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Spin squeezing in a spin-orbit-coupled Bose-Einstein condensate
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We study the spin squeezing in a spin-1/2 Bose-Einstein condensates (BEC) with Raman-induced spin-
orbit coupling (SOC). Under the condition of two-photon resonance and weak Raman coupling strength, the
system possesses two degenerate ground states, using which we construct an effective two-mode model. The
Hamiltonian of the two-mode model takes the form of the one-axis-twisting Hamiltonian, which is known
to generate spin squeezing. More importantly, we show that the SOC provides a convenient control knob to
adjust the spin nonlinearity responsible for spin squeezing. Specifically, the spin nonlinearity strength can be
tuned to be comparable to the two-body density-density interaction, and hence is much larger than the intrinsic
spin-dependent interaction strength in conventional two-component BEC systems such as 87Rb and 23Na in
the absence of the SOC. We confirm the spin squeezing by carrying out a fully beyond-mean-field numerical
calculation using the truncated Wigner method. Additionally, the experimental implementation is also discussed.

DOI: 10.1103/PhysRevA.102.023317

I. INTRODUCTION

A squeezed spin state (SSS) refers to a quantum state with
redistributed spin fluctuations in the phase space spanned by
two noncommutative spin operators, such that the quantum
fluctuations of one operator is significantly reduced at the
expense of the enhanced quantum fluctuations of the other
[1–3]. SSS enables precision spin measurement surpassing
the standard quantum limit and has been suggested to be of
wide usage in magnetometers [4,5], atomic clocks [4,6], and
gravitational-wave interferometers [7].

Over the past two decades, spinor Bose-Einstein conden-
sates (BECs), due to their high controllability, have been
among the most attractive platforms in the research of spin
squeezing [8–12]. A key factor in generating an SSS is the
nonlinear interaction of the collective spin, which establishes
the correlations among local spins. In the context of a two-
component (i.e., spin-1/2) BEC [2,8,13], the intrinsic density-
density interaction provides such a nonlinear interaction.
More specifically, the strength of the effective nonlinear spin
interaction, which is responsible for generating spin squeez-
ing, is proportional to g↑↑ + g↓↓ − 2g↑↓, where gσσ ′ repre-
sents the interaction strength between the spin components
σ and σ ′. Unfortunately, for the two most commonly used
bosonic species for BEC experiment, 87Rb and 23Na, the intra-
and the interspin interaction strengths are very close to each
other [13]. As a result, the nonlinear effective spin interaction
is two orders of magnitude less than the total density-density
interaction strength, and is thus too weak to generate spin
squeezing efficiently.
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In the present work, we show that the above-mentioned
problem can be circumvented by applying artificial spin-orbit
coupling (SOC), which has attracted much attention in cold-
atom research in recent years [14–17]. SOC can induce novel
quantum phases and can provide a powerful control knob in
quantum gases by controlling the collective behavior of the
spatial and the spin degrees of freedom. In the case of a spin-
1/2 BEC, the particle-particle collisions establish correlations
in the spatial degree of freedom of the atoms which, through
the SOC, will in turn establish spin-spin correlations that give
rise to spin squeezing. This qualitative picture remains valid
even if the intra- and the interspin interaction strengths are
equal.

In the following, we will provide a detailed analysis to con-
firm this qualitative picture. We present the Hamiltonian and
construct a simple two-mode model in Sec. II. The two-mode
model allows us to clearly see the emergence of the effective
nonlinear spin interaction which leads to the so-called one-
axis-twisting spin nonlinearity in generating spin squeezing,
and how the strength of this nonlinear spin interaction depends
on system parameters. In Sec. III, we employ the truncated
Wigner method under the full Hamiltonian and present the
results to show that the full numerical calculation confirms
the predictions of the simple two-mode model. Finally, we
conclude in Sec. IV.

II. HAMILTONIAN AND THE EFFECTIVE
TWO-MODE MODEL

A. Full Hamiltonian

We consider a two-component BEC whose two internal
spin states, labeled as ↑ and ↓, are coupled by a pair of Raman
beams which induces the SOC [18]. The Hamiltonian takes
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FIG. 1. (a) Dispersion of the single-particle Hamiltonian, where
the two degenerate ground states kx = ±k0 for an effective spin-1/2
system. (b) Dependence of the two-mode spin nonlinearity strength
χ on (g − g↑↓) and �.

the following form (we set h̄ = 1):

H = H0 + Hint, (1)

where

H0 =
∫

dr �̂
†
[

k2

2m
− krkxσz

m
+ �

2
σx + δ

2
σz + Vext

]
�̂ (2)

is the single-particle Hamiltonian with �̂ = (ψ̂↑, ψ̂↓)
T

the
spinor field operator, m is the atomic mass, kr is the Raman
recoil momentum, σx,y,z are the Pauli spin operators, � is
the Raman coupling strength, δ is the two-photon Raman
detuning, and Vext is the external potential. We have assumed
that the Raman recoil momentum is along the x axis, and
hence the motion along the y and the z axes are decoupled
from the Raman transition. This allows us to treat the system
as an effectively one-dimensional one and greatly simplifies
the computation without losing physical insights. The Hint in
Eq. (1) is the two-body interaction and takes the form

Hint = 1

2

∑
σσ ′

gσσ ′

∫
d3rψ̂†

σ ψ̂
†
σ ′ψ̂σ ′ψ̂σ , (3)

where gσσ ′ > 0 characterizes the interaction strength in dif-
ferent spin channels σ, σ ′ = {↑,↓}. In this work, we only
focus on the case of two-photon resonance with δ = 0, and
assume the intraspin interaction strengths to be equal, i.e.,
g↑↑ = g↓↓ = g. Under such a case, the interaction is SU(2)
symmetric if g↑↓ = g.

For a homogeneous system, i.e., Vext = 0, kx is a good
quantum number, and the single-particle spectrum E (kx )
can be obtained by directly diagonalizing the single-particle
Hamiltonian H0 in momentum space. E (kx ) takes the well-
known two-band structure [18] and is shown in Fig. 1(a). The
single-particle spectrum has the following features: In the case
of � ∈ [0, 4Er] with Er = k2

r /2m being recoil energy, there
are two degenerate ground states with ground-state energy
E0 and momenta kx = ±k0 where k0 = kr

√
1 − �2/16E2

r .
Correspondingly, the ground-state wave functions are in the
plane-wave forms of

�±k0 = 1√
L

(
cos θ

− sin θ

)
eik0x and

1√
L

(
sin θ

− cos θ

)
e−ik0x, (4)

where θ = arccos(k0/kr )/2 ∈ [0, π/4] accounts for the spin
dressing induced by the Raman coupling and L is the length of
the system. The spin dressing is manifested as the longitudinal
polarization 〈σz〉 = ∫

dx�∗
±k0

σz�±k0 deviates from ±1, as is

also shown in Fig. 1(a). On the other hand, in the case of � >

4Er , the two local minima merge together at zero momentum
kx = 0 and the ground state is simply a transversely polarized
state � = L−1/2(1/

√
2,−1/

√
2)T . For a weakly interacting

system with weak SU(2) symmetry breaking |g − g↑↓|/g 

1, the main physics discussed above remains qualitatively
unchanged, except that the condensate momentum k0 and spin
polarization is slightly modified by the interaction [19]. In this
work, we focus on the two-minima region with � ∈ [0, 4Er],
where the two degenerate ground states form the basis for
the effective two-mode model in which spin squeezing can be
realized as we will show now. We note that a similar two-mode
model is considered in Refs. [20,21].

B. Two-mode model

To this end, let us denote aL and aR as the annihilation
operators for the ground states with momenta −k0 and k0,
respectively. The projection operator for the ground-state
manifold with a fixed total number of particles N is given by

Pg =
N∑

NL=0

|NL, NR〉〈NL, NR|, (5)

where |NL, NR〉 = (NL!NR!)−1/2(a†
L )NL (a†

R)NR |0〉 is the Fock
state with NL,R atoms in each of the two degenerate modes
under the constraint N = NL + NR. For dilute gas with weak
interaction, the interaction Hamiltonian Hint can be treated
as a perturbation such that the main physics in the ground-
state manifold can be efficiently depicted by the degenerate
perturbation theory. Specifically, the first-order correction is
given by

H (1)
int = PgHintPg. (6)

Since the projection operator Pg restrict all the calculations in
the ground-state subspace, it is straightforward to expand the
Hint only by the two-mode field operators

�̂ = aL�−k0 + aR�k0

= 1√
L

(
sin θe−ik0xaL + cos θeik0xaR

− cos θe−ik0xaL − sin θeik0xaR

)
,

(7)

using which we can readily obtain

H (1)
int = −χF 2

z + U ′N̂2 − UN̂ , (8)

where N̂ = N̂L + N̂R is the total number operator, and we have
defined a set of spin field operators as

Fμ = 1

2
(a†

L a†
R) σμ

(
aL

aR

)
, μ = x, y, z. (9)

In particular, Fz = (N̂L − N̂R)/2 simply measures the popu-
lation difference between the two modes. The coefficients in
Eq. (8) are given by

χ = (g + g↑↓) − (3g − g↑↓) cos2 2θ

2L
,

U ′ = (g + g↑↓)(3 − cos2 2θ )

8L
,

U = (g + g↑↓) + (g − g↑↓) cos2 2θ

4L
. (10)

023317-2



SPIN SQUEEZING IN A SPIN-ORBIT-COUPLED … PHYSICAL REVIEW A 102, 023317 (2020)

Since the total particle number N is conserved, the last two
terms in Eq. (8) are constants that can be neglected. Con-
sequently, within the first-order perturbation, the two-mode
Hamiltonian is proportional to F 2

z which is the canonical form
of the one-axis-twisting (OAT) Hamiltonian [1]. Note that the
two modes we consider here, whose wave functions are given
in Eq. (4), are separated from each other in momentum space,
but with significant overlap in real space.

The strength of the nonlinearity spin interaction χ is a
function of the interaction strengths (g and g↑↓) and θ which
characterizes the Raman-induced SOC. In Fig. 1(b), we show
the dependence of χ on (g − g↑↓) and the Raman coupling
strength �. Specifically, the line at � = 0 (θ = 0) denotes the
case in the absence of the SOC, and the system is then reduced
to a conventional two-component (spin-1/2) BEC [2,8], with
χ = −(g − g↑↓)/L only depending on the magnitude of the
SU(2) symmetry breaking. Particularly, χ vanishes as g =
g↑↓. In sharp contrast, the presence of the SOC (� > 0) would
lead to a finite χ even in the case of g = g↑↓. Taking g = g↑↓,
we have

χ = g

L
sin2 2θ = g

L

�2

16E2
r

. (11)

Here we want to make two comments. First, since g↑↓ can
only take quite small difference with g in the commonly used
alkaline-metal atoms such as 87Rb and 23Na [13,16,18], the
SOC BEC provides a promising platform to realize a large
nonlinearity on the order of density-density interaction g.
Second, the interatomic interaction here plays a crucial role,
without which no spin squeezing would occur. Quantitatively,
both the interaction and the SOC affect the degree of spin
squeezing. We notice that several groups have studied spin
squeezing in spin-orbit-coupled two-component BEC using
a very different approach [22,23], where they first map the
mean-field Hamiltonian to the Dicke(-like) Hamiltonian [24]
with the interaction term neglected. It was shown that the
mapped Dicke model leads to spin squeezing [22,23], which
implies that spin squeezing can be generated from SOC alone
without the need of interaction. This, however, contradicts our
intuition that spin squeezing is a consequence of interaction-
induced quantum correlation between atoms. This result can
be traced to the mapping which, in our opinion, results from
some unjustified approximations.

To follow the protocol in generating SSS under the OAT
Hamiltonian HOAT = −χF 2

z , we need first to prepare the
system in a coherent spin state (CSS), which is the eigenstate
of the collective spin operator. We choose the spin operator
to be Fx = (a†

LaR + a†
RaL )/2, and the corresponding CSS is

taken to be the eigenstate with the maximum eigenvalue N/2,
i.e., |CSS〉 = e−iπ/2Fy |N, 0〉. Microscopically, this CSS state
corresponds to a product state of identical N particles with
each particle in an equal-weight superposition of states �±k0 ,
i.e.,

|CSS〉 =
N∏

i=1

�i
k0

+ �i
−k0√

2
, (12)

which is referred to as a striped state [19,21,25–27] since the
density profile of this state exhibits spatial oscillations. The
CSS state (12) features equal quantum fluctuations in Fy and

Fz, i.e., 	F 2
y = 	F 2

z = N/4, with 	F 2
y,z = 〈F 2

y,z〉 − 〈Fy,z〉2 and
N/4 being the standard quantum limit (SQL). A state is called
spin squeezed if its quantum variance along any direction in
the Fy-Fz plane is below the SQL. In general, the magnitude
of squeezing is characterized by the squeezing parameter [1]

ξ 2 = 4	F 2
min

N
, (13)

where Fmin corresponds to the spin along a direction in the
Fy-Fz plane with minimal spin variance. Hence, the SSS is
featured by ξ 2 < 1.

To prepare the system in the |CSS〉 state, we can add a
strong effective transverse magnetic field along the x axis,
which adds a term J0Fx in the Hamiltonian. In practice, this
can achieved by introducing an optical lattice potential Vext =
V0 cos2(k0x) ∼ V0(e2ik0x + e−2ik0x )/4 [28]. Viewed from the
momentum space, the lattice potential would couple two states
differing by a momentum of ±2k0, and hence can resonantly
couple the two degenerate states �±k0 . The lattice potential
will also couple �±k0 to other states. However, such couplings
are off resonant. Projected onto the two-mode subspace, the
effective two-mode Hamiltonian in the presence of the lattice
potential reads

Heff = J0Fx − χF 2
z , (14)

where

J0 = − V0�

16Er
. (15)

We can then prepare the system in the ground state of Hamil-
tonian (14) in the limit of |J0| � N |χ |. Under this limit, the Fx

term dominates, and the ground state approximates the desired
|CSS〉 to a very good accuracy.

C. Dynamical generation of spin squeezing

To dynamically generate the spin squeezing, we can simply
quench the transverse magnetic field and follow the dynamics
of the initial state |CSS〉. We will consider two quench scenar-
ios which we call cases 1 and 2.

1. Case 1

In the case 1 quench protocol, the transverse magnetic field
is completely turned off at t = 0. Starting from |CSS〉, the
dynamics under the government of the OAT Hamiltonian has
been well studied [1]. It is shown that the squeezing parameter
at time t > 0 takes the following analytic form:

ξ 2
OAT(t ) = 1 + 1

4 (N − 1)(A −
√

A2 + B2), (16)

with

A = 1 − cosN−2 (2χt ),

B = 2 sin (2χt ) cosN−1 (χt ). (17)

Under the condition N |χ |t < 1, ξ 2
OAT takes its minimal value

ξ 2
OAT = (6N2)−1/3/2 ∼ N−2/3 at the optimal time |χ |tmin =

61/6N−2/3. For a given particle number N , a large nonlinearity
can thus reduce the optimal squeezing time tmin, which is
advantageous from an experimental point of view.
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2. Case 2

In the case 2 quench protocol, the strength of the transverse
magnetic field is quenched to a smaller, but nonzero value at
t = 0. For t > 0, the system is governed by the Hamiltonian
in the same form as Eq. (14) except that J0 is replaced by J
with |J| < |J0|. This situation has been studied by Law [29].
For |J| 
 |χ |, the squeezing behavior is similar to case 1,
as expected. For larger |J|, the remnant transverse magnetic
field could play a significant role. Analytical results can only
be obtained under the frozen spin approximation, where it is
assumed that 〈Fx〉 ≈ N/2 is fixed during the time evolution.
This approximation is valid in the limit |J| � |χ |. Under this
approximation, the time evolution of the squeezing parameter
is given by

ξ 2
J = cos2(εt ) + 1

2

(
J2

ε2
+ ε2

J2

)
sin2(εt )

− 1

2

[(
J2

ε2
− ε2

J2

)2

sin4(εt )+
(

J

ε
− ε

J

)2

sin2(2εt )

]1/2

,

(18)

where ε ≡
√

J2 + Nχ |J|. Hence, ξJ exhibits periodic oscilla-
tion in time with period π/ε.

III. NUMERICAL SIMULATION AND RESULTS

The two-mode model provides a clear picture showing how
spin squeezing can be realized. To confirm this, we now turn
to numerical simulation under the full Hamiltonian (1). As
the widely used mean-field treatment for atomic BEC ignores
quantum fluctuations and correlations, in order to capture such
quantum effects as spin squeezing, we have to go beyond
the mean-field approach. To this end, we adopt the truncated
Wigner method (TWM) [30,31], which takes into account
the leading order of quantum fluctuation and is adequate for
our purpose to investigate the spin squeezing property of the
system. In the following, we first briefly describe the TWM
and then present our numerical results.

A. Truncated Wigner method

In the Wigner representation, a quantum state (or a density
matrix) can be depicted by a quasiprobability distribution
known as the Wigner function W (ψ,ψ∗), where ψ spans a
coherent phase space satisfying ψ̂ |ψ〉 = ψ |ψ〉. The expec-
tation of an arbitrary operator Ô(ψ̂, ψ̂†) can then be sim-
ply calculated through the average over the classical phase
space, i.e.

Ō =
∫

d2ψ W (ψ,ψ∗)Ocl(ψ,ψ∗). (19)

Here, d2ψ = dψdψ∗ denotes the complex integral and
Ocl(ψ,ψ∗) is the Weyl symbol of the operator Ô, given
explicitly by [31]

Ocl =
∫

d2ψ ′ Ô(ψ̂ → ψ

− ψ ′/2, ψ̂† → ψ∗ + ψ ′∗/2)e−|ψ ′|2/2 (20)

as Ô is normally ordered. For quantum dynamics, the Weyl
symbol is time dependent as the field operator ψ̂ should
satisfy the Heisenberg equation of motion i∂t ψ̂ = [ψ̂, H].
This operator equation, however, is in general too difficult
to solve for a typical many-body system. The TWM is to
assume that ψ̂ follows a classical equation of motion i∂tψ =
δH/δψ∗ starting from an ensemble of initial states satisfying
the quasiprobability distribution W (ψ,ψ∗), and then the dy-
namic evolution of Ō can be simply obtained by the ensemble
average. Here, H(ψ∗, ψ ) denotes the energy functional of
the system. Particularly in the context of atomic BEC, this
classical equation of motion corresponds to the mean-field
Gross-Pitaevskii (GP) equation.

To apply the TWM to the current system, we first re-
express the collective spin operators Fx,y,z by the modes a±
which are related with the aL,R by a unitary transformation
a± = (aL ± aR)/

√
2. Then, the Wigner function of the CSS

(12) is given by [31]

W (ξ+, ξ−) = 2

π2
e−2|ξ−|2δ(|ξ+|2 − N ), (21)

where ξ± is the c-number description of the modes a±. On
the other hand, the Weyl symbols of Fx,y,z can be obtained in
terms of ξ± from the integral Eq. (20), and we have

Fx,cl = 1

2
(|ξ+|2 − |ξ−|2) ≡ fx,

Fy,cl = i

2
(ξ ∗

+ξ− − ξ ∗
−ξ+) ≡ fy,

Fz,cl = −1

2
(ξ ∗

+ξ− + ξ ∗
−ξ+) ≡ fz. (22)

One can easily check f̄x = N/2 − 1/4, f̄y,z = 0, and 	 f 2
y,z =

f 2
y,z − ( f̄y,z )2 = N/4 by substituting Eq. (21) and (22) into

Eq. (19). Practically, it is more convenient to rewrite ξ± by
ξ± = √

N±eiφ± and restrict N± by N+ + N− = N , which leads
to the real distribution

W (δN, δφ) = 1

2π
e−(N−δN ), (23)

where δN = N+ − N− ∈ [−N, N] is the number difference
satisfying an exponential distribution with mean N − 1 and
variance 1, whereas the relative phase δφ is totally random and
uniformly distributed in the range [−π, π ). Obviously, the
restriction affects nothing but shifts the mean spin f̄x and the
transverse variance 	 f 2

y,z by 1/4, which can be safely ignored
as N � 1.

Given system parameters �, g and g↑↓, we implement the
TWM as follows. We first prepare an ensemble of 103 initial
states

�0 = ξ+�+ + ξ−�−

=
√

N

2
+ δN

2
eiδφ�+ +

√
N

2
− δN

2
�−,

(24)

where �± = (�k0 ± �−k0 )/
√

2, and δN and δφ are sampled
from the quasiprobability distribution Eq. (23). We then let
each of these sampled initial states evolve under the mean-
field Hamiltonian by solving the coupled time-dependent GP
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equations

i∂�(x, t )/∂t = (H0 + G)�(x, t ), (25)

where G = diag(g|ψ↑|2 + g↑↓|ψ↓|2, g|ψ↓|2+g↑↓|ψ↑|2) char-
acterizes the mean-field interactions. Finally, we project �

back to the (±) basis to obtain

ξ±(t ) =
∫

dx �∗
±(x, t )�(x, t ) , (26)

based on which the spin variance 	 f 2 can be obtained by the
ensemble average.

Let us add a technical detail. Propagating up to thousands
of GP equations over a long time period with low numerical
error is indeed a challenging job. However, thanks to the
development of the graphics processing unit (GPU)–based
scientific computation, we designed a GPU solver that can
propagate up to 103 GP equations in a multithread manner
[32]. This allows us to carry out the calculation in a quite
efficient way.

B. Results

We now present our numerical results from the TWM
and compare them with the analytical results based on the
two-model model and the OAT Hamiltonian. We consider a
homogeneous system confined in a box with periodic bound-
ary condition, and we only focus on the case with SU(2) sym-
metric interactions, i.e., g = g↑↓, which is a rather accurate
description for 87Rb and 23Na [13,18].

1. Case 1

We first consider the case 1 quench where at t = 0 the
lattice potential is suddenly turned off; hence, in solving the
GP equations, the external potential is taken to be Vext = 0.
The gray dotted lines in Fig. 2(a) show the spin evolution
fmin(t ), starting from the 103 sampled initial states using
Eq. (24), where fmin(t ) denotes the polarization along the
direction in the fy- fz plane in which the variance takes the
minimal value. In the calculation, we consider N = 103 87Rb
atoms, whose s-wave scattering length is as = 101.8aB with
aB being the Bohr radius, in a rectangle box with geometry
L = Lx = 10 μm and Ly = Lz = 0.5 μm, and take � = 2Er

with Er = 5 × 103(2π ) Hz, such that the interaction g satis-
fies gn ≈ 0.63Er with n = 4 × 1014 cm−3 being the averaged
atomic density. The ensemble average over the whole sample
is f̄min(t ) = 0, as indicated by the black dashed line, and the
standard deviation of the whole sample 	 fmin(t ) is shown
as the blue solid line. Particularly at the initial time t = 0,
	 fmin(0) = √

N/2 represents the SQL. It can be seen that,
at later time, 	 fmin(t ) drops below the SQL and reaches a
minimum before rising again. This is a clear manifestation of
spin squeezing. As a comparison, we also show the dynamical
evolution in the case without SOC (by setting � = 0) in
Fig. 2(b), and apparently no squeezing effect is observed as
	 fmin(t ) remains fixed at the SQL, which is in agreement with
our analytical discussion.

In Fig. 2(c), we show the squeezing parameter ξ 2
TWM ob-

tained from the TWM (blue dotted line) corresponding to the
dynamics shown in Fig. 2(a). In comparison, the analytical
result ξ 2

OAT obtained from Eq. (16) (red dashed line) is also

FIG. 2. Squeezing dynamics for a BEC in boxed potential.
(a) Spin evolution at � = 2Er , N = 103, and gn ≈ 0.63Er with Er =
5 × 103(2π )Hz, where dotted lines, dashed lines, and solid lines
denote the evolution of fmin, ensemble average of spin evolution f̄min,
and the ensemble standard deviation 	 fmin along the direction with
minimal ensemble variance. In the figure, −	 fmin is also plotted such
that the vertical distance between ±	 fmin can clearly demonstrate
the spin squeezing. (b) Similar evolution with panel (a) but at � = 0,
where no squeezing effect is observed. (c) Squeezing parameters as
functions of t , where the dotted line, the dashed line, and the solid
line indicate the numerical result ξ 2

TWM, the analytical result ξ 2
OAT,

and the fitting curve ξ 2
fit, respectively. (d) Logarithmic plot of the

ensemble averaged momentum distribution n(kx ).

plotted. The two results exhibit good qualitative agreement.
The quantitative discrepancy between ξ 2

TWM and ξ 2
OAT mainly

lies in the fact that the ξ 2
TWM has oscillations as t increases

and that the optimal squeezing time tmin of ξ 2
TWM is slightly

larger than that of ξ 2
OAT. These discrepancies can be mainly

attributed to finite-size effect and high-order scattering that
are not captured by the effective two-mode model. The former
arises from the fact that the plane-wave function �±k0 in
a homogeneous system of length L with periodic boundary
condition is actually a superposition of plane waves with
momenta ck0, with c being odd integers and c = ±1 being the
dominant modes [26]; and the latter lies in the fact that a small
portion of the particles are pumped away to the excited states
near ±k0. To see this, we plot the logarithmic of the ensemble-
averaged momentum distribution n(kx ) = | ∫ dx�(x)e−ikxx|2
as a function of t in Fig. 2(d), where the two effects are
clearly demonstrated. The particles out of the ground-state
subspace mainly experience a smaller nonlinear spin inter-
action strength χ due to a small θ [see Eq. (11)], which
effectively reduces the overall nonlinearity and leads to longer
tmin. We can obtain the effective spin nonlinearity from the
numerical results by fitting the ξ 2

TWM with the analytical result
ξ 2

OAT and treating χ as a fitting parameter. The fitting curve is
shown as the blue solid line in Fig. 2(c), from which we can
extract the fitted effective nonlinear spin interaction strength
χTWM ≈ 0.19g/L, which is slightly smaller than χ = 0.25g/L
as calculated from the two-mode model using Eq. (11).

We perform similar calculations for other values of �

and show the corresponding χTWM as circles in Fig. 3(a).
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FIG. 3. (a) Analytical χOAT and the numerically extracted χTWM

as functions of �, where N = 103 and gn ≈ 0.63Er are fixed. (b) De-
pendence of the optimal squeezing parameter on N , where solid
line and hollow circles correspond to the analytical result and the
numerical result, respectively. In the calculation, we fix � = 2Er .

Moreover, the analytical χ [Eq. (11)] is shown as the solid line
as a comparison. It turns out that the numerical nonlinearity
χTWM is approximately in proportion to �2, as χ . In addition,
we also carry out the similar calculation for different values
of N = 102, 103, and 104 at fixed � = 2Er and show the
maximal squeezing parameter ξ 2

TWM as a function of N by
circles in Fig. 3(b). Again, the analytical predication is also
shown by the solid line. The result confirms the particle
number scaling ξ 2

TWM ∼ N−2/3.

2. Case 2

We now consider the case 2 quench in which the initial
strong lattice potential is weakened but not turned off. In
solving the GP equation, we thus take Vext = V0 cos2(k0x) with
V0 = 0.04Er , and fix other parameters being the same with
those used in the case 1 quench. As a result, the corresponding
two-mode tunneling is J = −5 × 10−3Er and satisfies the
condition |J|/χ ≈ 31.8 � 1 required by the frozen spin ap-
proximation. The numerical results are presented in Fig. 4, in
which the evolutions of fmin and its variance 	 fmin are plotted
in Fig. 4(a), and the corresponding squeezing parameter ξ 2 is
presented in Fig. 4(b), where we also plot the analytical result
from the two-mode calculation ξ 2

J as expressed in Eq. (18).

FIG. 4. Squeezing dynamics of a BEC in the presence of an
optical lattice. (a) Spin evolution with dotted lines, dashed lines,
and solid lines denoting the evolution of fmin, ensemble average
of spin evolution f̄min, and the ensemble standard deviation 	 fmin

along the direction with minimal ensemble variance. (b) Evolution
of the squeezing parameters obtained by the TWM ξ 2

TWM (solid
line) and from the effective model ξ 2

J (dashed line) in Eq. (14).
In our calculation, we take V0 = 0.04Er , � = 2Er , N = 103, and
gn ≈ 0.63Er with Er = 5 × 103(2π )Hz, and the resulting tunneling
strength and the nonlinearity satisfy |J|/χ ≈ 31.8.

One can see that the numerically obtained squeezing parame-
ter and the analytical result are in good qualitative agreement.
Again, the fast oscillations in the numerical curve may be
attributed to the multimode effects that cannot be captured by
the effective two-mode model.

C. Discussion

In the above, we have considered a homogeneous system.
In practice, most BEC experiments are done in the presence
of harmonic trapping potentials. The presence of a trapping
potential, however, would not change the main physics. For
such a trapped condensate subjected to Raman-induced SOC,
we still have two degenerate ground states when the Raman
coupling strength is below a threshold, and the wave function
of the two degenerate ground states are still approximately
given by Eq. (4) with an additional Gaussian envelop function
[19,33]. Hence, the results obtained above remains qualita-
tively valid.

Finally, let us discuss how to detect the spin squeezing
by measuring spin variances. The measurement of the spin
variance in Fz is straightforward, since the two modes L
and R are completely separable in the momentum space and
will be spatially separated after a time of flight, and Fz is
just the population difference between the two modes. For
the measurement of an arbitrary spin in the Fy-Fz plane, the
so-called spin-noise tomography [10,11] can be implemented.
Practically, one can pulse on an evolution under the govern-
ment of H0 = J0Fx for a proper duration to rotate the spin
onto the measurable z axis, and then the population difference
detection can be carried out directly.

IV. CONCLUSION

To conclude, we have demonstrated the realization of
spin squeezing in a spin-orbit coupled atomic condensate.
We show that the SOC provides a crucial new control knob
to facilitate spin squeezing, circumventing the restriction on
interaction strengths in the absence of the SOC. We have
constructed a simple two-mode model to explain the main
physics, which is confirmed by a detailed numerical simula-
tion beyond the usual mean-field treatment.

We would also like to point out that, though the above
discussions are performed on a spin-1/2 BEC with Raman-
induced SOC, the basic concept is not limited to this particular
scenario. For example, it can be generalized to a system with
spin-and-orbit-angular-momentum coupling [34–39], which
has been experimentally realized very recently [40–42], where
a pair of lower lying modes with opposite orbital angular
momenta can play the role of modes L and R in our system.
Additionally, similar discussion can be performed in SOC
systems with higher spins [43–48], in which richer squeez-
ing effects (e.g., spin-nematic squeezing [12]) may be ob-
served. Our work adds yet another interesting piece of physics
that synthetic spin-orbit coupling brings to the field of cold
atoms.
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