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THE THEOREM OF JORDAN ON PLANE CURVES

The Theorem of Jordan stutes th&t & simple cloeéd Jordan
curve divides the plane‘inco two regione, the interior and the
exterior. The interior region and the exterior region are re-
apectively, the bounded and the unbounded regions into which
the plane is divided. It follows that a polygonal line or a
Jordan curve joining an interior and an exterior point cuts the
curve in at least one point.

A simple Jordan curve is represented as

x=x(t), y=y(s),
continuous for 04t 41, where (x(t) - x(ti))z+ (y(%) - y(fa))">0
for 0<t, t,<1, and t,#%,. A simple closed Jordan curve is
repregented by

x=x(t), y=y(t)
continuous for O <t <1, where x(o) =x(1), y(o) =y(1) but
otherwise (x(t) - ig(fa))’l (y(t) -y(t,))z>'0 for 0¢%,t,21 and t,#%,.

Since mosit of the proofe considered depend upon the
Theorem of Jordan for the simple poiygon, a proof of that special
case, due to H., Hahn® will be given. The proof depends upon a
pystem of axioms which are eight in number. The preliminary
theorems upon which the Theorem of Jordan depends will be guoted
vithout proof. The axioms involve the point as &n undefined ele=
ment and an order relation as the undefli:ed relsation. The axionms
and theorems sre as follows:

Axiom l. There existff at least two distinct points.

Axiom 3. If the points A, B, and C lie in the order
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* H. Hahn, Uber die Anordnungssatze der Geometrie, Monatsheft
fur MathewatTik und Physik, vol 19, Dp. 489-503,




(4,B,C) they also lie in che order (G,B,A).

Axiom 3. If the poinis 4,B, and C lie in the order (4,B,C)
they do not lie in the order (B,C,a).

Axiom 4. If the points A, B, and C lie in the order
(A,B,C) thén the point A4 is not identical with the point C.

Axiom 5. If the points A and B sre distiucw, there
exigts a point C in the order (4,B,0).

Definition, A siraight line AB will consist of the
points A and B and a|l: points X in the orders (X,A,B), (A,X,B)
and (4,B,X).

_ Definition. The segment AB will be the poinﬁ set con-
eisting of the pointe & and B and the points X in the order
~(A,X,B). A and B are the end points of {he segment. The points X
are inner pointse.

Axiom 6. If the points C and D lie on the line AB, the
point A lies on the line CD.
- Theorem l. Two distinct points determiqe only one line.
quQA.Bv - Axiom 7. Given three points, thé three points A, B, and
C do not lie inthe orders (a,B,0),(B,0,4), (C,a,B).
Definition. If tiree poinis A, B, and C do not lie on a
line tvhey arxe saié to form & iriangle. The points A, B, and C
are the vertices; the seguwenis 4B, BC, and CA are the sides.
dziom 8. If the vhree points A, B, and C form & triangle,
the point D lies im the order (B,C,D), the point E in the order
(C,LE,A), vhen F exists in the order (4,F,B) and lies on the line

thru D and E.

Theorem . There is no line which meets all threse sides
of a triangle in inner pointis.

Theorem 3. Let n distinct points lie on a line. Then we
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may designate them be A,,A,,Aa,i;¢...,Aﬁeo that they lie in the

order (A, ,A,,¢ece..,A,)s They also lie in the order (A, A, 00,4, )0
Definition. Given two points A &nd B. The points X in

the order (A,B,X) congtitute the prolongaiicn of the segment AB

beyond B. The points X in the order (X,A,B) conistitute the pro-

longation of AB beyond A.

Theorem 4. Each segment and each prolongation of a

‘segment containe infinitely many points.

Definition. The points A, B, and C form a triangle.

- We mean by the plane ABC the point set cousisting of che points

\
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of the gsegmentis AB, BC, CA topether with those points that are

collinear with any two points of these seguents.

D Theorem 5. Three non-collinear points delsramize a

plane.

Taeorem 6. IT two points of a liue belong'ﬁova plane,

all points of the line belong 10 the plane.
| Theorem 7. Thru a point in she plane pass infisitely many
distinet lines lying wholly in the plgne.

Theorem 8. Let 4, B, and C form a triangle. Then each
lies in the plane ABC. Then any line in the plane ABC which passes
thru an inner point of the segment AB, passes thru a second point
of the triaungle ABC. ‘ |

Theorem 9. A point on a line separates the line into two
subsets, each of which is a hulf-line.

Taeorem 10. By n points in the order (A,,A,,ssexs,4,)
the line is divided into n +1 subsets consisting of the n -1 sets
determiced b, the inner points of the segments A;A (1= 1,3,...40 ~1)
and the prolongation of A A,from A,end from Aye

Theorem 11, The plane is divided into wwo paite by a

line.
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Theorem 12. Two pointe not on a line b in a plene ¢ and
lying in the same halfi-plane determined by b may be joined by a
segmant not meeting b,

Theorem 13. Two initersecting lines in &« plane divide the
plane into four parts.

Definition. Let O be a point and h and k two half-linss
going from O. The point set consisiting of the point 0 and the two
half=-lines h and k will be called the angle (h,k). O is the vertex
of the angle &and AFnd k are the sides.

Theorem 1l4. Any angle lying in & plane divides the plane
into two paris.

Theorem 15. Let @‘and B be iwo points, one on each side
of an angle. All pointé of the segment% AB are interior pointaé%??)
of the angle., The segment joining two interior points of an angle
lies within che angle.

. Theorem 16. Thru a vertex 0 of angles and a point C
interior to un g§§§§§§t angle draw & line. Thzpn all poinis of this
line lie outside the angleC)(excepting the point 0).

Theorem 17. The segment joining two points exterior to
an angle which does not pass thru the vertex, cuts the angle in
two points or not at all. '

Theorem 18, Let A, B, and C form & triangle. The lines
AB, BC, and CA divide the plane into seven parts.

- Theorem 18. A triangle divides the plane into two parts.

Theorem 30. Let D and E be points on different sides
of a triangle. Then all inner poinis of the segmznt DE are interior
to the triangle. The seguent joining two inner points of a triangle
lies within the triangle.

Theorem 3l. If the seguwent joining two exterior points
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of a triangle does not pass thru a vertex, iv cuts the triungle
in two poinis or not at all.

Theorsm &2. Each half-line going out from an inner
point of a triangle cuis the sriangle in only one point.

Theorem 23« Each line which contains an iatcrior polnt
of & triangle, contains two points of the tréangle.

T?eorem 24, - IT shere are n points in a plane there is
& line asuch that the n points lie in the scne half-plane detere
mined by this line. -

Definition. -Consider n segments. They form & polygonzl
line when an end point of the first is identical with one end
point of the gecond; ﬁhe otﬁ;i end point of the second is identicald
&ith an end point of the third; and finally, the other end point
of hhe'n-—l th., is identical with an end point of the nih.

Definition. A polygon is =z polygonal line hoth end
points of which are idensical. The segments of the polygonal line
are called the sides; ithe end pointSof the sides, the vervices.

A polygon will be called simple ifg
1) No isterior point of a side celongs to any
"ogher side, and
8) Each vertex belongs to only two sides.

Defivition. A point P of a pelygon (or Jordan curve) is
accessible from a point O not on the polygon (or the Jordan curve)
if there exists a polygonal line or Jordan curve joining P and O
and having no point of the polygon (or the Jordan curve) other than
P. The principle of accessibility is fundamental in this proof.

Lemma l. If C, & point of a polygon side A/Ads
accesasible from & point B not on the po&ygon, then the points A,

Acgre accessible from B.
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Proof: Let C ve a poiut of the polygon side AjA,, Let B!*C be the
lust segment of the broken line BC. We drew from A straight lines 10
all the remsining vertices of the polygon. These lines cué ihe
segment B'C in at mosb_& finite number of pointe. Let E,LE, ,....,E,

be the points laveled so that they fall inside the segment B'C in

‘W’ﬁ\ﬁdfc

the order (BY,E,,E ,.....,E,€). Let D be an inner poini of the-ﬁbg)
- L A %Du’,,.;-.(
seguent E;C. We shall show that the segment DA;does not cut the ... .,

side of the polygon and from this outr lemma follows.
We show now that all vertices of

the polygon different from A;fell outside

the triangle A;CD. The segment A;C does
not contain a veriex as otierwise the
polygon would not be simple. The seguent
CPb does not contain & vertex since it is

a part of & broken line which doss not

meet "the polygon. The segment A;D doss
aot, for if so, D woulé%gp the point Ey

[ IRPN S

and would not be,on the seguwent CEye. Th:ure

N
is no veriex Aginside the triangle A.CD for if so, by Theorem &3,
the line A ;A gwould cui the seguent CD and then Eywould not be the
last point in the sense irom B' to C in which lines frowm A to the
other vertices cui the segaent B'C,
If now Agd,is & side of the polygon not terwminating at A,

it can not coniain a vertex of the triangle A;CD. It can not go
thru A;or ¢ for if so ihe polygon would not be simple. It can not
go thru D vecwuse D lies on the broken line BC which contains no
points of the polygon (éxcept C). According to Theorem 51, it has,

therefore, two points or none at all in comwon with the triangle

A:CD. If thie segment ApAphas a point on the interior of the



triangle it must cut two eides by Theorem 83, Since it does not
cut A;C and CD, it does noi cut A D. Hence any side of the pblygon
Ay A0t ending in A;does not cut A;D. The segments A A and A4,
do : ot cut the segment A;D except in the point A zs otherwise
they would colncide with A;D since two distinct lines can meet
in at most one point, If this &id happen it would éoﬂtradict our
choice of the point D. Hence the broken line from B to B', the
segment B'D znd the segment DA_joine B and A;and does not me.i the
polygon except in A;.

Lemsa 2. If a vertex A;of & simple polygon is
eccessible from & point B sot on the polygon, then any point C of
the sides A, A; or A;A ie accessible from B.
Proof.

Cagse 1, The last segment B;Aiof the broken line which conuects
B with A;lies inside the angle 4 A;A. _

Suppoge the point lies on the segment &;Aéf %e draw from C
a;raight lines to all the veriices of the polygon. Cull the points
of intersection of ithese lines with the inner points o. ihe
zegment B'A , E ,E,,.....,BEy, and choose aguzin the inner point D
of the segment B'A so that the segment DA contaius none of these
points Ey, i.e., on the segment EyA,;. D¢ S

pt ‘ e show that if A is any veriex
¥ distinet from A;it is not in or on the

triangle A;0D. A,is not on the side 4;C
ag then the polygon would not be simple.

It is not on A;D as then the oroken line

BA would mest ihe polygon in a point

other than A;contrary to hypothesis. It

is not on DC for if so, D would be Eyand
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would ot be on the segment A/E,. The vertex A,is not iiside the
triangle for if so0 the lize CA,would, by Theorem 23, cut the seg-
ment A;D and Eywould not be the last point in the sense from

B {0 A;in which linee from C vo the ovher verticee cut the
geguent B'A ;.

A side of the polygon A, 4,, not terminating in A cannot
contain a vertex of thz itriangle A;CD; It can not countain A;or C
since then the polygon would nob be simple. It could not contain
D siuce the segmeni B'A;is part of the brokenline BA; which has
no point on the polygo. (except A;). According io Theorem 81, i%
has,\therefore, two points or none &tall in comwon with the
triangle A, CD. If this segment has & point on‘the initerior of the
triangle it must cut two sides by Theorem 23. Since it doee not
cut A;C and A;D it does not out:CD. Hence any side of the polygon
not ending in A;doss not cut CD. By Theorem 15 c¢he sides A A, and
A;A,could not cut DC since B'A;and hence DA;is interior to the
angle A A A, Hence the broken line irom B to B', the segment B'D
and the ssegment DC joins B and C and doss not meet the polygon
except in C.

Cace 2. The segment B'A :lies ouiside of the angle AaﬁfA;,

Let C be a point on ’fz’e con=

sider & point F on the prolongation of

A _A:so that the segment A F @eithen) is

cut‘%y & polygon side nor by one of the

linss joining C with the polygon vertices
with the exception of the point A4;.

No vertex A,distinct from 4;can lie

in or on the triangle A;CF. A,could not

lie on A;C since the polygon is simple.

#
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It could not be on A;F or FC bzcause of the choice of F. Ajcould
not be interior to the trian.le A CF for if so, ths segment CAp
would cut A;F contrary to our hypothesis on F.
A side of the polygon A A unot terminating in A;could not

contain a vertex of the triangle A,CF. It could not contain A;or
C eince the polygon ie simple, Becauge of the choice of F it could
not contain F. According to Theorem 21, 1t has two poinis or none
ot all in commen with the trisogle A;CF. If the segment AgAgbas a
. point on the interior of the triangle it wmust cut two sides by
Theorem 3. Since 1t could not cut A;C or A, F it dozs not cut CF..
The segment 4, A dozs not meet CF since F is on the prolongaiion
of ALﬁ;. Obviously CF doss not meet A;AQ, Hence COF hss no point
in comson with the polygon except Ce.

¥ Now choose th: point D on ithe segment
B*A . so that the segment DA;is not cut by
any of the lines drawn from F to the
vertices of the polygon except in the
point A;. We ghow that no polygon side

pivtnot ending in A;cuts the segment DF. A

vertex of the polygon A,difterent from
A.can not lie on or in the triangle A DF.
The segments 4;F does not convein 4,
because of the choice of the point F. A,
iz not on A:D since 4;D ie part of the
broken line BA ,which does not meet the polygon. FD does ﬁot
contain Apfor if so D=E,. This would contradict our choice of D.
If Ayhpis & side of the polygon not termin&ting in A it
can not contain a vertex of the polygon. It cen not contain A

obviously, nor F by the choice of F. It can not contain D sin
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B'A;and hence DA;has no point on {the polygon. According to
Theorem 21 it hos two pointe on the triangle A;DF or none &b all.
If thie seguent A A has & point on the interior of the triangle
it must cul two sides by Theorem 23. Since it does not cut A F
nor DA;it can not cut FD. A A and A; A do not cut FD since F was
chosen outside of vhe angle 4. A:4,. Hence the broken line from
B to B!, the segment B'D, the segment DF, and the eegment FC
Luken in order join B to C without meeting the polygon.

Theorem 35. Every point of a simple polygon is uacces=
sible Irom every point of the plane.
Proof. Consider an arbitréry'yoint B of the vlane, not on the i,
polygon., Join B to & point B* of the polygon by a streight iline.
This 1line will meet the polygon in & finite number of points.
There is a first point E, in the sense Srom B to B', which the
line BB' has in common with the polygon.* If the point E dés a

poiat of the side A A

14y 2

then by Lemma 1, since E is aCcessible
irom B, A;is accessible from B. By Leuna 8, every point of the
side A cALis acces :gible from B. If E is'a veriex & apply Lemma &
dirsctlys By applying Lemmaa 1 and 8, we have that every point
of the polygon is accessible from evsry point of thg plane.
Theorem 86. A spimple polygon divides the plane into
two regions at moste.
Proof. Let C be an arbitrery inner point of the polygon side
AiAy, We dréw taru € a line distinct from A;A.s anhd we can choose
on it two points D and D' lying in the distinet halfeplanes
deterwmined by the line A;A;,80 that neither of the two segmentis CD
and CD' is cut by the polygon side. Any arvitrary point B not

* E may ve the point B?,
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velonging to the polygon is now joined to C by z broken line not
cutting the polygon except in C. Let B'C be the last of these sege
mentg. BY liee with D or D' in the same half-plane determined bj
the line A;A,; auprose with D. On the segwent B'C choose F 80

that the segmeﬁt F@ is not cut by any of the
lines Jjoining D to the veriices of the polygon.

All vertices of the polygon Aglie
outside of the trisngle CDF., The gegments CD

and CF do nut contain Agbecause of the choice

of D and F. DF does not conbtain azfor if so,

DA would meet CB' in F which would contradict our choice of F.
For tha same reascn there ie no vertex Aginside the trimngle CDF.

A side of the polygon different from A Aupgould not contain
a vertex of the triangle CIF. It could not contain C since the
polygon is eimple. It could not contain D or F because of the
choice of these poinis. As before, if A Ay, distinct from A4,
has & point on the interior of the triangle it wust cut two sides.
It can nov cut CD or CF, hencé it can not cui DF. A; A, can not
cut DF pecauae D and F lie in the game half-plane determined by
A;A,. Hence B and D may be joined}by a broken line not meeting.
the polygon. Then every arobitrary point of the plane not belonging
to the polygon may be joined either with D or with D' by a broken
line not wmeeting the polygon. The polygon then, dividss the plane
in.o two regions at most.

Lemma 3. Let B be an arbitrary poinﬁ of the plane

Joined to a point C by a uroken line lying in the plane,which
doss not cui the polygon. Then these two points way be joined by

-

& broken line such that the prolongations of any of its segments do
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20L prass thru o vertex of the polypou.

Proof. Let BB B ssveuas.By0 b8 the given broken linwg. Dres from B

1‘.!\

lines to all vertices of the polygon. These lines have at moat

-

& finite wmazbor of pointa in comzon with the segaent B B . Ve
can then chocosz G,on vhe seguent B,C,, distinct from cthese
intersection poinss and such thas the mepsent B, €, contaius none
& shese poinva. By Lthe mathod used apove we gan @haﬁ_thaﬁ the
sggrunt BC Gogo not eut tke polygon. The oroken 11&@ BG, Byee.+BL
duzz uot cut the polypon and she suguent BO, ueln&bs To & lane
which puases thru no vertex of the pol,;gon. Ve contines in ihie
m*;nar wiwh the olther segsenta of the broksn line.

Theorex 7. 4 sisple polygon divides iths plene inso
tud Yegiona al l2uol.
Proofe Considcer a given sitreipht line which passes thru no vsriex
of the polygon. It follows thad two veriices A und aglis on the
suisg op different sldesc of Hhis Iine covording as ube cgpasnd
A4, 1a not o i out bﬁ the 1ing, Thig line sither doss a0t cut
tha polygon or euts it in &n evan nuuoer of Dolutz.

Consider a given angle whoga vertex dose not lie on the
polygoen and whoss mldss pass thruo no vertex of ivhe polygon. IF
tha points A;and A are divided by thes wngle, then ihe segusnt
Ao c“%aa;n « coint of vhe .ngla; if not, iv covtains two oOF
Be points of the angle. It follo g frow thio that the engle
Bag no pointe Or &n even nwiber of pointg in comeon with the
POLy . ONe

‘Fram en yoitrely point in the plene drev a sureight line
which pagnes thru no vertex of the gol,. on but which cuts the

polygone Let the inturececiion points of this line &nd the polygon

ba E, 'E'L ,‘QO‘,B‘,VG Let thexw have iths oraer ﬂ:' (fa' ,E pesss ,3.‘421)
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Choose on this 1iine a point A,ﬁb/that'we have the ordering /
(AE”E,,..,,.,En), One or bath\?f.tne half lines- into which our
line ié é¢ivided by A containe fﬁ\points of the polygon,

Chooge a point B on the same 1idé\agch that on each of the
two heli-lines detcrmined by B there are aﬁ;6§§ number of
intersection points E of the polygon, Let C be a point which may
joined to B by & broken line which does not cut the polygon. To
ghow that every ray drawu from C must
cut the polygon,

We can choose the broken line joini

the prolongations of its segments bave
no vertices of the polygon. Let BC G, ...
be such a broken line,

Considex the angle ABC,? The vertex

of this angle does not lie on the pelygon and its sides pase thru

no vertex of the polygon, One of the sides of this angle contains

be

ng

€+ B and C, by the preceediug Lemwa, g0 that

-
/B

an odd number of intersection pointes with the polygou. Its second

gide must therefore contain an odd nuwber of intersections, and
since the segment BC, containe none, the prolongation of the seg-
meat BC, contains this odd number of intersections.

We now congider the angle formed'bf the segmenis BC, and C, C,
and their prolongations, By the same rYeasoning we have that the
prolongation of C,C,contains an odd number of points of the
polygon. We have finzlly that the prolongation of the segnent
C,C from C has an odd number of intersection pointe with the
polygon,

Draw now from C an arbitrary half-line. If it goes thru a

vertex it has a point in common with the polygon. If it does not
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*® If A, B and C,are collinear the case is trivial.



go thru & vertex then it may be treated as above by considering
the wngle which it forms with the prolongation of C,C from C. This
arbitrary helf-line then contains an odd number of intersection
voints with the polygoh?.

We have then thzt the point A moy not be joined to the point
B by o broken line not cutiting the polygon eince there is atb
least one helf-iine drawn f€§m A which does not cut the polygon.

Sinece we have provedﬂthat the polygon does mnot divide the
- plane into more than two regions, we bave thut it divides the
plane into ex=zctly two regions.

In this raper we sghall cousider the proofs of the Theorem.
of Jodan as given by Schoeunflies, Kerekjsrto, de la Valiee Poussgin,
Alexander, and Vebleﬁ, as well as the converse .heorem and &
criticism of the proof of de la Vallee Poussein, both by Schcenflies;
0f these proofs, tweo are outstanding. The one by Kerekjarto bscause
of its simplicity, and the oce by Schoenflies because of its
glegance and ifurther becuues the method veed leads to the counverse
Lhecrenm.

The proof of Schoenflies ** dependa upon < point set theory.
The éroof depends upon the property of isolation, i.e., that an
arc H of a simple closed Jordan curve may be enclosed in a genw-
erslized polygon such that C{H) is on the exterior of the molygon.
The Jordan curve will be considered as the l-1 and continuous
image of a circle. The polygone used are gseneralized. They congist
% In case these two half-lines do ot forw an angle, they are
elther colucident in which case our conclusion follows; or together
they form a straight live, and since this line must have an even
number of intersections with the polygon and one half-line bas an
odd numoer, the other must also.
** A, Schoenflies, Uber dus eineirdeutig und Stetige Abbild des

Kreiases (Jordancurve), Jahrssoericht d. - -
% . [ ] > der Deuna 1hex - 2 iLE -
Versinigung, Vol 33, pp. 147-157. chen Matheaatiker
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of two broken lines, the correspending end points of which approach
the same point'while tbe mumber of sidse increases ingefinitely.
Ve wish to gshoe that {f the Theorem of Jordan holde fer an
ordinary polygon composed of a finite number of segaents, that it
holde for & geuaralized polygon. Consider such & generalized
polygon with the limit pointe P,ang P,. About P and Pzwé nay place
agguarag of arbitrerily cmall gide length. Theae squeres combins
with the generalized polygon to form an ordinary pelygont, How
any point of the plane nol on the genecrslised polygon aay be
placed on the interioxr or t.¢ exterior of the ordinzry polygou
by choosing the gide of the sguares smull enough. Any tvo polnts
P and @ sceparated by every such ordinsry polygon are separated
by whe _eneralized polygon. Thie follors since any polygonal line
Jolning P and Q will either paas thru P, ox bz at a finite distance
Iyom it. If Pjis on the polygonal line ghen the generalized
polygoa separutes P and Q. If P is not on the polygonal line wé
choocse the square cbout Pyoo amsll that &l peinte of it sre
exterior to the sguare. Then as the polygonal line cuts the
ordinary polsgon and not pointe of the sguare 1t cuts the  eneral=-
izedApolygan**. We wmay show by the method of Theorem 30, thai
only two regliong are formed.

Let 8 be a circle and 12% ¢ and d vetwo distinet points on it.
Thay determine two circular zres, consisting of points (exclusive
“’ of ¢ and d) which we will call H=x {hiand K= {k].

X
Hencs
S=H+K+fc,a},
S
where, by {c,d}is aeant Lhe two voints ¢ and 4. For

* There will be two posaible bounderies ncaer sach point P,and P,
Ve may take either one.

** Similar conclusions hold for P,).
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the sets H ang K, the following hold:

1. Every limit point of pointe h is either itself a
point of H oxr is cue of the two poite ¢ and d. The closed seb
H cousi te of the set H and the points and d. Similarly for K.

e If 4 is zuy inner point and & ie any outer point of
thz eircle*, one can conaect 1 znd @ with ¢ znd d*;uch that a
"polygon P is fowvied for which all points of H are in.er points and
vherefore belong to I(P), and all points of K are outer points
“and cherefore bekong to 0(P).

We say, therc.cre, wvhal the polygon P isclates the point
set H from the point set X (or ). In a eimplaer manner we can
igolate the point set X from the point sot H (or H) by an
anclozous polygon. We cull H =nd K icolaied point setm.

We show that the aﬁcva elementéry propervies of the circle
hold for a generel Jordan curve.

If [ is vho image circle (i.e., the image of S) and¥andd
are the image poiunis of ¢ und d, and if Hn=f73und Ky:{¥}are the
image sets of H snd X, then one has

r = H,l*K’ ‘l-{j) X} .

$
5
On account of the congtaznt relation
betwezn § end M (this relation is a 1-1 and
e continuone correspondence), [ possesses

L. .
e properiy (1) dirsctly, i.e., every limit

point of pointe n ic either itself & pointvlor one of the points
¥,d5« It remaing to show that the point sets Hnand K,are

ﬂ--’-—----ﬂ-nnnm‘-“u-u----nhu---—

¥ dssuming that the circle divides the plane,

** This 1is the property of accassihility whi W
25 1L which will be
for a general Jordan curve. Y : aeveloped
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isolated from each other. We must zhow that we can enclose the
nin & polygon P of which ¥ and Sure vertices, while the set
lej.es: wholly outside of it.

If a and b are two points of the circular arc H sni (ab) the
closed arc determiuved by them, let «and pbe the image points of
a ond b and (¢A) the image set of the get (ab). Let the dis.ance
of the set (x3) from the closed set K, ( =(%3)), whioh is the
mimimum distance for the pointeg of both sets, be €. This is a
non=-zero distance because of the l=1 and continuous properby of
the co:respondence. If one surrounds eafh point of (¥4 ) wiih a
square of conatant side direction and of side length¢= 3 €, then
the whole set leies outside these squares. By the Heine-Borel
Theorem, a finite set of theee squires exisls such that every —
point of (x8) is an inner point of at least one squ.re. These
squares have one outer edge polygon. Let this outer edge rolygon
be R.,= R. Then every point of the arc belomgs to I(R.). In .
gzneral the get f1 lies outside all sqﬁares, and in pazrticular it
lies outside R,,.

Let a,at,a'! ,...... be a sequence of pointe of H not interior

‘Lu to (ab). They are arranged in the order a,a',a'"!

atttt! ..... going from a to, but rot

¢ including c. Similarly, the pointa b,b',b*'?,
b''*! .ee. form a gequence of points of H
not interior to (ab) arranged in tha order
b,b?,b'!,.... going from b to, but .ot including d. The imsge
points of the sequences of a's and b*s are regpectively «, x',.0..
pep ';eess0and because the corresvondence relating them is l-1
and continuous, the a's &nd g'e besr the somz relation o «and ¥

and/gand Sonlas ihe a's and b's do t0 & wnd ¢ and b and d on 8.
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%e wigsh to determine an edge polygon R' for ( «x'8 ') as was
done for the set (xpB). Thaaftotsu') and (p@') are similar to the
set (x3). For these sets there are deterwined, as was done for
(«ﬂ ), edge polygone P and O respeciively. They overlap R and the
edge of this overlapping configuration is deaignated as R'. The
set (x*A ') belongs to I(R') ana the whole set Ky %o O(R*'). In
& similay manner we consiruct for the ses (u!’/s") the edge
pokygon R'!, This is dome by constructing edhe polygons P' and O
for ihe sets (&' x*') and (ﬁ‘/ﬁ"). They project thru Rtand
form with R*, the outer edge of R'*, i.e., form the edge polygon
R'', P' and O' satisfy the condition (to be proved later) that
they both 1ie outside of R and hence do noi cross R. Ve continue
in this menner and obtein & series of polygons

R, R', R'!' ,ceuuuae
which are made up of the polygon R R and the polygons
P, P, P'" seseee @and 0, O%, O'! Jevvecees &

e must show that the limit of these edge polygons forms an
isolating polygon for the set H1and therefore its interior contai
gland the met K, belongs t0 its exterior.

We have the following constructing prope;ﬁiés, which will
be justified later? .

(1) The set f, (=(%3)) lies cu.side of each and every

edge polygona T—
(2) The polygons P end 0, zs is the case with P' and O!
etc., lie- cutside of each other.
(3) Just as P' and O' lie. outside of R, so P'! znd 0'*
lie outside of R', etc.
On the basis of these three properties we establish the

theorem. The edge polygon R' is formed out of ihe overlapping of
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the polygons P and O wish R. Now P, 0, and R zre each edge
pelygons formed by the outer bousdary of & fianite set of squares.
R* will b2 the oubter boundary of these three sets of squares. Now
the polygons P and O lie ouiside of one another vy propexrty (1)
and hence to0 R thers belongs two well defined segménka, r jolning
p and g and r, joining p,ana'ql&long B where p and p,are the points
of intersection of R and P, and q and g ere the poinig of inter=
section of R and 0. Two such segwents exist, and in case ﬁore

iban tro exist, i.e., say P interse cis R in more than tzo points

the outer segment is chosen. A schemaiic drewing is chown below.

Now the edge polygon R'' alaso contains two such segments

&8 noted above which will be designated as r¥= plpgy' and

:fﬁgqgf¢ To theae segments beloug wthe eseguents ¥ - pg and
r,:p,q|raapectively &8 parta. The polyzon R consists of points
of the ovter boundery of R, P, and 0. Likewise R*! coniains
sinilzrly determined pointe of R', P', andg 0'; therefore also
of R, P, 0, P', and 0' and to the segmenis deteruwined by these
points, heiong the zeguwenig ¥ and r,, since R does not overlap
P' or O' by property (3). We krnow likewise that »' .nd z! ave
subsets of ¥ and xr!Y . In such a manvew we arrive =t two iicrease
ing series of geguents

x, ¥, #', ..o and 2, 2%, T vaersenn,

and their combination sets,






u=£(r" end uv,=s5(2%)
, 7.
arc sueh that asy iuncresser, the vegnenis approzch R(‘a

Te consider nox vhe regien which is deterwined by the

!

¢

nereceling edge rolygpon. Every point of I(R) is also a point of

e

(R*). Every point of I(R') is alsc & point of I(R*''), etc.

e
&

=3
k]

e gei therefore,
I(R")-1, anda G =£(1,).

The combination gset G describes the above region.

It follows am in the preceeding, ihat every point of H?ia
& point of G, while every point of K, can belong &t most to the
boundary of G, The boundary of G is considered as being a
combination of the boundariees of the vegions

I(r), 1(2), ana 1(0’).

Each point of the boundary oi G is thereby & limit point of
nsints which belong t¢ these regions (since ihey are cloged). If
the points lie in only & finite number of the sets I(R), I(P‘”),
I(Otﬂ), the liait point falls on &« segment of the polygonal lines
u or u,, since any Tinite nuumber of the above geis iz bounded
by tha segmevds u O0r w,. I{ however, they iie in an infinite
aumber of the sets I(R), I(P™), 1(0”), then the dismeter of the
nolygous Ff”amd<0’”§ppraache 28T 0 withﬁV, for suppose in
particulzr, ‘hat the diameter of ?‘”haas a0t approach zero. The

v)
(-V)dependee upon ¢ . If6>0 the diameter of P —> 0.

diameter of P
The dismeter of P(’V)remai:sﬂ& >0 if and only if ¢ doss not
appenach zero. Since P‘ﬂ&oea not avproach zero, let ths gresaiest
lower bound of @ he >0, Since x, o', x'',+0».. fOrm & sequence
0i polnts approaching Y, for‘Vsufficiantly 1arge,>>Wé, the arc
length from *4io'6 @ill be 4 j}é. Consequently, there is a point

A v 1‘.' .
of [" between « and & | the center of a square, part of the
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boundary of which will be contsined in the boundary of P(Y, and
I“V%ill contain the point §on its interior, i.e., & point of

i% s, which violates property (1). A similar argumént ghovs that the
diameter of Om—b O with %/.

Since the dismeters of P™and Orﬂappraach zereo, each poing
of Pung O‘w(fo: v surficiently l.rge) may be replaced by any
other point of the polygonal region to which it belongs. In
particular, each point may be replaced by a point of M . As was
pointed out before, limit points of poluts of I” beloung eisaer to
[ itoelf, whicﬁ‘case is not releveni here, or they fall on one
of the points Yord . These points, ¥ and &, are however, limit
polats of point sets which belong %o u and u,y and consequently
belong to the boundary of the region G.

The boundary of the region G is thus a generalized polygon U.
It reprzsents an isolating polygon for uvhe set H1and nence we
have proved that we may isolate each subset H20§ the imsge circle.

We must now establish the three congtruction properiies used
apove. In order %0 prove that P and O] for example, lies ocutside
of each'other, we mgst éhow that they bave no poiuts in comwon
and that one does not 11é within the other. The firsi is proved
by an appropriate choice 6f the side square lengsh 0, The gecon&
is proved below.

Now if a function is continuous in the interval ree.....s,
one can deterwine for this an intervaldlength ¢ > 0, so thut in
every suo-interval ¥ < g, the osciilation of the function is less
than a preassigned bound w. Hence, given w, one may deteéeraine &
‘sub=arc (1m) of (ab) such that if M, m' are two poinis of the

inege set (Mg ) of (lm), it followe that For the diameter of the
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sat (Mp),
(8-)/5 (M) < w,
and for the dietance of the points )',/“"
(b) p (MA) L
" We bave the following considerations:
(1) The bound w may have such a value that for the
diameter of the image set EK (=(74)) the relation
(e)B(¥d)> 2w |
holds*. Furthermorz, each of two adjacent points of the pointe
g, &', &', ...ve. , b, DY, 'Y ..., of the circle shall determine
an arc, as that determined by (1m); in particular, the arc (ab) |
ghall determine an arc of thie type.**
(38) Let k, 1, m, n be four consecutive pointe of the
get of atg or b's or both. They divide the circle into four
~eircular arcs
(x1), (im), (mn), and (kcdn).
The image sete (Mu) and (x¥77) of the sets (1lm) and (kédn) are
new sef.s. If 28ie their distance apart, then 88 > 0 bzcause of
the 1-1 and continuous relation beitween 8 and [, while for the
diameter of (¥ 87 ) the xelation
| (2)p (x33V) 2 8 ($5) > am
holds. Also the diatance fvof the set (hm) from ezch 2nd every
subset of (XT18§7V) satisfizs the relation
/ =2S.
The lomzr bound of S for all sets (M #) coming under consideration
ls obviouely zero.
We construct now around the set () u) an edge polygon Rp
Dy ueing squares of side length ¢ which satisfy the relations

_-------—-------_---_-------‘-—--.

# This is no esgential restriction.
#% Sce 'hj- P



(e} < issiace %w.
Beczues of the relation 0" < 2 S , the covering squares for the
aet (')-,u), é.nd therefore also the associuted edge polygon R, , |
have no points in common with the set (v¥3Vv), It is not sufficient
to conclude however, that the ség;gigé outside the edge polygon.
There gquares can determine a multiply connected region, and then
inside R ,there is at least one region which lies ouiside all
these squares. The get (x¥8Y) can belong to it. Since the set
(x687) ie connected, it belongs o such a region wholly or not at
all, and this is true of each of its subsete. If it bslongs to
such a region, the relation -
Bikut >p (X¥3V)> 2w
neceag:rily holds.
Onc the other hand ws have also
Pibul<p Qur2r) <M + B0 < Zn.
This is a contradiction. The set (x¥4V) lies, thersfore, outside
the polygon Ry, , and on account of the relation (e), it holds
for every edge polygon composed of squares of side lergih T that
surrounds some subset of (Xx¥87), In particulsar, the set (55)
(which is & subset of each and every set (270Vv)) lies ouveide
eadh and every edge polygon.

Now the set (¥ &) lies outside each and every edge polygon
surrounding the set (Ap). Now as was noted above, (lm) is
determined by any two consecubtive a's or b's or both. Iis image
82t is determined by the itwo coiresponding a's or 8's or both
and they are necessarily consecutive. In barticulur ()/z)'may be
(xp), (xa), (8), (¥«"),cecs and (¥5) will lie outside the

edgse polygons covering these sets, l.e., outside the: polygons

R, P, 0, P', O',..... . Hence Kylies outside the polygons R, P, O,¢m
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This is property (1).

0f two such polyguns as thoyeo considered in the preceeding
palu zuph, one may say that the one surrounding a oet (/\y ), the
other = subsst of (X¥3V), The set (Mu) uway be taken to be (x8)
«nd the subaset of (X75v) mey be taken to be (ot x'!) :or (p? ﬂ")
and oy & proper choice of o and w, the polygon surrounding (xp)
and those purrounding (« ' «'t) on (/b'/a *4) will lie-outside
oif cne another, i.e., R and P', and R and 0' lie outaide of one
snothar and bnave no pointe in common. Continuing in vhis manner
we daduce properiies (2) ana (3).

With the aid of the isolating polygon U we prove the Theorem
of Jordan. Firet, as the side of the squares 0 bscoues swaller
e polygonal lines uw and u, become closer and clozer to the

1
w polygon U, we can isolate the set Ky from the set H,( by a

s€t H, . Secondly, as the set H7 vag isolated from the get K by

polygon B. The poi.gons U and B have only the points y , S in
comaon, becunse of the choice of ¢, the length of vhe side of the
square surrcunding each poini of the sets H,l and Ky . Let § and &,
be the polygorul linas of B correapohding to the polygonal lines
u and u,0f U
- The polygons U =nd B divide the plane into four regions.
Two avs Lhe pelygons I(U) ang I(B), the third comes {rom %, and g,
the Tourth, the exiterior of u and§.

If g ls determined by u,and &, ,» it dependes upon sthe size of 0.

v) . .
" sukee on a ga2quaence of values jo""’)}aa = Q: g‘wie the regiom

ex )
to walchh the vulueo of 0‘[" correspond. The combination sei

h=20 { g(v)}
of all these reyiong determines a region, all of whoge limit

polnts belong 3o the image set| . Hence the image set [ deter=



mineg in the plane at least two regiocus.

Ia order 10 show that the plane is divided into only two
regions by 7, we nsed the auxiliary theorew, that the inmege set
of & circular arc duse not divide ths plene. If G' iz the circula.r-
&rc, ¢ zna d its end poinis and ' its inege, with Yand J the
lgage poinve or ¢ wud d, then se have as before,

Gt H +§e,d}) M= H,+]s, 51 .
Asguming that T ' adetvermines a regional division of the plane,
let i wnd & be wo pokntg uvelonging to
aifferent regionas, From a, drew a

giradight line ¢o MY, mesting it ine.

Thig licse way, mest [ ' in wore Lhan one
point, but lel €, be the Jirst point of meeting in the scnee Irom
& L0 € o Drew & pilmiler liue irom i meeting I' inG. € and &
on [ ' correspond bo the pointe e,and e,on G'2? The points e,ande,
di‘:id@ the are G' 1nvo three sub-zres |

| (ce), (g e) and (e,d).

We' now en¢lose LRSLr image scis in an isolating wolygon.
First we isolate bhe gub (€,6,) Trom the sets (£e,a) ava (ie.5);
then we isolate (661) from the polygon jusi oblained and ithe sets
(ag)) and (ie;8), ora finally we isclate (€.8) irom these
solygons aad from (o) and (1e). The peiats 1 and « lie outside
adl three polygons and hence may bo jcined. This ie a comntradiction,
hence the sheoren.

Wwe now shor that T divides the plane inte only two regions.
If p is Eili}’ regioen into which vhe plane ia aivided, let @ be its
boundury«** Buppose € is not idenvicel with © . Then Gis a

.----—--~-6.-“-”---’w--~-“-~~-----

E 3 by " oW Ty > S AT T 2 o ¥ b

The drewing of Lhese lines i necessery since the sete we laler
2.8015&.‘86 must be simply connected.

10 , . R ‘ N . ks
;l’eq.m“:.ki E-}-llel copventlog tilc.x,'_the I?oupa_ary, eg., ol the points
Xy >a’ls the circle x*y™=a, as it is for vhe poincs X% y'< as
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comected subret of [ and is the image of a circular erc and hence
goes not divide vhie plane by the above suxiliary iheorem. Since
ary regjonal division of the plane has [T as ite boundary,
divides the plane into exactly two regions.
We have geen that the sets H

and K, may be enclosed in

1 e
polygong U and B reepectively, such that they have no point iun
common'excqy‘veuulé. Further, these polygons mey be made arbitrarie
ly close & v & choice of the gide length ¢-. Hence any point P

of the plane not on Mwill be, by & proper choice of ¢, in the

third zeglon det:rmiced by.u,and %.or in the fourth region deter=

mined by u andt. Hence it may be joined to u or u,depending upon

—

s

which of the two regions P is in. Hence P mzy be jained,ﬁb(f5§7j2,x/
( g

~-.

by @ Jordan curve which has no point on I except ¥or é.;“é{ﬁﬁé
¥ and Swere any two distincd points of M, we are<i;;§“zs’iié_”’w
fact thut the points of a Jordsn curve are accessible irom any
point of the plana. It is mnoted that the pointz ¥ and & are
aotually limit points of pointe which are accessible from P by
polygonal lines.

We now turr to the proof by Kerekjarto*which is vy far the
simpl@st of the proois considered, but unfortunately it relies
t00 much upon intuiticn. The details of the proof are ilncluded
NEYe. Kerakfarto omite shose details which wure obviousiy true
and may be easily Jjustified (theré is one exception to ithis, which
%ill be poinied out later). He assumes no credit ior origionality
oince he states that the proof is a combination of the simpler
parts of the simpler existing proofs. He also assumes the theorem

for a simple polygoun composed\§pf a finite number of degaents.

- BR S0 G A MM W WA WD DA WP B S8 MR wY A A AR 48 N S GR s R AR W wr T aP s an e am
* B. de Kerekfaorto, Demonsiration Elementeire du Theoreme de
dorduit sur lsa Curbes Fluhes, AChé Liiterarunm Ac SCloniiarum,
vol 5, (.LBSO—-.L:}3B) Bp. S56=5Y,
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Kerekjurto uses the theorem, as doés Schoenflieg, thet & siwmple
Lve docs not divide the plane.

Lemma 4. Let K,znd K, ve two bounded continua in the
vleng, of which Lhe gommon pert X is & conpinuvums* IF two points
of the plune A znd B whigh do ot belong to ¥,+K,, are separated
selither by X, nor X, , then they are not separated by K+ K.
Proof. Let w, and w, be iwo lines which join A& and B such that
Wydoze not mees K, aad w, does not meet X . We may suppose that

W

, aud w  have no otber points in comuon except their exitremities
4 usnd B**‘o

—

The polygon IT = w,+w,. divides the plane into tvwo dowaing.
Suppose that tha ccntimuum X, which hags no point on T, is found
on the interior of T ***, The points of K situsted on T and on
ite exterior form a set W,. The set M,ic closed. It is null, or
contuins a finite muwber of points in which cune i% is closed,
or it containg wn infinitude of points. The get I, is bounded
A M a8 it is & esubset of K, which ig bounded.
If ¥, hag an infinitude of pointa it has
a limit point by the Bolzano-RVcicrsirass
Theorems If P iz puch a limit point suppose.
that M| is not clbsed and P is not a
8 point of M,. Then P ig an interior point
U T « We have then ez intexval ebout P which contains no points
of ¥,. This ic o contradiction.
et M,is at a positive distance >8>0 from K, «nd from we
2 Phags r-s’:;a.a;ﬁ-za;:s:xm;d.ﬁ'; ;eno;ead;m:ﬂ; ;ﬂ:.lt STt TTErT
s In case w, and w - have ouher points in comeon we may replace
A and B by two poiinte A', and B! Comson O w, and W. such that the

port A'YBY of w,does now meet K, and A'B! of w dom:; not ireat #(.,_‘

#¥r Thin ie no restriction.



Biip ot & posltive dlsisnce Iz Wy ulncs w does nob weset K, .
It ig wy & positive distence from K, for if 0ot K,wna X,would
have & point 1n coms:oi olher vhat K awd hance the poiuwe in
GomLon woﬁid not Lo & continuaua.

Auout gkch polat of ¥ place o sowrs of nldes lengih < 5}4,
with coieient side Glreciion. By the Heine-Bovel Theorsm, « finite
nuaber of such squares exiig;? sy Lhe oldes of these syuares form
& polygon. This polygon forwe with 7 «nd ius ianvarior a polygonal
dowsin, Lel W' be the ooundzyy of thai domain, part of wzhich is
forwed by the whole line w,. The obhor pext of ' ig & lise which
Joins A and B vithout mesting K,+X,.

Theorem £3. A simple are dccs nod divide the plans.
Proof. Let &4 and B be two poinis which are not on ths aingle
arc'ﬁ@. We divide ths arxc P§ into a finite nuabsr of consecutive
arce ETE, ?TE,,......,?:?,(P;:P, B =%) such that the diancters of
the arosm ?ZEiﬁaxe less thanths discance fron the poinis A ox B vo
the arc PQ. We wish %o shor what each of the subarcs dosz nut
g2parate A and B.

Let & be the smaller of the distances of 4 end of B o the
&xc ise.;}. Conzider any one of the crce @*, Aboutv each point of it
place a syusre of side length < 7/4 and of covatant side direction.
Again spplylng thz Helne-Borel Theowem, we have a finite anumber of
guch guuures esitricily coverivg ﬁ:&ﬁzuuizhe cuter voundaiy of this
finite number of squares {ovas & polygonsl reglion ia which the poinks
A and B d0 act lie. 8ince tbhis polygon dividee the plane imvo two
dam&ins, and since A and B are exterior 10 it, whey awy be jeiaed
by a pelygonal line aot aeeting this polygen, and hence not meeting
ﬂ*,“ Hence each of the m.»s ?,?P;mdoes ot eparete uvhe poluls A

and Be Applying the auxiliary theorem above suceessively to the
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rroeg K,:E\P, and K,:ﬂ? then %o the ares K- f,,?’,a.nd K= f.:\, etc.,
we hewvs ibe theorem.

Theorem 29. Lot PG be & atrzicht line seguent and let
553‘ de & simple arc which has no pointe in common with FQ except
the pointes P and Q. The zimple c¢closed curve J:?’@*@ divides the
rlane into two domaing at least.
Pr>of. Let ARR be a negment perpendicular to By, drawn from a
point R interior to PG, such thut ARB has no point on the arc fﬁ.

Suppose AwB 19"2&7 :;?1;, joining A ahd B

Js . which doza not mest the curve j. AwB
e and ARB form z polyponT.

5 :
® '/\/ Suprose that P is interior toTr.
W
: B

Tran about P there is a neighborhood, all

points of which are interior tom . In traversing PG from P to Q
wg come to a Tiret point of PQ on T . Let this point bs K. Now K
is on 4RB and PG or on AwB and PQ. Since AwB does not cut j, in
pariicular it does not cut PG. pence K is on ARB, and therefore
K =R, Then 1l pdirit_s of the segment PR are interior to IT (Except
the poi:t R), | |

s_uppoée now that Q ia interioxr to w.. By an srguwent similar
to that above, we bave that the segment (Sﬁ is interior 10T except
i;he point R whiech ie on 7. Since T divides the plane, t,hére are
roints of PR and poirts of oR which- are on aopposite sides of ihe
boundary of T, i.e,, roints of PR which are interior and points
of GR which are exterior to ™ . This is a contradiction of the
aonclusion that PR and GR are interior to M excepting the point R.
Hence if P is interioxr to il , Q is exterior to /T . By interchangin

P and Q we have simllur results.

----a*--'—ﬂ--'-‘“-‘"--‘----‘-----.

* Here, one point ie considered ss a contimgum.
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P aid ¢ are then scperwsed by (he polyson T. Then the
arc'f@ euts T, since T dividee ths piazne. Now ?Q aoces not cut
ARB,vgo it et oul AvB, coucrary o hypothesis. Hence g #nd
B arc tvo points sepoerzied by Jo Hence vhe sheorea.
Theorew 30, The cuxve j = PG+ PG divides the plane into
Twe domaing &1 moste
Proof. Let &, B, wnd C heihxwe arbitrary points oif uvie plane not
gituated on j. By Theorem 58 vhe mrc'?ﬁ doas not divide vhe plane
2npd hence dogs not separate wny two points of the plane not on
Ap any point of « stfaight setmeiy is aece:sible from any
point of the plans we a=y join &, B, ana ¢ w0 points a', BY, and G
of the segment FQ by lines w,, w,, ana wyrespeciively, which da
not meét the arc ?Q. ¥wo at lezast of wvhe lines w,, w,, and Wj
must meet on ihe same side of FQ. Suppose that w,, w, end at BY,
C¥ reopeoiively on the same side of PQ. The poiute B' and C' are
" distinot from P and @ eiice w,_and w, do
not meet the are FQ. Let o~ be the distance
of the poinre of ithe arc PG from the point

of PQ between BY and C'. o amay join w,

aad wy uhen, by u line paraliel to, and
at a distance ;0 irog, Fg, which will hsve no point on the arc
P@, 2r on vae liane FQ aud bence no point on j. Theveiore for any
three points of the plane not on j, abt least two of Lhex WAY be
Boined by & iire uol meeti:g jJ. Hence j divides the plane into
not move than Lwo domaing.

e nndergtana by the ianserior znd by che exiverior of &

curve j=Fg + P, the buunded domein and the unbounded domain

respectively, delermiued oy the curve J.
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Theorem 3l. A sisple arbitrary closed curve j divides
the plansg into two donaing at lsaste.
Proof. CQnsider any two distinct pointa ¥ and N of the curve |J,
and draw the segment MN. IL the segment MN has o point 4 which
ig not a point of j then there is an interval aboui A frec of
vointg of j for otherwiae,A would be a limit voint of points of J
and hence a point of J since j is closed. Consider ncy the meximum
interval about A which is free of points of j. The end poiats of
this interval are points of the curve jfor i7 mot they are neither
limit points of the curve and the wbove interval would nov be the
maxinmum interval of the segment free of pointe of j. This segment
Pn (= 1) has its end pointe P and Q on the curve but no other
point.

If every point of the segment ME is a point of j then j
containg a linear eleﬁent. The segment MH contaeins no otrer point
of j &s othexwise the curve would not be simple. The theorem then
raduces to the.preceading case.

Let ¢, and ¢, be the two arcs of j inte which j is divided
by the two points P and Q. For the curveg j =c¢,rl and j,=c¢,+1,
Theorems 89 and 30 are valid. About a point X of ¢, draw a
¢ircle which has no point on-yi. Kerekjarto
now assumes that two points A and B exigt
within this circle puch that A is an ine
terior point and B an exterior poini of

the curve J=c,+1l. The existence of these

two points ies ndt eagily verified, even
though itseemsintuitively obvious. We may however use the principle
of accessibility as developed by Schoenfliea and show the existence

of theee points. If, as Schoenflies shows, the point X of ¢, about
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which the above circle is dyewn is accessible frow & point of each
of the two regionn into which the piane is dividsd by 3, then the
circle about X will contain peointes of both regions. We then have
& roint A iuterioxr and s point B exiterior to J, and within the
cirele azbrut X.

Ve wiehk to show ‘hat the points A and B are separ&téd.by Je
If they sre not let w be & line joining & and B without meeting J.
w augl meet 1 since A snd B wre pepareied by Jj,z ¢,+1l. Consider
the line AwB, letiing A' and BY be the first end last point of
meeting with 1 in the eense of going from A to B along w. A first
wid izoul point Qf meeting oxist since the line w ié coumpoged of
a Tinive number of segwents and hence can meet 1 in only a finitve
number of points.* Let € and D bz tvo poinis near respectively
to A' and BY on the peres AA' and BBY of w. On the one hand the
voints € and D are found on opposité sides of 1 and hence axe
separated by j} ¢, +1 by Theorem 28. On the ovher hand, ihe paris
AC and BD of the line w and ihe siraipht degment AB wuusiher
form & line jeining € and D without meeting j,=c,+l, since w dozs
‘not west j by hypothesis; This ié 2 goniradiction. Hence there
existe two points separated by Jj, i.e., J divides ihe plane into
wo dousdneg at lexet.

Theorem 32. A sirple arbitrery closed curve J divides

the plané into two domeine ot noot.
Proof; By Theorem 31 & simple closed curve j divides the plene
inio &t leasnt tvo domeinn,. Hence ithere exieta a point R not on
Jovhich ie soparsied from che point st infinity. Then any line
.;hru R meets the curve Jj in two points at least., In craversing
thig lilne in esch diveciion we come 10 & first point on this line

~---‘-¢---~Q‘mm~‘nﬂm-‘n‘...“"cc------.‘/

& v ynees 1 i onlv oo 1T 3 3
I{ w wecte 1 in only one point, A' and B are identical.

-
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which is on j. If these pointe are P and Q, the eepment PRQ ( =1)
han mo pointy on j excert P ond Q. Evary point of this seguent,
grcepting P end 4, 1s geparated from the point at infinltye.

-

Let ¢, and ¢, be the arce of j determined by the points P and

&8

,
»
t3
o
‘-.l

¢t 3,=c,+1 end J,=c.+l. We sghow that the arc ¢, is exterior
t0 J,«~ If ¢, is not exterior to j, we may join a point of 1,
(excilusive of P and Q), te the »voing at iafinity without meeting €,
(by Theoram 38) znd cinece e, is interior to c¢,+1, without meeting
Cpe Thia is o coatradiction of the wssumption that R is zeparated
fromw the point at infinity by Jj. Hence ¢, is exterior %o j., and
by a change of subeecripts, ¢ . 1s exterior to J,.

We understond by the interioxr of j, the sum of zhe interiors
of j, and of j, , end the poinﬁs of 1, giffering from P and Q.
Euch intericer point of Jj, may be joined, thru a poini of 1, to a
poiny in the interior of j,. (The seame moy be said with s change
of gubscripts). Then any two pointe interior to j may be joined
by a Line intexior o j without meeting j.

The exterior of j ie defined as the common purt of the exter=
iore of j, and j,. Let A and B be two poinig on tle exierior of jJ.
Ihey zre sev-rated neither by j, nor by j,. The curves J, amd j,
are tvo bounded continua of which the: commun part is « contimuum 1.
By the auxiliary theorem (Lemua 4), we éay join A and B by &
ling which hae ne pointe on j,+J,, i.e., no point on j. Hence
11 poiute of the plane nor on j belong either to the interior or
tte exterior of j. Hence j divides the plane into two domaing at
MOg Y. |

Alexunder's ireatsent of the Theorem of Jardan® involves
chalng, which are & sort of generalized polygon. Alexauder
W e e mm o B e e o m e s m e e e e e o

* J.W.Alezauder,
Clos

A Proof of Jovdan's Theorem about a Simple
ed Curve, Annals of Hathematics, vol 31 pp. 130-184.,
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agsumes the theorem rTor the trianwla znd apperently dogs so for
the convex volvyonh, alibough his slulemenis concerning ihe two
gides of o chairn mey be Justified without ths assumption of the
polyson case.

The theorsm on the siuple src is used by Aleraunder. He uses
sleo Lemma 4 of Kerekjatto in a slightly different foran. Xerekjarto
zives Alexander credit for this lemma.

A chain will he any gort of gsacralized polyzon consisting
of a finite numbsr of non~-ing :s stivg edgos (which wauy pe lins
segments or rays), and vertices (she end peints of the rays), where
2t 2ach vertex there end an even number of edg2y. A chuin need not
be connseted.

Suppose we have a chain whoge edges are all seguwenis., Then if
two vartices, Y and Z, may ba joined by & broken line made'up’of
slements of the chain, they may also be joinzd by & second brcken
line which haz no a2dges in compon with thz first. For i{ we remove
from the chain the édses of the ’irst broken line, theze will
still remain an even number of edges abuiiing at evexy veriéx
except Y and Z where ithere will now remsin an odd numbers Buv,
within each connected group of edgee snd vextices, Lhe tolal
number of times that edges asbut on vertices is equal to swice the
numper of edges and ie therefore cvem Hence the vervices Y and 2
atill belong o the same connected piece and mey be joined by a
broken line,

A simple illustration of & chain would be a pair of broken
lines connecting the same two pointe Y snd 2, sn: havivng & finite
number of pnointe in COMWLON.

4 chain k, like a aimple polygon, hasm two sides, alihough

thesdides are not in genaral comected regiongs., We wzy determine



them aos follows. Complete the lines co which che edges of the
chajin k bei‘;.-.mg alid Lhus Obuelu o aystam of lines which subdivide
ong another into & finite number of line sepmenis and rays
b,,b,,by,e0cena,b,, while they esubdivide the plane inco & finite
number of convex reglons @, ,2_,8; ,eev0000,8,. Now, ihe bounderies
of the regions a, are chaing mwade up of sels of elemsnie hf and
their end points. Qut of the 2ymboles for ithe elemznis in thege
geta, we aball form the expcression
(1) 2,2 b+ b e B+ seesees #b,  {1:21,2,5,0000.,m)

which-ﬂhall be uged to designate the boundaries of ith2 various
cells o,. The expressions(l) will be combined by adding corrsse
ponding members, collecting terms, and reducisg all coeiricients:
modulo 2. In ithis way, we can obtein new couwbinations defining
new chains whose edges ¢an be read off from the righit-band memvers

We use the followin: sheorems: any chain, suehn as k composed
of elemsnts b, and their end poluts, can ne derived [rom slementary
ch (1) in two and only two ways,

() 20, ac-k
(2 )Zza; - k

and each of the regions a  occurs in one and only one of the

combinations. For sxaumple:

angd

) = I- * L
a, |9 & |, 0> G,z D+ 4+ Dy+ i 2 K
(g Ly oy . ~ -~ - .
“Gab @y Uy b B shn, + &g+ &8+a7
ae |, & Q ¢+ i 1 " 3 %
s > %o, q ..-3;4— B4+ D+ y + {)7 +b¢f+ bﬁ" b, b?

1"‘31 T+ Gt b,s"' b“-i- bu+ b'2-+ Bat b, + by~

)

l’ 3. .. s o) -y o~ 5, 5
a 6 q, b =30pta0, + 60+ B 8L+ S0, + B0,+&D 4+ b, +D,+ D+ b,

Trerelore whe poinue ol vae clune fell 410 wwo classes according
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g they walong 0 the Interior or bouvndary of & region occuring in
thg {iret combination, or of & rsgion occurrily in the gecond,

These two closres of points will be called the sides of the chain K.

2

Supvose we have two chaing k, and kx,. Then the set of points
which are on given sides both of the chsir k , snd the chain A»z, way
be gubdivided into & finite nuabder of c:mvex ysgiona, luerafore,
‘the se2t ia bounded by a'chain compoasd of the swm, medulo 3, of
the- boundaries of uvhe convex tegilona. By combining this chain
#ith the c¢hbaia ¥, , we obtain a new chain k. |

A region is & set of peints, ezch of which is inierior to P
ariaﬁgle inelosing only wpoinis of the set, .while any two may be
joined by an arce nmads up of points of the set. The Tirst condition
in satinfied by vhe complsuent of any closed set, When the second
eondition is satisfied, twe points, ¥ and Z, of the region umay
also be connected within the region by a broken line wh;ch'may
be so chosen ag 1o have coly a finies smuebay of points in common
with any preuzssigned finise system of lihea. To show iLhis property
con:zider any péint P, of the are joining ¥ sand Z. ¥e mzy place about
P g vriangle vhich ixcloses ohly peints of the regiomm,. Therefore,
within vhis iriangle, we ma& find & subwzrc coniuiniay ithe pdint P
guch ihat any two poiuis of this sub=arce suy be jolned by a broken
line of the required type end such that the peoint P ig not an end
point of the sub=-are unlese it is an end point of the ure YZ itself,

jnes the whole ure is covered by these sub-arcsg, it muy ve covered
by % Fiuite number of Lhem by Lhe Heine=RBorel Thaorcms Ve may
therefore conviruet a broken ling connscbirng the pointas Y and 2
by pieecirg together a series of broken lines sunning from one sub=
gazrent (o an adjacsent one, o ao chosen Lhiat no wwo of them have

more than a finite number of points in commone. The broken line thus
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obtained, which may Grusd «uBvik « finibe nuwber of times, has
a finite nuabsy of segments, &s-h of which cannot meet & pre=
eonigred finite sysien of lines in more than a rinite nuaber of
scolats.

Leaua 8. Let ACB e & siaple are paésiﬁg thre & point
¢ wng ending’at the pointes & and B, and let Y and 2 be any Iwo
'peznts'cf the plate not on the arc ACB. Then, if the points Y znd
Z are not ssparated by eitner of the subearcs AC or OB, neiaher
29¢ they aepsraied by the arc ACB itseif.
Proofs Ths gainta Y and % say oe connscied by a pair of srdken
rines & wnd b such that o doss not meet the aye AC and b dose noi
mget tha are CB. The broksn line o aay be chosen 30 tiat it weets
$a2 proken line & in at wout & {inite
pumber of pointe and heunce @ay Ve QO
pined with a wo form o chain k, Now

consider such points of che sxe CB as

ure either on vha chuin X, (i.¢., on the
béoken line_a), or on the opposite eide of the chain k i1xyom ohe
voint C. Each of chece pointe may be enclosed within & triangle
.which neitéﬁr meess nor exnclomes a pouint Qf the zyc AC ar'of the
broken line b, and gince the set of wll such points is cliosed,
wvaey ney all be enclosed within & {inite nmumber of ihese striangles
by the Heine~Borel Theorem. |

We add)madulo 8)to the c¢bain k, vhe boundsries 07 the finite

&

e of convex rezions ande up of poiute which are oovh inserior 0

A

one of the trisngles ang on the opposite side of the chwin X
frow wue point Ca We thus oObbtain a new chain k', which still contain

the brokea 1line b, .. 211 235 & supslemen.ary piece a', made up

¢ segwents which neicher meet nor end on sthe ave ABC. Thereiore,
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the points Y and 2 mey oc jousaed oy o broken lire which dose not
moen the axe ACB.
Theorcwt 35, Pns points of che plave not on o sluple

arc AB do nol form more thsn oie conaecsed regi ol
Proof. Ye wish %0 suow that &y ewa poilavs, ¥ ald 4, aos oa vhe axc
AB, wmay be jolned oy a broken lins which does not megv she are Ad.

Apout any point €, Of b8 arc A3, w¢ way place s wicagle
wich vespect o which ¥ aud 2 are exbterior pointg, siuce ¥ and 2
@re 1o on the are AB. By Yewalning wichin this eriangle, we muy
Find o subearc of the are AD wnich does nob soparuLe the peinte
7 wnd 2, which coasains $ha poiut €, and wiich ends o6 ivhe point
¢ caly when € io oue o The poinvs A 0oy B. The arce A3 way ithus

pe coverxed by & gel of overlapping sulewrCa, and wagusabdy Dy
o finive sev of overlapping sud-arcs, asuch chat a0 osue oI Lhed
parates the polnte ¥ and 2. Bus sthe end poinse o (his lasit get

A2UuD3ivide the are AR inte & 2eill sxamlles findte aet 48 non~overe

‘-o

loppitg swo=crig. Therefors, eluce the arc 43 amsy se suilt up by
piccing together theag suo~:xrez, 1t camnol separuie oi2 points
Y oung 7 by Leasza S
Theorem 34. The pointeg of the plane nol on & siaple

closed curve do udb form mere vhan Lwo conneciad replons.
Proof. ¥e wish vo show thal given awny ibree poimte X, ¥, and 2,
n0b on  the cwrve, wwe vi lhem &t lesei, may alwayc be commettad’
uy & broken line which doss uol mees ibe curve. |

Lev &4, B, =ud € be wny viwes cisiiney pointe of (he curves
Then she poinve X wnd ¥, ¥ and 2, wnd 2 aud &, by Theorem3d, mey
be jolned by viree broken lines a, b, and ¢ reepecpively, which
do 0ot meet the erce Call, 510, ol IUA respsciivelye. ﬂer@avez,

the broken lines &, b, and ¢ mey be 50 chosen thai no twd of



them have more than a rinite rusbzy of points in comwon, 20 -that

F gy

rey e combined 0 foxm & chain XK.

o—:
P

How o1 vhe sbree polnive A, B, and €, swo al lewst, susy be ou
the saie pide of the cheiu k, erd we uey sssuwe without luss of
genesrality ohal the points B end € wred

ined by & palir of .

&

¥e now hove that the poinde £ and ¥ ars
O

proken lines & and bG which 4o not meed sach otber in acyre than

& Uinit%e uumbsxr of poinis and such ihei the line w dues noT 4eod
whe 2xc CAB zud ot dogs wot weet the wre [0 These broken liuses
torm & chain ke |

Congidex the points of the ore BC vbhich wre eltber on i
chiwin k (i.e., on the broken line &), or on ihe eprosiic 5ide Of
e chain k Urowm the point €. Eocty of Lhese noiunts sy o0 euclosed
WiLhia oo wriwrgde o nmca nelvher wmeels nor enclosss o poindé of the
wre CxB ovr the broken ling be, wad siuee whe met of &1l such poinse
is cioged Lh&g @y aal be sncioged wiithin « Tiniite nusssr of these
sricarzles by she Heino=Borsl Theorem.

-

Je owdd wodulo &4 Lo bie owdn K, che sowaduxy of vie Jinlte

T

W jateriox
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¢t 2% counvex regiony wade up of polats whice

3%
VO 0@ Oof Lig wrRiangles wnd on the ongozive dide of (ho chain k Lol

- -

the point C. W8 thus Joitain o aws ghain k¥, which still contains
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vie pointe ¥ andl ¥ ey Le jolued by sreken lice which doess not

~.

=
gzet wne are aCd. Bince ACE 1s the clused curve, ihe thzorem

Theorem 35. The poluis ol the plune not on & giaple

(e

clos2d ocurve form .o liadt 50 C0003CI6d regiola.

Proof. Choose any Lwo poinls, A and B, on the curve and denote
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by AB ang Ba regpeciiraly, b y-o axss of the curve bounded by

thease pointe. Then any line 1, which separates the prinus 4 «nd B

seeLe th2 aree 4B and Ba in w0 cloep2d ssta of points. IF thiz were

-
b

not 50, eithey these exisie & point P on 1 such shat overy cirels
shous P eontains a point of the arc‘AB, P excepisd, or, about auny
poiot PY of lwe nwmy draw o clrcle smull emousgh so Lhat none of
theee oirelzs comtein a wolut of the are AB. The same may be sald
af Lhe wro BA. In the firat case, the point P would be a polnt of
the wre AB sinece the curve ls a closed ser of poinied In the
agcond case, we should bave {hs apce AB dividsd into w0 sasz whoae
dlstance gpart 1o finlte. Thig would cemivadics ths ifoci thay ithe

curve ig s ziws

st

pie elosad Jordan curve., Tha sots of noiutz in which
1 a2ede AB ang BA awe then

Bos every volnt of the firet sef is interior Lo sous intenvid.
of vz line 1 which ecntaing no pointssol che sre B4, for ii noty
every invarval of 1 abﬁut.a nLl.it P of AB wauld o onbein @ point
of BA, Thzn P would bs a limid noint of pointo of Bl ond hence a
caint of BA asince ihe gurve ie n cloged s9% of poiits. Then AB
ant BA would cob be éistinggiééinﬁa. In fact, the curves - ouid not
ve gimnle. By the Heins-Borel Theorem, the entire sei of poinisg

wey we egovered by a finite mumber of invexvals. By combluing

inat ot of intexvale, 1, are not all wivhin the szas reglion by
showi g that, hovever we may connect them in peirs by o sysiem of

vroken lines, one or more of the broken lines will always mest-

Coupider such & syntem of oroken lines, apswwlng, as we mzy,
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that no e of thém sezle the lize 2, or ancther.ﬁnaken‘line of
" thz gystem 1in moﬁe than e finite-number of points. Then the system
of lines may e compined with ths intervale i to fora a chain XK.
'%oraévar, if we add 1o the chela k the maundw_j of sne zide of the
line 1 (1,ey, the live 1 itﬁﬁlf); we shzll obtzin a second Chain X!
s ds uﬁ of the Lroken lineg gomhined with ibe segments s of the line
1, complementsry to the intervals i. By the definition of the eides
of a ¢hain {1 is cléar ihal one or the othey of ﬁhe.chaiaa~k and k'
éepar&tes:thé points 4 and B.
¥ow, i¥ the chain k separutEQ the poin g A and B, it suf&ly
meets bhe are Bi. But the &rc BA can not mest whe inservelg i and |
| muﬁt vherefore meel one of the broker lines of the pyetem. Similarly
.if the net k' separates the pointe & and B, the other af& AB must -
meetkéne of the broken lines, eince it can not mees the segmenté‘sgﬁ
Tharefore, in either‘caaa, the curve meets one of vhe proken 1inef}:
proving i oie ends af the imtervale i do not all belang,tc‘tﬁe
samé Tepion,

Vebxen*a treatment * of the Tuacrem of Jordan ig geometrical
and nenmmauriﬁ in churacier. The theavem is assumed for the a&serai
:Q?ﬁ.%xi&mgla‘ It ig based on a paper by Veblen on grdﬁékelation‘#‘

‘aﬁaﬁgAQGrém 46 is not vgli& as is pnin%gganni by Veblen hisself. AB
RY)ﬁaes Kerekjarto,'Vahian‘ﬁrovea the %herarm for she cuse of o simple
| cloged ¢ curve which hes a lingsx arc snd bhen ece@ so the more

: _general curve,

* 0. Beblen, Iheory on Plansg Curves in Hon-Netric Avelysis Situs,

Anerican Mathematical Soeiety Traneaciions, vol. 6 pp. 83-98.
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Qeﬁnitien. & triasngulsy region is the mwmm of B

in & plane je & point P such thit every triangulsr z'egian zmlmaa

. "P inciudes & point X, dietinot Irom Pe & %‘.ri&ngular region mclmn@

;.uﬁ

& mim io called & neizbvorhood of the pcim;.

- pafinition. A& region is o met oﬁ pointe,; eny two of

which are p:)inta of at l&m‘c cne broken 11:!2 composed entirely of

pointe of zhe eeta An mﬂerior point of a regwn R, ie one thst
G&R be surrounded a_y o telargid cohtaining m;,v;r ;aainaa af R.
(:snaa’c;uemiy’; an interior point of R is o geomstrioal linmls 901:;‘5.'
of no sat of pol e thav dose not contein points of R. A fromuier
point of & regienm R ie & point or ‘geenietrical lizit point of R
not . an i’a&ariaz POLNE, $.00, it &3 & iim:z poiat of poinia of B
and of pointe not pain&a of Eh An exterior point of R ora wint

. gRterior to R te any pain?, neither an intsrior nor a framier

polut of R. The frontisr or boundary of = region is & eei of sui

| fr#zs—ﬁsr qusznts; An open region cmmins- no i‘ram:}.er POLntge &

Closed z'eg,icm containe all its fromien pointae
' pefinivion. Bisple curves, closed or enolosed, are
oomgosed af pets of pointe mwjeet 0 cortain conditions asm follosel

Ao Lincer order. Among vhe pointe of & set of points {F] tim:a

- 8xisis o ml&%iéa & , which we mﬁy reed prececds, such that,

‘fP} contains at lesst two POLnLO.
‘8. 1f P,and P, are any tmo dlstingt pointe of iPY snen
e:ther Fag F or P,@ B
G« 1T B, @ P, chen ot F,Q P, ,
--wn-nu-,--,--aw.,---~-~,-_-.“--~

® If the ge: 1o ordered we use (X} instead of [X] .
®*e¢ Prow thie 4% followa mh&t ixPopr, then F£P,,
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4, If P, @P, anda L @P,, tlen P, @ 7, .
B. Ordinal conti;nuity. _ |

1. If P, and P are any two distinet polats of {PY,
such that P, @ P, , then thare is z point P, of {P] such that
P OP, and P& . -

8. If every point of [P3 bélorg's tol[P,] op [P;], twe
infinite eubsate of {Pl sush that for every P, angd P,, , P, @P” then
there is a pm.mt P svch that fm' ev ry P, and P, dmtinct from P'
P @ P! and P'oP,_.

G Geometricel cantiﬁuity. . ,

| 1. Let B, be any point of {P} for v hieh thcrﬁ is an

ir:finitv of pointg P! m:oh that P’@PQ. Denote the 3°L of a.ll smch _
ngs by [P*] ; then ror évery trizngular region ©, ineluding Pc.,_

t,hém ig & point of [P"]‘,',Pz_ such thatl t includes =1l points of
[P‘] for ?Ihiﬂ’h P‘ @ Pt, | |

R Let P, ‘be any peint of {PY for which thers le an
infmity of pcmts P** puch that P opti, Danote the set of all
such pointe by [?“] s then for every trisngwlar region t, incluc'ting
P, there is & point of [py1] , PY! ss:ich that t‘inclu:iesz all points
of [P**] for which P;'@ 24 LN - |

Definitlion. By the term arc or arc of curve iz wmesnt a
set of points {P} satisfying conditions 4, B, and C and including
two points P, P, suéh(ﬁha,ﬁ .e’very »oint P, distines from b, and
satigTies 't;ﬁe further conditions that P, o P and P @ P,e The uxe
is said toe jcin P, and P, which are called iis end~poinis,

Dgfinitian,'ﬂ simple closed curve J, is a set of points
_{J’g s Consisting of two arcs Jeining two points gaad J.‘lbut '
having no p_oilnyta in commen excapt J,znd J,,

Theorem 36. Any two pointe of j may be teken as the points

J;.nd J, in vhe above definition,
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Definition. & ﬁmpla unclosed curve ie & get of points

f€3 = ¢ that catisfics conditdons 4, B, and C and also the following!
D. I£f G is any point of the cuxve, no point except € iz a

1imit point {in the goomssrical esase of definition above) bath of
the sat of a1l pointe C¥ szmh that 0'@ C and of the gl :sf all -
points 'Y such thut C@Q0'Y,

Dofinition. & relation i&aﬁ*efvﬁa:g conditions &, B, eud C
iz called & semaa. A pense in which F, @ P, is sald to be frow P, afo’&g

Tiheazagzrs’?.n From oue polat (0 anoiisr ugzaﬁ & oimple
uncleged curve thers is ong end but ong sense, while upon & slumple
clooed CuTve thare :ém %:.*:m and ht}u VRO 2E5 $80e

pefinivion. If with respsct vo w- sGhpe On & curve
Fap, ami F,"s"g , P, is bstween P, e.,na P, is hat -éemae. The =et

- of points betwsen P, ang Pyin the gliven genne '1s culled & =@ENOLRL

!
P P,P whose end points «ve P , and P, . The gegment and ito end=-
pn‘.‘;intsa togather gonatitute &n arc oF ialsrval of tle curve. On &
‘Aﬁil't?.‘(}‘lé unclosed curve, AL P, 0P, @B , P 4s soid Lo separate B and
P,. On any nimple cusvs if B a P of 0B, P, and P,vs 8814 10
yepavaie and be sepurated by ?mm ? e 1f a set [P,]( V= 1,3 S peeas)
io such that P e F, , the zmims P, are esid to be in the order slomg
the gurve F, P, R g,....h.;.?,,P peesc o L point P, ie the firxet of &
aat |[P) i T, @P for svery P# B P is the laot of the vet [#]
if Pa P, fox ewry P+ Ps

Definition. 4 geowmstrically closed sat of poiais is a
8e% %3’1&‘;- ifze,lpdee; al] fts geowmstricel limit pointe.

ATb}ém?mz; 38. If [P) is any geomesricslly elosed set of
peints, end & any are that does not have & point incomsos wish [P]
ther {1} chers sxiets & Tinise o6t of tryiangles jE-}sueh thet |

gvery polat of o is interior to at lsans e t, «ad svery point
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of [P] is exterior to every u,, znd (2) the two end poists 4, A,
of & con be joihed by & oroken line not meeting [P).

Procf. (1) If A is aby point of & there is & triangle t, including
A but nob iucluding any point of [P ; otherwise & would be &
ilwit point of [P] and hence & point of [P] , as [Pl 38 closed.
Place auéﬁ &'tsiangie abé&i’evary point of a. By condition ¢ esch
of theee trisngles devermines an arc 4, of a , which lles entirely
wilhin t and jncludes the point 4 %6 which & belongse By the
‘Heins=Borel Theorem there existe o finite subset [i,]of the arce 1
such that every point of i.beibégs to one are i,. The iiu;te set
of triangléa t.which determine these aros ia afe those regquired

© by the ﬁhéorgm,.

(é}~ihe eud’ voinis of the aros iw constituve & fihite set
uivpoints which we_iake af urdered by the sense ol s from 4, 10 Ai.
The broken'line {1this broken line mesd not be ﬂimpia) jﬂining theae~
poiuﬁs.takén in afﬁ&r is such-that eech siéaiiiea within &1uri&nglef
v slid therefore cah nul meet [Pls

_ Corollery, If IP] ie any geomeirically sesi of pbintg
and.Qe'a peint not of [P] ,'thsn (o wnd the sel of poinuvs, q,
vhal cal be joilned Lo o by &rus noﬁ weeting [P] conetisube an
Open ﬁét»

| Theorem 39. About any pbint of s segmeni of & simple
cérve {here iB & itriabgle which includes ne peints o f the curve
not on the sepueni.

‘Definition. A finitely closed sev of poinie g a
geomeirically closed sei of which every iniiniie subsel possesses
a geometfiéal limii point. A finitely clcséd set, every poini uf:
which is a georetricel limit poinu,-is a Linitely perfect aet.

A finitely perfect set of pointe which cannot eonaist entiiely
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of two closed subsets i: csllcd cokarent get of points.

Theerem 40. 4 closed curve or an src of curve is a
finitaly pexfeci szet of points whiah can nod cansiaﬁ entirely of
two gubsets, esch of #hioh includes all ite limit pointa. In other
worde a cioned curve aﬁ an arc of curve ie & conerent aet of
Rl RELT: PO ' .

Theorem 41. If every point of a coberent set of points .

[£] is om & slmple curve ¢, éloeeé of unclosed, then [Al is an
intexval of c. . ‘

Corollary. If every point of an are, &, ia on a simple
cuxve, o, then & ie an Interval of. o. |

Theoééﬁ;éz. If ¢ le ony sinple curve, any triangle't?'
of (he ploane inolud&a.paimﬁé not am c,. ‘

| Definition. Let P be an inte}ior point of a.region R;'
whidl B 2 point of tho boundsry b of R. An are of & cuxve a,‘whcae
end polnta ars P and B approaches B from P thru R if every interval
of &, one of whome¢ end pointe is B, contains interior points of R.
The approach ia ong-sided 1f, besides the above condition, the
4rC a, containg no pcintalexzaz&ax t0 R. The spprozch is aimplé

if all the points of a, except B, are interior points of Re

\\

4  4n are a' departe from a point B! of b to a point
Q exterior to R if zvery intexval c::at with B ag an end point
contzine points extericr to R. The debariure is one-4ided ifr, ‘
“beeidea the above comditien, the arc a' containe no points interior
te R. The departure is aimple iFf wll the pointa of af except B! are
exterior to R.

A curvea c.crosees the boundary in w point B if,lA
-with zespect 0 a fixed senge, B in hetaéan two points c; s G,

~de¢, ¢, interior and ¢,exterior to R, in such a way that the are
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¢,B aprroaches B through R and Be,departs from B t0 c,. .

A curve ¢ crosses the boundary b ina palr of points
BB' if, with respect t0 & certain sense, one arc BB of ¢ is
comppsed eniirely of boundary’pointa and if there are two points
¢,, ¢, of ¢ such that ¢, is interior to R and an arc ¢,;B of ¢
epproaches B from ¢ A while ¢, is exterior to R and an arc B'c,
departs from B' to c,.

The crossing of a boundary is simple is both the
approach and departure at the point B or a point pair BB' are
gimple.

. The crossing of a straight liune by & curve is a
special cuse of the defiunition just given. A curve is said %0
cposs a segment AB if the curve crosses the line AB in & point
or & pair of pointcs.

Theorem 43. Ay simple curve joining an interior point
of & region to an exterior point crosses the boundary in a point
or & pair of points.

Proof. Let I be the interior, 0 the exterior point, and & any arc
of the curve from I 1o 0. Let JA{ be the set of all poinis, A, of

8 the arc a such that every point following

" I and prececding C(A) ie an interior or

D boundsry point of the region. There are
[ 0 such points by Condition Cs By the
Ordinal Continuity of a, the set JA] has
a first forward bound B, i.e., a first point in the sense from I
t0 0 that follows every point of JA3 except possivly B itself.
The arc BO of a departs from B to 0 as otherwise every arc

~BB' of BO would contain only interior or boundary points of the
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region and thus B would not be & bound of fA} .* Two cases can
now occur. Either B is approached from I by the arc IB of &, in
which case our conclusion follows, or there are points A' of JA3
such that the arcs A'B include only boundary points. In the last
cage the set of all pointé A', must have a first forward bound B!
in the sense from B to I. The point B! is evidently & bbundary
point and is approached from I by the src of a, IB', Thus in the
second case, the boundaxry is croesed by the pair of points B!B.

, Theorem 44. If a simple cloaed'curve crogses & side.c
of a polygon (siiple or not) in one point or point pair, it must
pass thru a vertéx or cross the same or another side in another
point or voint pair. .

Proof. Let the polygon be P, P .....P, and let the curve j cross
it in & point of P, B, If theie is another crossing on the segment

PP, , or if j passes thru a vertex P,, P,,P, ,...,P, , the theorem

)
is verified. Now P, ,P,,P, may either be collinear or not. In the
firat case the original crosaing‘is on P, P, and if ihe second
crossing is pn P, P; the theorem is verified. If there is not a
crossing on P, P; we cousider P, P;P, if not collinear or if so
PPP. , etc. In case P PLP, are not collinear there must.be a
ﬁoint J, Qf J and & point O,com.ont j and P, P, such that in a
certain sense on Jj, the arc J,0, of j approaches 0, thru the
region on one side of P, P,; likewise there‘must be a point J. of
J on the opposite side of P, P, from J, and a point 0, C omuion 10
PP, and j such that in the szme sense the arc 0,J, deparis from
0,t0 J, «** lioreover the points J, and J, may be so chosen that

* This is nut exzctly correct. It is sufficient to have one &arc

BB!' of BO containing only iaterior or boundary points, and then

B viould noi be a bound of {AY . It follows that if there is one such
arc there is un infinitude of ihem,

** 0, and 0, may be identical.
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one and only one of them lies within the triangle P,P,P,, Since j
crosses P, P, only once, 0, and 0, ars on the same arc of j with
end pointe J, ,J,. The other arc a of j with end pointe J,,d, must
?, 0. %: Pu by Theorem 45, crose the boundary of the
triangdke P, P, P, and since it does not cross

a vertex, sust either cross P, P, , in which case

Ps
the theorem is verified, or must cross P, P,.

from J, to J, in which a meets P, P,and 0! the
last such point. Upon the arcs J,0} and 0}dJ,
there muet be two poinis of &, J} and J' on

-opposite sides of 17 P, such that in opposite

~eenese along j the arce J'0} and JI0! approach
0! and 0! from opposite eides of P, B, .

In case P, P, F, are non-collinear, J! and J} may be so chosen
that one is-interior and the other exterior to the triangle P, F, P,
Whether P, P, B, are collinear or not we proceed as with P B, P,. If
P, B, P are not collinear the curve must, by Theorem 43, cross P, P, ,
in which amnse the theorem is verified, o;é must czoss E P, in which
case we are lead to the consideration of P, P,P.. Continuing in
this manner we are leaud by & finite number of steps to P RVP.‘in
which the theorem is verified if not having been verified before.

Corollary l. If j,is a simple closed curve having an arc

which is & linear interval J, J,, and if the segment J, J, is crossed
by & simple closed curve J,in one point or a point pair, then
elther J,d.is crogsed in another point or point pair or the non-
linear arc J,J_of j has a point in comwon with J .

Proof. In cuse J, J were not crossed more than onee and the other
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arc d, J, of J,did n %t meet j,, by Theorem 38, J, ‘and J,_"oouﬁ.d
be joined by & broken line not meeting j , since j_is « closed
set snd the non-linesr arc J,J, hus no point on j . We have then
a contradiction of Theorem 44 sine J,meets the linewr arc J,d.
and does not meet the constructed polygonal line which forme with
the linear arc a polygon, one side of which is cut by the closed
curve jf} |

Corollary Z. Any simple closed curve j having a linear
arc J, J,decomposzes the plane into at least two ragions.
Proof. Let PQ be a linesr segment cfcséing the lineur wrc J, J.
in a point O. Then the region composed of all points thai éan be
joined to P by polygonal lines not meeting j,is by Theorem 44,
separated from the region similarly con.ected with Q.

Lemma 6. Any simple closed curve Jj decomposes the plane
in which it lies into at least two regions.
Proof. Let dJ,and J,be two points of j such that the linear.eegment
J,J, has no point in common with j . Such points J,,J,exist, for
if & is any line joining ¢wo points of j, it eivher has an dnterval
free of j points and whose end poinis are the required points J, ,J,
or its pointe with j constitute a single arc of j by the Corollary
10 Theorem 41. In the laiter czse any line a' joining a point of
J on a.to & point of j not on a evidentiy
has the required points J,,d,.

Let ¢t be a triangle about J,such that

one of ivs sides meets the linear segment
d,Jd,in & point O, Let Q' and Q'' be two

points of this side separated by 0 and such

that the linear interval Q'Q'' contains no point of j. The existence

of these points depends on the iheorem that J is & geometrical
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perfeqt get.
J,and J,decompose j into two seguents which, with the linear

interval d, J congtitute two closed curves j' and J''. Assipn the
notation so that the first point J! after
Q'' in the sense Q' 0, @'* in which the

- boundary of ¢ meets j shall be a point of
d'« It follows that the first point J}'° |
after Q' in the sense Q''0Q' in which the

boundary of ¢ meets J is « point of j'?,
for if it were a point of j*, the closed curve composed of the
boundary of t from J}' o J! in the s:nse Q'0Q'* and the are
common to j and j* between J!ad J}' would cross the linear
cegwent J J, of j'* simply in O and would meet j'' in no other
point. This would~contradic£ Corollsry 1, Theorem 44.

Thus J'* is a point of J''. Let J;f be the first point after
Jd} in the sense Q'0G'' in which the boundsry of t meets j''. By
the continuity of j, there exisis a:segment of the boundary_of T
Just preceeding J!* in the aense Q'0Q'* and containing no point of
j* or J'*. Let X be any point of this segment. The broken line b'!
composed of the bounduzry of t in the sense Q' 0 Q'Y from Q**' to X
does not meet”j*'. Likewise X is joined to Q' by a siwmple curve ¢!
composed of the linear segment XJ!', the common part of j'' and j*
from J}* to J}' (it may bappen that Ji%= J!' and in this case ¢* is
a broken line), and the part of the boundary of t from Jtt to Q'
in the sense Q'0Q'*. Thus c' can not meet Jj*, and , applying
Theorem 38, ¢! can be replaced by a broken line b' jbining X to Q!
without meeting jh. We now extablish the lemma by showing that X

can not be joined to O by a vroken line not meeting j.

In the sense from X to 0 any such broken line would meet the
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li.ecx aegments J, J,and Q'Q'' in some first point O,. If O, were on
J,J,, some pointss preceeding O, in the
sense from X t0 O could be Joined 0 a
point B of Q'Q'* by a éegment not meeting
4% or j*'. Call b the resulting broken

line from X to B. In cuse O were noi on

d,Jd,it would be on Q'G'' snd different fror
0, and b would be the vroken line from
X to Q,:=B.

If B were on the same side of J,J,with Q' then the polygon
composed of b+Db' and BQ' would be crossed
by j' in 0 ang would meet j in no other
point, contradicting Theorem 44. If B
were on the opposite sgide of the line J,d_
from Q'', the polygon composed of b and
bt!? aﬁd BQ*' would be crossed by j&' in O
egnd would meet Jj'' in no other point. X
and O are therefore two points that cane

not be joined by a iroken line mot meeting

Je

Deflnition. A point C of & curve ¢ is finitely accessible
from & poing P nét on ¢ if there is a broken line from C to P not
mezting ¢ except in C.

Lemma 7. If P is & point not on a simple cloged curve J,
and J und J, ere any two points of j fiunitely accessible from P
or limit pointa qf.points finitely accessible from P, then there
exiete a palr of points J,and Jd,finitely accessible from P that
séparate Jd,ani J;.

Proof. Let %, be & triangle about J, not including J,, and t,a



83

triangle about qsndt including any point of %,. By condition C or
the definition of j there is &« seguent of J including J, and lying
whelly within 1, ; by Theorem 39 there is a sriangle t} about J,
within t,and including no point of J not on this segment. Thus
every segment of j with end pointé on t,which meets %] must
include J, . Similariy there is within t,& triangle ©% such thut
every segment of j with end points on t,which &e¢ts t{ must include
J3a

Let J? be & poiunt within 3} finitely acceseivle from P and
J! a point within ty finitely accesgible from P. The points J} and

J} are thue joined by a broken line b, meeting j only in J! and

J', which wichout loss of generality may be supposed to be simple.

On this broken line let F, be the first
point in the sense from J} tvo J' in which
it maeﬁé'the boundary of t,. P,lies on an
an 1nbervai i, of the boundary of ©,con=-
taining no poinis of j but such that its

end points are points of j. Let P, be the

last point in the sense from J} to dJ}! in
which b meets the interval i. In cuse P,is disiinci from P, replace
the portion of the .roken lins from P, 1o P, by the portion of i,
from P, to P, , calliing the new broken line b,. If o crosseg the
interval i, , J and J“are the end pointas of the interval. If b, does
10t ¢rose i, there sust be some point Prbeyond P,in the sense from
d% to J¥ in which b, meets the boundary of t,. The point P,must lies
on an interval i of the boundary of v analozous to i. Proceed
with 1 as with i, . Since J} ic inside %,and JY outside t,and since
by has but & finite number o. sides, we uust by repeating che

‘above process come to a Tirst inverval i,in which the boundary of
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t,is crossed by a reduced broken line b, from J% to J! in a point.
Pkor & palr of pointe Fy 132#-. The end points of the Jj=point free
interval i, 0f the boundary of t,are npw shown to be the reguired
{_&nd J*.

We prove iirst thuat J,and J¢aeparate J} and Jf.'If this vere
not so, let the gimple closed curve formed by biand the arc J*d}
of j not including J,and J, be denoted by j,. Also let jrdenote the
siwple cloded curve formed by i and the arc J, J,of j not including
J} and J¥. The simple cloued curve j, would cross the arc i of jsin.
the point B, or point pair E P,“fmd wouid meet J.,in no o her poing,
contrary to Corollary 1, Theorem 44.

Hence J}! and J! are on different zrcs of j with end poiais
J_end J . But by the construction of the triangle ', J, aust be on
ihe agame arc with JY und 0y'zhe cousiruction of t} , J,must be on
the game arc with J; . Hence J J,sepurate J, J,.

Theorem 45, The get of points of & simple curve J finitvely
acceasgible from & point P not on j is everywhere denss on jJ.
Proof. Denote by [J'] the sei of points of j which are either
finitely accessivle from P or are limit pointe of tha set of
{finively accessible poiats. The Theorem amounis to showing thatbiﬂ
is identical with j. If i,is any point of Jj which does not belbng
5o [JY it would bie on an arc of j free of points J' and having
“wo points of [J¥]as end poinis. This wcuid contzadict Lemma 7.
Lemwa 8. Any siuwple closed curve of which one arc is a
linear intervel decomposes its plane into two oven regions.
Proof. Ir Corollary &, Theorem 44 it was shown thaib jAdecomposes
the plane into at least two re.ions. The regions sre open b:cause
a supposed frontier point of the set of points [P ] not on j could
if not itself & point of j, be surroundsd by & trian:le not weeting

& point of Jj, and containing points of [PJl. It would, therefore be
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By Thneorem 45, every point O of the streighs arc J is flnitely
accessible from any point of the plane. Thus if thers were three
diatinct'regions therz would be three segments meeting in 0 and
one lying in each of the three rogions. But as two of these musi
lie on the guue side of the oiraight segument of J, they could be
joined by a straight segment not mesting J, contrary to the
hypouhesis that the @hreé regions are separsted from one wnothexr
by j. Hence J decouposes ithe plane into two and only two regiona.

. Theorem 48. Every si.ple closed curve, j, decomposecs its
plune into two Open regiona.
Proof. By Lemma 6, the curve j dccowpu%ee the plane into at least
two regions. The regiong are open by the ressoning émployed in
Bemmaga,'Let P be any point not on j and let PJ, and PJd,be two
lineex intervals meeting oaly in J,and J,. The pointe J,and J,
exist because j is a perfect éet of peints. It would then follow
that P would be a point of Jj. Let @ be any point not on j and not
in the same region wivh P and let Jybe a point on J sueh that
the linesar seguent §J, does nol meet j and such that J;is distinet
from J,and J,. Then §J doss not meet PJ, or PJ,and § can, by
i' o Theorem 45, be joined by & broken line
. . not meeting PJ, ,PJ,,qd,o0r j except in Jg,
)
to a point J,of J in tvhe order J,J,Jd,d,.
The broken line J,PJ,, the pointe between
d.and J,in the senge d,d,dJ,, the broken
line J;Qd,, and the points bewween J and
d, in the sense J,d,J,constitute a simple closed curve jt of the
type which we have proved to decompose the plane into two ang only

regions. The points of the seguentss J, d,, Q,Jvin the sense J,d,d,
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ere not points of j' and must lie voth in the game region or in
opr.ogite regious with respect to j'. If they were in the same
region a point ia the region not coataining the seguents J, J,and
d, d,could by Theorew 45 be joined by broken lines not meeting J
to P and @, thug coniradicving the hypothesis that P and § are In
different regions.

Having shown that the arcs J, Jand Jqu(in the fixed senss
J,J.Js) are in opposite regions with respect to j' we are ready
to complete the proof that J doss not decompose the plane into
more than t+0 regions. A point R in a suprosed third region
could pe joined by Theorem 45, by a obroken line not mesting j
except in ite end points to a point dgof J, J,and by a similar
broken li.e to a point J . of J,J,.. Since R would not be in the same
region with P or @ these oroken lines would not meet the broken
line part of j's. Thus we shouid have two points J;and J in
opposlte regions wich raspect to J' joined by a wroken line notb
meeting j*,contzary to Lemma 8. Hence j decowmposes the plane into
not more vhan two, and therefore into exactly two, Open regions.

The proof by de la Vallee Poussin* depends upon rings which
are conslrucied by two polygong P and P,such that P is strictly
interior to F,. The ri.g is the portion of the plane exierior o
P,and interior to P,. This proof is not valid as was pointed out
by Schoenflies ﬁho showa how the errwvs way be corrceted. The
Theorem of Jordan for the polygon is assumed vy de la Vallee
Poussine.

A link shall be a region of the plane, d'un seul tenant**

* de la Vallee Poussin, Cours D'Analyse Infinitesimale, vol, 1
(1214) pp. 374-379. g

**i.e., connected.
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bounded by an exterior p»olyg mal contouy withous multiple points.
It may have a nuaber of interioxr regions, i.e., it may not be
gimply connecied. If it has interior regions the houndary of these
reglons is the same as the boundexy of the exteriox.

I we have links (1), (8),+veees.,(n) such thut each two
consecutive links have points or parts in common, and two NONe=
congecutive links do not toutch, the links constitute «n open
chaine Links (1) and (n) bhave no points in common.

Ii (1) and (n) touteh, they become consecutive and if all
other conditlons above hold, the links constitute a closed chaine

The domain containing all the points of an open chzin, is as
the link itselfi, d%un seul tenant, bounded by & polygonal contour
and haviang interior regiona.

A region of whe plane is interior to a link or to an open
¢hain if it is enclosed in their exterior contour, negleciting the
intsrior regions.

A chain is regular if a link mey not be enclosed in another
link, nor in a group of iwo other linke, taken in the chain and
necesaarily conpecutive.

Theorem 47. If & cloged chain (1),(8),....(n) is
irregular, it is iuterior to a chain of at wmoet four of its links.
Proof. 8ince the chain is irregular, it containe a liunk interior
to one or to two othere. If interior to two links, let ithese two
linke be (1) and (2%..IF the interior link, (3) for example, is
contiguous to the group of two linke, all the following links
(4),e00ea(n—1), which neiivher toutch (1) nor (&), are enclosed
with (3). If & link (k), non contiguous with (1) znd (8), which

is enclesed in (1) and (8), all the chain (4),.....{n—1) which
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conbaine (k) is enclosed with (k), for the same reason. All the
chain is then inmterior vo (nj,(1),(8),(s).

Theorem 48, Any iaterior region of an open chain is
interior to & group of wo consecutive links.

Procf, Vie prove the theorem by inducition. The theorem ig evident
for & chain of two linke. Suppose the theorem true for k —1. Leit
C be the exterior cont.ur of the clain (1),(8),....(k—1). Add
the 1ink (k). This last link is compossd of a part (k') intérior
t0 C.and a part (k'?!) exterior to €, each of which may be de
plusieurs tenznte¥*. The addition of (kY) can only rasduce the
mmber of interior reglone, for which the theorem ies already
verified.

We aust nos consider (x''). Suppose that an interior region
ieg produced between € end the ironiier of (k'!'). We shuv that
it ie interior to the group (k~1), (k) and hence that zny line L
gelug from a point of an interior region to the point av indinity,
without custing (k), cuts (k —1).

The line L goes out of an laterior region by the [rontier
of G, of which the two extremities touching (k), are two points
A and B of (k~1). The line L divides the domain i.terior to C
into ot least two pieces which cloees the interior region so as to
peparzte A and B. Then (k—1), which is all in the interior of C,
ie not all in the same piece and it is divided by L.

Theorem 59.- The exterior contour of a regular open chain
ls unique and touches all the links, while the contour of an
intexrior region touches at most four links.

Proof. The links which touch the exierior contour form themsel¥es
an open chain. That property persiste if one cuts in the interior

.--------------—-----.

* i.e., multiply connected,



}
0

»

of the chain (in order o make the interior regions) all the
links which do not touch at the boundary, if there are any. Then,
by Theorem 48, all linke removed are interior to two linke of the
bouﬁdary, sueh that, if 80 the chain will be irregular. Then the
exterior contour of a regularaopeu chain touches all the links.

On the other hand, an interior region, being iuvterior %o
WO bonsecutive liunkse, may only be bounded by themeelves snd the
two contiguous links, the only ones which will be exterior io
the first tvo. |

" Theorem §0. In a regular open chain of five links at

leust, an interior region may not touch at the same tvime the two
exireme linkse.
Proofe If an interior region toucheﬁsthe'two extreme links it
touches all links and hence more than four, which contradicts
Theorem 49.

We turn now t0 & consideration of closed chains. Let
(1),(28),(3),.0..0,(n) be a regular clossed chain of five linke
at least. We wish t0 replace the group of the firet three linke
by ancther group of ithrez which is siasplier and has the same
extexior contour.

Let C be the exterior contour of the group (1),(x),(3) and
D the domain interior to C. Since (1) and (3) do not touch and
each is exterior to the others (since hh@‘chain is regular), we
may divide D by two transversals into three parts (1),(11),(111),
such that the first containg all of (1) without touching (3), the
third coutains 21l (3) without touching (1), and the second
conteins the remainder,

We buve thus constiructed a new regular cloged chain

(1),(11),(II1),(4),24¢.,(n) of the same number of Adinks as the



fizat; bad (I) and (II) touch only along a cowmon frontier dun
seul tenant, which we may call by its extremivies, ab.

In order to apen ihai chain it is sufficient to cousider cthe
transversal ab as & cut disjointing (I) and (II1). To that effect,
auppose thalt there are two/aides 40 shaﬁ line, the one a'b! serving
a8 oie frontier of ({I); the othexr a'tb'? serving as the frontier
of (1I); considering the iine ab itsell as exterior to the chainm.
Then (I) ané (II) are the two exireme links and the chain is open.

With the aid of whe above considerations we estenlish the
following theorews

Theorem 5L. A regular cloused chain of Iive liuks or
loss constitutes & riong, interior o a polygun P, wnd exterior to
a polygon P, contained in the interior of the firste. Beyond the
repion that it encireies,tbe ring may contain certain iunterior
regions. These are interior 1o one o iwo consecutive links and
touch four at most. Oa the cwirary, the regions iuierior and
exterior 1o she ring, touch all links, tbe one by P and the other
by Pye
Proof. Let P be the exterior contour oi the above open chali.

That contour hag the two frontiers a'b® and a'tb!?, MNake a circuit
of P‘keepiag the interior on the left. As a'®h! and a''b'' are then
traverged in the opposite seuse, the circuldbt then is composed of
a'', a''b'!', and the two polygoas P, and P, joined respeciively
&' to a'' and b** o b' end each passing by all the inverzaediate
lirks of the cahin (I),.....(II); then eachmeses also by all the
links (1),(2P,ec00ee,(n), for & and b are on (8) and ove passes
Cfrow (III) to (4) omly by (3), znd from (I) to (n) only by (1)

Supress now the cut ab, which amounts to joining a'b'! and

LR AR R } } anm wa. 3 :
altb'l; the chain aw vwell as P and P,are closed, and it is contained
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between the twe polygonal lines of which one is, conseguently,
interior to the other. Ve give to the hoop comprised between them
the ndme of the ring.

The chain (I),(II),.... differs from (1),(3),,;.‘ only oy
the suppression of the intevior regions of the group (1),(2),(3).
Replacas these interior regions and apply Theoren 48 to the other
rart of the ch:in opened by thé cube ‘

Theorew 52.4 simple ¢losed contour* may be enclosed in

a regulay cloged chain of which the linke have diameters as small
as we‘pleaﬁe.
Proof. Cénaider d>0, less than * the diaseter of Lhe contour.
Suppose the contour is described by (x,y) when t vories from

by éﬁe/:oml‘.s

t, 60 T. Divide the contour 3, T into pieces &, ,t,,ee-.., 0T

)
guch thai the dismetexrsof each piece will be < J/B. Let &' be
the smalleat oﬁ_the distances from two nen-connecutive pieces.
Covér-the gurvé with & network of rectangulsr mesbes Formed by
raralledd to the coordinat axes such that the dizmeisr of each
megh is<6'/2, The meshes which touch the same part of the curve
corresponding:so each (t;,t;) form a link, The links (1),(8),..{n)
aﬁe QOAstruéted respec:lvely on 4,4, (4 b, ,00an.,t,T,

These links form a closed chain, for two consecusive linke
(%) and.(tk) have in comwmon the point te. The diameter of & link
does not surpuss J/8 +4' hence 5, for J' way not surpass the
dismeter § /2, the diameter of a link. Finally the chain is regular,
ior otherwise it will be inﬁerior to four links and its diaumetexr
will be lesc than 4 o, hence less than that of the curvé. That is
evidently imposcible asince the curve is containad in the chain.

ﬂ-nﬂwm--“ﬂ-‘--nau'u-mu-ﬂnn*t‘«n‘---’

*i.e., & Jordan curve,
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The interior region surrounded by the ring toucihes uhe most

geparated links, snd hence is of greaier diameter than 45-35=5 5.

interior to wwo links, they are of Jdiwmeter <28 . Then in order to
congéruct the ying it is suificient %0 cut out all ¢he awshes of
the net which are meet by the cusve and all the iaterior regions
excepi one, which is of diumeter> 2 5 and which conatituies the
interior region of the ring.

Theorem 53. All closed curves withous multipie pointa
dec onpose thé plaine 1210 two regions, one interior «nd one
exterior L0 ihe curve,

Proof. Let p be & point not situated cn the curve wnd S 1its
digtance from the curve. Construct & ring of which all the points
will be at a disvance < 5 from the curve; the point p, being
excluded from the ring, falls on the interior or she exterior of
the ring. ¥e gay in the firgt case that it is interior 1o the
curve and in the scscond shat it is exterior.

That distinction depends in no aanner upon she congtructive
properties of the ring, but csdependsis upon the curve. In fact,
1f the. point p is not swrrounded by wbe wing, it is poesible to
trace a polygonal line starting from § snd depertiang o ths poiny
at infinity without meeting the curve. That poseibility disaprears
as soon as the point is surrounded by the ring. In fect, all
poiygonsl lices going from p to the point at iunriaiily should cut
the chain and, congequently, cut a link in two, eg., (1), belween
the two points t,and u.which unite it 19 iis adgacent one. The
Piece t,t,, which is sivuated entirely with in & link, passes then
from one 10 the other part of the 1link determined by the line

which cuts the link and must acet the line,
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The set of points ianterior to the ring and the set of points
exterior to the risg coustitute reppectively the interior and the
exterlor regione of the curve. The invterior vegion may uot be re-
duced to zero, for one my always construet a ring. Finglly, two
irnterior or two extexior points may alweys be joined by a polygonal
line which dees not meel the curve, for one may construct a ring
contadning or excluding the swe pointe and then a line which
Joine them doss not meet ithe cuave,

Schesufliiea * points ousr #Hhmy hé@ method of de 1 Vallee
Pousein in conatructiasg the zring is aot without feult. Ia dividing
the curve into n aves and placing the polygous P, P, 0000 ,B about
them, there is 1o agsurance thal a ring is constructed. The
Polygens may be avranged ag 1y figure 1, 2, or 3, with the points
o<and¢3on two congecutive subsres such gh&t sheir distance apart
is always ¢ p'/2. In figures 1 and & we see that the sodlygons P, and

P form 2 ring. In figura L the rexaining polygons lie inside

) P:

vhis 2iage I%ufiguxe 2 the rem&%aing polygong lie outzide vhe ringe
Iin figuxe 3 cne of the polygons eucloses all the othera. It is
evident in thege ceses shwt the plave ig divided iato wmore than
e parts by the ring. The polygons in gquesiion wmay be formed by
wethcd of Schoenfiies eixd shis Jdifrficuluvy is overcome.

The meihod of Schoenslies lewds to wvhe converge of uhe

—Mﬂhﬂﬂmu--:pnnoﬂﬁmuﬁun“u-nn‘m-—-mﬂ-~-
* A Schoenilies, Zusalz (Bemerigngen 2u den Baweisen von C Jordan
nghgh:t%i Eﬁ,i%'vaii§e 2 o8}, Juhresbericht or Deulsohon,
Hothemat1keT - ereinigung, vol 33, pp. 157=160.-
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Theoxem of Jordan*. The Jadan Theorem as proved by Schoenflies
: ?

ot

statoa that the 1-1 wnd conbiuuous imags of & circle is a closed
curve which divides he plane, and shat ecch of its polnie is
acacosible from both Lhe inner and outer veglong. The converse
Thegoren ie that sny siwple closed curve, which divides the plane
ienbe two reglone, and whose pointe are accessible freom points of
gech  of the regione into which the planc is divided by the curve,
ig & 1=-1 and continvous irage uf & circle. In the proof of
Jordants Theoran, Schoenflies shows that the property of isolation
ray e gubstituted for the property of acceseibility. The properiy
of accessibility meane that any point P in the plane not on a
sinele closed@ Jerdan curve, msy be joined te any peinit § of the
curve, by a Joxdan qurve which has no point on the curve exceplt Q.
The propexty g isolation iz definé& sg Tollows: Conslder a

[»§
sinple closed Jordan curve [T, and two

pointey anc don ilt. These two points
Y ‘ 5 deteraine two point sets H whu Ke If a is
any outer and i1 any inner poind, and the
r . poluts & and 1 are joined by owen Jordan
cuxvee guch that they nmeet ™ only in the
poiutaxzuuié, then thera four open Jordsn curves form en isolatiug
polygon, which fgolates the set H Tfrom the set XK.
e now prove the converee of dordan's Theorem, using the
P

@ noperty of iscolation. LetZbe a closed

4 ) curve and et ¢ and d be two points on it.
el Lzt the zregions which 1t deteruines be
I=I(&) wna A= A(B). The patha which

~-’.~%n”ﬂ~-’_ﬂ--~‘~~~‘-¢‘“~"n~m-----
* B. Sbboeurflies, Uikehrung des Jordanschen Rurvensatzes,

Jahresbericht der Deutachen Hathenatiker - Vereini um :
. PP. 1€0=-165. wung, vol 33,
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lead to ¢ and d irom an ouler point a wnd an inner point i, form
& polygon P, thai encloses a certuin svbset C of &. If we therefore
set up the relabtion,
é = }’c,d} + C+D

vhen every polut of D belougs to the exterior of P, anu hence 1o
A(P)e Bince she poinle of whe curve are soceenible we way pick
the pointes in the ouler and ihe point im the ianer region arbltrari=
ly cioss to the cudve, and in fact, the puihs thewselves, ac that
&ll points of the polygon are arbitrerily close 46 the éarve ’.
11 we wake the gety ¢ or D closed we increwsd them by the points
C and Ce

Ihe polygoa P is an isolaving polygon and lsolatss Lhe set
C trom De A sludler polygon O exists for the set D and 1H is such
vht the two polygons awve only the peints ¢ wno d in common, but
cbherwise iis oulside of one ancther,

CLevl ve & caiwcle. On the curve Gchocse two peints ¢ and d 40
that their distance apart ise the mexinum of the ddtances of pairs
of pointse. The poinis ¢ ang d are made 10 correspord to ivhe end
pointe Yand d of the diameter of the cirecle . We ghall furiher let
the sets C wnd D correspoad o the inner points of the circular
archn determinea byv'andré. Far {(his proof it ia necessary 1o
conslder vhe sets cluscde The aboeve uwentioned sels shall be
aegignaited os

g,:gz.“’ndrl;/_’-'
Fox g,wu /L'e’:e imagine isolating polygons P, and P, such that
thney lie ouitaside one anobther excepiing for the points ¢ and de
The set contained in each of chege polygone shall be divided by
the insextion of proper division polinte, so thav the correspondig

subsets on the circle, as well as on the curve, become gradually
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ars.ll. Qa the ze.z;'r,-ﬁ,' chooge & point ¢ oo that it is equidistent
from ¢ snd d. In ceoe there is more lhak ome such poini, we ghall
choose ¢ sz thud point »oich is ré;a.ie"'s'»eqﬁidis'tmxt from ¢ and d.
We chooge, elmilarly, = poiut ¢, on the arc Zand mwke the points

¢, -nd c,corresyand 1o ine middle pointas ¥ and ¥.0f she circular

aresl, endT . By shese points (¢,end ¢,) daxd Loure divided into
the axded , G ond g, 4eorresponding to the sets L,Mend [, L.

Thiz procese is countlnued.
Finally, we suxround each sey G with an isgolating polygon Fry o
e g all bhave (by ths isolating property am the meihod of ceter~
aning the iaolating oelygons), that, first, P, and P, are
inclosed by P,, Jusy es B, end P,are inclosed by B, and sccondly,
that each twa of the polygons B, (i.ey, B, and P,;) lie outside
of ovne znother. |
On euc.h 30t Gegwe detersine furiher a point c,.gs was doma
above | wnd nake 1t corcespond 10 the middle point;d;,,of the circular

o~

are i, « The indices ‘e of . s e middle points sre the dawe as those

m?ék. ¥e proceed L0 the curve arcs

- the ¢irouluy axcs

By ey s B w1 Gevn.o. mim >

the isolating polygors, .

P

)
- [Chaoon-m3n

- p~
Pl..) Pok) - - - I [ip---"
and the palnts,

- -

b
Corlig, - - =7 1 Qe mprd A T Yy, - 7 Yica-ood
Por ihepe the rolloewin: holds
l. Ezch of whe polygens B, is an iaolamng polygon

Tox the cuxve erCH ., .. ¥ith the prope mc. e
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<o Each polygon P

“bﬂquliéﬂ ouvside tvhe polygon B . .ug

with the same indsx groupn---mle
3. The polygons Pren...wq of each and avery indeg group
lie entirely ouvaside of one another.

The pointe ¢, .. , the curve arcsg,, .. , which cthese points
asvermine, and vielr ieolating polygouns around them, pogcens
thie swae ordering (sccording to the subscripts) as vhe circulax
QIC PULAVGYppeo . &NG GAE cliouder wroeslf,, ... , on which they lie.
I7 we cunm then prow “hav the breadih of ihe curve arce -Gye..- with
lavreaslig index nwmber, becodes uniioraly infinitely smell, we
show thereby thal a«svéry poing of the curve % by the orderixg
is in l=1 and coniinuous correspondsnce with ithe points of the
clrcle,

#we show now the lemsa thal there zre not iladinitely many
cur ve arcs whowe Oreadth is >¢ . Bach arc whose brewadth is >4,
hul w gubawe woose end pointg are exactly a distauce ~uparbe IT
noyw »

{a) A7 AR AL R R,
are guch curve arcas, let

(B) ¢',e¥,e't ' oo and a',d" ,d ™" Y ,eaean
be bheir end pointaz. Furthey les £, be the limiiing coifiguration
deterad sed by them. éuis an axe of che curve all poiniés of which
are limit points of vhe sxcs (A). The pimit pointe of (B) dikee
wise belong ©0 vhis set.Z 1% tiaus a comecied ssta.

e gsgume now vhai shere is only ome pair of limit points
present; namely ., and do « Thelr distance apart is obviously 0 .
If we taeretfore put

L = (Cu,du) + Cu,

then C, be comes Z,by the addition of ¢ and d,. For the curve



itsell, we have ithe following eguation,

& = (0w,d~u.} + Co + Do,
znd of zourse all the pointe of the sets (4) belong to the set D s
sines all the sets C“,C’.whieh determine £, axe distinct (for i#j ),

axeept poyaibly for end points. Since sach of the gets

g",g'”é.........
fa distines from the ', one can surroundZ! by au isdlating
polypon P opo thah all of these sets are excluded, and sheref{ore
ng point ofé, liesy inside of P*, If we puas therefors irom Doy to
tha eloused set which convaine it, this set contains «ll the points
ot 4, nings all points of Zyare limit poiute of the sres (4) which
pedong o D,. The setn C, and D, could not thersfore bhe igolaved
froa sach oiler in contradiction to our assunptici.

In the zbove we bave azoesumed shat one and only one pair of
painty o, and 4, exist. IL thia is not the case, then we can
select frow the seis (A), o suoset for which it is th: case, and
resch the aure concluzion as nefare.

#2 now show thet no arcs of she curve exiet whoce diameter
i >r , @#nd wong exiet iv which no division points iis. If this

W :
is ghorm, the curve 4 is filled with division poinis.

If (ef) i any arc containing no division poini Cup.... , we
censider avy one of theindex groupslese--- 3 to which (ef) belongs
i.e., & snd ¥ are division points. Lat & and b be those division
points next 10 e und £. The noxt divieion will cavse a point to
el in the ere {ab). It may fall between o and e, i-e., at al,
Ih the next division, & divielon peoint falls in the arc (ath).

It gan eivher Fall in the arc {(a'e) or in the ave (fb). In the
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flres case <he ares in walcn the divigion podnt fulls, change with
each other lLi’ihively oisen. In vase second case only & rinite

nunber of division points £i13 in oae «of the avcs, e itreat the

gcoond cese [irvat. Let {fo) be ths arc in which infinitely many

e F division puinte fall, In ihe arc (ae)
e e n . only & finite number fall. Let g be the
~..~~ QJ, . . .
o : lagt of these*. Furthsy if f, iz the

.~‘;’.Qf’ alviesion poine of the are (gb), f.that of
@©f,), etc., waz if h is a lisit point of
thz segusncs {£,8, than the arc (gh) is alec iree frow division
points. ¥ow the diaswster of »he arc (:t‘./-:"w) can ot bpecome infinitely
pusll, siuce JL3>h was if the alaweter of (fyf.)>0, chen for |

1> Vo, she dietonce from h 1o £,will be leas than the dietance

£
1
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e
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e
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from & w0 fy

If now m,is Lbhe coaber of ihe .str;s.ié,ht line f,,—f-.,,,, and gvthe
roint of the wre (,’c‘vfm) which frou myhas the greatest distance,
Ghen & nuubar mexliste such thut .uxf: eachvs>p ,

: (.40 >3 and Y., \'fy,,tfv) > 41,

The urcs (£, 474) form v iafiniie met of arch of &, the preadth of
all baing >4, This contpudicss ':;he'above lemma. Hencz the theorem.
In the fizol cuue , when two diviseion points fy,f,fzll in the
LUae GXC , ihe irestuent iz she zuwe as above. £, is replaced by fv,
8yDY Bvsi, Bwnd¥ Buy LT fyie such & division point of (bf), that the

nekd divieion peint (it iz called gw), falle in (ae), the division

peint of the ere (fvgw) egebn bae & waxisum and equal distence From

&\ﬂ!‘l‘"'m-"ﬂa--ﬂ\."ﬂ-’*I‘h*m-.\_“-‘--«-“

* g may be identical mith e,
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fyand gwe According ws the polant gyfalla 1o (se) or the poini f.,,
falle in (bf), cne concludes that ivheazc (gnge) cr the arc (£,£.)
has a breadth which renains greater than k> 0. The theorem follows
&8 above.

We have then for the curved vhat cach subsre into which € is
divided, is subdivided by other division peints and approach zero
in dianeter. Each group of poelygoeus zbout shese subarce determines
one and only one point, since Lvhe diametor of the axce approach
zero. Any point of whioll iu & point ¢i division correaponds to
one and only one point of the circle. Likewioe such pointe of the
circle correspond w0 one and only cne puint of £ It ia mecessary
to snow that any point which ie not o poiut of diviasion aleo
corresponds to one wad only one poiant of the circle. The points
of division are everywhere dense aglinee between any two there is
a third. Further, any point not a poin‘é or aiviedion is determihed.
Ly & -E,roupv ol umegted pclygoné. Such & point is then e limit point
of poiute of division. The corresponding points of ciivision on
the circle approcch a limid (unique) » and these two 1imit points
correapdrxd. Similar conclusions hold in the cazese of pouints of the
circie which arxe not poima of division. Since the arcs of divie
sion of ¢ approach zero uniformly in length, we have vhat the

corregpondence between £ and the circle is 1e-1 and conbtinuous.



