abnormal subjects were

observed when frequency increases of 50 percent or more than



resting values were made at the same tidal volume. The ten-
dency was towards more unevenness at more rapid breathing rates.
Tidal volume per breath (see Figure [3]): Due to possible
asynchronous inflow and outflow patterns, certain lung regions
may be affected in a nonlinear manner with respect to changes
in tidal volume. It is generally believed [17] however that
changes in tidal volume do not affect gas distribution greatly
unless extreme values are encountered. It has been the ex-
perience of the author that although average tidal volume over
the course of a washout test is significant, breath-by-breath
variations about this average are not. This was arrived at
after plotting N2 concentration against a normalized cumulative
tidal volume and comparing this curve with one plotted at
equally-spaced intervals representing cumulative average tidal
volume or breath number (see Figures [6,7]). Neither signifi-
cant shifting of the curve nor large changes in curvature were
found in tests of six subjects. This observation is substan-
tiated by Robertson, et al. [33] who also noted that washout
concentrations returned to almost normal values when hyperven-
tilation ceased, as long as this period of deep and rapid
breathing was not prolonged. Generally, increased average
tidal volumes will hasten nitrogen elimination from the lungs.
Volume of dead space: Maintaining the same tidal volume but
increasing dead space decreases effective tidal volume (VT-VD)
and decreases uneven distribution of inspired gas by coupling

ventilation units through the portions of the dead space which
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are common. Well-ventilated regions are delayed in their
nitrogen washout and poorly-ventilated regions are speeded
up. Multi-exponential curves can be made into single expo-
nentials by sufficient artificial enlargements of series dead
space [1].

4. Functional residual capacity (see Figure [3]): Generally the
larger the functional residual capacity for a given tidal vo-
Tume and anatomic dead space, the slower the washout will be
due to the decrease in the effective dilution factor per
breath (VT-VD)/FRC.

5. Mixing of inspired gases with residual gases: Mixing in the
gas-exchange volumes is predominantly by diffusion and these
volumes are generally assumed to be well-mixed. Concentration
gradients quickly (relative to a breathing cycle) diminish due
to very short diffusion distances and high diffusivity of gases.

6. N2 transfer from blood and tissues: This factor becomes sig-
nificant only at low alveolar N2 concentrations on the order
of 5 percent or less [25], when the potential difference across
the alveolocapillary membrane becomes small enough for this
influx to become significant. The magnitude of this effect
is dependent on the solubility in blood and tissues, concen-
tration in the gas phase, tissue volume, perfusion rates and

distribution of blood in the Tungs.

BACKGROUND LITERATURE REVIEW

The open-circuit nitrogen washout test was first devised by Cournand
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and others [11] as an improved means of assessing functional residual
capacity over the previously used closed-system equilibration technique.
The main advantage was that the error in using an alveolar sample as

a measure of the mean concentration of N2 left in the lungs was reduced
by washing out as much of the nitrogen as possible. Concentration in
the Tissot spirometer, used to collect the expired gases, however re-
quires more accurate measurement. In 1941 Cournand et al. published
another paper [9] describing the open-circuit washout procedure as a
means of assessing maldistribution of inspired gases in addition to
determining functional residual capacity. This was based on the assump-
tion that the course of nitrogen washout is determined to a large ex-
tent by the distribution of inspired oxygen. The period of the test

was seven minutes to accommodata the functional residual capacity deter-
mination and the N, concentration at the end of this time or pulmonary
emptying rate was less than 2.5 vol. percent in normal subjects. The
advent of the continuous nitrogen analyzer was not until 1944, so al-
veolar samples were taken only at the beginning and at the end of the
washout procedure, thus defining only two points.

Robertson, et al. [33] modified Cournand's experimental setup
to include a mass spectrometer to continuously monitor N2 concentration
and were the first to analyze the resulting N2 washout curve. They
assumed a continuous-flow, multi-compartment model and looked at the
effects of a series arrangement and a parallel arrangement for the spe-
cific case of two compartments. In the series arrangement there is
recirculation of gases between the proximal and the deeper spaces, where-

as in the parallel arrangement, the spaces are ventilated independently.
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In both cases, their theory shows that the concentration of gas being
washed out proceeds as the sum of two exponentials, so that distinction
between series and parallel ventilation cannot be made by examination

of the sum. However there are differences in minute ventilation and
this can be used to confirm which arrangement was used to generate the
washout curve. This paper showed that estimates of series dead space
assuming no maldistribution in alveolar spaces would be erroneously
large if maldistribution did actually exist. In order to find parameters
to fi£ their data, Robertson et al. [33] assumed a continuous parallel-
compartment model with no dead space. By graphical analysis, components
of the washout curve were found, where the slopes corresponded to the
turnover rates, ki’ and the volumes, Vis Were found by integrating the
components from time zero to infinity. The turnover rate is defined

as "the ratio of the number of new molecules which enter a space in unit
time to the number present at the end of expiration" [33]. As a measure
of the degree of maldistribution, they introduced an efficiency of ven-
tilation, E, which is the ratio of the effective turnover rate for the
model to a maximum turnover rate found by assuming no maldistribution.

The effective turnover rate, k, is given by:

4 i iy (1.1)
k [ | kl.
where
. Vi. N
) «F. = . .F. - l
" N ?, ‘
(S |
and N = number of compartments
n = respiratory rate
T = tidal volume of compartment i
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Maximum turnover rate, kmax’ is defined by:

M
kmax = FRA (1.2)

where M = minute ventilation
FRA = functional residual air
so that: "
E = T 100 7, (1.3)

As can be seen from equation (1.1), k is governed by the largest fi/ki’
and will be small when there is a large lung volume fraction ventilated
with a small turnover rate. Also E is a function of f?/(Ti/T) and is
independent of FRA and n, so as long as f; follows (T1/T) closely, E
will be high. Thus for large lung volumes, k may be small, but E may
be large. This is because k reflects both overall ventilation and mal-
distribution of ventilation.

An analysis using a cyclically-ventilated model was made by
Fowler, et al. [14]. They separated the effects of respiratory dead
space and uneven alveolar ventilation by assuming a separate dead-space
model whose branches ventilated independently of each other. In other
words there was no mixing of expired gases in a common dead space and
reinspiration on the next breath, so that the washout became a function
of effective tidal volumes (vTi—VDi) instead of just VTi' This is
implicit in the model and a]though values of (VTi'vDi) can be found,
individual values of VTi and VD,i are unknown. Fowler, et al. [14] used
mean-expired N2 concentration instead of the end-tidal concentration

because of the continued rise of the alveolar slope in many cases, and
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the sdbsequent need of an assumption of what is representative of mean
alveolar concentration. This however requires a simultaneous volume-
concentration measurement and an integration, which was done graphically
in this case.

The describing equation for the model is:

—_ ™
Fen = ;\:mowf‘ v o+ Fy (1.4)
L‘-
where M = number of compartments
FAi = alveolar N2 concentration for compartment i at the
0
beginning of the test
w; = alveolar dilution factor
= A
Vi + (N7 - Vpi)
VLi = volume of the alveolar space and the dead space for
compartment 1
vTi = tidal volume going to compartment i
ry = dead-space dilution factor
Nt~ No
= <
n = breath number
Fb = constant term to correct for N2 from blood and tissues

An exponential stripping technique was used to decompose the washout
curve, after which w, and r, were found knowing FAiO' (VTi-VDi) and

v were also found with a value of VT’ from which VD and VL were

Li
estimated.

To measure the degree of uneven ventilation, Fowler et al.
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introduced an actual average breath number and an ideal average breath
number, the average breath number corresponding to the average number

of breaths that N2 molecules remain in the system. These terms are de-

fined by:
T 1.5
Actual average breath number = Yy (1.5)
=1
Nig
v o b
where fi= A
S N
Ideal average breath number = - W (1.6)
1 ) _p
where W~ = Z_ iy
v
and W = ideal alveolar dilution factor

The puimonary N2 clearance delay (percent) was then defined as:

(Actual average breath number -
N2 clearance delay = . Ideal average breath number) x 100 ;
(Tdeal average breath number)

(1.7)

Lundin [21] following basically Fowler's [14] model, studied
the course of N2 washout for end-tidal nitrogen concentration and for
the volume of nitrogen given off per breath, in order to determine the
differences and whether the more Taborious second method was warranted.
The volume of nitrogen expired per breath was found by mixing accumulated
expirations in a large Tissot spirometer and measuring the nitrogen

concentration and spirometer volume. Both the end-tidal concentration
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and volume of nitrogen expired were corrected for N2 in the inspired
gases and for tissue and blood elimination. The equation describing

the volume of expired N, is:

M -
Ra = 2 Riwi (1.8)
(g |
where M = number of compartments
n = breath number
W; = alveolar dilution factor
- Vit
VL.: -+ V‘Y’L" \ID'\
Rn = volume of nitrogen given off for breath n
Rli = volume of nitrogen given off for compartment i,

breath number 1

Lundin found that at least in normals, both curves were pretty much
parallel when plotted on semilogarithmic graph paper and led to the
same values of fractional volumes and alveolar dilution factors.
Li1lington [20] studied the differences between using end-
tidal concentration and mean-expired concentration and determined that
for unevenly ventilated lungs, end-tidal measurements led to end-inspired
fractional volumes for the components, whereas mean-expired values led
to end-expired fractional volumes, which are different. Studies with
emphysematous patients [2] showed differences in washout curves, but
pulmonary N2 clearance delays calculated for each method were of the
same order of magnitude.
As a means of developing ventilation-perfusion characteristics,

Briscoe and Cournand [5] analyzed helium washins and washouts in terms
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of Fowler's [14] model, but monitored mixed-expired alveolar concentra-.
tion rather than mean-expired concentration, and used alveolar flow rates
rather than tidal volume and respiratory rate. They neglected dead
space completely in their definition of alveolar dilution ratio, w,

L

w = L+t (1.9)
where L = alveolar volume
t = alveolar ventilation per breath

Semilogarithmic plots of washout curves were expressed as functions of
time rather than breath number and the slopes of the exponential compo-
nents were expressed in terms of M, the time required for concentrations
to decrease one cycle or to 1/10th of any previous value. w and M are

related by:
w™ = Yo (1.10)

where f = respiratory rate.

An alveolar ventilation, VA’ was defined as:
v =%t (1.11)

- ~ '/
Then \,A -Q {-1 - 10 " } (1.12)

=‘hat

and VA/L is equivalent to the turnover rate,k, of Robertson, et al. [33].

Their model assumed continuous flow, whereas this study deals with a
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discretely-ventilated model with an equivalent alveolar ventilation term,
VA/L, expressed in terms of time rather than breath number for compati-
bility with perfusion rates.

From curves of normals and emphysematous patients, Briscoe
and Cournand found normals generally have lungs which behave as if half
their alveolar volume is half as well ventilated as the other, whereas
emphysematous subjects had curves which represented three-quarters of
the alveolar volume ventilated from one-fifth to one-tenth as well as
the other one-quarter.

Up to this point all the models considered did not have a
common dead space, which physiologically is at least present in the up-
per respiratory tract down to the trachea. Weber and Bouhuys [39] made
a theoretical study of a continuously-ventilated model with common dead
space and two alveolar compartments. The significant gas flows were
fl and f2 representing the flow of inspired gases to compartments 1 and
2, and 1 and 2 representing recirculating flows from compartments
1 and 2 respectively through the common dead space volume, V3. The
differential equations describing the concentration changes in the three
compartments were set up and the solutions took the form of the sum of
three exponentials for each of the concentrations, Cl’ Cz, and C3.

C3 is of the form:

t

ey = Te™+ Me™ e

(1.13)

The authors noted that the three components should not be identified
with the three compartments. There is however an error in the approxi-
mation required in a continuous-flow model, that the flow rate through

the model is equal to the respiratory rate times the tidal volume, the
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the error increasing with faster clearance rates (see Appendix D).

Nye [28] treated the case of a cyclically-ventilated model
with common dead space for open- and closed-circuit inert gas washout.
For the open circuit system, he did a breath—by—breath'ana]ysis which

led to an equation of linear difference that has a solution of the

form:

P AR+ D

Fko - (1.14)
where FA = fractional concentration of mixed alveolar expirate

n
for breath number n

He equated mixed dead-space concentration at end-expiration for the model
to mixed alveolar concentration for a subject.

Nye also stated that for a two-component curve, the number
of numerical constants that can be read from it is four, and therefore
a unique determination of parameters for the case of two-compartment
model with common dead space cannot be made. To show the differences
in volume and ventilation estimates in assuming a simple two-chambered
model in place of one with a common dead space, he generated curves from
given parameters for the common dead-space model and found-parameter
values for the simple two-chambered model from them. The effect of
dead-space mixing is to decrease the apparent unevenness: the more even
the ventilation, the greater is this distortion.

In studying a slightly more complicated model, Wise and De-

fares [40] formulated an equation describing the difference in concen-
trations from breath-to-breath in a spirometer for the case of a closed-

circuit washout and for a model consisting of a common dead space and
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separate dead spaces leading to two alveolar compartments. In a similar
manner to Nye [28] they set up an equation of linear difference and found
the solution to consist of the sum of two exponentials. The concentra-
tion in the spirometer also consists of two exponentials, but includes

a term representing an equilibration value. The breath-by-breath differ-

ence in spirometer concentration is of the form:

= A" B g"
U, A + 5P (1.15)
and the concentration:
A" Bér
w . = We T \-x t - e (1.16)

Their's was a theoretical study and did not attempt to correlate this
model with experimental studies nor investigate the inverse problem of
obtaining model parameters given a closed-circuit washout curve.

In the early 1960's, Gomez [15] introduced the concept of an
infinite number of functional lung units corresponding to a continuous
distribution of a specific tidal volume whose image is the washout func-
tion of a tracer indicator. The specific transformation betWeen the
washout curve and the distribution of specific tidal volume is the inverse
Laplace transform. For a single-compartment model, the rate of nitrogen

elimination is given by:

..-k/.‘-
Vy, (B = V(o) € (1.17)
where T = clearance time constant
= V/V
) = volume of N2 in the compartment
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For n-parallel compartments:
~ i,

n

it

Dividing by the concentration of N2 at t = 0 to give the lung volume

washed out, and taking the 1imit as n—>=:

. A1 A/
VO =t [Fuere ] = g [BacaTe "]
’ W=y

(g
©

-t
= { C‘(.T)e. /TAT (1.19)

[}

where G(T) is the distribution function of Tung volumes according to

clearance time constant T, and is defined by:

o0
V(o) = SQ(TMT (1.20)
o
and Ti is some value in the interval A T such that:
G (TOAT = Nile) (1.21)

Replacing T by 1/S in equation (1.19):

od

-s+
v = § Fis)e ds (1.22)

which is the form of the Laplace transform of F(S). The inverse trans-
form will yield F(S) and was done by Gomez [15], Okubo and Lenfant [29],
and Nakamura, et al. [27] using different approximations.

The division into functional units was such that each venti-
lated independently of the rest, implying that mixing in a common dead

space was ignored.
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Following thru on Militano's work [25], Saidel, et al. [36]
described a five-compartment model consisting of a non-distensible com-
mon upper-airway compartment in series with two parallel branches, each
consisting of a distensible conducting airway compartment followed by
a distensible alveolar space. The five compartments are characterized
by seven independent parameters, the remaining two resulting from two
constraint equations. One of these equated the sum 6f the volumes to
functional residual capacity and the other equated the distensibilities,
normalized with respect to total ventilation, to unity. Breathing was
assumed sinusoidal and differential equations for mass balances were
set up and solved numerically in order to match the model output to
experimentally obtained data for nitrogen washout and carbon-monoxide
diffusion tests. A manual search technique was used to obtain the para-
meter set resulting in the closest data-model match. Intracyclic simu-
lation was attempted with inconclusive results.

Since 1950, researchers have tried to analyze the N2 washout
test with models, most of which consisted of a small number of well- -
mixed compartments ventilated cyclically or continuously [14,28,33,36,
39,40]. Anatomic dead space was included as separated dead spaces
which decreased effective tidal volume, or as a common dead space which
coupled functional units and increased the complexity of the analysis
considerably. The most elaborate models were by Wise and Defares [40]
and Saidel, et al. [36]. Wise and Defares divided the anatomic dead
space into a common and separate portion and derived describing equations
for a closed-circuit washout procedure. They restricted their paper to

a theoretical derivation and did not attempt to solve the inverse problem



24

of obtaining model parameters from given patient data. Saidel, et al.
had a model with the flexibility to simulate mixed-expired nitrogen
washouts as well as intra-breath variations in nitrogen concentration,
though the latter proved inconclusive. The uniqueness of their model
parameter set is questionable, there being seven independent parameters
to search for, though the model-data match seemed fairly good.

The transform method of Gomez [15] was more realistic in the
sense that individual alveoli as the functional units are actually dis-
tributed in a structural dimension which implies functional distribu-
tion, but consideration of the common airways where mixing and reinspi-

ration take place was not included.
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IT. MODEL

MODEL STRUCTURE

The model to simulate nitrogen open-circuit washout consists
of a common dead-space compartment is series with two branches, each
consisting of a separate dead-space compartment followed by a respira-
tory volume (see Figure [4]). This is the simplest model that can in-
corporate regional and stratified inhomogeneity as well as coupling
between parallel ventilation units. The functional unit or respiratory
space in the model does not have a specific anatomic.assignment. The
designation is a functional one and as such it may be artificial, how-
ever it does prove useful in characterizing the system and providing
quantitative answers to specific questions. The actual system which
has in fact a distribution of individual respiratory spaces (alveoli),
at least in terms of structural dimension may be more accurately re-
presented by a large number of functional units. However studies up to
now [15,27,29] show that this necessitates exclusion of other aspects
of the physiologic system, including mixing in a common dead space,
which has been shown to affect system characterization [28].

This model follows along classical lines. It is compartmental
and the contents are assumed well-mixed. Most previous models have
assumed either separate or common dead space leading to at least two al-

veolar spaces. This model incorporates both common and separate dead
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spaces and can degenerate to include one or the other if desired.
The model development contains the following assumptions:

1. Perfect gas law is valid (PAV=nART), such that partial pres-
sures and pure-component volumes are additive. Compressibi-
1ity factors for respiratory gases at normal body temperature
and atmospheric pressure varies from unity by less than 1 per-
cent.

2. Alveolar compartments are well-mixed and are of variable
volume.

3. Dead-space compartments are of constant volume.

4, Diffusional effects between compartments is not explicitly
included in the model, but is implicit in the volume and
ventilation estimates of the compartments.

5. Flow through the separate dead spaces is plug flow. Flow
through the common dead space is plug flow on inspiration,
and plug flow on expiration with the added condition that
concentrations from both branches are mixed in proportion to
their respective fractional tidal volumes at end-expiration.
This assumes synchronous ventilation to the two branches.

The mixed common dead-space gas is re-inspired prior to the
new inspirate on the next breath.

6. Tidal volumes to the two branches are constant fractions of
the total tidal volume and the same on inspiration and expira-
tion. Under normal resting conditions, about 250 ml/min. of
02 is consumed and about 200 ml/min. of CO2 is given off into

the lungs, resulting in a net efflux of 50 ml/min. of 02.
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For an average respiratory rate of 12 breaths/min. and tidal
volume of 500 ml, this efflux amounts to 4 ml/breath or less
than 1 percent of the total tidal volume.

7. Nitrogen concentrétion at the start of a washout procedure is
assumed uniform throughout the alveolar spates and from consi-
deration of the constraint @"1 = 1),this concentration is
equal to the end-expired concentration in the common dead-
space volume.

8. Nitrogen transport from blood and tissues is assumed negligible
with reference to its effect in changing alveolar concentrations
during the washout procedure. Nitrogen is an inert metabolic
gés and has low solubility in blood and tissues. N2 is assumed
in equilibrium across the alveolocapillary membrane at the
start of a washout, and this influx will become of increasing
importance as the washout proceeds. However due to Timitations
of the nitrogen analyzer to monitor concentrations less than
2 vol. percent, the range of concentrations considered will
for the most part exclude regions where N2 from blood becomes
significant [25].

9. End-tidal concentrations from washout tests is assumed to be

end-expired concentrations from the model.

DEVELOPMENT OF MODEL EQUATIONS

The describing equations for this model consists of material

balances for nitrogen. A breath-by-breath analysis was made to derive



an expression for end-expired concentration of nitrogen in the common

dead-space compartment.

The following notation is used:

r(n)

F&?%E)

FRC

DS1

Ai(1)

1l

volumetric concentration1 in alveolar compartment i
at the end of inspiration (I) for breath number n.
volumetric concentration in alveolar compartment 1i
at the end of expiration (E) for breath number n.
volumetric concentration in inspired gas.

initial volumetric concentration in the model.
volumetric concentration difference

F_FI

functional residual capacity2
v+ Y
tidal volume of alveolar compartment {i.

total tidal volume
V..
5; Ti

volume of common dead-space compartment.

= yolume of separate dead space in branch.i.

total volume of separate dead-space compartments
Vics
z; DSi

total volume of dead space = Vp. + Vps -

1 Volumetric concentration refers to saturated gas phase and is equal
to pure component volume divided by total volume (vol. percent).

2 A1l volumes refer to body temperature and pressure, saturated condi-
tions (1iters or cc).

29
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volume of alveolar compartment i at end-expiration.

-
oo
]

total alveolar compartment volume at end-expiration.
i% VL4

fraction of tidal volume going to branch 1.

Vri/Vy

fraction of total alveolar volume at end-expiration

-l
i

ot
1]

f—
1]

that is in alveolar compartment i
fraction of total dead space that is separate.

= Vps/Vp

X

The following relationships are true by conservation of mass:
Z.K‘L = ]. (2.1)
L

AR (2.2)
Assuming that washout of nitrogen begins with the inspiration of oxygen

at breath number 1, then at the end of inspiration:

w () \ (o)
(Ve t N ) Fa T FM cey Ve, + FosieyVpsi + \JT-; Foc ey Vo
[ (VT'\”bc) Nosi l FI (2.3a)

\’TL (o)
(\‘LL"'\JTI) FM. Ly F;,z(e) N+ Fpsz. ey Vosot Foc cey \/br.

+ [% (N~ Npe) "\fbsz] Fy (2.3b)
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\ln

Assuming: \/-n_ > Vst +—— \IDC_
] [4)] (4D}
then: Fostexy = Fosau(my = Fb(. ay = Fa (2.3c)

Rearranging equations (2.3) and introducing the concentration difference

f :

£~ F-Fy (2.4)
3} o) (o) (6)
(Ve Ne ) Fay iy = Vo fagey © Nosi Tosicer + T, Voc Focte
(2.4a)
wn o) (e) )
Vot V1) Thaay = N, faaces +Npsa gy + t Vo foc ey
(2.4b)
) ) | @)
'anc:.) = fTosz(m = Loy = O (2.4c)
At the end of expiration for breath number 1:
u) cn )
'FM ey = Looicey = Tm ) (2.5a)
u)y ) Q)
—?M. ey = Tosacey = fmiry (2.5b)
ay ) ()
QT’C(—E’ - +;'QM(€:) + +1-FA2(&\ (2.5¢c)

Similarly at the end of inspiration for breath number 2:
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(\I‘-l‘*\]'n) 'CA-\(:\ = \ll-l "‘!M (ey ¥ \lDS\ {.DS\ (e) '\-'h\l\)c.*’g“&\
(2.6a)
o) oy W) 8}
(NotV¥ra) Taat = Vgfhe + Npsafosacer + N e Tocte)
(2.6b)
(1) ) (R 8]
":DSI(.:) = 'QDSIU.) = foemy =0 (2.6¢c)
And at the end of expiration for breath number 2:
) txy )
FA\L&) = ‘\:us‘u-_) = T 1) (2.7a)
€y (&N @) ‘
Frwr = J‘:vsz.ca) = farem (2.7b)
€8] ) )
";bc (gy = "t‘ -‘:A\(E) + 't,_'ghz(.e.\ (2.7¢)
or in general for breath number n:
Gatt) w () Ch)
NL"VVT.B Fau = Vufa ey \Ibsf?b:l te) + {-,\'bc'emc&)
(2.8a)
O ny ) h
NeatVn) Tastn = Nuafaser + Vosatpsater + tyVoeFoe (E)
2.
) i) Att) (2.8)
DSICITY & Tosa(py = ‘G'occn =0 (2.8c)
ity (vt Cutl)
‘QM ey = Tbsitey = Tallr (2.8d)
Untt) catt) (n1)
J‘-:Pn. ey > Sosace = hal1) (2.8e)
ntt) tnt) tt)

‘ehc = -t\-QM (&) + ‘EL Q&LL‘E\ (2.8f)
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The equations of interest are (2.8a), (2.8b), (2.8f) and after using
equations (2.8c), (2.8d), and (2.8e) to simplify:

h) tny )
“:Df—ca = {\—le ey +© 'La.";kx(.E\ (2.9a)
) _ \ hy L
Al CE) - (\IL\-&\I-:‘\)\S\‘U +VDS\) {'A\LE.\ ‘\"L.\‘bc‘?bu.e)l
(2.9
et) Ch)
\ )
'thes = ( ‘lLa,'r\l-r;> \__(\l Lt \lpsz) ‘Y‘n_ (&) + {u.\l“s““_ ‘*‘J
(2.9c)

for nn= 0,1, ...

The subscript (E) will henceforth be dropped, and end-expired
concentration will be assumed.

Equation (2.9c) describes the end-expired concentration in
the common dead space and will be used to simulate the end-tidal con-
centration from N, washout tests. Looking at equations (2.9a) and (2.9c),
the concentration in alveolar compartment 1 at breath (n+l) is formed
by a fraction, f&?)(VL1+VDSI)/(VL1+VT1), representing the previous con-
centration, another fraction, tlfgq)(tlvuc)/(VLlfle), representing re-
circulation of the previous concentration through mixing in the common
dead space, and a third fraction, t2f£g)(tlvnc)/(vL1+le)’ representing
the contribution from alveolar compartment 2. This last term shows the
coupling between the two alveolar compartments.

For K-parallel branches, the (K+1) describing equations are:

Cher)

Gy th)
) () 50« and ] oo



34

) K w)
oo = T 4 f (2. 10b)

=\

For i 1,2,...,K

n=20,1,2,...

DISCUSSION

It is shown in Appendix C that the system of linear difference
equations (2.9) reduces to a second-order 1linear homogeneous difference
equation with constant coefficients in fég) which has a solution consist-

ing of the sum of two exponentials:

ny

n
"cbc. = C‘M:‘ T M, (2-]_1)

where Ml, M2 are functions of the model parameters, and Cl’ C, are func-
tions of the model parameters and initial conditions.

The inverse problem however consists of obtaining a unique
set of parameters given estimates of Cl, C2, Ml’ and MZ' According to
Nye [28], assuming a washout curve is representable by the sum of two
exponentials, the number of unknown parameters that can be found is four.
This is the same as the number of equations available from the two inter-
cepts, C1 and C2’ and the two slopes, M1 and M2, of the components when
the curve is decomposed and plotted on semi]ogariéhmic graph paper. The
number of independent parameters that can be uniquely solved for however,
is three, since the model incorporates a constraint equation at n = 0,

namely:
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(o)
c, + ¢ = foc (2.12)

A

Once C1 or C2 is specified, the other is constrained by the above relation
and does not provide an independent relationship for the model parameters.
The number of parameters that characterizes the common dead-space model

is five, say VTl’ VT2” VLl’ VL2’ and VD' Assuming average tidal volume,
VT’ and functional residual capacity, FRC, are input quantities, the num-
ber of independent parameters is three, the required number for unique

determination. The following relations were used:

\IT = \I-"\ +* V'\”L (2'13)

FrRC = N + N + Np (2.14)

For the case of separated dead space only, there are six parameters that
describe the model, say VTl’ VTZ’ VLl’ VL2’ VDSl’ and VDSZ' The above
two constraints can be used, but that reduces the number to four inde-
pendent parameters. Another relation which will be assumed is that

the separate dead spaces are divided in the same proportion as the re-

spective alveolar volumes at end-expiration:

\IDS'Z. = \’LL (2-15)
which implies that:
Vost _ A\ _
\’Ds - \II_ - X\. (2.16)

I

for i 1,2,
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Thus three independent parameters describe the separate dead-space model.

The general model incorporating both common and separate
dead spaces has seven parameters, VTl’ VTZ’ VLl’ VL2’ vDSl’ VDSZ’ and VDC'
The three constraint equations are used to give. four independent para-
meters. Since a single washout will uniquely determine only three para-
meters, another washout at a sufficiently different dilution factor will
be used in conjunction to define the fourth parameter. The parameter
set for a particular subject will be assumed to be constant from one
run to the next in this procedure.

In general for K-parallel branches, the number of parameters
which can uniquely be solved for is (2K-1).

‘Equations (2.9) can be nondimensionalized with respect to

the characteristic dimensions of the model, FRC and fo,, where fo =

FO - FI: ¥(n+|\ % (h)
- T\ w3 - -
("‘Fnc *?‘Jm\\ ) \'
(2.17a)
h) W) (w
fan __ \ f Soc
';(:\ = (x -—-\-{\JT) s-P: ""'(Fm. R B (= «)F‘“ EN
(2.17b)
(n)
Sor . Far
T -t Je‘ t tL{%l (2.17¢)
where f(")/f0 = normalized volumetric concentration.

VD/FRC = fractional dead space volume
V /FRC = fractional alveolar volume

VT/FRC = dilution factor
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These equations will be used as the working equations for the simulation.
The parameters of interest are tl, tz, 11, 12,0< R VL/FRC, VD/FRC, and

VT/FRC. The constraint equations are:

N N
e T, =1 (2.18a)
o+, =2 (2.18b)
t, v+t "1 (2.18c)

The dilution factor, VT/FRC, will be considered an input quantity.
For the case of &% = 0, equations (2.17) reduce to those
describing washout for common dead space only, and foro< = 1, the eq-

uations for the alveolar concentrations become uncoupled and describe

the model with separate dead spaces only.

” The next chapter deals with the method of simulation required

to obtain the parameter set.
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ITI. SIMULATION

The method of simulation is a system identification problem
where computer solutions to the model equations are matched to test data
and corrections to the describing parameter set are made in order to mi-
nimize a chosen error criteria. The structure of the model is developed
as relevant to the physiological system and from known input and output
a parameter set is found which characterizes the system. If the model
is a true representation of the physiological system, the error criteria
is zero at all times in the simulation. However in almost all cases,
there appears a residual error, so the validity of the model rests in
the determination of a sufficiently close data-model match. In this
study, the feasibility to characterize the present model as well as
the models incorporating either separate dead space or common dead space
will be ascertained and the application to clinical usage will be in-

vestigated.

DATA CHARACTERISTICS

The data consists of end-tidal nitrogen concentrations mea-
sured in volumetric percent with a rapid nitrogen analyzer. Details of
the washout procedure and equipment may be foundrin Appendix A. The
subject is breathing room air consisting of approximately 80 vol. per-

cent nitrogen. The washout test begins at the end of a normal expira-
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tion at which time the subject is connected to an oxygen source. The
subject breathes normally for a period of usually seven minutes during
which time continuous flow at the mouth is monitored with a pneumotach-
ograph (bi-directional pitot tubes) and nitrogen concentration is mea-
sured with the nitrogen meter. The expirate is collected in a large
Tissot spirometer whose total volume and mixed-concentration jpre measured
at the end of the test for determination of average tidal volume and FRC.
When nitrogen concentration is plotted against breath number
on semilogarithmic graph paper, clinically diagnosed normal subjects
wash out very fast, typically down to 2.5 vol. percent in 40 breaths or
less, whereas chronically diseased subjects may not wash out their ni-
trogen to 2.5 vol. percent within 100 breaths. Usually washout curves
can be fitted by the sum of two exponentials and sometimes by three [28].
This does not necessarily imply that the lungs consist of only two or
three distinct divisions of alveoli, but it does lend support to the
compartmental structure as representative of functional aspects of the
Tungs as a whole. In fact it has been shown that within limits of accu-
racy of the nitrogen analyzer, the same curves can be represented by
the sum of five to twenty exponentials [17,38]. The inverse probiem
of exponential decomposition however precludes extending the number of
exponentials to more than three. The accuracy required is heavily de-
pendent on the number of exponentials comprising the sum and the ratios
of the exponential time constants [37]. The closer the ratios, the
more accurate the concentrations must be in order that a relatively
consistent parameter set be obtained, thus even for two exponentials

difficulties arise when the time constants are fairly close. This is
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typically the case for normals, but decomposition generally becomes
more consistent for abnormal patients where the time constants are

separated much more.

The flow signal was integrated electronically to generate
volume signals. This was monitored to determine whether breath-by-
breath variations in tidal volume significantly affected the course
of nitrogen washout and whether the course of these variations were-
in any way systematic. Absolute values were not obtained due to mal-
functioning of the calibration system in the pneumotach converter, but
relative values were determined to be valid after linearity of the

converter was checked.

PARAMETER ADJUSTMENT ALGORITHM

The error criteria used was of a least squares form, the sum
of the squares of the differences between selected data points and mo-
del output. Minimization of this term led to the parameter set which
"best fit" the data points.

No transformation is available to convert a sum of exponen-
tials into a linear equation in the parameters, therefore a nonlinear
least squares approximation method had to be used. This consists of
expanding the function in a Taylor series about an initial parameter
set and linearizing the series with respect to an increment in the
parameter set. The Tinearized function is now used to minimize the

error criteria, hopefully leading to a parameter set which at least
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decreases the sum of squares of the deviations. The method can be re-
peated using the new parameter set and linearizing the function about
it.

The specific aigorithm that was used to perform a least-
squares curve fit to the data is from Marquadt [23]. The previously
discussed method fails when the increment in the parameters is tookl
large for the error criteria to decrease. Marquadt's algorithm intro-
duces a Lagrange multiplier, X » to increase or decrease the step
size for faster convergence and convergence respectively. This method
incorporates the best features of the Gauss-Newton procedure which
converges very fast when the function can be linearized, and the method
of steepest descent which assures convergence, but may do so very slowly.
Appendix B contains more details on the algorithm.

The program began with initial values for the parameter set.
Using these values, deviations from the data points were calculated
and a change in the parameter set was made to minimize the largest de-
viation. The process was repeated using the new parameter set until
all deviations were within a prescribed interval or until the number
of iterations exceeded a specified limit. These were the two stopping
criteria. It was found that a limit of 50 iterations was sufficient
for convergence to within the prescribed interval if convergence did
occur. The bounds for the deviations were determined from the accuracy
of the nitrogen analyzer and readability of the oscillograph recording,
The bounds were adjusted to accommodate convergence within 50 iterations.

The data points that were used were selected from a smooth

curve which was drawn through all the data points. The number of points
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varied from five to ten and were usually selected at equal intervals

or closer where curvature was greater.

The measure of closeness of fit was selected to be the root
mean square relative error (RMSRE) given by:

n -'.-'Fi('.s.\ (R v
;E (.3____7.___ ) 2
RMSRE = Ual 3

n -\

where Yy = ith data point.
fi(gg) = model output at parameter set & corresponding to
the ith data point.
n = number of data points used.

This index measures deviations relative to the magnitude of the data
point, which would be indicative of the size of deviations on semilog-

arithmic graph paper.
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IV. RESULTS AND DISCUSSION

The data used in this study is from two sources. One was
clinically obtained from Baylor College of Medicine's Pulmonary Di-
sease Laboratory and typically from physiologically abnormal subjects,
and the other source is patient data from Militano [25] taken at dif-
ferent dilution factors.

The data recorded from the Baylor laboratory was nitrogen
concentration and tidal volume as functions of time. Typical recordings
are shown in Figure [5]. The decay is not smooth but fluctuates about
a mean curve which is due at least in part to variations in the tidal
breathing. An attempt was made to isolate this effect by plotting
nitrogen concentration against cumulative expired tidal volume and com-
paring the resulting curve with one plotted against cumulative average
tidal volume which represents breath number also. Figures [6,7] show
some of the results. There is some smoothing but the basic shapes were
not significantly changed. It was therefore concluded that an average
tidal volume would suffice to describe a washout curve and the much
more laborious breath-by-breath monitoring of tidal breathing was not
necessary except to verify that the subject was breathing normally.
Average tidal volume was obtained from measuring the accumulated expi-
rations in the Tissot spirometer and dividing by the total number of

breaths.
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In conjunction with the above results, an investigation was
made to see whether the effects of the ventilation parameters such as
tidal volume and functional residual capacity could be displayed apart
from the effects of the distribution parameters such as ti and 11.

The purpose was that if such a sepqration was possible, specific causes
of nitrogen decay could be clinically evaluated easier.

Looking at the case of two alveolar compartments with no
dead space ventilated by tidal volume, VT’ the governing equation for
nitrogen decay is:

™ = 4, (14 \i{'cl o -h,_(\»r\-“;%c,_—h (4.1)
where VTi = t1vT

FRCi 1iFRC

£(n)

end-expired concentration at breath number n.

Equation (4.1) can also be written:

N ta
"? TS { -0 (\+ l.‘| !:Rc - S Q- ﬂ.-‘_l‘ﬂc)
= e
0

+ +t,.e
(4.2)

Expanding e(ti/]i)(vT/FRC) in a.series form and neglecting second-

order and higher terms:

+ N+
R FRC. = +"' \‘T .t" \‘T Vet
S T L FR(. ', Lc.. PRC\ +
o AL
‘ "'\' L\, Fnc_ (4 . 3)

Then equation (4.2) becomes:
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(4.4)

which could then be plotted with an abscissa scale of (VTn)/FRC mak -
ing the curvature of f(") a function of the distribution parameters
tl’ t2, t1/11, and t2/12 only.

In general however the second order terms cannot be neglected

without incurring a significant error of the order,
LY 2| n=t
[ nEE O+ 3R]

and relative error of the order,

t.v
‘uF;L)

'{:\ \"I’
1 FRC

both of which increase with n. Any correction terms which may be in-

O+ 3

cluded would be functions of the distribution parameters and so it does
not seem possible to separate distribution effects from cumulative
ventilation effects.

Initial parameter identification was restricted to the com-
mon dead-space model and the separate dead-space model to ascertain
the feasibility of the curve-fit method. Ten washout runs at different
dilution factors from four subjects were initially looked at. Two
were normals, subjects KA and TM, one was asthmatic, subject MS, and
the fourth had chronic obstructive lung disease, subject LD. Subject
KA}s data was from Baylor's Pulmonary Laboratory and the others were

from Militano [25].
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In this first group of washout data, the curve fit was very
good when single washout simulations were performed. The curve fit
criteria, RMSRE, was always less than 0.04 (see Table 1). Figures [8~11]
show the simulated curves and the data points used in the curve fit.
The RMSRE values for both models were the same since both solutions
are the sum of two exponentials and the algorithm essentially adjusts |
the coefficients and the exponential time constants to best fit the
data points. The parameter values for each washout curve were different
however, as would be expected. It can also be seen that the parameter
set, tl, 11, and VD/VL, is highly dependent on the dilution factor,
VT/FRC. Values of VD/VL are generally greater in the common dead-
space model and there is greater separation in the dilution factors for
the individual compartments. Table 2 shows the individual dilution
factors and tidal volumes. Comparison of subjects show that the ratio
of dilution factors is of the range of 4-6 for normals and 8-9 for ab-
normals for the common dead-space model. The separate dead-space model
has ratios of 1-3 for normals and 4-8 for abnormals. The difference
in ratios between normals and abnormals is attributed to a significant
decrease in dilution factor in the section of lung wi th poorer venti-
lation for the case of abnormal subjects. The better ventilated com-
partments in all four subjects have comparable dilution factors; In-
spection of the individual tidal volumes for each subject shows that
the better ventilated compartment reflects the system tidal breathing
more than the poorer ventilated compartment.} This 1is one indication
that the fractional tidal volume is not a constant of the system, but

varies with overall tidal volume. This change in fractional tidal
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volume can be attributed to two causes, either the better ventilated
section is increasing its tidal volume relatively more than the poorer
ventilated section for the same fractional Tung volume, or a larger sec-
tion of the lung is being better.ventilated, thereby increasing the
fractional tidal volume of that section. Both causes seem to be opér-
ating, since the volume fraction generally increased with system dilu-
tion factor, but the respective increase in tidal volume was even greater
indicating that the section as a whole was being better ventilated.
Another indication that parameters were not remaining constant
at different dilution factors was found by generating curves using a
given parameter set (t2 = constant) but with dilution factors for other
washouts and comparing these with the original curves (see Figures [12-
19]). RMSRE values for both models ranged from 0.083 to 1.438 with
most greater than 0.200, indicating that parameters were changing'as
functions of overall dilution factor. Curves were also generated assum-
ing the tidal volume of the poorer ventilated compartment remained con-
stant (see Figures [20-25]). Except for a few cases, RMSRE for these

curves were greater than for the curves generated assuming constant

tidal volume fractions (see Table 3).

Parameters for the more general model with common and separate
dead spaces were obtained using pairs of washout runs. Results are
shown in Table 4 and Figures [26-29]. For comparison, both the common
dead-space model and the separate dead-space mode were also used. The
Marquadt algorithm adjusted parameter values to best fit the data points
in both runs. Values of RMSRE for all three models were about the same

for each pair of runs. This suggests that X , the fraction of the
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dead space which is separate, is a very insensitive if not an unstable
parameter. Convergence was studied by increasing the number of itera-
tions and varying the Levenberg adjustment weighting factor. It was
found that for some cases, X was outside the physically realistic
range [0£%<1], although the curve fit was optimized.

The simpler models consisting of a common dead space or separate
dead spaces neglect important aspects of the physical system, though
their parameter values appear to be unique. The general model is more
realistic, but the problem of defining the additional parameter by
curve fitting two washout runs concurrently is not tractable. One rea-
son is that the assumption that the parameter set remains constant
between is probably not true as was shown by the simulation of single
runs by the two simpler models. But the main reason is that curve
fitting two runs instead of just one leads to a single parameter sét
which best fits both curves, but the number of independent parameters
which can be uniquely defined is still three, the number that defines
the solution of the general model.

. . As a result, one of the four independent parameters needs
to be specified for the general model to be used. Characterization of
the two simpler models will put bounds on the more general model. If
the parameter sets for both simple models are close enough to each other,
a good approximation to the general model can be made, exclusive of

Aspects of clinical diagnosis were investigated using data
from eight patients who were tested at Baylor's Pulmonary Laboratory.
There were two runs made per patient, but usually the curves were nearly

coincidental, so a single average curve was used for the data points

&
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(see Figures [30,31]). Two sets of parameter values were found corres-
ponding to the two models, and certain selected factors were calculated
(see Tables 5 and 6). Simulation was good with RMSRE values less than
0.05. Inspection of the tabulated results show that functional resi-
dual capacities were usually abnormal, both larger and smaller than
predicted for normals of similar physical size, age and sex. The ven-
tilation factors of significance are the effective dilution factor,
(Vp=Vp)/Vy_ . and the distribytion factor, (Vy;/V )/ (Vpp/Vy p)s both of
which showed a large degree of spread. No conclusions were drawn con-
cerning diagnostic correlations other than to say that Tow effective
dilution factors and high distribution factors contribute to decreased
ventilation effectiveness and slower washouts. Since both models ne-
glect important aspects of lung structure and fit the data equally well,

there is little basis for choice as to which is more representative of

the physical system.
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Table 1. Best Fit Parameters Using Single Runs+

ect Model Code

*
com2

COM2

CoM2

CcoM2

*%
SEP2

SEP2

SEP2

SEP2

COM2:

SEP2:

Subjects TM, LD, MS from Militano [25]

VT/FRC

0.55
0.33
0.20

0.20
0.14
0.08

0.267
0.14

0.41
0.331

0.55
0.33
0.20

0.20
0.14
0.08

0.267
0.14

0.41
0.331

common dead-space model

t1

0.73
0.47
0.57

0.75
0.62
0.41

0.83
0.66

0.84
0.88

0.61
0.44
0.37

0.62
0.50
0.39

0.74
0.63

0.69
0.61

separate dead-space model

1

0.41
0.19
0.23

0.24
0.15
0.07

0.34
0.18

0'46
0.61

0.37
0.18
0.16

0.27
0.15
0.07

0.40
0.19

0.47
0.48

VD/VL

0.12
0.01
0.08

0.08
0.04
0.01

0.09
0.02

0.18
0.19

0.09
0.01
0.06

0.05
0.03
0.00

0.05
0.01

0.13
0.17

RMSRE

0.022
0.005
0.008

0.014
0.037
0.008

0.013
0.015

0.010
0.009

0.022
0.005
0.008

Ol014
0.037
0.008

0.013
0.015

0.010
0.009

Subject KA from Baylor College of Medicine's Pulmonary Lab
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¥ BB 38

LB

KA(1)
KA(2)

JG
AS

¥ B85 3

LB

KA(1)

KA(

2)

Table 5.

Model Code

*
CoM2

"

SEP2

*k

Beat Fit Parameters Using Single Runs+

VT/FRC

0.130
0.134
0.172
0.211
0.222
0.246
0.288
0.368
0.41

0.331

0.130
0.134
0.172
0.211
0.222
0.246
0.288
0.368
0.41

0.331

€

0.72
0.74
0.78
0.69
0.82
0.92
0.87
0.76
0.84
0.88

0.40
0.46
0.38
0.47
0.53
0.55
0.52
0.30
0.69
0.61

1,

0.04
0.30
0.35
0.21
0.19
0.57
0.35
0.39
0.46
0.61

0.08
0.24
0.23
0.19
0.27
0.46
0.36
0.20
0.47
0.48

A

0.10
0.08
0.13
0.11
0.17
0.22
0.25
0.30
0.18
0.19

0.06
0.06
0.11
0.07
0.11
0.19
0.19
0.26
0.13
0.17

From Baylor College of Medicine's Pulmonary Lab

COM2:

SEP2:

common dead-space model

separate dead-space model

RMSRE

0.014
0.015
0.030
0.021
0.046
0.017
0.042
0.006
0.010
0.009

0.014
0.015
0.030
0.021
0.046
0.017
0.042
0.006
0.010
0.009
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Figure 5. Nitroéen Concentration and Tidal Volume Recordings.
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Nitrogen Concentration (volume percent)
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Figure 6. Typical Washout Curve (subject KF). N, Concentration
Plotted as a Function of Cumulative Expired Tidal Volume (CETV)
and as a Function of Breath Number.



Nitrogen Concentration (volume percént)

61

5 -
O - plotted with breath number
- A - plotted with CETV
1 ! 1 ! 1 I ! J i ! |
0 10 20 30 40 50

Cumulative Expired Tidal Volume (volume units)
or Breath Number

Figure 7. Typical Washout Curve (subject EM). N, Concentration
Plotted as a Function of Cumulative Expired Tidal Volume (CETV)

and as a Function of Breath Number.
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Figure 8. Simulation with Common Dead-Space Model and
Separate Dead-Space Model for Individual Runs (subject TM).
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Figure 9. Simulation with Common Dead-Space Model and

Separate Dead-Space Model for Individual Runs (subject LD).
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Figure 10. Simulation with Common Dead-Space Model and

Separate Dead-Space Model for Individual Runs (subject MS).
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Figure 11. Simulation with Common Dead-Space Model ‘and
Separate Dead-Space Model for Individual Runs (subject KA).



100

Nitrecgen Concentration (volume percent)

50

10

66

VT/FRC = 0.55
(RMSRE = 0.307)

N
N
- —O— data points
~+— generated
points
i ] I ! |
0 5 10. 15 20 25

Breath Number

Figure 12. Generated Curves From Common Dead-Space Model
(subject TM) Using Parameter Set (VT/FRC = 0,33) and

VT/FRC = 0.55,0.20; t, = constant.
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Figure 13. Generated Curves From Separate Dead-Space Model
(subject TM) Using Parameter Set (VT/FRC = 0,33) and
VT/FRC = 0.55,0.20; t, = constant. '
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Figure 14. Generated Curves From Common Dead-Space’Model
(subject LD) Using Parameter Set (VT/FRC = 0,14) and

VT/FRC = 0.20,0.08; t, = constant.
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Figure 15. Generated Curves From Separate Dead-Space Model
(subject LD) Using Parameter Set (VT/FRC = 0.14) and
VT/FRC = 0.20, 0.08; t, = constant.
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Nitrogen Concentration (volume percent)

100

50

\+\ VT/FRC = 0.14
St (RMSRE = 0.774)
~ .

70

> V., /FRC = 0.267 +
(RMSRE = 0.169) N
~N
N o data points 42\\\
N
~
- -+ — generated points
1 I T T 1 T
0 5 10 15 20 25
Breath Number '
Figure 16. Generated Curves From Common Dead-Space Model

(subject MS) Using Parameter Sets (VT/FRC
and VT/FRC = 0.14, 0.267 respectively; ty

o

0.267,.0.14)
constant.
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Figure 17. Generated Curves From Separate Dead-Space Model
(subject MS) Using Parameter Sets (V_/FRC = 0.267, 0.14)
and VT/FRC = 0.14, 0.267 respectively; t, = constant.
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Figure 18. Generated Curves From Common Dead-Space Model

(subject KA) Using Parameter Sets (V, /FRC
and VT/FRC = 0.331, 0.41 respectively; t,
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0.41, 0.331)
constant.
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Figure 19. Generated Curves From Separate Dead-Space Model
(subject KA) Using Parameter Sets (VT/FRC
and VT/FRC = 0.41, 0.331 respectively; t)

0.331, 0.41)
constant.
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Figure 20. Generated Curves From Common Dead-Space, Model
(subject LD) Using Parameter Set (VT/FRC = 0.08) and
VT/FRC = 0.20, 0.14; VT2 = constant.
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Figure 21. Generated Curves From Separate Dead-Space Model
(subject LD) Using Parameter Set (VT/FRC = 0.08) and

VT/FRC = 0.?0, 0.14; VTZ = constant.
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Figure 22. Generated Curves From Common Dead-Space Model
(subject MS) Using Parameter Sets(V,/FRC = 0.267, 0.14)
and VT/FRC = 0.14, 0.267 respectively; VT2 = constant.
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Figure 23. Generated Curves From Separate Dead-Space Model
(subject MS) Using Parameter Sets (V_/FRC = 0.267, 0.14)
and VT/FRC.= 0.14, 0.267 respectively; VT2 = constant.
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Figure 24. Generated Curves From Common Dead-Space Model

(subject KA) Using Parameter Sets (V_/FRC = 0.41, 0.331)
and VT/FRC4= 0.331, 0.41 respectively; V. = constant.
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Figure 25. Generated Curves From Separate Dead-Space Model
(subject KA) Using Parameter Sets (V. /FRC = 0.41, 0.331)
and VT/FRC = 0.331, 0.41 respectively; V,, = constant.
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Figure 26. Generated Curves From Common Dead-Space Model
(subject TM) Using Parameter Set (VT/FRC = 0.55 and 0.20)
and VT/FRCA= 0.55, 0.20,
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Figure 27. Generated Curves From Common Dead-Space Model
(subject LD) Using Parameter Set (VT/FRC = 0.14 and 0.08)
and VT/FRC.= 0.14, 0.08.
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Figure 28. Generated Curves From Common Dead-Space Model
(subject MS) Using Parameter Set (VT/FRC = 0.267 and 0.14)
and VT/FRC = 0.267, 0.14.
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Figure 29. Generated Curves From Common Dead-Space Model
(subject KA) Using Parameter Set (VT/FRC = 0.41 and 0.331)
and VT/FRC = 0.41, 0.331.
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Figure 30. Nitrogen Washout Curves For Four Subjects

(DB, AS, MN, JG).
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Figure 31. Nitrogen Washout Curves For Four Subjects
(LB, KF, EM, 0S).
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V. CONCLUSIONS

A compartmental model to simulate open-circuit nitrogen wash-
out data was investigated. The governing equations were derived and
a closed-form solution for end-expired common dead-space concentration
was obtained which consists of the sum of K-exponentials, where K is
the number of parallel branches in the model. The concentrations in
the alveolar compartments consist of the same K-exponentials, but the
coefficients differ depending on the initial conditions and the model
parameters. For the specific case of K = 2, which assumes that the
washout curve is representable by two exponentials, a single curve will
uniquely determine three independent model parameters, say tys 11, and
VD/VL. This is sufficient to characterize the simpler common dead-
space model and the separate dead-space model. However the more gen-
eral model which requires an additional parameter, & , cannot be uni-
quely characterized. The number of branches in the model is determined
by the number of exponentials that will fit the washout curve well. If
the number is K, then (2K-1) independent parameters can be found. The
number is also limited by the accuracy of the data points, since the
uniqueness of the exponential decomposition is dependent on this factor,
as well as the ratios of time constants. The more component§hthere are
and the closer the time constants, the more accurate the data points

must be specified.
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A1l of the subject data used were fit well by two exponentials
with RMSRE values less than 0.05. Two exponentials were used as the
minimum number which curve fit the data points to within physiological
data accuracy of 10 percent. Parameters sets at several dilution fact-
ors for the same subject were noticeably different, which is indicative
of the qualitative changes that occur with variations in overall venti-
lation. Increased overall ventilation is generally accompanied by in-
creased lung volume fraction, as well as a relative increase in the
tidal volume of the well-ventilated compartment. Significant ventila-
tion factors are functional residual capacity,FRC, effective dilution
factor, (VT—VD)/VL, and dilution factor ratio, (VT1/VL1)/(VT2/VL2).
Abnormal changes in each would indicate ventilation irregularities.

The determination of whether the common dead-space model of
the separate dead-space model is more representative of the physical
system was not made, but simulation of patient data by both models will
put bounds on the parameters for the more general model incorporating
both kinds of dead space. Common dead-space model values of VD/VL and
(VTI/VLI)/(VTZ/VLZ) were usually larger than those for the separate
dead-space model.

The nonlinear least squares Marquadt algorithm is an efficient
method of curve-fitting washout data without specification of initfal

parameters which are close to the optimum set.
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APPENDIX A. CLINICAL APPARATUS AND PROCEDURE

The open-circuit nitrogen washout system at Baylor College
of Medicine's Pulmonary Disease Laboratory is shown schematically in

Figure [32]. Portions of the system are also used for single-breath

tests.

The patient who is seated is instructed to breathe normally
through the mouthpiece. Directly behind the mouthpiece is the Ohio 700
nitrogen analyzer sample head which is a miniaturized gas spectrometer.
Here sample gas is continuously withdrawn with a vacuum pump and passed
through the sample head. An Electro Med 2 liter/sec pneumotach head
(bi-directional impact pitot tubes) registers continuous flow rate in
the form of a pressure differential which is converted to an electrical
signal at the pressure transducer. The four-way valve connects the
patient to room air, to the Collins spirometer or to the washout sec-
tion where pure oxygen (greater than 90 percent) is inspired and ex-
pired gases are collected in a Tissot spirometer.

The Collins spirometer is used to measure vital capacity and
to monitor tidal breathing so that the patient can be turned into the
washout section at the end of an expiration, which is done manually by
turning the four-way valve. One-way flapper valves direci the flow of
oxygen from a rubber reservoir bag and also direct the flow of expired
gases to the Tissot spirometer, which is counter-weighted to minimize

back pressure on expiration. A1l gas flow is through nominal 2-inch
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diameter tubing.

At the end of the usual seven minutes, the patient is connected
to room air again. The Tissot spirometer contents are mixed with a small
electric fan and the concentration is recorded by emptying the contents
past the sample head.

Nitrogen concentration is recorded as a function of time on
a Houston Instrument Model 97 X-Y recorder for clinical use. For the
purposes of this study, flow or volume in addition to nitrogen concen-
tration was recorded on a two-channel Brush recorder.

The electrical signals from the sample head and pressure
transducer were fed into amplifiers, linearizers, and then to appropriate
data display units. The flow signal from the Electro Med Model 785
Pneumotachograph Converter was directed to an adjacent Model 786 Elec-

tronic Integrator for volume output.

List of Equipment

X-Y Recorder Houston Instrument Inc., Model HR-97
(with time base)

Collins Spirometer
(13.5 Titer capacity)

Tissot Spirometer

Nitrogen Sample Head Electro Med Model 701-B
Nitrogen Data Display Electro Med Model 784
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Nitrogen Analyzer Electro Med Model 700
(Actual N, Con- Accuracy(% of
centration) ﬁgﬁ%i;tﬁgngon'
2 - 5% + 5%
5-10% - + 2%
10 - 85% + 1%
Pneumotach Head Electro Med Model 785-2

Pneumotach Converter Electro Med Model 785
(Accuracy: 1% full scale;
linearity: 1% full scale;
frequency response: within 3 db
to 50 Hz)
Pressure Transducer Electro Med Model 782
Pulmonary Integrator Electro Med Model 900
(Accuracy: 1% full scale;
Tinearity: 1% full scale;
zeroing stability: 1% full scale
for 5 minutes)

Two-Channel Recorder Brush Instruments

Experimental Procedure

A11 electrical equipment was turned on at least one-half
hour prior to testing. Recording instruments were zeroed and calibrated.

The Tissot spirometer was washed with oxygen and the Collins spirometer
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section was washed with room air.

With the four-way valve open to room air, the subject was.
seated and instructed to place his 1lips tightly around the mouthpiece.
A nose clip was placed over his nose and he was asked to breathe nor-
mally. The four-way valve was switched to the Collins spirometer
where an expiratory vital capacity measurement was taken and tidal
volume recordings were made on the drum recorder.

The X-Y and Brush recorders were turned on, and at the end
of an expiration the subject was connected to the nitrogen washout
section. The patient was periodically reminded to keep his lips tight
and breathing relaxed. The nitrogen recordings were monitored to check
for any air leaks which would register as a sudden increase in con-
centration. The normal washout period is seven minutes, however in
cases of severe retarding of nitrogen decay, the period was extended to
fifteen minutes. At the end of six minutes, X-Y recorder sensitivity
was increased for greater readability. Brush recorder sensitivities
were changed usually around nitrogen concentrations of 10 vol. percent,
while the time scale was expanded periodically to check the zero posi-
tion in the volume recording. At the end of the washout test, the pa-
tient was asked to expire fully to obtain an alveolar sample.

Once the Tissot spirometer contents were isolated, the elec-
tric fan was turned on for about five minutes and a volume reading
taken after that. Concentration was obtained by running the contents
past the nitrogen sample head and recorded.

The entire procedure was repcated after a period of fifteen

minutes to allow for the patient's lungs to again equilibrate with the



room air.
Nitrogen concentration, flow and volume instruments were

recalibrated after the two runs.

93
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APPENDIX B. MARQUADT ALGORITHM

The following derivation describes the Marquadt algorithm
[23,37], which formed the basis of the parameter estimation scheme used
in this study. The algorithm is a gradient method which requires compu-
tation or input of the first partial derivatives of the nonlinear func-
tion.

In general, given a nonlinear function to be fitted to a set
of data points, the measure of best fit is usualiy taken to be the mi-
nimum of the sum of the squared error terms at each of the data points.

Denoting the function as f(ni,0<) = fi(g) and the corresponding

ith data point as Yi» than an error term may be defined as:

e, =y, - T(g) (B.1)

For the case of k data points, an error vector may be similarly

defined:

~

e =4 - % ) (8.2)

~

where e, f(%), y are k-dimension vectors and & is the vector whose
elements correspond to the parameters which define the function f.
The total error or sum of the squared error terms is a

vector norm of the form:

E =legl = ¢¢ = zel (B.3)
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The least-squares method attempts to minimize E by variations
in the parameter vector &« . For certain nonlinear functions of £ suit-
able transformations are available which render the problem linear in
the parameters, after which the familiar methods of linear least squares
may be applied. However for a sum of exponentials, such a transforma-
tion is not available, therefore an approximate linearization becomes
necessary provided initial values of the parameter set are sufficiently
close to the set which minimizes the norm}E. This first order approx-
imation now is linear in the parameter increments and the linear least-
squares method can be used to solve for these increments. If desired,
the process may be repeated to convergence.

The vector function f( & +ax ) may be expanded in a Taylor

series about f(x):
+ X E)
(bet) 4 Cag)’ S (Ax) +

(B.4)

For a¢ small enough, the second and higher order terms can be neglected,

2E ()

~

o)

Tlgvoey = feg) +

and the approximation is made that:

N
Eltram = F g, a) @5
f (o
where — § (¢ ax) = L)+ 1w-£:)65

is Tinear in a%.,

An error and total error vector for the linear approximation

can be defined as:
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e =3-§(5,ag§) (B.6)
and B~ e - <3-h£)*<3-:§)
(B.7)

In order to find 8% that will minimize E, a necessary condition is that

the partial derivative of E with respect toax be equal to zero

iAE = lAX)‘Q-‘-l&lQ");u =<2

(B.8)

Substituting the expression for 'f,(ﬁ,aﬁ)
1 (alg)

2f 1¥(x)
—, = ( == 60() =
a8 oL AA'% g A~ A ¥

Making the substitution of equation (B.9) in (B.8)

2 («
( of))""3 _ (3:?(-()) (-F( %%A%)

A
or
Af()\T 7 2T (Z) Lf (2N T
( li)( % )A5 2(1« (y-Ff2)
(B.10)
Denoting ;JJ as the transform fo the Jacobian matrix
- (AR CENT
T (5T
then equation (B.1Q0) can be expressed:
(B.11)

T3 ax = J¢e
~ ~ ~

A
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Equation (B.11) can be solved for A% which will minimize the approximate
total error E, since the functional form of f( ) is presumably known,
as well as the initial parameter set « .

The minimal value of E will be exactly the minimal value of
E if the original function is linear in the vector ¥ . Since the pre-
vious derivation for &% 1is based on the assumption that :1:’( %80 ) ~
£(5+a§), convergence to the solution of the nonlinear system is assured
only when this condition is met. In cases where it is not, an increase
in the total error E may result even when the approximate error E is
minimized.

To assure convergence at least to the minimum of E,
Levenberg [18] suggested placing a constraint on 4« in the form of a

Lagrange multiplier (Levenberg adjustment) in equation (B.11):

(ZZ+AL)ex = T (8.12)
where A= Levenberg adjustment
E’ = identity matrix of dimension k.

For A = 0, equation (B.12) reduces to the Gauss-Newton
algorithm which assumes local linearity in order to converge to the
minimum E. This method fails when the first order approximation does
not adequately describe the function at the initial ¢ , in which
case the iteration scheme will lead to a random increase and decrease
in total error. Convergence is rapid however, when initial £ is

close to the optimum

~e

For increasing A , equation (B.12) approaches the method
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of steepest descent in which the parameter set increment, 8% , is made

proportional to the negative gradient of the total error:

s =33 = - 33 VE (B.13)
where Ve = %%‘( - %.S(E'fg_)-;—z;g

The method of steepest descent will converge to a global minimum very
slowly if the error hypersurface is irregular or perhaps not at all

if there are local minima or stationary points. Systematic convergence
is assured however, since A can always be made large enough for the
total error E to decrease.

The Marquadt algorithm is a maximum neighborhood method
which seeks to take the largest step-size which will decrease E. For
any iteration step, a trial and error procedure is followed in which
A is initially weighted towards the Gauss-Newton method and then
weighted progressively more towards the method of steepest descent if

the total error term fails to decrease for the next step.



APPENDIX C. CLOSED-FORM SOLUTION FOR THE MODEL .

Equations (2.9) are the describing equations for the model.

Introducing the notation change:

a - \/L‘ + \lbs‘ b _ t|\’°c_
' N+ N+ ) ! Nu+NTy
(Cc.1)
6, = N+ Vosa ' \03_ - ‘. Nbe
Voo + Ny ) Vin+N71e
The set of Tinear difference equations becomes:
nti) th) ¢
F&l = a, -PA-\ + L‘ ‘FD:.) (C.Za)
(CXD) - th) (.h)
F&L R ¢ A QA‘:. + b;_ Pe (C.2b)
tn) th) (W)
-ch_ -E( -FA-‘ =+ .t). -QA.)_ (C.ZC)

Introducing the linear operator E, the above equations can be written

in matrix form:

. N (o™ )
(E-q-‘) o —l” -€h| 0
W)
(o) (E-ay) ~b, (5N = O | (C.3)
G
L t, t -1 £ o |
J
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where gmg(n) - p(ntm) ‘ (C.4)

p0p(n) _ o(nt0) _ c(n)

In a manner analogous to Cramer's rule to solve a set of p algebraic
equations in p unknowns, the set of three difference equations can be
reduced to a single difference equation in one of the dependent varia-

bles, noting that the order of operation must be preserved:

(E-a.) o b, ey o o
n)
o (B-ay) ~—bo[f = = o Eray) of_
[ &8
t‘ -t}_ ~1- 't. 't\._ o

(c.5)
Evaluating the operational determinant:

{CE~CL.)\—_" CE-a,) + byt ]+, I_la.(E-a,.)u ’F:: =6

' (W)
LEI‘ Ct,b,+ b, va,va)E + (Lba,d tibaa t q.q,_)] .FDC. =0

(c.6)
which is a second-order linear difference equation with constant

coefficients.

Introducing the notation:

a, = (kb + 4L «a ta,)

L}

b = (hba it t.b, @ +a,e,) (c.7)
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Equation (C.6) becomes:

(e™ a,\‘:+\a\‘5rl =5 (C.8)

Proceeding in analogy with Tinear constant coefficient differential

equations, a solution of the following form may be assumed:

(w)

Foe = M" (c.9)

Substitution into equation (C.8) yields:
L W }
(M= aM+ )M =~ oo (C.10)

For a non-trivial solution, (Mz—aM+b) must be equal to zero, leading

to the characteristic equation for the difference equation:

M*—aMm+ b =0 (c.11)

If the roots, M1 and MZ’ are distinct, Casorati's determinant is non-

zero:

M MY
M, mpr] = = U "M (MsM,) # 0o
wti W+ |

' M“b

(C.12)
and the complete solution is of the form:

(X3)
Foc = M 4 Mo (C.13)

where C1 and 02 are arbitrary constants to be determined by initial

conditions once M1 and M2 are found.

If the roots are equal, Casorati's determinant vanishes, so

another independent solution must be found. One such solution is:
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Soe = wM, (C.14)

and Casorati's determinant becomes:

M\“ hM\h
n h = n+ L.
AN - W™ wo
M tarM !
(C.15)
The complete solution for this case is:
Gy
foe = M+ wM] (C.16)

£(n) (n)

The other two dependent variables, fp; and fpo", can be
similarly solved for. The characteristic equations are the same as
for fég), and therefore the forms of the solution are the same except
for the arbitrary constants, which can be expressed as functions of
C1 and C2 by substituting the general solution into any two of the
three describing equations. The number of independent arbitrary con-
stants in the system of equations is two, the degree of the operator E
in the operational determinant.

Assuming distinct roots of the characteristic equation, the

forms of solution may be expressed as:

15}
Toe = N yMME ALMY (c.17)

Gny '
Tor = BM® + BM, (C.18)
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Substituting equations (C.16) and (C.17) into equation (C.2a), and

equating the coefficients of Mg and Mg to zero:

n4

(A‘M‘ \ +AL“:}-‘) - a, (b\\“r'\' R;M:)-\H(C\M:"\' C;_M:.\) =0
[_A, (Mi-a)) -b.C.-\Mr + ‘_A.,_(,M,— a,) - \o.Q,_-kM.:‘ = 0

- ‘O.C\ L\CL
M,-a ) ‘) As (Mmymay)

or A, (c.19)

Similarly for equation (C.2b) with equations (C.16) and (C.18):

(BM™ xB Ma Y- oy, (BM B MIY - (MMM =0

[‘B‘(M‘—a.:_) "‘D;C\l M\“ + [B,(M,:Qa_)"' &”'C‘-] M:' o

i B = Eacy by Co (C.20)
| Lo ) B, *
| (.M.—q;) ) (M- O.;_)
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From assumption (7), in which the nitrogen concentration was assumed

to be equal in both alveolar compartments at the start of a washout

test (n = 0), C1 and C2 can be solved for. Denoting this initial

concentration as f&o):

A\'\' A:_’ A~

B

()

)
WX B’_ - -?A

or from equations (C.19) and (C.20):

< b\
LM\"'“‘ )

by
LM.‘“I)

b, |
—= | [ e,
(M -a,)

ba ¢,
(M,- a,)

(C.21a)

(C.21b)
)
A

= (c.22)
£

The solutions C; and C, are unique provided the coefficient matrix is

nonsingular, and is given

<

il
i

Cy

by:
-\
( L| b t )
QM r"l!) (.M:_-q .)
b b,
M—a,y) (Ma,)
\ /

)
T

(€.23)

©)
s

The determinant of the coefficient matrix is nonsingular in general

since:
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’a ) \7(
(—M.“Q.) LM;_‘Q.)
—a,) (M -W,
b, b = bb, (a72) Ta )
= (Mma M Mza,) (N -2, ) (Mama)
(M—a.)  M,-ay)

(C.24)

and from the assumption that the roots of the characteristic equation
are distinct, and in general the effective dilution factors, 3y and a,,
are not equal, except for the singular case (Ml-M2 = t1b1+t2b2)1. It
can be seen that initial conditions in any two compartments, either the
common dead space and one of the alveolar compartments, or both of the
alveolar compartments are sufficient to define the course of the wash-
out for a given parameter set.

In a similar manner for the case of K-parallel alveolar com-
partments connected to a common dead-space compartment, the set of (K+1)
linear difference equations are:

(,vﬂ-l) Ch) ™)
FA{. = a'\,‘?“; % byfee (c.25)

for 1 = 1,2,...,K

! From equation (C.11), M,~M_ = (- 4-L3'/"
= “(.{:.'o,-f t.b, Q.*'Q\.)\"' 4(+b, a,t b2
For a; = a, = a: '*q\ax)YA-
My =My = t1by + £5B,)
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(O} K Ch)

B = Zttu (c.26)
e

Nul t Yost
where a, I o

i T NLL+ YL
b‘i = tWNWoe
VL‘;"' \‘TL

Introducing the E operator, reduction of the set to a single difference

th

equation in one of the dependent variables leads to a K" -degree poly-

nomial in E. Assuming a solution of the form f(") = M", substitution

th-degr‘ee polynomial in M, which is the

in the above leads to the same K
characteristic equation for the system. For K-distinct roots, the

complete solution is:

K [
£ = FeMyg (C.27)

The number of independent arbitrary constants is K, and so K initial
conditions must be specified in order to obtain the particular solution.
A1l other constants can be solved for by substituting the complete solu-
tions for (K+1) dependent variables into K-linear difference equations,
and equating the coefficients to zero. Non-vanishing of Casorati's
determinant assures linear independence of the solutions.

It can then be seen that the number of exponentials comprising
the solution is determined by the number of parallel branches in the
model. The end-expired concentration for the common dead space and all
alveolar compartments are of the same form. They consist of the sum of

the same exponentials, except that the coefficients differ.
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APPENDIX D. COMPARISON BETWEEN A DISCRETELY-VENTILATED
MODEL AND A CONTINUOUSLY-VENTILATED MODEL

Looking at the case of a single compartment of volume, ?RC,
ventilated with a tidal volume of VT at a rate of r breaths per minute,
the differences in assuming discrete ventilation and an equivalent con-
tinuous ventilation on the course of nitrogen washout is studied.

The models are assumed well-mixed and the concentrations at
discrete intervals will be compared. The flow rate for the continuous
model is assumed to b equal to the tidal volume times the respiratory
rate. The governing equation for the discretely-ventilated model

assuming an initial concentration of unity is:

w FR < n Nr NP
Fa = (Torpec) = Ut Ra) (0.1)

For the case of continuous ventilation, a nitrogen balance yields:

A(CFRCE) . ‘
St = Nin B = Nour Fout (D.2)
Assuming:
FRC = constant
Fin =0
Yin = Vout = V"
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Then: at T — mac (D.3)
Nxv
or b ¥ = - é%ic*r * 2 Fo
Since F, = 1: N+
0 - Ny -n
Fe= @™ o (%) (0.4)

Expanding the exponential in a series form:
N
< SR T © L R (D.5)

To first order terms, both models give identical resuits. The signifi-
cance of the second order and high terms increase with the factor,
VT/FRC. For nominal values of 500 ml for VT and 2000 m1 for FRC, the
remainder accounts for a 3 percent difference between the arguments.

Denoting 4> = VT/FRC and the difference in concentrations

from both models as &
eln) = Cxs) -Ehy" (D.6)

The maximum difference occurs at:

Adet) g (ixd) $
Lo Tlea) YT ow To
or
( $
n = Zn 2 C L1t D) (D.7)
may, 4,

Zw‘.licb-l
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For various values of ¢

¢ =0.1: Sumax =0.0177 atn=10.2

relative error = 0.0467

-o-
1l

0.25: Swmayx = 0.0418 at n = 4.2
relative error = 0.1076
¢ =1.0: &uy =0.1381 atn=1.19

relative error = 0.307

Figure [33] shows the decay of both functions for two values
of ¢ plotted on linear scales, and Figure [34] shows the same functions

plotted on semilogarithmic graph paper.



110

(

aaomm\ﬁ>vlw

= (w)8 pue nnﬁomm\a> + D =

6Z2°0 10 = oua/%a 103

(u)3 ) suorjoung om] JO S310Td

‘¢¢ @an8T1

¢z'0 = oua/"a

T°0 = Umm\ﬂ>

© ugougytyy-° T W3

I
o (08I/7A + T)

(1)3

0°0

¢'0

770

9'0

8°0

0°T

(1)3



111

— gn) = (1 + VT/FRC)"n

— — g(n) = e"'(VT/FRC)n

VT/FRC = 0.1

0.1+ V,/FRC = 0.25
2 -
00 -
0.05—
| \
0.01 . , i l . | , ; , ]
0 10 20 30 40 50

Figure 34. Plots of Two Functions (g(n) = (1 + VT/FRC)-n

and g(n) = e (Vp/FRODYy g, v, /FRC = 0.1, 0.25.
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