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ABSTRACT

Complex Flow and Transport Phenomena in Porous Media

by

Ayal Cesmelioglu

This thesis analyzes partial differential equations related to the coupled surface
and subsurface flows and develops efficient high order discontinuous Galerkin (DG)
methods to solve them numerically. Specifically, the coupling of the Navier-Stokes
and the Darcy’s equations, which is encountered in the environmental problem of
groundwater contamination through lakes and rivers, is considered. Predicting accu-
rately the transport of contaminants by this coupled flow is of great importance for
the remediation strategies.

The first part of this thesis analyzes a weak formulation of the time-dependent
Navier-Stokes equation coupled with the Darcy’s equation through the Beavers-Joseph-
Saffman condition. The analysis changes depending on whether the inertial forces
are included in the interface conditions or not. The inclusion of the inertial forces
(Model I) remedies the difficulty in the analysis caused by the nonlinear convection
term; however, it does not reflect the physical interactions on the interface correctly.
Hence, I also analyze the weak problem by omitting these forces (Model II) which
complicates the analysis and necessitates an extra small data condition. For Model
I, a fully discrete scheme based on the DG method and the Crank-Nicolson method
is introduced. The convergence of the scheme is proven with optimal error estimates.

The second part couples the surface flow and a convection-diffusion type trans-



port with miscible displacement in the subsurface. Initially, I consider the coupled
stationary Stokes and Darcy’s equations for the flow and establish the existence of a
weak solution. Next, imposing additional assumptions on the data, I extend the result
to the nonlinear case where the surface flow is given by the Navier-Stokes equation.
The analysis also applies to the particular case where the flow is loosely coupled to
the transport, that is, the velocity field obtained from the flow is an input for the
transport equation. The flow is discretized by combinations of the continuous finite
element method and the DG method whereas the discretization of the transport is
done by a combined DG and backward Euler methods. The scheme yields optimal
error estimates and its robustness for fractured porous media is shown by a numerical

example.
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Chapter 1

Introduction

The coupling of the Navier-Stokes/Stokes and the Darcy’s equations arises in many
important engineering problems, an example of which is the contamination of ground-
water through lakes and rivers. Everyday more and more contaminants, such as haz-
ardous solids, liquid wastes and toxic wastes, are produced by industries or consumers.
These contaminants percolate through lakes, rivers and streams to the groundwater,
which is the main source of daily drinking water and irrigation water. It is impor-
tant to prevent health-threatening situations which may either be caused indirectly
by contamination of irrigation water, eventually harming life forms through the food
chain, or directly by contamination of drinking water. Development of reliable meth-
ods to accurately predict the transport of contaminants for a given time period is
extremely important for remediation processes.

The domain of this coupled flow is divided into two subdomains that represent the
surface and the subsurface regions. In the surface region, the flow is characterized by
the incompressible time-dependent/steady Navier-Stokes/Stokes equations, whereas
in the subsurface region, the flow is characterized by the Darcy’s equation. For a
discussion of the development of these equations, the reader may refer to Darrigol [1].
The coupling of these two different types of flow is accomplished through certain
interface conditions. Even though there is no universal agreement on the choice of the
right interface conditions, the usual conditions include the Beavers-Joseph-Saffman

law [2, 3], the continuity of the normal component of velocity and the balance of forces.



This work also accepts these interface conditions to complete the partial differential
equation systems modeling the surface/subsurface flow.

In the coupled surface/subsurface flows, the heterogeneous nature of the reservoir
is an important factor determining the properties of the flow. For example, because
of the infinite combinations of porous medium structure (arrangement, composition),
it is only natural to expect dramatic variations in the permeability (the transmission
property of the porous medium) over the region. These variations cause difficulty in
the simulations. Discontinuous Galerkin (DG) methods are suitable to overcome this
difficulty as the discrete spaces are the discontinuous piecewise polynomial spaces.
In spite of being costly for triangular meshes, DG methods are advantageous over
other methods in the literature. First, DG methods are ideal for adaptivity since
they allow for hanging nodes. This is important to deal with complicated geometries.
The continuous finite element methods (FEM) can also handle adaptivity, but they
cannot handle meshes with several hanging nodes per edge. Second, with the DG
method, it is easy to change the degree of the approximating polynomial to get high
order approximations, while this takes much more effort in the case of classical finite
element method. Indeed, to change the polynomial degree in a DG code amounts
to changing only the routine generating the basis functions, whereas with the finite
element code, one has to basically rewrite the code. Another property that the DG
methods have, but the FEM methods lack, is the local mass conservation property.
In the absence of local mass conservation, the numerical solution of the coupled flow
and transport problems in porous media will be unstable [4, p.41]. For these reasons,
the discrete schemes I develop are based on the discontinuous Galerkin methods.

The history of the DG methods dates back to 1973 when they were introduced

by Reed and Hill for linear hyperbolic type problems to solve transport of neutrons



using triangular and quadrilateral elements [5]. These methods were mathematically
analyzed later in 1974 by LeSaint and Raviart [6]. The application of these meth-
ods to elliptic and parabolic equations was through the introduction of the interior
penalty methods of Baker [7]. These methods arose from the observation that inter-
element continuity can be imposed weakly instead of being built into the finite element
space. Over the years new DG schemes were formulated that use symmetric or non-
symmetric bilinear forms, with or without stabilization and penalty terms and written
in a mixed or non-mixed form. Cockburn et al. [8] provides a review of the develop-
ment of the DG methods. The reader can also refer to the recent books by Riviere [4]
and Warburton and Hesthaven [9] on the DG methods. Because of the type of equa-
tions governing the flow problems, the DG methods considered in this thesis are the
interior penalty Galerkin methods that are designed to solve the elliptic and parabolic
type of problems. To be specific, symmetric interior penalty Galerkin method (SIPG)
introduced by Wheeler [10], Douglas and Dupont [11] and Arnold [12]; non-symmetric
interior penalty Galerkin method (NIPG) introduced by Riviere, Wheeler and Gi-
rault [13, 14, 15]; incomplete interior penalty Galerkin method (IIPG) introduced by
Dawson, Sun and Wheeler [16], Sun and Wheeler [17]; and Oden Babuska Baumann
(OBB) method [18] are used. These methods differ either by the sign of the stabil-
ity term or by the existence of the penalty term. NIPG and SIPG methods have
been successfully applied to various flow and transport problems in porous media
such as single-phase [13, 19, 20, 21| and two-phase [22, 23, 24, 25, 26, 27, 28] flow
problems, linear and reactive transport problems [29, 30] and miscible displacement
problems [31, 32, 33, 34].

The first problem of this research, part of which has been studied mathematically

in 35, 36], is the coupled time-dependent Navier-Stokes and Darcy’s equations. This



flow is analyzed in two models depending on the choice of the balance of forces
interface condition. In the first model (Model I), the inertial forces are included in
the balance of forces, remedying the difficulty in the analysis caused by the nonlinear
convection term. However, this condition with the inertial forces does not reflect
the physical interactions on the interface correctly [37]. Hence, in the second model
(Model II), the balance of forces is considered without the inertial forces, giving a
more physical condition. This chapter can be seen as an extension of the steady-
state case which has been analyzed by Girault and Riviere [38] and Chidyagwai
and Riviere [39]. Girault and Riviere [38] prove the existence of a weak solution
under small data condition and its local uniqueness for the steady-state case of Model
I1. Chidyagwai and Riviere [39] consider non-homogeneous boundary condition for
two model problems: one omits the inertial forces as in the paper by Girault and
Riviere [38]; the second one includes the inertial forces as in Model I and the existence
of a weak solution is proved unconditionally. The weak problem of a similar coupling
is analyzed by Badea et al. [40], where an interface problem with Steklov-Poincaré
operators is formulated. Removing the nonlinearity from the stationary Navier-Stokes
equations leads to the coupling of the Stokes and the Darcy’s equations. This problem
has been extensively studied in the literature. See, for instance, Layton et al. [41]
and Discacciati et al. [42] for the analysis of the weak solution.

Starting from the coupled problem with the mentioned interface conditions, I
define a weak solution and prove its existence. The proof is based on a Galerkin
technique and uses compactness results in Bochner spaces. In Model II, without
the aid of the inertial forces, an extra small data condition is necessary which gives a
conditional existence result for the weak solution. Also, under additional assumptions,

uniqueness is proved which is only in the local sense for Model II.



For Model I, based on the weak formulation, I propose a fully discrete scheme
and prove optimal error estimates in space and a second order error estimate in time.
Based on the paper by Cesmelioglu and Riviere [36], the discretization is done by
discontinuous Galerkin (DG) methods in space and the Crank-Nicolson method in
time. The approximation spaces for the fluid velocity and the pressure in the Navier-
Stokes region are the discontinuous piecewise polynomials of degree k; and ky — 1.
On the other hand, the approximation of the fluid pressure in the Darcy region is
done by the discontinuous piecewise polynomials of degree ks. The reader can refer to
(43,44, 45, 41, 46, 47, 48, 49, 50] for a variety of numerical schemes for the steady-state
Stokes/Darcy problem. For the numerical schemes and examples of the steady-state
Navier-Stokes/Darcy coupling, one can refer to [40, 38, 39, 51].

To further understand the groundwater contamination by lakes and rivers, I cou-
ple the surface/subsurface flow with a convection-diffusion transport equation. The
published literature is very sparse on this problem. The mathematical analysis of the
miscible displacement problem in subsurface was done in a seminal paper by Alt and
Luckhaus [52], and by others such as Marpeau and Saad [53] and Fabrie and Gal-
louét [54]. My contribution is the analysis of the more general coupling of miscible
displacement in porous media with surface flow and transport which to my knowl-
edge is the first analysis of this problem. First, I consider the steady-state case of the
Stokes/Darcy flow for the underlying flow problem as presented in [55]. T define the
mathematical model and introduce the necessary assumptions on the data. Then I
formulate the weak problem. The existence proof is based on a Galerkin approach in
time. To define the approximate solution, constant and linear interpolation operators
are used as in [52, 53]. Then using compactness results, passing to the limit in the

approximate solution gives the existence result for the linear problem. Next, I extend



this result to the nonlinear case, that is, I consider the Navier-Stokes/Darcy problem
to model the surface/subsurface flow. For this case, only the balance of forces condi-
tion excluding the inertial forces is considered. The reason is that the other condition
in Model I is relatively easier to prove and gives stronger mathematical results. The
proof for this nonlinear problem again is similar to the Stokes case under additional
assumptions on the data. This mathematical analysis also applies to the particular
case where the flow problem is loosely coupled to the transport problem.

In this loose one-way coupling, the velocity field obtained from the Stokes/Darcy
problem becomes an input data for the transport equation. A numerical scheme based
on a mixed method for the coupled Stokes/Darcy equations and a local discontinuous
Galerkin method [56] for the transport problem has been analyzed for this particular
case by Vassilev and Yotov [57]. In this thesis, the numerical analysis and a numer-
ical example from the paper by Cesmelioglu et al. [58] are included where the flow
problem is approximated by either the DG method or the FEM or by their combina-
tion. The transport problem is discretized by a DG method where upwinding, which
causes stability without the need for slope limiters, is used for the flux terms in the
subsurface [59]. The numerical example aims to show that the methods are robust
for fractured porous media.

This thesis is organized as described in the table of contents. Roughly, besides
this introduction chapter, there are five more chapters. Chapter 2, titled “Prelim-
inaries”, gives necessary notation, definitions and theorems. Chapter 3 studies the
time-dependent Navier-Stokes and Darcy coupling problem and the fourth Chapter
investigates the Navier-Stokes/Stokes-Darcy-transport problem. Chapter 5 gives con-
clusions of this thesis and the last chapter discussed possible extensions. The contents

of each chapter is described therein.



Chapter 2
Preliminaries

This section provides the well-known definitions, notation, inequalities and theorems
as well as the definition of the domain used throughout this thesis. Interested reader
should refer to [60, 61, 62, 63, 64, 65, 66, 67] for more details. For any space X,
X? simply means the product space X x X. The dual space of X is denoted by X'
with the duality pairing (-,-)x/.x. The variable € = (21, z2) € R? denotes the spatial
coordinate. We define the gradient of a scalar function v : R? — R and the gradient

of a vector function v : R? — R? by

Vv—(av) , V'v:(av> .
Ox; 1<i<2 Iz 1<i<2

The divergence of a vector function v = (vq, vy) is defined by

Voo Yo

i=1,2

Finally, for two vectors v = (v, vs),u = (1, us), the dot product is defined to be

v-u = g VU
i=1,2

Let 2 C R2. For 1 < p < oo, we define

LP(Q2) ={v: Q — R : v is measurable, / lv|Pdx < o0},
Q

1
ol = ( [ 1)
Q

equiped with the norm



The choice p = oo corresponds to the space of bounded functions defined as

L>(Q2) = {v: Q2 — R : v is measurable, esssup |v| < 0o},
xc2

equipped with the norm
||| Lo () = esssup[v].
xeN

The space LP(Q2), 1 < p < oo is a Banach space with the || - || z»(q) norm. When p = 2,
the space of square integrable functions L?*(€2) is a Hilbert space with the L*-inner

product

(v,w)g = / vwdz, for scalar-valued functions v, w,
Q
(v,w)g = / v - wdx, for vector-valued functions v, w,
Q
(V. W)q = Z/ V ;W ;dz, for matrix-valued functions V', W.
ij 7
Furthermore,

Lemma 1. Let 1 < p < oo. Then any sequence in LP(§) that converges with respect

to the norm || - || (o), has a subsequence that converges pointwise almost everywhere.

For any continuous function v on R?, we define its support as

supp(v) = {x € R? : v(x) # 0}.

and denote the space of smooth functions with compact support (or the space of test

functions) in Q by D(2). The following result is used for the density arguments.
Theorem 2. For 1 < p < oo, the space D(S?) is dense in the space LP(S).

For a given Banach space B, the Bochner spaces are denoted by L*(0,T;B),

1 <p<oo, k>1. The space L*(0,T; B) is also a Banach space equipped with the



norm (f || - [[kdt)/* for 1 < p < oo and esssupse.n)|| - || 5 for p = oo.

For any integer m, the classical Sobolev space is defined as

H™(Q) = {v e L*(Q): 0Fv e L*(Q), V|k| <m},

where k = (kyi, k), |k| = ki1 + ko, k1, ks > 0 and OFv = 8Ik|“k2. On the space H™(£2),

k1
Oxy "0z,

the seminorm | - |gmq) and the norm || - || gmq) are defined as follows:

NI

1
2
[l = | D /Q|3k”|2df” ol = ( > |“|§fj<mdf”)

|k|=m 0<j<m
With the inner product (-,-)gm@) = Zogk‘gm(ak-,ak-), the Sobolev space H™()
is a separable Hilbert space . Also note that for m = 2, |v|g1(q) = [|Vv|r2@). We
also define the Sobolev spaces for fractional indices. The space H™+Y/2(Q)) is the

interpolation of the spaces H™(2) and H™1(Q) which satisfies
H™HQ) ¢ H™FY2(Q) ¢ H™(Q2), and

1 1
Yo e H™H(Q), HUHHerl/?(Q) < C||UH12{T"(Q)HUHI2-Im+1(Q)7

where C' is a constant depending on (2.
To properly define values of Sobolev functions on the boundary, we have the

following trace theorem:

Theorem 3. (Trace theorem) Assume that 0 is bounded with polygonal boundary

OQ. Then there exists surjective operators vo : H"(Q) — H™2(0Q), r > L and

vt H(Q) — H™3/2(0Q), r > 3 such that
Yo € CHQ), v =1lsa, mv=Vv-n|xg

where n denotes the outward unit normal of 052.
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For I' C 99, |T'| # 0, we define
Hyp(Q)={veH'(Q):v=00nT}

where v = 0 on I' is interpreted in the sense of the trace of a Sobolev space function
and we abuse notation by denoting vov by also v on I'. When I' = 02, we denote
Hjr(Q) = Hy(Q). The dual space of LP(Q2), 1 < p < oo is L) where ¢ is the
conjugate of p, that is, % + % = 1. For 1 < m < oo, we denote by H (), the dual

space of HJ*(2) together with the norm

(v, f)a-m@).Hp(9)

[fllz-m@ = sup
vEH(Q),07£0 ||U||Hm(ﬂ)

Let X and Y be two Hilbert spaces such that X C Y is a continuous embedding.

Let f:[0,7] — Y be an integrable function. We define the extension f of f by

) = f(t), te]l0,T]

0, otherwise

We define the Fourier transform of f by
f(r) = /OO f®)e > qt, Y eR.
Further, for any v > 0, we define
HY(0,T;X,Y) = {f € L*(0,T;X) : |7]"f € L*(R;Y)}
equipped with the norm
oo = (17 Bxoza + e i)

The space H” will be useful in proving strong convergence results via compactness.
We proceed by stating important results of Calculus, Functional Analysis, Real

and Complex Analysis, Ordinary Differential Equations and Sobolev Space theory
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that we frequently use. For the weak formulation of our partial differential equations
system, we need formulas to relate the vector identities such as the divergence, the

gradient and the Laplacian.

Theorem 4. (Generalized Green’s formula) Assume that Q0 is a Lipschitz domain.

Let u € H'(Q),v € H*(Q). Then

/uV-FVudm:—/FVU-Vud:B+ FYov - nudo
Q Q a0

where m is the outward unit normal vector of 02 and F is a matriz-valued function.

In particular when F =1,
/ uAvdx = —/ Vv - Vudx + Vv - nudo
Q Q o0

To apply the fixed point theorems to a function, we first need to show that
this function is really well-defined. Next two theorems are useful to prove the well-
definition of these functions. The first theorem supplies us a way to represent uniquely

the bounded linear functionals on Hilbert spaces in terms of the inner product.

Theorem 5. (Riesz representation theorem) Any continuous linear functional L on

a Hilbert space H with the inner product (-, )y has a unique representation, i.e.,
JlueH : L) = (u,v)y, Yo € H.
Furthermore, the mapping L — wu is an isomorphism of H' — H.

The following theorem is an extension of the Riesz representation theorem which

is generally used to prove existence and uniqueness.

Theorem 6. (Laz-Milgram theorem) Let H be a Hilbert space and B : H x H — R

be a bilinear mapping such that there exists o, B > 0 satisfying
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o [B(u,v)] < oflullllel, Vuv €M,  (continuity)
o |B(u,u)| > Blull3,, Yue€H. (coercivity)

If L : H — R is a bounded linear functional on 'H, then there exists a unique u € 'H

such that

B(u,v) = L(v), YveH.
Moreover, the mapping L — u is an isomorphism from H' to H.

The following theorem is a special case of the compactness theorem of Rellich and

Kondrachov that is enough for our purposes.

Theorem 7. (Rellich-Kondrachov theorem) Let Q@ C R? be an open, bounded Lips-

chitz domain.
o If0<I<1, then H'(Q) is compactly embedded in H'().

o H'(Q) is compactly embedded in L*($2).

The following theorems are used to prove existence results for nonlinear partial
differential equations. The first one is used for the finite dimensional case and the

next one is used for the infinite dimensional case.

Theorem 8. (Corollary to Brouwer’s fized point theorem) Let H be a finite dimen-
stonal Hilbert space. Let F : H — H be a continuous mapping such that there exists
C > 0 satisfying

Vo € H7 HUHH = Ca (','r(v)av>71 > 0.

Then F has a zero vy in a ball withg radius C' of 'H, i.e.,

JuyeH: Flu)=0 and |volln <C.
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Theorem 9. (Schauder’s fized point theorem) Let X be a Banach space and E C X is
nonempty, closed and convex. If f : E — X is a continuous map such that f(E) C E

and f(E) is compact, then f has a fized point in E, i.e., there exists x in E such that
flx) =

One of the most important convergence theorems of Lebesgue integration theory

is stated next. For this thesis, the a.e. version is chosen.

Theorem 10. (Lebesgue dominated convergence theorem) Let (X, p) be a measure
space. Suppose that {f,} is a sequence of complex measurable functions defined a.e.
i X such that

f=1lm f,, ae inX
If there is g € L*(X) such that
fal <9, n=1,2,..., ae inX
then f € L'(X),
n—oo X
and

n—oo

lim fndu:/fdu.
X Q

Weak and weak* topologies possess important compactness properties which allow
one to extract weakly and weakly* convergent subsequences from bounded sequences.

The following states the compactness property related to the weak topology.

Theorem 11. In a reflexive Banach space, any bounded set is relatively weakly com-

pact.

The next theorem is related to the compactness property of the weak* topology.
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Theorem 12. (Banach-Alaoglu theorem)
Let X be a normed space. Then the unit ball of the dual space X’ of X is weakly*

compact.

Next two compactness results have been proven by Simon [67]. Let X C B C Y

be Banach spaces with compact embedding X — B.

Theorem 13. For 1 < p < oo, assume that F' is a bounded set in LP(0,T; X), and
| f(t+h)— f(t)|zeo,r—n;v) — 0 as b — 0, uniformly for f € F.
Then F' is relatively compact in LP(0,T; B).

Theorem 14. Assume that F is a bounded set in L>=(0,T; X), and

0
a—{ : f € F} is bounded in L"(0,T;Y), r > 1.
Then F is relatively compact in C°(0,T; B).

Theorem 15. (Schauder’s theorem for compact operators) Let X, Y be Banach spaces
and T : X — Y be a bounded linear operator. Then T is a compact operator if and

only if T* is compact.

By the Rellich-Kondrachov theorem and Schauder’s theorem we deduce the fol-

lowing;:
Corollary 16. L>(Q) is compactly embedded in (H*(£2))".
The following focuses on some well-known inequalities.

Theorem 17. (Triangle inequality) Let X be a normed space equipped with norm

Il - [l x. Then,

Ve,ye X, o +ylx < llzllx + llyllx
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Theorem 18. (Young’s inequality) Let p,q > 1, %—i—% = 1. Then, for any nonnegative
a,beR,

al b
ab < — + —.
p q

Using the Young’s inequality, one can prove the following theorem:

Theorem 19. (Hélder’s inequality) Let 1 < pq, ..., pr < 00 such that pil—i-. ) .—|—pik =1.

o Generalized Integral form : If f; € LP'(Q), i =1,...,k, then

k
/Q o felde < TTfilles -
i=1

o Summation form for finite sums: Let a;,b; € R, 1 =1,... k. Then
k k Lk )
D abil < O lal)r (O 1bil*)e.
i=1 i=1 i=1

Theorem 20. (Cauchy-Schwarz inequality) Let X be an inner product space over the

field of real numbers, with inner product (-,-)x. Then
(u, 0)] < flullxllollx, Vu,ve€X.

Remark 21. Cauchy-Schwarz inequality can be seen as a special case of Holder’s

inequality integral form when k =2, p; = py and X = L*(Q).
The rest of the inequalities and theorems come from the Sobolev space theory.

Theorem 22. (Sobolev imbedding) Let Q C R*. HL(Q) is compactly imbedded into

LP(Q2), for any p < oo and there exists C' > 0 that depends only on 0 such that
Vo€ Hy(Q), vl < ClIVYllLeo)- (2.1)

Remark 23. When r = 2, the inequality (2.1) is called Poincaré inequality. By the

virtue of this inequality, | - | g (q) is a norm on H} ().
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Figure 2.1 : The domain Q = Q; UQ, C R2

Vu+Vul
2

The symmetric deformation tensor D(u) = to be used in the Navier-

Stokes/Stokes equations satisfies the following inequality:

Theorem 24. (Korn's inequality) Let v € Hg () where |T'| # 0. There exists a

constant C' > 0 such that
D)2 < Cllvllm @)

Now let us introduce the region of concern 2 C R?, which is shown in the Fig-
ure 2.1, for the flow problems of this thesis. The domain €2 is subdivided into two
subregions as €2 = 2y U 2y where ); corresponds to the surface region and €2y corre-
sponds to the subsurface region. We assume that {2 is an open, bounded, connected
Lipschitz domain with Lipschitz boundary denoted by 9€2. The vector n stands for
the unit outward normal to 0f).

Let 09);, i = 1,2, denote the boundary of €2; with exterior unit normal ng, and

define the interface separating ; and 2y by I'\s = 9 N 9y with unit normal
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nio pointing from €2y to Q5. We denote the tangential unit vector of I';s by 715.
The portion of the boundary 0€2; different from the interface I'y5 is denoted by I'; =
00Q;\I'12, i = 1,2. The boundary I'y is further decomposed into two disjoint parts
to differentiate the Dirichlet and Neumann boundaries; that is, I'y = I'op U I'ony with
ITap| > 0.

Finally, some notation related to the DG methods are presented. Let €2 be a
polygonal domain subdivided into a regular mesh &, which contains triangular or
rectangular elements E, with h being the maximum element diameter. We define the

discontinuous piecewise polynomial space of degree r > 1 on mesh &, by
D (&) ={ve L*(Q) : VE €&, vlgpecP.(E)}

where P,.(E) is the space of polynomials of degree less than or equal to r, defined on E.
For each edge e on the mesh &, we pick a unit normal vector n.. If the edge e is shared
by two elements, first we order them as F; and FE,, then we assume m. is pointing
from E; to Es. If the edge is on the boundary, we pick by convention the outward
unit normal. Since continuity across the mesh interior edges is not a requirement for
the discrete functions, these functions take different values on different sides of the
edge e. This makes new definitions necessary to account for this difference. Define

the jump and average values of v € D,.(&},) on the edge e C IF; N OFE; by

U|E1 +U|E2

o] = vl = vlpe, {0} = 22

For the case of a boundary edge e which belongs to an element E, by convention we

set
[v] = {v} =vlp.

We denote the length of the edge e by |el.
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Chapter 3

Coupling of the Time-Dependent Navier-Stokes
and Darcy Equations

Coupling of the incompressible Navier-Stokes and Darcy’s equations has been an im-
portant multiphysics problem which models the interaction between incompressible
free flow and porous media flow. This coupling problem has many applications in
natural and industrial settings. It is used, for example, to model groundwater con-
tamination through lakes and rivers, which is an important environmental issue. We
depend on groundwater as an important source of daily drinking water and irrigation
water. So it is crucial to keep our water free from chemical or organic pollutants if
possible. Developing accurate simulation methods to foresee the behavior of contam-
inants is a necessary component in the remediation of contaminated groundwater.

The first objective of this chapter is to formulate a weak problem to the partial
differential equations system governing the coupled flow and then show the existence
of a weak solution. The second objective is to introduce and analyze a fully discrete
scheme to solve this coupled flow problem. Solving this problem is challenging because
of the complicated physical interactions on the interface between the two fluid regions.
Appropriate conditions must be chosen to reflect these interactions. Two widely
accepted interface conditions, the continuity of the normal component of the velocity
and the balance of forces, together with the emprical interface condition of Beavers-
Joseph-Saffman are assumed in this work.

This chapter explains the analysis of the coupled time-dependent Navier-Stokes
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and Darcy’s equations with respect to two different models, part of what has been
done by Cegmelioglu and Riviere [35, 36], in more detail. The difference between these
models is the inclusion of the inertial forces in the balance of forces interface condition.
It is not clear whether to include the inertial forces is necessary or not. Including
them makes sense in mathematical point of view and the mathematical analysis is
more easier whereas omitting them is physically more meaningful but much more
challenging. Both of these models are governed by the same set of partial differential
equations and completing initial and boundary conditions. The first section defines
these equations and conditions describing the coupling of the time-dependent Navier-
Stokes flow and Darcy flow while pointing out the difference in the balance of forces
interface condition to be used in Model I and Model II. The third section provides the
derivation of a weak formulation, which is equivalent to the original problem under
enough smoothness assumptions. The fourth section establishes the existence and
uniqueness of the weak solution to this weak formulation using the Galerkin method.
The fifth section introduces a numerical scheme based on DG methods in space and
Crank-Nicolson method in time. The sixth section states the necessary properties of
the spaces and forms that arise from the numerical scheme. The last two sections
focus on the existence and uniqueness results and the error estimates for the discrete
solution under appropriate conditions on the data. To my knowledge, this analysis is

the first in the literature for the time-dependent coupling problem.

3.1 Model Problem

The governing equations for the coupled surface and subsurface flow depend on the
major dynamical laws of continuum mechanics, such as the continuity equation (or

conservation of mass) and the momentum equation (or conservation of momentum).
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Denote by € ¢ R? a bounded region decomposed into two disjoint domains; Q; for
the Navier-Stokes flow region and 2y for the Darcy flow region. The unknowns are
the fluid velocity w(x,t) and the fluid pressure p(x,t) in the Navier-Stokes region 24
and the fluid pressure ¢(x,t) in the Darcy region 5. The flow in € over the time

interval (0,7T) is characterized by the time-dependent Navier-Stokes equations:

%—?—V-(?yD(u)—pI)—ku-Vu:‘I’, in ©; x (0,7), (3.1)

where v > 0 is the kinematic fluid viscosity (measure of the internal resistance of a
fluid to flow or to shear) and the vector function ¥(x,t) is a body force, including
the gravitational forces, acts on €y x [0,7]. The deformation tensor D(u) in (3.1)
is defined to be the symmetric part of Vu, that is, D(u) = +(Vu + (Vu)”). The
Navier-Stokes equations defined by (3.1) represents the conservation of momentum.
The flow is incompressible in the Navier-Stokes region €2, which means that the
volume of any part of the fluid remains constant during the flow. So, the density

remains constant and the mass conservation (or continuity) equation implies
V-u=0, inQ x(0,7). (3.2)

The flow in the porous media {2, is characterized by the Darcy’s law, which states

that the flux is proportional to the pressure gradient:
-V -KVp=1II, inQyx(0,7). (3.3)

Here, K(x) is a positive definite symmetric matrix corresponding to the hydraulic
conductivity of €2y, that is, the ability of the porous medium to conduct fluids con-
sidering the dynamic viscosity [68]. The hydraulic conductivity K depends on space

location and may be highly discontinuous. The scalar function II(x,¢) is an external
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force, including the gravitational forces, acts on {25 x [0, T]. Completion of the system

(3.1)-(3.3) is through the initial condition
U = Uy, in Ql X {O}, (34)

and a set of boundary and interface conditions defined below. On I'y, the Dirichlet

(or no-slip) boundary condition is assumed,
v = 0, onlyx(0,7). (3.5)
On I'y, the Dirichlet and the Neumann (or no-flow) boundary conditions are assumed.

Y = 0, on I'op X (O,T), (36)

KVy-ng, = 0, onlTsyx(0,7). (3.7)

The flow on different sides of the interface is governed by different types of par-
tial differential equations. Suitable interface conditions are crucial to overcome the
incompatibility caused by distinct behaviors of these two flow types. An obvious

interface condition is the continuity of the flux (or mass conservation),
Uu- N9 = —KVQO M9, ON F12 X (0, T) (38)

Correction for the tangential velocity should also be imposed on the interface. The
widely accepted Beavers-Joseph-Saffman interface condition [2, 3, 69], based on ex-
perimentation and later mathematically justified by Jager and Mikelié¢ [70], sets the

tangential component of the velocity to be proportional to the shear stress.
GK_%’U, *T12 = —21/D(u)n12 *T12. (39)

The positive proportionality constant G in (3.9) is determined experimentally |2,

3, 69]. The last interface condition is the main difference between the two models
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presented in this thesis. For Model I, the balance of forces includes the inertial forces

%’u, -u and given as

((—2vD(u) + pI)nys) - mgs + %(u ‘u) =¢, onle x (0,7). (3.10)

Chidyagwai and Riviere [39] and Cegmelioglu and Riviere [35] consider this condition,
which arises naturally from the momentum equation written in divergence form.Also
note that (3.10) prevents p + C, where C' is a constant, to solve the system given
a solution p. So there is no need to have an extra condition for uniqueness on the
Navier-Stokes pressure p.

For Model II, we omit the inertial forces hence the balance of forces is as follows:
((—2vD(u) + pI)ns) - ni2 = ¢, on I'ip x (0,7). (3.11)

Now that the system describing this surface and subsurface flow is complete, one of
the questions that this thesis seeks an answer to is whether there is a solution to (3.1)-
(3.9) with the condition (3.10) or (3.11). Rather than looking for a classical solution,
a weaker solution (u,p, ) in suitable spaces is sought by relaxing the smoothness
requirements. We proceed by first showing the existence of a weak solution for Model
I and analyzing the proposed numerical method. Then we provide similar results for

Model II under additional small data condition.

3.2 Model I with the Inertial Forces on the Interface

As mentioned before, this section considers the time-dependent Navier-Stokes/Darcy
coupling where the balance of forces interface condition includes the inertial forces.
First, the corresponding weak problem is formulated and the existence of a weak

solution is provided. Then a numerical scheme based on the Discontinuous Galerkin
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methods in space and Crank-Nicolson method in time is derived. Existence of the

discrete solution and error analysis are also given in this section.

3.2.1 Weak Formulation
The underlying spaces for a weak solution are defined as follows:
X =Hjp () My =L*(), M= Hp, ().

For simplicity, I define a form + which will take into account the interface conditions

of the weak formulation as follows:
1
\V/'U/,'U €X> VpaqGM% 'V(Uapa'an) = (p_§(u'u)7'v"”f12)rlz
_1
+G(K 2u - T12,v - Ti2)ry, — (W M2, Qry,-

Consequently, observe that

1 _1
Vue X, Vpe M, ~(u,p;u,p) = _§<U'Uau'n12)F12+G(K 2UT12, U T12)yy

1
> —i(u ‘u,u - nya)r, (3.12)

as K77 is positive semi-definite. Together with this notation, the following weak

formulation is proposed:

Find (u,p, ) € (L*(0,T; X)N H(0,T; L?(Q1)?)) x L*(0,T; M,) x L*(0,T; M5) such

that
r
Vv € X Vg € Ms, (2%,v)q, +2v(D(u), D(v))g, + (u - Vu,v)q,
- (p7 % U)Q1 + (KVSpa VQ)QQ + 7(“’7 ¥, q)
(P) - (\1171))91 + (H7 q)927

Vq € My, (V-u,q)q, =0,

\ Vv e X, (u(0),v)q, = (ug, v)gq,.
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The following lemma shows the equivalence of the original problem and the weak

problem under appropriate smoothness assumptions defined in its statement.

Lemma 25. Assume that
W e L*0,T;L*()?), e L*0,T;L*()) (3.13)

and K € L*(03)%*? is uniformly bounded and positive definite in Qq, i.e., there exists

Amins Amaz > 0 such that
Amin|Z]? < K2 - 2 < Mpaz|2]?, a.e. 2 € Q. (3.14)

In addition, let ug be in L*(21)?. Then any solution (u,p,y) of (3.1)-(3.10) that
belongs to (L*(0,T; X) N HY(0,T; L*(21))?) x L*(0,T; My) x L*(0,T; M>) is also a

solution to (P). Conversely any solution to (P) satisfies (3.1)-(3.10).
Proof. Let (u,p,¢) € (L*(0,T; X)NH'(0, T; L*(4)?)) x L*(0, T; My) x L*(0,T; Ms)

be a solution to (3.1)-(3.10). Note that because of the assumptions on the data, the

following Green’s formulas hold [38, p.2056]:

Yo € H' ()%, (V- 2vD(u) — pI),v)q,

= —(2vD(u),Vvg, + (p,V -v)q, + ((2vD(u) — pI)ng,, v)sq, -
and
vq € Hl(Q2)> _(v : KVQP, Q)Qz = (Kv% Q)Qz - <KV§0 ‘ng,, (J)@Qza

The first step is to prove that (u,p, ) satisfies the problem (P). For that purpose,

let v € X. The scalar product of (3.1) with v € X over €2, yields

ou

(570)91 - (v ’ (QVD(U') _pI)v’U)Q1 + (u ’ V’U,,’U)Ql = (‘Pav)fh'
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Green’s formula applied to the second term gives

ou

(E? U)Q1 =+ (ZVD('U’)v VU>91 - (p, A U)Ql + <(_2VD(U’) + p‘[)an7 'U><991

+ (’U, -Vu, U)Ql = (\II7 ’U)Ql'

Observe that by the symmetry property of D(u),

(D) Vo), = [ 3 (Dw)y(Vo)yde = [ 3 (D(w)(Vo)ydo

= [ S D@ (Vo) e = (D). (To) o

Lij=1

Therefore,

(D(w), D))o, = (D(w), 5(Vo + (Vo) ))o, =
S(D(w), Vo)o, + 5(D(w), (Vo) )o, = (D(w), Vola,. (3.15)

This and the assumption that v =0 on I'; gives

ou

(E? U)Ql + (2VD(U’>> Vv>Q1 - (p7 V- U)Ql + <(_2VD(U’) + pI)n127 ’U>F12

+ (u-Vu,v)q, = (¥,v)q,. (3.16)
Now let ¢ € M,. Taking the scalar product of (3.3) with ¢ over 5 yields
(=V - KV, q)o, = (II,q)q,.
Green’s formula, the boundary condition (3.7) and the fact that ng, = —n42 implies
(KVe, V), + (KVe) - 1, q)ry, = (1L g)a,. (3.17)

Adding (3.16) and (3.17) yields

(% v, + (2vD(w). D(w))o, + (- Vu,v)o, + (K Vo, Vaho,

- (pv V- U)Ql + <(_2VD(U’) +pI)n12, U>F12 + <(Kv90) " Mo, Q>F12

= (P,v)g, + (II,q)q,. (3.18)
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The velocity vector v can be written as the sum of its normal and tangential compo-
nents, that is,

v = (v ng)ne+ (V- Ti2)The

Also, according to Girault and Riviere [38],

((2vD(u) — pI)nys) - nig € L*(T1) (3.19)
yielding

((—2vD(u) + pI)ns, v)r, = ((—2vD(w) + pI)ns) - M2, v - Nyo)ry,
+ (((—2vD(u))n1s) - T12,V - T12)ry -

Thus, recalling (3.9) and (3.10),
((—2vD(u) + pI)nya, v)r, = (¢ — %(u ‘U), V- Nya)r,, + G(K_%'u, “T12,V - T12)0y,-
Further, taking scalar product of (3.8) with ¢ € My on I'15 gives

<KV(70 : n127 q>F12 = _(u : n127 q)Flg'

Combining these with (3.18) gives the following equation, which is the exact copy of

the first equation in the formulation (Q):

(%_’1;7 ,U)Ql + (2VD(U’)7 D(v))ﬂl + (’LL -Vu, ’U)Ql + (KVSO7 VQ)QQ - (p7 V- U)Ql

+ 7(“’7 ©;, Q) = (‘Ilu U)Ql + (H7 q)Q2

Now let ¢ € M; and multiply (3.2) by ¢ and integrate over ) to get (V -u,q)q, = 0.
This completes the weak formulation (P).

To show the converse, take a solution (u,p,¢) of (P) such that (u,p,p) €
(L20,7; X) N HY(0,T; L2(0))? x L2(0,T; My) x L*(0,T; My). As u(t) € X and
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©(t) € My, by definition of these spaces, equations (3.5) and (3.6) are satisfied im-
mediately. The assumption (V - u,q)q, = 0 for all ¢ € M; gives (3.2). To get (3.1),
let v € D(2;)? and ¢ = 0. This, using the definition of weak derivatives yields

0
(8—1; —2vV-D(u)+u-Vu+ Vp,v)g, = (¥,v)q,.

Therefore, in the sense of distributions on €2,

%_"; — %V -D(u)+u-Vu+ Vp= 0. (3.20)

which is (3.1). Similarly, letting v = 0 and ¢ € D(€);) in the same equation of (P)
yields

—(V- KV, q)a, = (II, g)a,.
Hence, in the distributional sense on €25,

V.- KVp =1L (3.21)

Hence (3.3) is satisfied. Taking the scalar product of (3.20) with v € X yields

ou
(Ey ’U)Ql - (QI/V ' D(“)a v)(h + (u ’ V’LL, ,U)Ql + (Vp7v)91 = (‘1’7’0)91'

By Green’s formula, we get

0
(57 v)a, + (2vD(w), Vola, + (u - Vu,v)a, = ¢,V - v)a,

+ <(—2I/D(U) +pI)’I’LQ1, 'U>8§21 = (‘I’, 'U)Ql. (322)
Multiplying (3.21) by g € M, and integrating over 5 gives
(—V ’ KV(,D, Q)ﬂz = (H7 Q)QQ'

As g € H'(Qy), applying Green’s formula once more gives

(KV(,O, Vq)Qz - <(KV90) "Ny, Q>Q2 = (Hv Q)QQ' (323)
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Adding (3.22) and (3.23) and using (3.15) gives

(88—1;, v)o, + 2vD(u), D(v))q, + (u - Vu,v)q, — (p,V - v)g, + (KVp,Vq)a,

+{((—2vD(u) + pl)ng,, v)aa, + (—(KVp) - ng,,q)an, = (¥,v)q, + (II, ¢),.
A comparison of the above equation with (P) yields
1 _1
Vo € vaq € M27 (90 - i(u ’ ’U,), v n12)F12 + G(K 2U-T12,V 7-12)F12
— (u-ni2,q)r,, = ((—2vD(u) + phng,, v)oe, + (—(KVY)  ng,, q)oa,. (3.24)
Letting v = 0 in (3.24),
(’U, ‘N2, Q)Fm = <KV§D *Nng,, q>892' (325)
Choosing ¢ = 0 on I'y5 and since ¢ = 0 on I'yp,
(KV-ng,,q)r, =0.
which implies (3.7). This, ng, = —nj3 on I';s and ¢ = 0 on I'yp reduces (3.25) to
Vg € My, (u-mizq)r, = —(KVy ni,qr,
which leads to (3.8). Next, taking ¢ = 0 in (3.24) gives

1 1
Vv € X, (80—5(“'“):’0'”12)1“12 + G(K 2u-T13)T12, V)1,

= ((—2vD(u) + pI)ni2, v)r,,.

Thus,

(—20D(w) + plnus = (¢ — %(u ) + G(K 3w - o) 10, (3.26)

Taking dot product of (3.26) with m5 and 715, respectively, concludes the proof by

establishing the conditions (3.9) and (3.10). O
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Hence the problem (3.1)-(3.10) is equivalent to the problem (P). In other words,
if a weak solution is smooth enough, it is, in fact, a strong solution. So, rather than
searching for a strong solution, it suffices to show the existence of a weak solution.
We conclude this section by recalling some important inequalities, such as Poincaré,
Sobolev’s, Korn’s and trace inequalities introduced in the preliminary chapter. For

any v € X, there exist constants Sy, Sy, T, Ty, Cp > 0 depending only on €2; such

that
[vllz2(0,) < Solvlmier),  Nvllran) < Silvlma), (3.27)
[vllz2ry) < Bolvla),  llars) < Talvlma), (3.28)
[v]m1@)) < Cp||D(v)]|r2(0y)- (3.29)

Also, for any ¢ € My, there exist S, depending only on €, satisfying
g/l L2 < §2|CI|H1(92)7 (3.30)

3.2.2 Existence of a Weak Solution

The method to prove the existence of a weak solution is the Galerkin method. The
idea is to convert the problem to a finite dimensional one by representing the solution
in terms of the basis functions of a finite dimensional subspace of the solution space.
Then the weak solution is obtained as the limit of the Galerkin approximation. In

addition, from the assumption (3.14), we have

——— | K2V 1200 < lalin) K2Vl 12(0)- (3.31)

1
\/ max Vv /\mm

Now define the product space Y = X x M, with the norm

1 1
V(v,9) €Y, |(v.9)ly = (2[D)lli2q,) + K2 Vlli2,)?
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and the associated scalar product
V(’U, Q)7 (W7 T) € Yv ((U7 Q)a (Wv ’l“))Y = 2I/(D(’U), D(w))Q1 + (qu’ VT)QQ

derived from the weak formulation. Because of (3.29) and (3.31), the norm ||(-, )|y

is equivalent to the following product norm:

1
Y(w,q) €Y, |(v.9)ll = (Jvlinq,) + gl q,)?

So (Y, ||(+,)]ly) is a Hilbert space. Consider now a nicer subspace of Y on which
the problem (P) is simplified. This subspace on which the Navier-Stokes pressure p

vanishes is the product space of the space of divergence free functions
V={veX:V-v=0inQ}

and Mo, that is, W =V x M. The space W is also a Hilbert space with the norm
and scalar product of Y. Restricting the test functions v to V' in (P), we obtain a

simpler variational formulation:

Find (u, ) € (L?(0,T; V)N HY(0,T; L?(£2,)?) x L*(0,T; M) such that

V(’U, Q) ew, (%_1;’ U)Ql + ZV(D(U’)? D(v))Ql + (u ’ Vu, U)Ql
(Fv) +(E Ve, Va)a, +7(u, p;v,q) = (¥, v)o, + (II, ¢)0,,

YveV, (u(0),v)q, = (ug,v)gq,.

Clearly, if (u, p, ¢) is a solution to (P), then (u, ¢) is a solution to (Py) but not vice
versa. So, after showing the existence of a solution (u, ¢) to problem (Py) using the
Galerkin method, a Navier-Stokes pressure p should be constructed such that (u, p, )
is a solution to (P).

Because, the spaces V' and M, are separable, the product space W is also a sepa-

rable. Thus, we can find a basis {w;, ; };>1 of W such that w; € VNH?(Q,)? and r; €
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M>NH?(£,). Fix a positive integer m and let W, = span{(w;,r;),i = 1,...,m}. De-
note by g, the orthogonal projection in L*(€)? of ug onto span{w;,i =1,...,m}.
Specifically, wg,, is chosen to be any element in W, such that wg,, — ug strongly in
L?(£2;)?. Then a Galerkin approximation to problem (Py) is the finite-dimensional
problem (P,,) defined as

Find (@, o) € L*(0,T; W,,) with u,, € H'(0,T; L*(€4)?) such that

Y(v,q) € W, (&2 v)q, + 20(D(uy), D(v))a, + (Un - Vi, v)g,

ot
(Pm) +(Kv90m> VQ>QQ + 7(um7 Pm; U, Q) = (lII’ v)ﬂl + (Ha Q)Qza
YveV,, (un(0),v)q, = (Uom, V)q, -

The following shows the existence of a unique solution to (P,,) and also a uniform
bound for the solution. If it exists, a solution (w,,¢.,), expanded in terms of the

basis functions, is of the form

=1 =1
where (a7, 37") is selected so that (P,) is satisfied. Letting v = w; and ¢ = 7y, in

(Pn), i=1,...,m, we obtain an equivalent system written in matrix form. For that

aim, the following mass and stiffness matrices A, B, C and M are defined:

Ay, = (wj,w)a, By=2w(Dw,),Dw))a, +GK 2w, Tis,w; - Tis)r,,

Mz‘j = (KVTj, VTi)QZ, Cij = (rj,'wl- . n12)1"12, Z,j = 1, o, M.

The unknown vectors av and 3 are defined as o; = o*, 3, = A", i =1,...,m and

7 i

we also define the right hand side vectors F'(a), b, ¢ and g, as follows:

(Fla));=N,a -, b, = (¥, w;),, c=1Lr)a, (&) =l,u,w)a,

where NZ = ((’LU] : Vwk, wi)gl — %(wj W, W; - le)Fl?)lSj,kgm'
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With this notation (P,,) is equivalent to the following first order non-homogeneous
nonlinear system of ordinary differential equations
Ao +Ba+F(a)-C'B=5b
MB+ Ca =-c (3.32)
Aa(0) =g
As K is symmetric positive definite and 7;’s are linearly independent, M is also sym-
metric positive definite. Hence, we can plug 8 = M ™! (c — Ca) in the first equation.
Note also that as w;’s are linearly independent, the Gram matrix A is invertible and
positive definite. Hence (3.32) leads to the following initial value problem:
adt)+ A" (B+C"M'Cla=A""(b—F(a)+ C"M '¢)
a(0) = A™'g,

By Carathéodory’s theorem [62, p.43, Thm 1.1], this nonlinear differential system has

(3.33)

a maximal solution a defined on some interval [0, ¢,,]. Then, showing a priori bounds
on the solution will imply that ¢,, = T". Indeed, I will show later that w,, is bounded
in L>(0,T; L*(£2;)?) and Carathéodory’s theorem will imply that there is a maximal
solution a(a(0);t) on some interval [0, t,,] where 0 < ¢, < T. Let [0, t;42[ be the
maximal half-open subinterval of [0, 7] such that a(e(0);t) exists. Let

Glaft),t) = A7 (b(t) — F(a(t)) + C"M'c(t) — (B+ C"M'C)a(t)).

Integrating (3.33), from boundedness of G, there exists M > 0 such that

la(t) - a(s)]| < / 19(a(e). €)lde < M(t - s)
for any ¢, s € [0,T]. Hence & = lim,_;,,,, a(t) exists. We want to show that ¢,,4, = T

Assume otherwise that t¢,,,, < T. Set a new initial value problem as follows:
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Using Carathéodory’s theorem once more, we get a solution a(o(tme),t) on [0,%,,].

Now consider the function defined by
a(a(tmaz>u t— tmax)a t e [tmaxy tmax + tm]

This is a solution on the interval [0, 4. + tn], & contradiction to the maximality of
tmaz- Thus toes =T
Next, as promised before, a priori estimates for the solution (w,, ) will be

derived. Choosing (v, q) = (U, ¢m) in (P,) yields

ou,,
(77 um)ﬂl + 2V(D(um)7 D(U’m))ﬁl + (um ’ vumv UM)Ql + (Kvwnw VSOWL)Qz

+ Y (Um, P Uy Om) = (¥, m)a, + (I, @m)a,. (3.34)
To rewrite the third term, observe that, by Green’s theorem, for all v € V|
0=(V-v,v-v)g, = —2v,v-Vv)g, + (v -ngq,,v v)sq,
= —2(v,v-Vv)q, + (V- N2,V - V)p,,.
Hence as u,,, € V,
(U, Wy, - VU )0, = %(um TN, Uy U )Ty -

This cancels the same term with the opposite sign in (W, ©m; Wm, @m). Thus from

(3.12), Y(Wim, Pm; W, ©m) = 0 which applied to (3.34) yields,

1d

1
5%Hum”%2(91) + QVHD(Um)H%%Ql) + HKQVSOmHZﬁ(QQ) < (P, um)o, + (IL, om)a,-

The terms on the right-hand side are bounded using the Cauchy-Schwarz inequality
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and the inequalities (3.27)-(3.31):

(O, upm)a, + (IL, om)a, < H‘I’I|L2(91)Szlum!m o) + ||H|!L2(92)§2|90m|H1(92)

< W) 1200 S2Cll D (w20 + [T 22(05) 2= K 2 Vo 1200

\/ m'm

< o SICHI® oy + VD () ey + ;jﬂ M0 + 1 Vil
Therefore,
a0y + VID () By + 51KVl B
< LSO+ L
Multiplying this by 2 and integrating from 0 to ¢ concludes
a3y +2 | W) < 2 (3.35)

where

Sy

)\’TTLZTL

1 1
Ce = (uoll 2, + ESSCQD”‘I’H%?(O,T;LZ(QO) + 720 rr2(00) 2 (3:36)

Therefore, taking supremum over [0, 7] yields

sup_[[wm (1)l 72(0,) + (Wi, 0 )1 205v) < Ce-
t€[0,T]

This a priori bound implies existence of a solution to (3.33) on the interval [0, 7.

The following theorem summarizes the results so far:

Theorem 26. Under the assumptions of Lemma 25 there ezists a solution (Wp,, pm) €

W, to the problem (P,,) satisfying

S 2 (D122 (020) + 1 (thms o) 207wy < C (3.37)
€10,

where C, is the constant independent of m defined explicitly by (3.36).
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Recall that (w,, ¢,) is an approximation of (u, ). Hence, passing to the limit
as m — oo will yield the existence of a solution for the problem (P,). However,
certain convergence results for the sequences u,, and ¢,, are necessary to validate
the passage to the limit. These properties come from the boundedness of (W, Ym),
some compactness theorems and a Fourier transform in time, as discussed below.

As shown above, the sequence {(w,, ¢m)}m>1 is bounded in L?*(0,7, W). Since
W is reflexive, so is L?(0, T, W). Hence, by Theorem 11, there is a subsequence still

denoted by {(tm, Pm)}m>1 and a pair (u,¢) € L*(0,T; W) such that
w,, — u weaklyin L?*0,7;V), and (3.38)
om — @ weakly in L*(0,T;M,). (3.39)
Also, since the sequence {t,, }>1 is bounded in L°°(0, T; L?(Q4)?), by the Banach-

Alaoglu Theorem 12, there exists a further subsequence, still denoted by {w, }m>1

such that for some u* € L>(0,T; L*(€4)?),

w,, — u* weakly *in L®(0,T; L*(Q)?). (3.40)
This implies that
T
/ (W () — u*(t),v(t))g,dt — 0, Vv € L*(0,T; L*(4)?). (3.41)
0
Also, by (3.38),
T
/ (U (1) — u(t),v(t))q,dt — 0, Yo & L*(0,T; L*(Q)?). (3.42)
0

Therefore comparing (3.41) and (3.42) gives
T
Vo € L0, T: L3 )2), / (w(t) — w(8), 0(t))a, dt — 0.
0

Hence,

w=u"c L*0,T; V)N L>0,T; L*(,)?). (3.43)
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Next, consider ¢ : [0,7] — R such that ¢(T) = 0 and ¢ € C'([0,T]). Multiply the
first equation in (P,,) by ¢ (¢) and integrate from 0 to 7. Integrating by parts applied
to the first term together with the initial condition of (P,,) yields for all (v,q) € W

that

- / (i (£), 9 (£)0) e 0 — (00, 0 (0) + 20 / (D(w,), (t)D(w))e, dt
n / (U (t) - Tt (8), ()0t + / KV om(t), (8) Voo dt
n / (Wt o 0, )7l = / (T (1), (t)0)y b+ / (I1(t), (t)g)dt.

By (3.38), (3.39), (3.40), (3.43) and letting m — oo, in the linear terms, u,, and
¢, can be replaced with w and ¢. As u,,(0) = wug, — ug strongly in L*()?,
letting m — o0, ug,, can be replaced with uy. However, passing to the limit in the
nonlinear terms and the interface terms is not that easy. For that, the compactness
result on HY(0,T,V,L?()?) [71, p.186] with 0 < v < 1/4, which requires the
boundedness of the sequence {w,, },,>1 in the space H7(0,T, V', L*(Q4)?), will be used.
This boundedness can be shown using a Fourier transform in time. For the details,
see A.1. Then, applying the compactness result, another subsequence {w,,},>1 can

be extracted such that
w,, — u strongly in L*(0,7T; L*(£,)?). (3.44)
Observe also that for any w € V and any v, w € X,

(u-Vo,w)=—(u-Vw,v)g, + (u-ng,,v-w)sn,

=—(u-Vw,v)g, + (u-np,v-w)r, (3.45)
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Then, using the previous choice of ¥,

[ antt) Va0, 000
= [ @) 0O Ot + [ n0) ) GOt
By (3.38) and (3.44),
/ s (0) - 0T, (1)t — / * (at) - 0(0) Vo, w(t)) 1

Recall that the trace operator from H*(€;) to Hz(95);) is continuous [60, p.216] for

the weak topology. Thus, (3.38) and (3.39) yield

Umlon, — Ulgq, weakly in LQ(O,T;H%(ﬁQl)Q), and (3.46)

Omloa, — ©lon, weakly in L0, T; H2(99,)). (3.47)
Also from a Sobolev embedding [60, p.97], after extracting another subsequence,
Upmlog, — W|oq, strongly in  L2(0,T; L*(09)?), (3.48)

which allows the passage to the limit in the interface terms.

Finally, for any (v,q) € W, and ¥ € C'[0, T] with ¢(T) = 0,

- / (u(t), ©)a ! (£)dE + (0, 9)0, (0) + 20 / (D(w), D))o, (t)dt
n / (ult) - Vas(t), v)n b(£)dt + / (K (1), Va)o, w(t)dt
i / A (u(t), o(t); v, q)dt = / (W (1), v)e ()t + / (1), q)(t)dt. (3.49)

The second equation in P, is true for w and wy as g, — ug strongly in L?(Q)%

Indeed, letting m — oo in (u,,(0),v) = (wom, V), we obtain

(u(0),v) = (ug,v), Yv eV, (3.50)
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Recall that {(w;,r;)}ien is total in W, which means that any (v,q) € W can be
approximated by the elements of W ,,’s. Therefore, (3.49) holds for any (v,q) € W.
As D(0,T) contains functions which vanish at both 0 and 7', the term with ¢ (0) can

be removed by restricting ¢ to D(0,7"). Then (3.49) gives

- / (u(t), v)a (1)t + 20 / (D(w), D(v))a, (1)t + / (u(t)- Vau(t), v)a, (1)t
n / (KV(t), Vo), o(t)d + / A (ult), o(t); v, qp(e)dt
- / (W (1), v)en ()t + / (IL(t), gy o (1)t

By the definition of weak derivatives,

- [ w0 = [ wo.o0 00

So, for any ¢ € D(0,7T),

| (w010, +2D((®), D)o, + [ (wlt): Vult). v)o, + (KT, Voo

). plt), 0.0 ) (0t = [ (%000, + (0. o0 ().

Therefore, for all (v,q) € W,

(ulv U>Ql + ZV(D(U)v D(U))Q1 + (u - Vu, U>Ql + (Kv907 VQ>91

+v(u, p;v,q) = (¥, v)q, + (IL,q)a, (3.51)

in the distributional sense.

To see ug = u(0), we multiply (3.51) with ¢ € C'[0,T] such that (7)) = 0. Then
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integrating from 0 to T" and applying integration by parts on the first term yields

- / (u(t), ©)e, ' (1)t — (14(0), )y, 6(0) + 2 / (D(w), D(v))a, b(¢)dt
T / (u(t) - Vuu(t), o), (1)t + / (KV(t), Va)a, ()dt
/0 (u(t), @(t); v, q)dt = / (W (1), v)en ()t + / (IL(1), gy (1)t

Comparing this with (3.49) yields (uo, v)q,¥(0) = (u(0),v)q,%(0). Finally, choosing
a nonzero 1(0) gives (uy —u(0),v)n, = 0,Vv € V, completing the existence proof of
(u, @) to the problem (Py) .

In the following, we state the above result in which the a priori estimate is deduced

trivially from the approximate case by the weak lower semicontinuity of the norm.

Corollary 27. Under the same assumptions on the data as in Lemma 25 there exists
a solution (u, @) of (Py). Furthermore, any solution of (Py) satisfies
sup ||UH%2(91) + H(u7<p>||%2(0,T;Y) < CeQ (3.52)
t€[0,T]

where C, is defined by (3.56).

In the following, the uniqueness of the solution (u, ) is provided. The common
technique to prove uniqueness is supposing that there are two solutions and showing
that they coincide. That being said, assume that (u, ¢) and (@, $) are two solutions
of (Py). Let w = u— @ and r = ¢ — @. Then, the first equation in (Py) implies that

(w,r) € L*(0,T; W) satisfies

(3 w)o, + 2(D(w), D)), + (- Vs 0)a, + (@ Vv, ),

+ (KVr,Vq)a, +v(u, p;v,q) — y(a, ¢;v,q) = 0.
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Then, choose v = w and ¢ = r in the above equation, use (3.12), add and subtract

(@ - u, v - nyy) to get

1d

1 ~
5 w030,y + 201 D(w) s + KV a0y + (w0 Vs, w)g, + (i Vo, w)o,

L .
— §(w CU,W - Myo)ry, — §(u cw,w - No)r, < 0. (3.53)

From (3.45), (u - Vw,w)q, = —(u

-Vw,w)q, + (& - Nz, w - w)r,,, which gives

(u-Vw,w)g, = 5(11 ‘Mg, W - W)r,,.

This reduces (3.53) to

1d 1
thHw”L2 o T 20| D(w)|172 0, + 1 K2 V7|72, < —(w - Vu,w)o,
1 N 1 -
- 5 ((w W, u - nl?)Fm - §<w ' (’Ll, + u’)?w ’ nl?)ru) .

The right hand side of the above equation can be bounded, by the virtue of (3.27)
(3.30) and (3.52), with the following expression:

1 -
< HwHifl(Ql)HVUHL?(Ql) + 5”“’”%4@12)(HUHL2(F12) + 2”“HL2(F12))

1
< OplID(w)[[72(0,) (SHID () [ 20y + 5TE (T D(w) 120, + 2T2] D(@) ] 22(0))

C. 3

<03\/—(52+ LI ID(W) Lz q,)-

Thus,
ld 2, 3 2 2 1 2
sl + @ = Ch—= (57 + STIID @)y + 1K Vrlaa, <0

Since w(0) = 0, multiplying by 2 and taking the integral from 0 to 7" yields

C. 3
lw(D)l72@,) + 22— \/—(S2+ STT)ID(w) | 220.1:12 (0,272

+ 2||K2vr||L2(O’T;L2(92)2) S O (354)
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Lastly, imposing the condition

3
(2v)¥? > C}C. (S5 + S0,

the inequality (3.54) leads to (w,r) = (0,0) which gives uniqueness.

So far, under additional assumptions on the data, the uniqueness of the solution
(u, ) of the problem (Py) is proved. The only thing left to show is, given the
solution (u, ) of the problem (Py ), the existence of a pressure p, for which (u, p, )
is a solution of the problem (P). I will follow the argument in [71]. Observe first
that (u,v,w) — (u- Vv, w)gq, is a continuous trilinear form on V. Therefore, there
exists B(u,v) € V' such that (u - Vv, w)q, = (B(u,v),w)y v, for all w € V. Let
Bu = B(u,u). Also observe that for any w € L?(0,T; V'), Bu € L'(0,T;V"). Now,
define

t t t
Y(t) = /0 u(s)ds, E(t) = /0 W(s)ds, Alt)= /0 Buds.
Then Y, ¥, A € C(0,T; V/). Integrating (Py) from 0 to ¢, choosing v € V' with

v =0on I[';s and ¢ = 0 yields

vt e (0,7), 2v(D(X(

~+
~—

); D(v))a, = (u(0) —u(t) = A(t) + E(t), v)vv

where u(0) — u(t) — A(t) + E(t) € C(0,T;V'). So, for all ¢ € [0,T], there exists a

P(t) € L*(€4) such that
Vte (0,7), VP(t)=E(t)—u(t)+u(0)+20vV-D(Y(t) — A(t). (3.55)

Because right-hand side of (3.55) belongs to C([0,T]; H~(Q4)?), so does VP. The
fact that the gradient operator is an isomorphism from L?(2;) \ R into H~'(Q;)?
concludes that P belongs to C([0,T); L*(€);)). Differentiating (3.55) with respect to
time on €y x (0,7) gives

%—?—ZVV-D(u)—i-u-Vu—l—Vp:\Il
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in the distributional sense where
_oP
P="
The following theorem concludes this section by stating the existence and uniqueness

results obtained above.

Theorem 28. Let ug € V' and suppose that the data assumptions of Lemma 25 holds.
If in addition,

3
(2v)32 > C3.C, (S; + §T2T42),

then the problem (Py) has a unique solution (u, @) € (L*(0,T; V)NH (0, T; L*(21)?)x
L?(0,T; Ms) such that
sup [|[w(t)[| 220y + 1w, @) 2207y < CF (3.56)
t€[0,T]
with the constant defined in Theorem 26. Moreover, there exists p € L*(0,T; M)

such that (w,p, ) is a solution to the problem (P).

Now that the results about existence and uniqueness for the weak solution of (P)

are achieved, I will proceed with the formulation of a discrete scheme.

3.2.3 Numerical Scheme

This section contains a more elaborate version of the method given in the paper by
Cesmelioglu and Riviere [36]. I begin by introducing necessary notation for the space
discretization. For i = 1,2, let & be a regular mesh of {2; consisting of triangles or
quadrilaterals. As usual, the size of the mesh is characterized by h, the maximum
diameter of the mesh elements. Let I'} denote the set of edges that are either in the
interior of €2, or on the boundary I'y. Let F,% denote the set of edges that are either in

the interior of {25 or on the Dirichlet boundary I'sp. The meshes are not assumed to
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match at the interface I'y5. Let k; and ks be two positive integers. We consider the
following finite dimensional spaces for the discretization of the Navier-Stokes velocity,

the Navier-Stokes pressure and the Darcy pressure :
X = (Dk’l (‘%1))27 M}% = Dk1_1(8h1)7 M}% = Dk2 (8}%)

The discretization of the elliptic operators —2vV - D(u) and —V - KV is done by

the bilinear forms ang and ap defined below:

Vu,v € X, ans(u,v) —QI/Z E—QVZ{D [v])e
Eeg} eel'},
+2ensv Z {D(v)n.},[u])e +v Z
eel’; eFl
¥p,q € My, ap(p.q) = Y _ (KVp,Vq)p — Z({Kvp ‘e, [d])e
Ee&? ecl'?
+€p Z {KVq-n.} e+ Z \e]
eEF2 6F2

The symmetrization parameters eyg, €p take a constant value among {—1,0, 1} that
specifies which variation of the primal DG method is being used. For example, the
choice exs = ep = 1 corresponds to the non-symmetric interior penalty Galerkin
(NIPG) method, the choice exg = ep = —1 corresponds to the symmetric interior
penalty Galerkin (SIPG) method and the choice exs = ep = 0 corresponds to the
incomplete interior penalty Galerkin (ITPG) method. These interior penalty methods
were introduced for the elliptic problem in [10, 13, 16]. The parameters o, are positive
constants defined for each edge e to be used to penalize the jumps or in other words
to control the amount of discontinuity. Denote by o.,;, the minimum value of o, over
all edges e € T} UT'?. From now on, oy, is assumed to be greater than 1, which is

necessary for the analysis of the scheme.
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The discretization of the pressure term Vp is done by the bilinear form bysg:
Vo€ Xp, Vpe M, bus(vp)=-) (nV-v)p+ Y ({p}P] n)e. (357)
Ee&; ecl';
For the discretization of the nonlinear convectionb term wu - Vu, I introduce further
notation. For any element F, ng denotes the outward unit normal to 0F. The trace
of a function v on OF coming from the interior of E is denoted by v'™*, whereas

the trace coming from the exterior is denoted by v®*. If the edge belongs to I'y, by

convention, v'™ = v and v™* = 0. In a sense, the difference v™ — v is just another

way to write the jump of v on the edge. With these notations, the discretization of

u - Vu is through the forms cyg and dyg defined below.

1
Vu,v,we X, ons(u;v,w) = Z(u-Vv,w)E+§ Z(V-u,v-fw)E

Eeg} Eeg}
1
_5 Z ([u] * N, {’U ' w})e>
eEFi
Vz,u,v,we X, dns(z,u;v,w)= Z (H{u} - np|(0™ — v™), w™) o (2)\r1s
Eeg}

where OE_(z) = {x € OF : {z(x)} - ngr < 0} is the inflow boundary of OF with
respect to the vector field z. Clearly, the form cyg is linear with respect to all
arguments, whereas the form dyg is nonlinear with respect to all of its first argument.
The nonlinear dyg uses upwinding along the inflow boundary of OF with respect to
the vector field z.

Group all the linear terms involving w and ¢ by defining a bilinear form B:

B([u,¢l;[v,q]) = ans(u,v)+ ap(p,q)

1
+ (o, v N2)ry, — (UM, @y, + G 2U - T2,V - T12)1y,.

Note that the semi-column in the definition is just a notation to identify the bilinearity

of the form B, that is, the linearity with respect to (u, ¢) and with respect to (v, q).
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Since the spaces are finite dimensional, the bilinearity of B implies that it is bounded.

Also define a form N that combines the discretization of the nonlinear terms:

1
N(z,u;v,w) = cxs(u; v, w) + dys(2z, u; v, w) — a(v SU,W - N2)ry,- (3.58)

With these notations, the semi-discrete scheme is
Find uw;, € L*(0,T; X)) N HY0,T; L*()?), pn € L*(0,T; M}), ®, € L*(0,T; M?)

such that for all ¢t > 0,

8uh
ot ’

+N(Uh,Uh;Uh,U) == (‘Ilav)ﬂ1 + (H7q)927 (359>

Vo e Xy, VgeM;, (==,v)a, + B(lup, ®;[v,q]) + bxs(v, pn)
Vg € M},  bys(up,q) =0. (3.60)

Vv € Xy, (up(0),v)o, = (u(0),v)q,, (3.61)

Lemma 29. The solution (u,p, ) of (3.1)-(3.10) satisfies (3.59)-(3.61) under the
additional assumption uw € L*(0,T; H3/*T9(01)?) and ¢ € L*(0,T; H¥*5(Qy)) for

any 6 > 0.

Proof. The proof is similar to the continuous case. Let E be any element in &}.
Multiply (3.1) by v € X, and integrate over E. Using Green’s formula and summing

over all E’s,

0
Z(a—?,v E + 2v Z e+ Z —2vD(u) + pI)ng,v)oe
E€é; E€&; E€é;
- > 1 V-v)e+ Y (u-Vu,v)p = (¥,v),
Eeg; Eeg;

For the boundary integrals switch to edge sums rather than element sums. Consider
an interior edge e with neighbors E; and F5. As mentioned in the preliminary chapter,

we pick the normal vector of e such that n, = ng,. Then ng, = —n.. Summation
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over all elements have a double effect in terms of edge sums. For example, for any
interior edge e, there is a contribution both from F; side and F5 side when we sum

over the elements. Together with the regularity of w and p, this means,

((_2VD(U’) +pI)|E1nE17U|E1>e + <<_2VD(U’) +pI>|E2nE27 /U‘E2>e

= ((=2vD(u) + pI)n., [v]), = {(=2vD(u) + pI)n.}, [v]),

This implies,

Z(%u E—I—QUZ E—Z(p,V-U)E+Z(u-Vu,v)E

Eeg} Eeg} Eeg} Eeg}
+ > ({(~2vD(u) + p)n.}, [v])e + > (—2vD(u) + pI)ni,v)e = (¥,v)g,
eel'y e€l12

As it is, the method is not stable. Therefore, it is necessary to add the stabilization
and penalty terms. The addition of these terms is allowed because they are identically

zero by the regularity of the exact solution w and by the boundary condition (3.5).

(P w)a, +20 3 (D), Dw))p — 3 (1Y -v)p + 3 (- Vat, )

+Z ~wD(u) + pIn}, o)) + 3 (~2vD(u) + pI)ns, v).
+2eNsuZ (D) u)e + v 3 7o ((ul, [o))e = (%, )a,. (362

Next, multiply (3.3) by ¢ € M7 and integrate over E € £2. Applying Green’s formula
and summing over all the elements F € 7,

> (KVe.Vg)r— Y (KVe-ng, qos = (I1,9)o,

EeE} Ecg?

As in the previous derivation, consider the summation of the boundary terms on edges
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rather than on elements. By the regularity of ¢ ,

Y (KVe,Vo)r— Y ({KVe-nt lg)e— Y (KVe-neq).

Ee&} eel'? eclon

+ Z KV¢-nis,q). = (I, ¢)q,

ecl'io

Here, the third term can be removed because of (3.7). The stabilization and the
penalty terms can be added because of the regularity of ¢ on I'} and the boundary

condition (3.6).

> KV, Vs — > ({KVe-nt [ +ep > ({KVq n}, [g]).

Eeég? ecl'? ecl'?
+ Z AaDe + Y (KVg-nis, ) = (I, q)a,.  (3.63)
61“2 e€l'12

Observe by the regularity of w and as V - u = 0 on

CNS(“’; u, ’U) + dNS(“’v uu, ’U) = Z (u ’ VU, U)E-
Eeg}

Hence, adding (3.62) and (3.63) gives

ou
(E? U)Ql + aNS(ua ’U) + bNS(vap) + &D<307 q) + CNS(U’; u, U) + dNS(ua u;u, ’U)

+ 3 ((—2vD(u) + pI)ngz,v). + Y (KV@ - n13,q)e = (¥,0)o, + (11, q)q,

e€el' 2 e€l'12
(3.64)

Now decompose v into its normal and tangential components, that is,
v = ('U . 7112)7112 + (’U . T12>T12.

For any e € T2, (3.19), (3.9) and (3.10) implies

((=2vD(u) + pI)niz, v)e =

= (((—2vD(u) + pI)nyz) - N2, v - N2)e + (((—2vD(w) + pI)nya) - T12,V - T12)e

1 _1
=(p— 5(“ ‘u),v-Nya)e + GK 22U - T19,0 - T12)e.
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Summing this over all e € 'y, gives

1 1
> ((—2vD(u) + pI)ngz,v). = (9 — 5w ), v n)r, + GK 2w 71,0 Tia)r,,.

ecl'12

In a similar fashion, the following holds:

Z (KV¢ - n12,q)e = — (U N2, q)ry,.-

ecl'2
With these two equations, (3.64) exactly gives (3.59). To get (3.60), let £ € &}
Multiply (3.2) by ¢ € M}, integrate over FE € &} and sum over all E to get

Ee&;

Using (3.5) and the regularity of u leads to

Y (Voug)p— Y (), [u] - ne)e = 0.

Ec&} eel’},
Therefore bys(u,q) = 0 for all ¢ € M. This completes the derivation of the semi-

discrete scheme. O

More notation is necessary to pass from the semi-discrete scheme to the fully-
discrete scheme. Let Ny > 0 be the number of time steps, t! be the first time

homstep and define

T —t

At =
Np -1’

th=t'"4 (i —1)At, 2<i< Np.

For a sequence {¢'};>1 or for a function ¢* = ¢(t'), define

_ ¢i+1 +¢i

it
¢ 2

The following fully-discrete scheme is obtained from the semi-discrete scheme by

applying the Crank-Nicolson method:
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Find {U;L}ZZO in Xha {Pé}lzl € M]% and {@2}121 in M]% such that,

Yo e Xy, (U}, v)q, = (u(0),v)q,, (3.65)
2 Uill B U?l 1 1 1
Vv € Xhavq € Mhu (TJ’U)Ql + B([Uhv q)h]; [v7q]> + bNS(’U’Ph)
+N<U}w U}w Ullw ’U) = (‘Illu U)Q1 + (Hla Q>Qza (366>
Ui+1 . Ul il il
V’UGX}“VQEM}%, (hThav)fh+B([Uh+27q)h+2];[v7Q])

Vi>1, +bxs(v, P2+ NU, 2, U, U, 2, v)
= (W2, ), + (112, q)a,, (3.67)

Vi>0,Yge M},  bns(UL, q)g, = 0. (3.68)

The equation (3.67) corresponds to a Crank-Nicolson discretization, which is chosen
to achieve second order error estimates. In order to solve (3.67), the pressure and
velocity at time t! are needed. I use a lower order and simpler scheme, namely a
first order backward Euler scheme (3.66) to compute Uj, P! and ®}. I will show
that the resulting scheme is second order in time if the first time step t! is chosen

appropriately.

Remark 30. [t is only a technical point to add non-homogeneous boundary conditions
1

for the Darcy problem. For instance, assume that ¢ = gp on I'ap with gn € Hy(Fap).

There exists a function pp € Hl(Qz) that vanishes on I'19, that is equal to gp on I'sp

and such that

ol < Cllanllyy
The weak solution becomes (w,p,p) where ¢ = ¢ + pp and with (w,p, @) satisfying
problem (P). Next, consider an approzimation pyp € M}? of the lift pp. Then, the
numerical solution becomes (U', Pi, ), where & = ®i + p,p and (U}, P, &)

satisfies (3.65)-(3.68) with modified right-hand sides. The analysis given below can
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be adapted to the case of non-homogeneous boundary conditions as analyzed for the

stationary case by Chidyagwai and Riviére [39).

In order to prove the existence of a weak solution, it is important to know more

about the discrete spaces and the discrete forms we have defined on them.

Properties of Discrete Spaces and Forms

In this section we state important properties of the discrete spaces and the bilinear

forms. The propositions presented here are obtained from [72, 73, 74, 38].

The spaces X, M}! and M} are equipped with the following norms:

Oe
Ywe Xy vy, = (2 1D+ ) H!\[v]lliz(e)
Eeg} el
Vg € My, lally = lallz @,

Vo€ My, llalw =

D

Eeé}

1 Oe
HKQVC]H%Q(E) + Z HH[q]H%2(e)

eEFQ

Further, we define the discrete divergence-free subspace V', of X, as

Viy={veX,: Vqge M,%, bns(v, q) = 0}.

Y

The following proposition extends the usual Sobolev imbeddings and trace inequalities

to the discontinuous discrete spaces.

Proposition 31. For any r > 2, there exist constants Cy,., Cy, C’lr and égr indepen-

dent of h, but dependent on o, such that

Vv € Xy,
Vq € M7,
Yv € Xy,

Vq € M,?,

[v][r 1) < Crrllvllx,,
allr20,) < Callallarz,
[v]|zrr,) < Cirl|vl|x,.,

lallzrris) < Corllall a2

(3.69)
(3.70)
(3.71)

(3.72)
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The next proposition states the coercivity properties of axs and ap. These prop-
erties are true for the NIPG method, for any o,,;,. However for both SIPG and ITPG
methods, coercivity is valid only if o,,;, is large enough as suggested by Epshteyn and

Riviere [75].
Proposition 32. There exist constants C3 and Cy, independent of h and v, such that

Vo e X, o Call|k, <ans(v,v), (3.73)

Vg e My, Cillallie < anle,q). (3.74)

A straightforward bound for B, which is deduced from (3.73) and (3.74, is given

in the following corollary.
Corollary 33. Vv € X, Vg € M?,
B(fo. gl [o.4]) > Cywfoll%, + CulalRy (3.75)
Proof. Since the terms (q,v - na)r,, and (v - ni9, q)r,, cancel, we have
B([v,q); [v,q)) = ans(v,v) + ap(q,q) + G(K 20 - T12,v - T1a)r,
> CsVH'UHg(h + C4||Q||?v[}2l-
U

The form (cns + dns) has been extensively studied in the literature. From [72, 76],

the following result for IV, defined by (3.58), can be deduced.

Proposition 34. For all u,v € Xy,

N(u,u;v,v) Z I{w} - sl ] 2208 @ onn + 11t ney 2020w, )
Ee£1

1
(u-mnq,v V), — §(u SV, V- M2y, (3.76)

N =

+
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where the inflow boundary of I'y is defined by
[ (u)={x el :{ulx)} ng <0}
The positivity result
N(u,u;u,u) >0 VYue X, (3.77)

is a special case of (3.76) obtained by taking u = v. The following bounds are

important for the uniqueness proof of the numerical solution.

Proposition 35. There exists a constant C5 independent of h and v such that for all

ucVy, z,vwe Xy,
|ens(u; v, w)| + [dns (2, w; v, w)| < Csllullx, [[v]|x, [w]x, - (3.78)
Proof. This result follows from (3.69), (3.70) and Lemma 6.4 of [72]. O

The next proposition is technical and can be found in [38] and included in the

Appendix A.2 for completeness.

Proposition 36. There exists a constant Cg independent of h but dependent on o™

such that for all w,v,w € Xy,
|dxs(w, w; u, w) — dns(v,v; 0, w)| < Csllu — v, [|wllx, (Jullx, + [v]x,). (3.79)

Now everthing is ready to prove the existence and uniqueness of the discrete
solution and derive the error estimates. A version of the Brouwer’s fixed point theorem

is the key to prove these results.
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3.2.4 Existence and Uniqueness of the Numerical Solution

As done in the continuous case, we simplify the problem (3.65)-(3.68) by restricting

to the subspace V', C X defined in the previous section as
Vh:{’UE.XhZ VQEM}17 sz(’U,q)ZO}.

This will remove the byg terms. Corresponding to Y defined in the continuous case,

let Y}, = X}, X M}? equipped with the inner product ((-,-)) defined by

(((z,7),(v,9)) =20 Y (D(2),D@)g+vy_ %([z], [v]).
Eeg} ecl'l
+ Y (VR Ve + Y %m, [g])e-
EES}% eeF%

1

The norm on Y, is ||(v,q)|ly, = (21/||'v||§(h + ||q|]?\42)2, for all (v,q) € Y. Also
h

define the subspace W, = V;, x M? of Y, equipped with the same norm. Clearly

from (3.65), the initial velocity U? is uniquely defined. Now the question is if there

exists a solution {U}, ®i 1,51 € W, satisfying

, U,-U, gl
Vv € Vhavq € Mha (T?Iv)fh + B([inq)h]; [U7Q])
+N(U}m U}lu Uilw U) = (‘Illa U)Q1 + (H17 q)Qz7 (380)
vt -u: i+l il
Vv € Vi, Vg € My, (hTh,’U)Ql + B([Uhh,q)hﬂ}; [v,q])

vi>1, ANUS U U )
= (T2, 0)q, + (IT2, q)q,. (3.81)
The following lemma answers the existence question.
Lemma 37. There exists a solution {(U}, ®})}i>1 of (3.80)-(3.81) satisfying

. -2
U720, + t' min(Cs, Co) (U}, @3)[3, < Cy, (3.82)
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and for all 2 < m < Nr,

m—1
U220, + min(Cs, Co)AL S [[(U,2, 2,73, < T (3.83)

=1

where the constant C; and C are defined as follows:

C. — 2 Chy Al 022151 T2 1
1= (lollzzgon) + g St 12 iz + & T 20

Np—1 Np—1

= C? ; C3 ; 1
C = (IUAlZ20, + 012 At Z 12721720, 02 At Z T2 Faqy) * (3:84)

Proof. The first step is to show that the pair (U}, ®}) exists. Define a mapping
flithMsﬁthM}?by

Y(z,7), (v.q) € Vi x My, ((Fi(z.7), (v,q))) = (

_'_N(zaz; Z,U) - (\2[11’1))91 - (HlaQ)Q2'

By the Riesz representation theorem and the inequalities (3.27)-(3.30), F; is a well-
defined mapping from Y, into itself. From Theorem 8 (Brouwer’s fixed point theo-
rem), showing that there is a ball on which ((F1(z,r), (z,7))) > 0 implies, that there
is a zero (z*,r*) of F; inside the ball. Clearly, this zero is a solution to (3.80). Taking

(v,q) = (2,7) in the definition of F; and using (3.75) and (3.76) gives
1 2 2
(Fiz.1),(27)) 2 sl 2l — 5l Ul
+ Cyvllzll%, + Callrlliz — (21, 2)o, — (I, 7)q,. (3.85)

Using the Cauchy-Schwarz inequality, (3.69) and (3.70) yields

(T, 2)a, + (T, P, | < Crallz]lx, 1€ 1200y + Collrllagz 1T |22

Cgl/ 02
< -zl + 57

||‘1’1||L2 (1)

02
4
+ 5 lIrlhg + 3 2\|H1\|L2(92>- (3.86)
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Substituting (3.86) in (3.85) results in

(Fi(z,7),(2,7))) = %min(@n C)l(z, )l

C’122 1 022 1
S ) = 5T ey — TSI

Therefore, choosing

1
(e I e +

concludes that ((Fi(z,7),(z,7))) > 0 for ||(z,7)|ly, = Ri1. This yields a solution

R =

% )é (3.87)

L Gy + )
ng L2(Q1 L2(Q2)

U}, ®!) in the ball of radius R4, that is, (U}, ®!) satisfies
h h h h

The next step, which is to show that (U}, ®%) satisfying (3.81) exists for all i > 2,

follows a similar argument. So, assume that U} and ®} are given for some i > 1.

This time we introduce a mapping F; : W — W, defined by
2z — 22U,

At
+ N(z, 2 2,0) — (B2 v)g, — (112 q)q,.

V(v,9) € Wi, (Fi(z,7),(v,9))) = ( v)a, + B([z,7]; [v,4])

The Riesz representation theorem applied once more shows that F; is a well-defined
continuous map from W, into itself. Observe that if (z*,r*) is a zero of F;, then

(2z* — U}, 2r* — ®!) solves (3.81). As before, the definition gives

1 1.
(Filz,1),(20) 2 g l2 320, = 1T, + Corll=Il,
+ Cullr 3 = (72, 2)q, — (1742, 7)o,

Same inequalities used for (3.86) show that

N El
Xh 2031/

i+l i+ i+ 1
|(‘I,+2az)91|+|(n+27r)92| < ||‘II+2||%2(91

3

+ Sl + 52

T2 72 -
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This leads to

1.
((.;EZ‘(Z,T), (2,7’) )) > 51’11111(03, C4>H(Z7T)||§/h
02 1 02 i+ L 1 %
2012]/” 2 HLQ(Ql) - 2—634HH 2 ||%2(92) - EHUhH%?(Ql)‘
Thus, if

1 2 (|2 C(122 i 022 i 3
(m(g\l%\lm(m) + oY 2220 o, 3|20, )) ,

then ((Fi(z,7),(z,7))) > 0 whenever ||(z,7)|y, = Ri. The Brouwer’s fixed point

Ri:

theorem now gives a solution (U}, ®:*1) in the ball of radius R, i.e.,
1T 2 )y, < R

This completes the proof of existence of {(U}, ®%)};>1 satisfying (3.80)-(3.81). The
a priori estimates for {(U}, ®})};>; are hidden in the above proof. Indeed, choose
(v,q) = (U}, ®}) in (3.80) and use (3.76), (3.75), the Cauchy-Schwarz inequality,
(3.69) and (3.70) to obtain

U, —U;
(tih U)o, +Csv|UL %, + C4II¢hHMz
< Coo|| ¥ | 2o Ul x, + CollTT | 22 (20 | L g2

Now, the Young’s inequality, and the fact that (a — b)a > 3a®> — 3b* for any a,b € R

leads to
2t1||Uh||L2 o) 2751||U 1220 + CsvllUL I, + Call®yll5,
C? Csv 6’2 Cy
< el ¥ e + o0, + 5o T e + 5124l

Then, using the definition of ||(+,-)||y, and multiplying by 2t gives

ULz @,y + ' min(Cs, C)ll(U, @4) [y,

C?
< U2 i > H‘I’lHLz @) Tt 2HH1HL2(92-
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i+ L i+ L
For the other estimate, let (v, q) = (Uh+2,<bh+2) in (3.81). The results (3.76), (3.75),

the Cauchy-Schwarz inequality, (3.69) and (3.70) yields

Uﬁ;’l— Z i+l i+3 112 i+lo
(TU Jo, + Csv|U, 2%, + Cal|®, ||M,§

i+ 1 i+ il i+
< Coal 2|2 1U, [l x, + Coll T 2| 2g 19,2 [1arz-

As before, the Young’s inequality implies

7 1 H‘
U +1HL2(91) HU HL2(91) +5 5 min(Cs, Cy)||(U,, 2 (I) )H%’h

CQ i+l 02 7
< a9y + 5o T e,

2At’ 2At

Multiplying by 2At¢ and summing from 1 to m — 1 where 2 < m < Ny finally yields

U122, + At min(Cs, Cy) Zn |2
=1
2m 1

C 1 (3
< [|UII72 (1) +At Z s ||L2(Q1 +At— Z ||H+2||L2(Q

2NT1 Np—1

% CQ i+t
< [|UII72 ) "‘At Z H‘I’+ |72 (1) +At— Z “H+2”%2(Qz)'
L]

Next lemma gives the uniqueness of the solution under some condition on the data

and on the time step.

Lemma 38. Let R, be defined by (5.87) and C defined by (5.84). Under the following

condition

[N

22C )
(At min(Cs, Cy))z/’

1 o
V3/2 > 5(205 + 206 — 0124012> max <R1,
3

there exists a unique solution {(U}, ®i)}is1 C W, satisfying (3.80)-(3.81).
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Proof. Existence of a solution has already been proven and therefore, enough to show
uniqueness of (U, ®}) and (U :r%, CI>2+%). Assume that there are two solutions, which
are denoted by (U}, ®}) and (f],lz,(i),ll) Let w! = Uj — f],lz and 71 = &} — @} Tt
follows from (3.80) that for all v € X}, and ¢ € M7,

1

(2, v)a, + B(w', 7'); [, q)) + N(UL, UL UL v) — N(©,,, U, U, v) = 0.

T

Choosing v = w! and ¢ = r! and using (3.75) gives

1
w2 + Covllw'llx, + Callr iy

~1 ~1

+NUL UL UL, w') — N(U,, U, U,, w') <0. (3.8)

We first consider the forms cng and dyg that are included in the nonlinear term
NU,,U;;U; w') — N(ﬁ,lb, (j,ll, [7}1“ w!'). Adding and subtracting ch(f],ll; U, w')
results in

~1 ~1 ~ 1
exs(Us U, wh) — ens(U; U, w') = ens(wh; Uy, w') + ens (U wh, w?).

These terms are bounded by (3.78) and (3.88) as follows,

<1
lens(wh; Uy, wt) + ens(U; wt, wh))|

~_1
< Gsllw'|[, (IUGlx, + 1Ullx,) < —=C5Ralw'|%,

2
N
The terms involving dys are bounded by Proposition 36 and (3.82),

~1 -1 =1
‘dNS(Uilw Uilz; U}lw 'wl) - dNS(Uha Uh; Uh? w1>’

~ 1 2
< Csl|lw'[[%, IUlx, + 1U4lx,) < —VCeRlll’wlll?xh-

\/‘
The remaining nonlinear terms in N(U,,U,;; U, w') — N(Ij;, ff;, ﬁi,wl) can be

bounded by the Holder’s inequality, (3.71) and (3.88) after adding and subtracting
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the expression = (Uh U, w'-np)r, as follows:

1 ~1 -1
Q(Uh Uhvw ’I’I,12>F12|

1 1

‘5( Uh>w nl?)Fu 5(

1
‘ - §(U}L ) U}La w' - "’b12)r12
~ 1
Uh : wla wl : n12)r12‘

1
§||w ||L4 T'12) ||’u’71||L2 T'12) (||UhHL4(F12) + HUh||L4 F12))

LCulw! I, (1ULx, + [ T4llx,) < NG, lw[I%, -

l\3|H

Combining the bounds above with (3.89) finally gives

1 112 1712 2 0124012 1912
t—le IZ2(y + Cullr 2z + (Csv = —=Ra(Cs5 + Ce) — Ri)llw |5, <0.

N N4
This yields w! = 0, r* = 0 and hence ﬁ,ll = U}, &} = &} if the following condition
is satisfied:

V2 > C%,Rl(zc% + 206 + 6'1246'12).
Next, fix i > 1 to show the uniqueness of (U}, ®i*1). Assume that (U}, @) exists
and is unique. As before, take the differences w*' = U™ — U;:rl and rit! =
@il — §*! Then from (3.81), for any v € V), and for any ¢ € M2,
i+1 L P RS STt
(B o)+ Bl o))+ N U0 )

_ N(Uz+2 U1+2 U1+2’ ) —0.
Choosing v = w2, ¢ = 2 and using (3.75) gives

W iz + Covllw™2 %, + Cullr ™2 [
iJré ~ i+l z+1 ~Z+*

CNUR UYL U Wity - N(UL R0 U witE) <0 (3.90)

As before, we deal with the nonlinear terms by adding and substracting suitable terms.

For the terms which involve the form cyg, add and subtract CNs(U h +3, UHQ w'tz)
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1 . .
cNS(Ujj ,U;“,w%)_cNS(U”? U”?, i %)

By (3.78) and the bound (3.83),

1

lens(w 3 UL wE) + exs (U} 2w, wi*h)|

it 1 +3 ~ it d
< Csllw™ 2%, (103, |lx, + 10U |1x,)

2%/2C5C 1
< : rllw™ 2, .
(I/At m111<03, 04)) 2
The terms involving dyg are bounded by Proposition 36 and the bound (3.83)

. ~ g4l ol a1 .
s (U2, U2 U witd) — dys (UL 2,0 7,05 with))|
; i+l ~ i+l 23/2CC
< Cllw™ 2|2 (1U 2, + 10, 2 |lx,) < ¢ w2 .
< Gollw™2I%, (1U *llx, + U *[x) (uAtmin(Cg,C4))%|| 1%,
Lastly, we bound the nonlinear interface terms by adding and subtracting the form

1 ~Z+ 7:+% ’L'-i-l
sWUn 2 U, 2w

n12)r,, and using the Holder’s inequality, (3.71) and (3.83):

1 -1 ) 1 . ~ 7 1 .
‘ - i(wH—i ’ Uh+2 ) wl—’_% ) nl?)Fw (Uh+ H_Ea wH_% ’ nl?)Fu’
2%61246126 sz’+§H2
= (vAtmin(Cs, Cy))2 o
Combining the bounds above with (3.90) leads to
w0 sy, + Call 2 + (Cov — 28 e, 1 acy)
At L) Mi (vAtmin(Cs, Cy))2
___BORGL e <o
(vAt min(Cy, Cy))2
Therefore, if
V32 > 2:C

NI

Cg(At Hlll’l(C3, C4>)

60
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then the functions w2 and 7"z vanish. Observing that w2 = 0.5w'"! and ritz =

0.57t! concludes that wt! = 0 and ' =0 for all 4 > 1. m

This completes the proof of existence and uniqueness of the solution {(U7},, ®%)}is1
to the problem restricted to the space V. Existence and uniqueness of the Navier-
Stokes pressure P¢, for which {(U}, Pi, ®})};>1 is a solution of (3.65)-(3.68), is a
consequence of the following inf-sup condition: There exists a positive constant 3*

independent of h such that

bNS(”) q) > 3*

inf sup
q€My ve X, ||'U||Xh ”CIHM}L

(3.91)
The proof of this inf-sup condition can be found in [72, 77] and follows a standard
argument found, for instance, in [64]. Now that the existence and uniqueness of the

numerical solution is established, the next step is to show that if the scheme converges.

3.2.5 Error Analysis

This section derives some error estimates. Decompose the error into an approximation
error and a numerical error. For any time ¢ > 0, let w(t) € X}, be an approximation
of u(t) satisfying

bas(u(t) —a(t),q) =0, Vg€ M} (3.92)

Existence of such an approximation is given in [72, 77]. Let p(t) € M} be the L*-

projection of p(t), i.e.,

(p(t) = B(t),9)a, =0, Vg€ M. (3.93)
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Finally, let $(t) € M? be an approximation of ¢(t). In addition, assume that the
approximation errors are optimal, that is, for any time ¢ > 0:
lu(t) —a®)|x, < CA*u(t)lgmq,)  (3.94)

lu(t) — @),y < CROHu(t) g, (3.95)

i=0,1, | > IVip(t) = V'B(O)|72m) < Ch 7 |p(8)| o o) (3.96)

Eeg]

NI

i=0,1, | > IVie(t) = V(1) < ORI () ot oy (3.97)

Ecé?
Using the triangle inequality and the approximation property (3.94), there is a con-

stant C, > 0 independent of h and v such that
la(t)]lx, <llu(t) —a(t)lx, +[lut)lx, < Calut)lm ). (3.98)

In this section, C' is a positive generic constant, which may have a different value at
different places, independent of h and v. Denote u’ = u(t'), o' = a(t'), ¢' = p(t*)

and ¢' = @(t') and write for any i > 0:
Uﬁl—uizxi—ni, where Xi:UZ—ﬁi, n' =u' —u',

Y=, where =8, -, (=g~
Using these decompositions, it is enough to analyze x* and £° as the rest follows from

the triangle inequality and the approximation properties. The following theorem

states error bounds of the quantities x* and ¢°.

Theorem 39. Assume that the weak solution of (u,p, ) of problem (P) satisfies
w e L20,T; HH T (Q)?) N L2(0,T; HY(24)?), p € L*(0,T; H*(Q)), and

o € L*(0,T; H*=1(Qy)). Further, if wy € H* ()2, w, € L>(0,T; H"(Q4)?),
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wy € L2(0,T;L*(Q)?) and v > %(05 + 36126]24)”uHLoo(QT;HI(Ql)Q), then, there

exists a constant C independent of h,t', At and v such that

Cgl/
I ey + ot e, + Cat €' g < CH ol
+ C(]. + v+ V_l)tlhzkl |u1|§{k1+1(ﬂl) + C(]. —+ V_l)t1h2k2|§01|3-_[k2+1(g2)
+ Cvlthh ‘pl‘imml) + CV*l(tl)gHutttH%oo(o,T;m(Ql)Z)

+ OV R [ F e 0 i 0y (3:99)

and for any m > 2,
Oy 2 =
m 3 i+l i+
X120y + 5 A8 D XT3, + Cadt D172 e < I ooy
i=1 i=1
+ O™ v+ DRl rpan g + OO0+ Dol rippan o)
OV I ozt + OV R e o sy

+ CV?lA#(Hut”%w(O,T;Hl(Ql)Q) + ”utttH%W(O,T;LQ(Ql)Q))' (3.100)

Proof. From the consistency result of Lemma 29, for any ¢ > 1, for all v € X, and

q € M7, the exact solution satisfies

(g 0)a, + B[ o] o,q)) + g N (u ™ wt T w w)

1 S . o .
+ o N(u' u'sul, ) + bas(v,p't2) = (B2 v)g, + (172, q)q,, (3.101)

Subtract (3.101) from (3.67). Then, add and substract terms with @ and ¢, to get

%

(Xi+1 ~x
At

i+ L i+ L i+ 1 i+ 1
+NU, U0 0) = (02 v)a, — (

1 .1 7 1

)a, + B(XT2, 602, [, 4]) + bas(v, By )
,&i—‘rl o ,&'L

At

. ) 1 . . . 1 S
£ B( O [, 0]) o N wt utt v) NG ). (3.102)

1
7U)Q1 + bNS(’UapZ+§)
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Choosing v = X2 and ¢ = &2 in (3.102) and using (3.75) yields:

i i i+1 i+1
s Xz = IXZ2@0) + CavliX ™2 Mk, + Call€™ 2[5

2At
TS S NI SIS S 1 ' . ‘
< _N(Uh+27 Uh+2; Uh+27 i+ )+ 2N( H—l H_I;UZ—H,XH_%)
1 i i i it h i+l il att—at
+§N(’U,,’u, ;u7x+2)+(ut 27X+2)Q1 _<T7X+2)Ql

+ B([n" 2, ¢ 3], xR, €7 5)) + bas (2L p e - P?). (3.103)
First, consider the nonlinear terms in (3.103).
N = N U0 )
_ %N<uz’+17 it it Xi—&-%) _ %N(ui,ui; ul XH—%)‘ (3.104)
Because the exact solution is continuous,
dNS(ui’ui;ui,Xz’—&-%) _ dNS(ui+1’ui+1;uz‘+1’Xi+%) —0
So, these can be replaced in (3.104) by the terms dNS(UA+1 uiiu’, x2) and

H_l X . 1 . . .
dxs(U,, %, u' ™ u™h x*F2), which are also identically zero. Thus,

N N( z+2 U1+2 Uz+2 it %)
L i+3 ' ‘ 1 il

- _N(Uh+2 ) ’u’H_l; ’u’H_l? XH_%) B QN(U}:_Q s ’U,Z; ’U,Z, XH‘%).

Manipulating these nonlinear terms by adding and subtracting

1 . . .
N(UH_ UH— ~z+2 XH_ ) N(U;ji’,&wr%;,&hL%’Xz—l-%)’

+2

N(U;jfa'“w? @'t X”?) and N(UZ , i+%;ui+%,xi+%) leads to the following ex-

pression:

irl . . i 4
N =N, 2U+ X2, + N(U, 2 Xt etz x i)
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Now applying (3.76) gives the following equation:

1 i+l 11
N =2 ST IHUL ) ml D+

it
L2(E_(U, 2)\oQ
nenh (05, ?)\00)
IO o P S
h 1 L2(F,(U;L+?)) 9 h ’ 12

1

UT2 . yit3 4t NUH% i+l ikl il
5( pooX X T2 ), FNUL L X T AT X T2)

. i+ L . . .
~ N, n* 2 ae, x'"2) = N(U, 2 w3 n7 2, x')
1 i+3 it i g il i Nl
_ZN(Uh ZuT —uhuT —ut xT2). (3.105)

The first two terms of A/ are positive. So, it suffices to bound the remaining terms.

Rewrite the third and the fourth terms in (3.105) and apply the Hélder’s inequality,
(3.71), (3.83) and (3.98). This gives
S i XX

1 i+1 1 1
2 i+5 i+3
IS _(Uh X 2

5 “M12)r,|

"X

1 ! .1 1 1 i1l iy 1 i+ L
\§(UZ+2 ‘Mg, X2 'XHQ) (UZ+2 Fa oy “M2)Ty, |
%

< CChlla™2 |, [Ix"" 2 |%,
~ ~ . 1
< CoCrCHllull e rm@lx 2%, -

Applying (3.78), the Hoélder’s inequality, (3.71) and (3.98), the fifth term in (3.105)
can be bounded by

A N GRS BT | L& 2o \y~ixd il
IN(U, 2, x"" 202, x"2)| (C5+50120124)HU+2||Xh||X+2||?xh
1~ - 1
Co(Cs + 5(7120124)HUHLOO(O,T;JLF(91)2)HXl+§ %,

i1 . . .
Next, consider the sixth term N(U2+§, nte @2 x'*2) in (3.105) and analyze the

(ens + dns) term and the interface term, separately. From [72] (see Remark 6.5),
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Korn’s inequality [74] and (3.69),

1
i+ L ikl il 3 pits. ity 4iTs
CNS(T’ Zu 2, X 2)+dNS(Uh Zan 2w 2, X 2)

~ 4L i1 PR i+ L
< Ol |x, Ix ™2 llx, (In" 2 llx, + 1072 lzaen).
The interface term is bounded by (3.71) and the Holder’s inequality.

il il a1 1~ & it 1 1
(@2 -2, "2 )y, < 5014012||U1+2||xh|lx”2 15, 1772 [ L1 y) -

1
2

Combining the bounds above and using (3.98), the sixth term in (3.105) gives

N(U,™ ntaaits xite)
it i+l it3 it3
< Clx™2lx, (2l x, + 1072 s + 1072 [lzs@)

irl C i+ 1 i+ 1 i+i
< w25, + s I, + 172 ey + 1772 2o

where ¢ is any positive constant (by the Young’s inequality) and C' is a constant

independent of & and v but dependent on |ui+% |1(0,)- Similarly the terms exg+dys in
i+ L . . .

the expression N(U ;2 utanite, x”%) are bounded by Remark 6.5 of [72], Korn’s

inequality [74], (3.69) and from a Sobolev imbedding as follows:

CNS('U:H_%; 77i+%, Xz‘+§) n st(U2+%, with: ni—&-%’ Xz‘+§)
1 1 1
< ClIx" ™2l x, w2 oy 02 x, -

The associated interface term is bounded using (3.71), the Holder’s inequality and a

trace inequality,

1 .1
(n**tz
5(n

.1 L1 1 01 -1
'XZ+§7U’Z+§ '7112)1*12’ < C‘U’Hrf’H1(91)HX1+§HXthZ+§”L4(F12)'

The bounds above, for some constant C' independent of h and v but dependent on
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2] q,), vields

TS G B | i+l it} ity
N(U a2 x2) < Clx 2 o, (™2l + 72 Lzacr)
. C . .
< Vol 2, + = (In 2 I, + 102 [,y

il o o
The term N(U;:r2 Jutl — it — l x 2 simplifies to

i3 i+l i il i itk
NU, > u"™" —u5u™"™ —u',x""2)

= Y (W ) V@t - ), x ) p - S (- ad) - (u - u), X n)r,
it+3 i i
< Ol 21, IV (' — w22y

from a Sobolev imbedding, a trace inequality and the bound (3.71). From a Taylor
expansion,

w'™ —u' = Atu,(#") for some t* € (¢, '),

Thus,

-1

it = i i i i+l iti n
N, w*t —ufiu™ — il x™2) < OAL|Ix 2| x, | Ve ()30,

iti C 7i
<olx2 I, + <A V)12,

Next, consider the terms

i+ 5 i+ 1 u i+ 1
D:( t 2?X+2)Q1_( At aX+2)Q1
Yy Nt —m
= (@i - B g, + (T i,

At
Again a Taylor expansion implies the existence of some t},t; € (t',t""!), such that,

—u’ At? AL
_— ’u’ttt(t2>ﬂ'
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Then, the Cauchy-Schwarz and the Young’s inequalities and the bound (3.69), for

any 0; > 0, give

2
it ¢ i 1 i i
D] < wéllx"2 %, + V—é(At4 Z e (t) 1720, + @”77 22 qy)-
o=1
The interface terms in B([np™2, (2], [x™"2, £2]) are bounded as follows by using

(3.71) and (3.72):

. g . 1 1 4.1 i+
‘(Cz+§7 Xl+§ : n12)F12 - ("IHE : n127£Z+§)F12 + G(K 2771+2 " T12, XZ+2 : 7-12)1‘12‘

~ L1 .1 ~ -1 c 1
< CiallC 2 2 IXT2 Ml x, + Co2lIn T2 ([ 2oy 1672 (| a2

~ L1 1
+ GClZ V )\maa:||nz+§ ||L2(F12)||><Z—"_§ ||Xh

The remaining terms in B([nitz, ¢ 2], [x'*2, £772]) are bounded using standard tech-
niques to discontinuous Galerkin methods. Details can be found in [14, 72]. Therefore,
from the approximation results (3.94) and (3.97), Young’s inequality implies for any

positive constants J and ) )
B[, ¢4, b3, 68)) < vl I, + Sl6 31,0

v 1 ‘ 1 1 ;
+ =+ =+ DB ) + C(5 + =202 By ).
5} 5 (1) ) vo

. . 1
Finally it remains to bound bys(x™"2, p't2 — P;;LQ). Start by writing
. . i1 . . i1 . . i1
bNS(XH_%apH_% - PI7;+2) = bNS(X1+%7pZ+% - ﬁ7i+2) + bNS(XH_%aﬁH_% - P}7;+2>'

The second term vanishes because of (3.68) and since b(’&“é, q) = b(u'*z,q) = 0 for

any q € M. The first term is reduced to

irl a1l il i+l i+l il
bns(x 2 0 =5 2) = > (X me] {p T = )
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as p is the L2-projection of p and as V- x*2 € M}. The Cauchy-Schwarz inequality,

a trace inequality and the approximation result (3.96) give
L1 L1 il
Do ml {pE - 5.

z €| i ~q
<uy 7 |H 2|22 + 52 {p'*2 = 52},

1 1
EFh eel’;,

i+1 C i+1
< vl I, + S s

Then, combine the bounds above with (3.103) and choose § = £2 and o = & The

approximation result (3.94) yields

Cy

(I By — 1 Baga) + 26
Cs
+ (7’/ — Co(Cs + 012014)||UHL°° (0,T;H(Q)2 )HX 2||§(h

= C<(V_l v+ 1)h2k1\ui+§’?{k1+1(m) + (T + 1)h2k2\¢i+%’§{k2+1(92)
+y |Pz+2 |Hk1(Ql +v 1At4(||ut||L°°(0TH1(Ql + HutttHLOO(OTL?(Ql)Q))

42 Hut||2Loo(0,T;L2(Ql)2)>. (3.106)

Multiply the equation (3.106) by 2At and sum from i = 1 toi =m —1, m > 2. Then

under the condition

4C, 3~
c, ~(Cs + 012014)”UHL°° 0.T3H1(21)2) (3.107)

v >

the inequality (3.100) is obtained.

It remains to find a bound for ||X1||%2(Ql). For this, consider the equation (3.66).
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Following a similar derivation as above, the error equation is

1
5 UX @) = IXZ20,) + CovlIX I, + Call€

1 . -
< _N(U}w Uiln U}117X1> + N(“’l?ul;ul?Xl) + (U%7X1)Ql - t_1<u1 - uoaxl)fh

+ B([n', ¢, X" €) + bas(xch, pt — P, (3.108)

The terms in the right-hand side of (3.108) are bounded using a similar argument as
above. In fact, the error analysis is simpler. For instance, note that the nonlinear

terms are rewritten as

NU;,U,; U x") = N@' usu',x') = NU,U,x, x")+NU,, x5a" x")

_N<U}w nl; ﬁ’17 Xl) o N(Uflw 'u’l; 7717 Xl)'
The resulting inequality similar to (3.106) is

Cs 3~ =
(Ix 1200y = IX°NZ2(0) + (5v = CalCs + 50wl e rm@nn) Ix [,

1
2t! 2

Cy _ _
+ 5 M€ 5 < COT v+ DIl [fu g, + O + DI [0! i q,)

+ OV B P e ) + OV () el T 0 sz 0y + OV R el T 0 12 0

Multiplying this by 2¢t' and using the fact that || x°||z2(q,) < Ch* ™ ug| gi+1(q,) (from

the approximation result (3.95)) gives (3.99) under the assumption (3.107). O

Remark 40. FEM analysis of this problem is simpler and yields the same error

estimates [35].

In order to obtain a scheme that is second order in time, the first time step t!
has to be chosen small enough, namely t* < At*3. The final results are summarized

below.
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Corollary 41. Under the assumptions of Theorem 39 and assuming t' < At?, there
exists a constant C independent of h,t' and At but dependent on v and the weak

solution, such that
lu' = Up |72y +vt'llu' = Uylk, +t 0" = P43 < CRF2 4 C(R*F + 12 + A,

and for any m > 2,

" — U7y + A S [lu s — UL, 4 ALY [ — a2
hllL2) TV ZHU nolx, + ZH‘P h HM}QL
i=1 i=1

< OB 4+ B2 4 A,

Remark 42. The assumption on w; can be weakened in the following sense. If u; be-
longs only to L>=(0,T; L*(1)?), and if the ratio h/At is bounded above by a constant,

then the results of Corollary 41 are valid.

An error estimate for the Navier-Stokes pressure p is obtained by the inf-sup
condition (3.91). The error bounds depend on error estimates of the discrete derivative

of the velocity in the L?-norm, which are not derived.

Theorem 43. Assume that the weak solution of problem (P) satisfy the regular-
ity assumptions of Theorem 89. In addition, let w € L*(0,T; H**1(Q,)?), p €
L>(0,T; H*(,)?) and ¢ € L*°(0,T; H**1(Qy)). Then there exists a constant C

independent of h,t' and At such that

C
Ip' = Pl < (et = UL) = (= Uiz, + COM + B + AR), (3.109)

: i+l i+3 ¢ i i i
Vi1 pT = B ) < Sl = U = (uf = Ul

+ C(R* + B™ 4+ At?). (3.110)
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Proof. This proof is only a sketch as the argument is standard. From the inf-sup

condition, there exists a velocity @' € X}, such that

N _ N 1 _
n (0, Py = p') = Py = b ll7a,), 19']x, < §|IP}1 = P'llz2)-

With the choice (v, q) = (9',0), the error equation becomes

N . 1 N N
ny (o', P —p') = (' =U) = (u’ - Up), ' )a, + B([u' = Uy, ¢! — @3] [0, 0])

+ N(u', u';u,v') — N(U;, U, U, ') + bys(91, pt — ).

It suffices to bound the terms on the right-hand side. All terms except the first one
are bounded using the same techniques as in the proof of Theorem 39. They yield
optimal bounds with respect to h and At. The first term is simply bounded by using

the Cauchy-Schwarz inequality. A similar argument is used to derive (3.110). O

The above error estimate concludes this section on the numerical analysis of the
first model of the time-dependent Navier-Stokes equation coupled with the Darcy’s

equation.

3.3 Model 1T without the Inertial Forces on the Interface

In the previous section, I analyzed this time-dependent problem with the inertial
forces included in the balance of forces. Inclusion of inertial forces in the interface
condition makes it easier to analyze the problem which is complicated because of
the nonlinear convection term. However, inclusion of inertial forces is not physically
meaningful although it is meaningful from the mathematical point of view. So, in this
section, the inertial forces are omitted and the more challenging problem is analyzed.

Here, we use the same notation as in Section 3.2. There is a minor difference in the
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boundary conditions. This time rather than the homogeneous Neumann condition on

['on, we consider a non-homogeneous condition given as follows:
KVy-ng, =gon 'y x (0,7).

We assume that |I'op| # 0. As mentioned above, we no longer have the inertial forces

on the interface. Hence the balance of forces is given as
((—2vD(u) + pI)ns) - M2 = ¢, on 'y x (0,7).
Finally the initial condition is fixed to be
w(0,2) =0, in Q. (3.111)

The previous assumptions on the data W, IT and g are not sufficient for the analysis
of the weak problem. The existence of this weak problem will be proven under extra

assumptions again using the Galerkin technique. Now, we ask for

W e CH0,T; L2()?), M eCY0,T;L*Q)), g¢e€CY0,T;H 2(Iay)).

3.3.1 Weak Formulation

The Sobolev spaces X, M; and M, are defined the same way as in Model I and the
weak formulation corresponding to Model II given as follows :

Find (u,p, ) € (L*(0,T; X) N L>(0,T; L*(91)?)) x L*(0,T; H (1)) x L*(0,T; My)
such that w' € L>(0,T; L*(Q)?) and

(

Vv € X Vg € Ms, (2%,v)q, +2v(D(u), D(v))g, + (u - Vu,v)q,
- (p7 % U)Q1 + (KVQO, VQ)QQ + :}/(ua ¥, q)
(P) - (@7 v)Ql + (H7 q>92 + (g, Q)FQJ\H

Vq € My, (V-u,q)q, =0,

\ Yo e X, (u(0),v)q, =0.
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Note that there is a slight change in the weak formulation because of the non-
homogeneous Neumann condition and the removal of the inertial forces from the
interface conditions. Now the solution spaces are different and the form, which in-

cludes the interface terms, is defined differently as

Vu,v € X, Vp,q€ My,

F(u,p;v,q) = (p,v - ni2)r,, + G(K_%U “T12,V - T12)ry, — (W - N2, q)ry,-  (3.112)
With this v, we have
Vwe X, YgeM, F(v,¢v,q)=GK 20 Tiv T, >0

as K7 is positive semi-definite. In addition to the inequalities (3.27)-(3.29) stated
previously, we introduce two more inequalities. There exists 715, Ty > 0 depending

only on () satisfying
HQHH%(FH) S Tl?’qul(fb)? HqHH%(FgN) S TN’q‘HI(QQ) (3113)

3.3.2 Existence of a Weak Solution

I will first state the existence theorem and proceed with the proof by pointing out
which results still hold and what is different in this case. I will also provide demon-

strations of the results when necessary.

Theorem 44. Suppose that the above assumptions on the data W,11, g and K hold.

Assume also that ug = 0. Then under the assumption

CDHS3

T2
At DI + .

2
1
Lo (0,T;H™ 2 (Tan))

V3

< -
325200

/\min

”HH%OO(O,T;L?(QQ)) + Il

)\min

(3.114)
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the problem (P) has at least one solution (u,p, @) € (L*(0,T; V)NH(0,T; L*(£1)?) x

L2(0,T; My) x L*(0,T; M) satisfying

ts[l(l)l;] ||u(t)||%2(91) + V|| D(u)|7: (0,T;L2(01)2x2) T ||K2v90||L2 (0,T:L2(Q0)2) = M? (3.115)
€10,

where
1
C?% 82 25, 2TfV ) ’
M = ( o ||‘I’||L2 (0,1;L2()2) T )\mmHHHL2 (0,T:L2(22)) T mm“g“ 2(0,T3H~ % (Tow))
and
4C2T122 52 2 2 2 2
A= M x (S (8,1 T1(0) 3, +TN||g<o>||Hf%(F2N ) +20(0) 2o
C353 Sg 3
+ 2y2||‘1’/||L20TL2(91) y+2 \ HH/”LQOTL?(QQ)) +2>\ g’ ||2 20.7:H~ 3 (0 ))> :

(3.116)

We again use the technique of restricting the problem to the divergence free sub-
space V' of X and consider the weak problem:
Find w € L*>(0,T;L*(Q)) N L*(0,T;V) and ¢ € L?(0,T;M,) such that u' €
L>=(0,T; L*(€4)) and
V(v,q) € W, (uy,v)q, +2v(D(u), D(v))q, + (u- Vu,v)o, + (KVe,Vq)a,
(Pv) +(u, 0, 0,9) = (¥, 0)a, + (I, ¢)a, + (9, D)
YveV, (u(0),v)q, =0.

Theorem 45. Assume that the assumptions of Theorem 44 hold. Then there exists

a solution (w, @) to the problem (Py) satisfying (3.115).

Proof. The proof is the same in essence as the existence proof of the restricted

weak problem of Model T and only the differences will be highlighted. We first
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show existence and uniqueness of a solution (u,,, ¢,,) of the following finite dimen-
sional problem: Find (w,,,¢,) € L*(0,T;W,,) with u,, € L>(0,T;L*(;)?) and

u/, € L>(0,T; L*(Q4)?) such that for all (v,q) € W,

(U, V), + 20(D(un), D))o, + (U - Vim, v)a, + (KVen, V),
( ~m) +&<um; Pm; U, Q) = (lIl7 v)Ql + (H, Q)Qz + (gv Q)F2N7
(un(0),v)q, =0.

Here the notation !, is used for the time derivative of w,,. Recall that W, is the

finite dimensional Galerkin space which approximates W. Then the problem becomes

Ad' + Ba+ F(a)+C"3=»

MpB+Ca=c

Aa(0)=0
with the vector a and B containing the components " and 3" respectively. The
matrices are defined exactly the same as in Model I. And the vectors except the

following are again defined the same way. Let
(F(a))i= Nia-a, & = (I, +(g,7)r.y

where N; = ((®;-V&y, ®;)q,))

\<jk<m 152 matrix for each ¢ = 1,...m. Thus, solving

the problem defined by (P,,) is equivalent to solving

o + A (B-DM'C)a=A"'(b-F(a)— DM '¢)

a(0) =0.
From the theory of ordinary differential equations [62], there exists a unique maximal
solution on the interval [0,7,,] for some T,, such that 0 < 7T,, < T. We need an

a priori bound on (U, ¢,,) to conclude that T}, = T. Consider equation (P,,) and

choose v = u,,, and q¢ = ,,,. After applying Cauchy-Schwarz and Holder’s inequalities
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and using the nonnegativity of the 4 term, we obtain

1d 1
§£|lumlliz(gl) + 20| D ()| 7210,y + K2 Voml 2,

< STOHID (um)llz2(,) + Sall ¥l z2(0) | Vil 2y + SallTT| () | Veom|l 202

H*%wm)'

Thus, by Young’s inequality,

1d 1 1
5@”’%”%2(91) + V| D ()| 720,y + §||K2V<Pm||i2(92)
C252 Sy T2
2,3 3 D"~2 2 2 2 N 2
< SiCBID(wm) 7200y + TH‘PHLQ(QQ + WHHHLQ(QQ) + WHQHH_%(FQN)-

(3.118)

The term that gives a problem is the first term on the right hand side of (3.118).
We want to hide it in the second term on the left hand side. Observe that under
the assumption u,,(0) = 0, the continuity of the solution implies that there exists

T,, > 0 such that T,, < T, and

v

vt € [O’Tm]’ ||D(um>HL2(Ql) < 45’20%

(3.119)

Our aim is to show that (3.119) holds for all ¢ € [0,7,,]. This will give an a priori
bound for the Galerkin solution (u,,, ¢,,) thus enabling us to conclude that T, = T.

We will proceed by contradiction and assume that there is a time 7™ such that

0<T*<T, and

v * v *
D ()| 2201) < m, 0<t<T" [[D(un)rzo,) = mv t=T". (3.120)

Observe that (3.120) suggests || D(um)|z2(0,) < 5575 on [0,7%]. Then from (3.118)
4~ D
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using Cauchy-Schwarz on the first term, we see that

02 52

v 1,1
§||D(Um)||%2(nl) + §||K2V90m||%2(92) < lupllze@n lwmllz2 @, +

Sz

m

120,

TX |12
mHHHLz(m s lall s,y (3121)

Now we need to bound the first term on the right hand side of (3.121). A common
approach to find a bound for ||u, || z2(q,) is differentiating the first equation (P,,) with
respect to t (See [78] for the procedure). As u! (t) € V,, and ¢!, € M,,, choosing

v=u and ¢ = ] yields
(U’Z@? u;n)Ql + 2V(D<u;n)7 D(,u’;n))gl + (u/m ’ Vum, u/Vn)QI + (um ’ V'U/;n, u’;n)ﬂl
H(E Ve, Vo), + (U, @i s #1) = (B wr, ), + (T, 07,)0, + (9 00 ran-

Using Holder’s and Cauchy-Schwarz inequalities and nonnegativity of 4 term, we

obtain

1d

1
Sl ey + 21D ) + 1KVl o

< 253V, 7200 IVl 20y + Sal[ 200 [ Ve, [l 2

+ S|l 202 | Vil 20 + Tl gl -3 o, IVl 220020

Thus, similar to before, we have

1d 1 1
thHumHL2(Ql + v D(u, )Hiz(gl)+§HK2V<P21H%2(92)
C3 52 5'2
< 2SCHID (w1720 1D (W) [ 2021y + — ™ 2||‘I"||L2 @) Ty — — |17 20,
||9 ||2 . (3122)

)\mzn Tan)
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Then the assumption (3.120) and the equation (3.122) imply for all ¢ € [0, 7] that,

1d 14 1 1
__||u;n||2L2(Ql) + _||D(u;n)||%2(§21) + —||K2V90;n||%2(92)
2dt 2
CHS3 a2 Sy’ ,
= 11220 + 35— 1T 120 Amm”g I s, (3123)

Multiply this by two and integrate from 0 to ¢ to obtain

t t
1
s, ()1 7200, — ||U§n(0)||%2(gl)+V/ ||D(U§n)||%2(91)dt+/ 12V, 17 (0, dt

_ 383 25,

< D2 W gy + 5 Io')?

L2(0,T;H ™2 (Tan))

(3.124)

272
T |22 0 720620y +

)\mzn mzn

for all ¢ € [0,7*]. To bound the term ||u;%(0)||%2(91) on the left hand side of (3.124),
we use v = o/, (0) and ¢ = 0 in the first equation of (P,,). Since u,,(0) = 0, this

yields the following when evaluated at time ¢ = 0:

27, ()7 + (2 (0), 27, (0) - maz)ry, = (2(0), uy,(0)).

Therefore we have

et (0) 2oy < IOl e 800 (0) - 2] 3

+ 12 (0) [ 20 17, (0)[[ L2y (3.125)

From Lemma 72 in the Appendix, there exists a constant Cy, > 0 such that

247, (0) - a2, < Cplu, (0)|z20y)-

(H? (T12))

Hence from (3.125),

17 (Ol z2(20) < Crllom O3 1) + 1O 22000 (3.126)
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We bound ||, (0)]| 1

1k OB the right hand side of inequality (3.126) by plugging
12

v=0and ¢ = ¢,, in (P,,) and evaluating at time ¢ = 0. This gives

(KV©m(0), Vi (0))a, = (T1(0), 91,(0))a, + (9(0), ©m(0))r,-

Then (3.31) and the Cauchy-Schwarz inequality imply

2
(Ol 02y < 5 — (O30 lem(O) 120 + 19O - . [0 Ol 30,

Hence by the Poincaré inequality and the trace theorem, we obtain

T12 5
J2mOl 3 g,y € 3 (Sl ) + Tl Oy 3, ) (3127

Therefore, (3.124), (3.126) and (3.127) yield

()20 + v / 1Dt + / KAV o

4C3TY (& ) ) ) ,
< 52 (5100 ey + RGO, ) + 21 O) s
CpS3 2522 272
+ > 2|’ ||L2(0TL2(91)) + —)\mm||H’||%z(o,T;L2(92)) )\mi\;” ||i2(0TH 3 (Tam))
(3.128)

for all ¢ € [0, T*]. This gives the bound for ||u§n]|%2(gl) on the right hand side of the
inequality (3.121).

To get a bound for ||, [|2(a,) on the right hand side of (3.121), we multiply (3.118)
by two, and use the assumption (3.120) which says S;C3 || D(wn)||12(0,) < v/2. This

implies

d 1
%HumHiaml) + VD (wm)l 20,y + K2V om 720,

0282 252 2717
< LN o)+ o T+ 5ol
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We then integrate both sides from 0 to ¢ for all 0 < ¢ < T™* and use the second

condition in (P,,). This yields

t t
1
||um||2Lz<Ql)+V/o ||D(um)|liz(gl)dt+/ 1=V o722y
0

_ b3 25,
Y 2@ 3. or:2@n2) t v T2 r2(00)) +

)\min

272

lgll?

(3.129)
L2(0,T;H™ % (Tan))

A777,7/77‘
Combining (3.128) and (3.129), we finally have the following bound to be used in
(3.121):

w20 lwml 2 ) < A

where A is defined as in (3.116). Thus we conclude from (3.121) that

2 C352
1D () |72(0,) < ;<A+ 21N e 0122 (62092
S3
+ )\mzn HHHLOO 0TL2(QQ)) Lo (0,T;H™ 7(F2N))>.

Since this inequality is valid for ¢ = T™ and because we have made the assumption

(3.114) on the data, we conclude that
1D (um)ll20) < 7o mg t=T1"

which is a contradiction.

To summarize, we showed the existence and uniqueness of the maximal solution
(W, @) on the interval [0,7,,]. From the a priori bound (3.129) valid for [0, T,,],
we conclude that the solution to the problem defined by (P,,) exists on the whole
interval [0,7]. Finally, we deduce the (w,,,¢,,) version of the bound defined in

(3.115). Indeed, taking supremum over [0, 7], we obtain for any m > 1,

tS[l(l)l;} [ (t )”L2 @) T V||D(um)||L2 0,T;22(01)2%2) T ||K v‘Pm||L2(0TL2( y < M2,
S b

(3.130)
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Note that M is independent of m. Next step is to pass to the limit in (pm) to obtain
a solution to the problem defined by (Py).

We start by examining the bound (3.130) on the sequence {(®,, m) }m which will
give us the necessary convergence results for {w,,},, and {¢,,}.n. First, (3.130) says
that {w,,}n is bounded in L?(0,7; V) and {p,}m is bounded in L?(0,T; My). As
both V' and M, are reflexive, up to a subsequence, there exists u € L?(0,T; V) and

¢ € L*(0,T; M) such that

U, — u, weakly in L*(0,7;V), (3.131)

©Om — p, weakly in L*(0,T; M). (3.132)

The bound (3.130) also says that u,, is bounded in L>(0,T; V). This gives a further

subsequence, still denoted by u,, such that
w,, — u, weakly-x in L>®(0,T; L*(Q)?). (3.133)

Furthermore, from Lemma A.1 in the Appendix, u,, is bounded in H?(0,T; V', L*(;)?)

for 0 <y < i. Hence, from a compactness result [71, p.186], we have
w,, — u, strongly in L*(0,T; L*(Q;)?). (3.134)

Lastly, we can pass to the limit in the interface terms, as the continuity of the trace
operator implies

U — u, weakly in L(0,T; H2(9)?), (3.135)

om — o, weakly in L2(0,T; H2(0)). (3.136)

Using these convergence results, we pass to the limit same way as before which com-

pletes the proof of Theorem 45. O
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The balance of forces interface condition doesn’t really make up for the nonlinear
term completely. However, if we assume an additional small data condition, we can

obtain local uniqueness of (u, ).

Theorem 46. Under the assumption ||D(u)||r2q,) < the solution (u, ) of

v
2013
S4CD

(Py) is unique.

Proof. Let (u, ) and (@, @) be two solutions to (Py). Let w = u—w and ¢ = ¢ — .

Then for all v € V and g € Mo,

(wt,v)q, + 2v(D(w), D(v))g, + (- Vu — @ - Vu,v)q, + (KVe,Vq)a,
Y(w, 9;0,q) = (@, $;v,q) = 0
and for allv € V,
(w(0),v)q, = 0.
Letting v = w and ¢ = ¢ yields

1d

_ _ 1
51 lzz ) + 2D W)|[feg, + (w- Vu — @ Vi, w)o, + [|K2 V|72, < 0

We rewrite and bound the third term in the above equation as follows:

(w - Vu,w)q, + (@ - Vw, w)q, |
< wll7a)IVull2 @) + 1@l zs@nlI Vw2 |wl L)

< 2810 | D(w)|[72 () (1D () 220,y + [D(@) [l 220) - (3:137)

Thus, we obtain

1d

51w lzzn + (2v = 2550 (ID (W) 120, + 1D(@)22(0,)) 1D (w)l[ 720,

1
KV, <0 (3.138)
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Therefore, given || D(u)| < Ei%g for any solution of Py,

1d

1
5 77 1wl + 12 Vel q,) < 0. (3.139)

Now, integrate this from 0 to ¢. As, w(0) = 0, we get

1 Lo
SOy + [ 1EETelagdt <0 (3.140)
0
for ¢ € [0, 7). This yields w =0, ¢ = 0. O

The construction of the Navier-Stokes pressure p from the solution of (Py) follows

the same proof as in the case of Model I.

3.4 Summary

In this chapter, a mathematical model is presented for the coupled surface and sub-
surface flow. The proposed weak problem is analyzed completely for two different
models. For Model I, where we include the inertial forces in the interface conditions,
the existence result is obtained unconditionally. However for Model 11 because of the
missing inertial forces, a small data assumption is required to prove existence. Then
for Model I, a numerical scheme based on DG methods and Crank-Nicolson method
is derived and optimal error estimates in space and second order estimates in time are
proved. Similar results have been proved using the FEM method rather than the DG
method [35]. The analysis of this method is not included as it is a simplified version

of the DG analysis and same error estimates hold.
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Chapter 4

Coupling of Surface Flow and Transport with
Miscible Displacement

In order to better understand the groundwater contamination problem, we consider
the miscible displacement in the subsurface whereas the surface flow is characterized
by the steady-state case of the Navier-Stokes/Stokes equations from Chapter 3 where
they are coupled with a transport equation. Our motivation is to predict how the
coupled surface and subsurface flow carry the pollutants to the groundwater supplies.
The first section introduces the model problem for both the Stokes and the Navier-
Stokes cases following exactly the notation of Chapter 3 for the flow part. The second
section considers the Stokes/Darcy coupling, which can be thought of as the linear
case of the Navier-Stokes/Darcy coupling, for the underlying flow problem. This
part is a more elaborate version of [55] and proves the existence of a weak solution.
In the following section, these results are extended to the full Navier-Stokes/Darcy
problem. The numerical analysis and simulations of a special case, which is the one-
way coupling of the Navier-Stokes/Darcy flow with the transport equation, are given
in the last section. Here the velocity acts like an input to the transport equation.
This part comes from [58] where the numerical scheme is based on a combination of
FEM and DG method in space and backward Euler method in time. The convergence
analysis is provided for this problem and to show the robustness of the derived schemes

one numerical example is also presented.
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4.1 Model Problem

This section defines the model problem with the assumptions on the data for the
coupling of a transport equation with the surface/subsurface flow. The equations are
coupled through the velocity field and the concentration. The flow problem of this
chapter for the Navier-Stokes problem is the stationary case of Model II of Chapter 3
with minor differences, and for the Stokes problem the nonlinear term is also omitted.
For the sake of completeness, we present the problem once more. Let w, p and ¢
denote the fluid velocity in €2, the Stokes pressure in 2; and the Darcy pressure in
)y, respectively. We assume that |[I'1| > 0. Let Q7 = Qx(0,7) and X7 = 92 x (0,T).

The flow is characterized in the surface €2; by the Stokes equations
-V - 2u(c)D(u) —pl) =¥, in Oy x (0,7), (4.1)
or the Navier-Stokes equations
=V - Q2u(e)D(u)+u-Vu—pl) =¥, inQ x (0,7), (4.2)
and the incompressibility condition
V-u=0, inQ x(0,7). (4.3)
In the subsurface €25, the flow is governed by the Darcy’s law
u:—£(Vgo—pg), V-u=1 inQy x (0,7). (4.4)

p(c)

Note that we take into account the gravitational pressure drop in the Darcy’s equa-

tions. The interface conditions are given by the continuity of the flux,

U’lQl ‘Mg = ’U,|Q2 * N9, on Flg X (O,T), (45)
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the Beavers-Joseph-Saffman law [2, 3],
GK 2ulo, - T12 = —2u(c)D(ulo, )nia - 712, on T x (0,7), (4.6)
and the balance of forces without the inertial forces,
((—2u(c)D(ulg,) + p)nis) - mia = ¢, on 'y x (0,7). (4.7)

The Stokes/Darcy flow is fully coupled to the following diffusion-convection transport
equation which defines the concentration (fraction of volume) ¢ of a contaminant

transported in the domain 2 over the time interval (0,7).
0 :
a(gbc) — V- (F(u)Ve—cu) = A, inQr. (4.8)

This system of equations is subject to the following boundary and initial conditions:

u = 0, onlyx(07T), (4.9)

u-n = U, onlyx(0,T), (4.10)
c—C)(u-n), ondQ;, x(0,T

F(u)Ve-n = ( ) ) 0.7) , (4.11)
0, on 0Ny X (0,7

c = ¢, inQx{0} (4.12)

where the inflow boundary and outflow boundaries are defined as
Oy = {x €00 : (u-n)(z) <0}, O :={z€dN: (u-n)(x)> 0}
Since |Typ| = 0, the uniqueness of the Darcy pressure is satisfied by the assumption

/Q ¢ =0. (4.13)

In the following, we define the coefficients of the equations above and set suitable
assumptions, which are necessary for the conclusions of this chapter, on these coeffi-

clents.
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The fluid viscosity u = u(c), which measures the resistance of a fluid to flow,

belongs to C(R*;R™) and there exists pp, puy > 0 satisfying

pr < p(z) < py for any x € RT. (4.14)

The symmetric rate of strain matrix D(u) = 0.5(Vu + (Vu)?) is the same as

in Section 3.2 and so satisfies (3.15) and (3.29).

The vector function ¥ and the scalar functions, IT and A are the source/sink

terms such that
>0, IlTe L2(0,T;L2(§22)), ¥ c LZ(O,T;L2(§21)2)

and

A>0, Ae L0, T;L>(Q))N L*0,T; (H'())).

The permeability matrix K € L>®()?*? is a symmetric positive definite matrix

bounded from above and below by ky > 0 and kz, > 0, that is,
VEER?, kué-€ < KE-E<hub- (4.15)

Remark 47. In the previous chapter, the matriz K is the hydraulic conductivity
which is proportional to the ratio of the permeability to the viscosity. Thus it
was a property of both the porous media and the fluid. Here K is only related

to the porous material.

The fluid density p is a positive constant.

The gravitational acceleration g belongs to L>°(£2).
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e The coefficient GG that appears in the Beavers-Joseph-Saffman interface condi-
tion (4.6) is a positive constant that depends on the properties of the porous

medium and is determined experimentally [2, 3].

e The porosity ¢ is defined to be the ratio of the void volume to the total volume.

There exists ¢ > 0 such that

o) =1, ae inQy, o¢p<o¢x)<1, ae inQ. (4.16)

e The diffusion/dispersion matrix F'(u) is equal to d,,I in the surface (2; as in
river flow dispersion is not that important because of high velocity. In the
subsurface Q, F'(u) depends on the velocity in the following manner [79]:

uu’
F(u) = (aflul| + dpn) I + (- at)w,

where d,, > 0 is the molecular diffusivity constant, «;, oy > 0 are the longitu-
dinal and transverse dispersivities and || - || denotes the Euclidean norm. F'(u)
can be shown to be a continuous and bounded function from R? to R?*2, that

is, there exists Fx > 0 and Fg > 0 such that
F(w) is measurable Vw € R?, ||F(w)|| < Follw||, [|[F(w)| < Fp. (4.17)

In addition, F(w) is assumed to be uniformly positive definite for all w € R?,
that is,

Ja>0: Fw)-£>af € VEER (4.18)

e The boundary flux U belongs to L?(0,T; L*(Ty)). Because of the Neumann
boundary condition on the subsurface region, the data II and i/ are assumed to

satisfy the compatibility condition

/FU:/Q 1. (4.19)
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We assume that there is a subset of I's of positive measure, corresponding to
an outflow boundary, on which i is positive. From (4.9), we extend U to I'y by
zero and write:

u-n=U, on ON. (4.20)

e The function C is the prescribed concentration on the inflow boundary such that
CelL>Xr), C>0, ae. inXy. (4.21)

For any function z, we define the negative part z~ and the positive part z* as

:|z]—z S+ |z| + =

2 2

Note that zt = max(0, z) and 2~ = max(0,—z). Using these definitions, we
rewrite (4.11) as

F(u)Ve-n=(C—-—cU", onr. (4.22)
e The initial concentration ¢y € L>(€2) satisfies

o >0, aein Q. (4.23)

We again recall from the preliminary section two trace inequalities and the Poincaré
inequality that we use frequently. Let D be a bounded domain in R?. There are
constants M, My > 0 such that for any function z € H*(D), we have

12l 220p) < Ma||z]| (), (4.24)

HZHL‘l(aD) S M4”ZHH1(D)' (425)
In addition, if z € H'(D) such that z = 0 on a subset of D or [, zdx = 0, then there
exists Mg, Mp > 0 satisfying

||Z||L4(D) S MS||VZ||L2(D)7 (426)

12l 220y < Mp || V2 r2(p).- (4.27)
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The next section analyzes the problem when the Stokes case is considered for the

surface flow.

4.2 Coupling of the Stokes and Darcy Flow with Transport

The following defines a weak formulation based on the model problem.

4.2.1 Weak Formulation

Let us first define the spaces for the Stokes velocity, the Stokes pressure and the Darcy
pressure. The first two spaces are the same as in Chapter 3 but the Darcy pressure

space is a little different as (4.13) is assumed for uniqueness.

X =Hyp, (1), Ri=L*Y), R={qcH'(Q): / q=0}. (4.28)

Qo
Also from Chapter 3, Model II, recall the definition of 4 for the interface terms. For

all u,v € X, and for all p,q € R,

- _1

F(u,p,v,q) = (p,v-n2)r, + GEK 2w - T12,v - T12)r, — (U - N2, q)ry,
which takes a nonnegative value when u = v, p = q.

Definition 48. The weak formulation of the coupled flow-transport problem defined
by (4.2)-(4.13) is to find u|g, € L*(0,T;X), p € L*(0,T; Ry), ¢ € L*(0,T; Ry) and

c€ L*0,T; HY(Q2)) N L*>°(Qr) such that

t—c(-,t) € C([0,T]; (H'()), t— %(.,t) e L*0,T;(HYQ))), and (4.29)

c(+,0) =co(+), a.e inf (4.30)
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satisfying for allv € L*(0,T; X), r € L*(0,T; Ry) and q € L*(0,T; Ry),

| (200D w). D)o, + (5 (V0= p9). Vo, = (- w2k

+(V~u,r)gl—i—fy(u,gp;v,q))dt:/OT ((\Il,'v)gl—|—(H,q)92—(u,q)p2>dt (4.31)

and for all ¢ € L*(0,T; H'(Q)),

T o
| @5 iyt | (E@ecu)Vodwdes [ (U - cuyudod
0 T xr

T
:/ (N, V) )y m@)dt. (4.32)
0

The velocity u|q, € L*(0,T; L?(Q5)?) in the Darcy region ), is obtained from the

Darcy pressure ¢ by the equation

u= —%(V(p —pg), a.e. inQy x (0,7). (4.33)

Derivation of the weak formulation :
Let ¢ € L*(0,7; H'(Q)). Multiply (4.8) by %, integrate over Q7 and use Green’s

formula:

/ §(¢C)¢dwdt + / (F(u)Ve — cu) - Vipdzdt — / (F(u)Ve — cu) - nipdodt
Q

- ot T X
T
:/0 (A ) @y i@t
Assuming ¢% € L*(0,T; (H'(R2))'), and observing from (4.22) that
(F(u)Ve—cu) - n=Fu)Ve-n—cu-n)" +c(u-n)" =CU —cU,

we obtain

T
0

ot T Xr

T
:/ (N, V) (1 )y 11 (@)dt
0
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which yields (4.32). The weak formulation for the flow part is gathered similarly as
in [38].

4.2.2 Existence of a Weak Solution

The following theorem gives the main result of this section which is the existence of

a weak solution.

Theorem 49. There exists a weak solution (u,p, p,c) to the problem defined in Def-

inition 48. In addition, (u,p) satisfies

1,1 MZC?}
2u]| D (w20 i22@0202) + M_UHKQVSOH%%&T;L?(Qg)?) < L2132 0.1 20002)

3pu p*T*

+ s (MIZD“HH%Q(O,T;LQ(Qz)) + MZ|[UNZ2 070200y T ) (4.34)

and c satisfies
A :
0<c<||— + max(||col| o), [ICllLo(ny)),  a-e. in Qr. (4.35)

LY(0,T;L>=(2))

The existence result is shown using the method in Chapter 3, which is working on

the space of divergence-free functions V' defined by
V={veX:V-v=0inQ}.

Using this space another variational formulation of (4.31) is defined where the Stokes
pressure term p is eliminated, that is,
Find ulg, € L*(0,T;V) and p € L*(0,T; Ry) such that for all v € L*(0,T; V) and
for all ¢ € L*(0,T; Ry),
r K
| (200D ). D)o, + (75 (0 = p0). Vo, +i(u. 0.

= | (@)o, + (g, — @)t (436
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The following states the existence theorem for this new problem.

Theorem 50. There exist ulg, € L*(0,T;V), p € L*(0,T; Ry) and ¢ € L=(Qr) N
L*(0,T; HY(QY)) satisfying the equations (4.29), (4.30), (4.56), (4.32), (4.33) and the
stability bounds (4.534) and (4.35).

The proof follows a similar technique as in [52, 53] and is based on a Galerkin
approach in time and consists of several steps. First an intermediate result and re-
lated estimates are proved. This solution to the intermediate problem is then used
in the definition of the approximate solution. Then passing to the limit in this ap-
proximate definition proves existence result for the restricted problem as stated in
the Theorem 50. Finally the main result Theorem 64 is deduced by recovering the

Stokes pressure p which was lost due to the restriction to V.

Approximate solution Extra notation is necessary for both the intermediate and

the approximate problems. For a fixed positive integer N, let At = % Let t; = iAt,

i = 0,...,N. Next, for any Banach space B and for any z € L'(0,7T; B), define
averages at each time step by

iA

=N, = 1 '

0 At Ji—1yae

z(t)dt, i=1,...,N. (4.37)
This averaging technique is applied to the source terms A, ¥, II, the boundary flux
U and the inflow concentration C to obtain

N —N —N N =N =N N

AN @Y, LR, =@, o), T =@, T,

N N =N N

U =U,,... .Uy, C =@Cy,....Cx)

Observe that for any z € L>(0,7;B) and i = 1,..., N,

= = s Y i, <~ /A 2@ Dllodt < 2l
At Ji—1)ae At Ji—1)ae
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Hence,

Iz < llzllz=@rm), @=0,...N. (4.38)

Also for any z € LP(0,T;B), 1 < p < oo, Holder’s inequality imply that for any

i=1,... N,
1 1AL 1 1AL %
Fle< g [ el s — ([T atenigar)
At Ji-at (At)% (i-1)At b
Therefore, 1 < p < oo,
||§iV”B < HZ”LP(O,T;B)a 1=0,...N. (439)

(At)»

The following proposition introduces the intermediate problem to (4.36) and (4.32).

Proposition 51. Forn = 0,...,N — 1, given C~ € L?(), there exists a unique

(U, ®N. ) € V x Ry satisfying

(P) v<v7 Q) eV X R27 2(M(CrJLv>D<Ur]2]+1)7 D(”))fh + (#(g;zy) (V(I)nNJrl - pg)a VQ)Q2
~ —N =N —N
+’7(U712[+17 q)g-i-l; v, Q> = (‘I’n—i-lv ’U)Q1 + (Hn—i—la Q)Qz - (un+17 Q)F2'

In Qy, if U, € L*(22)? is defined as

K

U, = _W(vqﬁjﬂ —pg), in Sy, (4.40)
then it satisfies
V-UN, =T, in O (4.41)
and
U, on=0U,, in T 4.42
w1 M=U, 2- (4.42)
Furthermore,

1 .
2u| DU ) 720, + N_U”KQVq)i:[—&-lH%?(QZ) < (Mp)?, (4.43)
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where MY, is a constant independent of U, | and ®Y ., and defined by

M2
b= (5 21l

=

Sy —=N —N 0 2
+ E(MJ%HHnHH%?(Ql) + M22||un+1||%2(1_‘1) + HJ_QHKQHQLQ(QQ))) . (4.44)
L

Proof. The proof of the existence of (UZ, |, ®Y ) in a ball of radius M7, with respect
to the norm

1
2

.01l = (20l DO ey + KT o)

can be established by a slight modification of the existence proof of [38] which involves
a Galerkin approximation and a variant of Brouwer’s fixed point theorem. For other
proofs refer to [41, 40].

To obtain (4.41), let v = 0 and ¢ € C§°(£2) in (P). Then using (4.40),
N =N
_(Un+17 V(])§22 = (Hn+17 q>Q2'
So (4.41) holds in the distributional sense, that is,
V.UM, =T, inQ.

To show (4.42), let v € C5°(€4)? and ¢ = 0 in (P). Then

2(u(CY)D(UY,,), D(v))a, = (¥, )0,

and together with (3.15) the definition of weak derivatives yields
—2V - (u(CN)D(UY,) = Ty, inQ, (4.45)

in the distributional sense. Multiplying this by v € X, integrating over 2; and using
Green’s formula, we obtain

—N

Q2CHDU,L,), D(w))a, — (2u(CY)DU; )1, v)og, = (¥, 11, v)a,. (4.46)
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Next, multiply (4.41) by ¢ € Ry and use Green’s formula to get

_<U£LV+17 Vq)92 + (UnN+1 ", q>392 - (Hn+1> q)Q2‘

Adding this to (4.46), comparing the sum with (P) and using (4.40) yields,

- —N
(QM(Cg)D<UnN+1)nQ1 ) U)aﬂl + 7(U712[+17 (I)izv-i-l; v, q) - (Uiv-i-l " n, q)BQQ = _<un+17 q)Fz'

Letting v = 0 in this equation and choosing ¢ such that ¢ = 0 on I';5 implies

(UnN—H "n, q)Fz = (un-i-l’ Q)Fz'
Therefore, (4.42) holds. O

Proposition 52. Forn = 0,1,...,N — 1, given CY € L*(Q), there exists C}.| €

HY(Q) satisfying

—-—N

An+1

_N
0<Cly(a) < At + max (HOq]@VHLOO(Q)) ||Cn+1||L°o(aQ)> , a.e x €

L>(9)

(4.47)
and for all ¢ € H*(Q),

1

A7 [ 0lC — Cvda + [ (P@YL)VCY, — CLUN) - Vide
—N N —N _ —N

+/89(C7]1V+1(un+1)+_Cn+1(un+1) WdUZ/QAndew- (4.48)

where Uﬁyﬂ is defined in Proposition 51.

Proof. In the following, the superscript N is dropped for convenience. Let

A, _
M = At H +1 + max (HCTZHLOO(Q)? ||Cn+1HLoo(aﬂ)) .
¢ @)
Define a bounded piecewise function H on R by
0, if x <0,
H(z)=4q z, if0<z<M,

M, ifx>M.
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The existence of C,,.; € H'(2) will be shown such that for all p € H(Q),

1
Kt / ¢(Cn+1 — C’,Jlﬁd:l: + / F(Un+1)von+1 . Vibda: — / H(On+1)Un+1 . V@Z)dm
Q Q Q

4 / (Cos@sr)" — Coss Wosr) Yoo = / Rporvde. (4.49)
o

Q
Observe that the solution to (4.49) solves (4.47) and (4.48) if 0 < Cpy1 < M, ae.
in Q. Theorem 9 (Schauder’s fixed point theorem) is suitable to show that such a
solution exists. Define an operator 6 : L*(Q2) — L*(Q) by 6(w) = v where v is the

unique function of H'(2) such that for any ¢ € H*(Q),

1
E/Qéﬁvlﬁdw—l-/QF(Uml)Vv.de:c—l—/mv( ni1) TUdo
1 A J—
_E/chcnwda:+/ﬂﬂ(w)Unﬂ-wdm+/mcn+1( 1) ¢da+/QAn+1¢dw.
(4.50)

Clearly, any fixed point of (4.50) is a solution to (4.49). Well-definition of 6 comes

from the Lax-Milgram theorem. Indeed, define a bilinear form B by

B(v,v) = Ait /Q o vipda + /Q F(U,:1)Vv - Vipde + /aﬂv (U,1) T bdo,

and a linear form £ by

1 —

Then from the Cauchy-Schwarz inequality, (4.16), (4.17), (4.25) and (4.39),

1
|B(v, )| < EHUHH(Q)IWHB(Q) +[[F(U 1) Vol L2 | VY 22 ()
+ ol Laoe) | Uns1) 200 191 24 00)

_At||v||H1(Q)H¢||H1 o) + Fallvllm@ ¢l @) + MEloll o) Unsi || 200 |90 #0)

1 M}

— (E + g+ Até ||u||L2(0,T;L2(aQ))> vl @) 19| 1 @) -
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Thus, B is continuous. Coercivity of B follows from (4.16) and (4.18).

1 —
B(v,v) = E/ﬂ(bUde + / F(U,4+1)Vv - Vudx + /mZ/{JerdJ

oL ¢L
> o lvllie@ + allVollieg 2 min (e ) [0l )

Finally, using the bound on the function H, the Cauchy-Schwarz inequality, (4.16),

(4.24), (4.38) and (4.39), L is continuous as shown below:

IL(y)] < At“o 2@l L2 ) + MIUn sl 22| VY| 20

+ 1ICrall o o) 1 s 1 | 22 00 10| 220092 + I Ansa i @y 10 )

1
< (llCulleze) + MIU w2y

1
1 - (MaICl| Lo = U] L2 0,752200)) + 1A L2075 2 )) 9] £ 02)-

Hence from Lax-Milgram theorem there exists a unique v € H*(£2) such that B(v, ) =
L() for any 1 € H'(Q).

Schauder’s fixed point theorem requires that 6 is continuous and 6(L?(2)) is rela-
tively compact in L*(Q2). The relative compactness property will follow from Rellich-
Kondrachov theorem [60, see remark 6.3] once 6(L?*(f2)) is shown to be bounded in

H'(Q). In (4.50), take ¢ = v,

1 _
—/¢v2dw + / F(U,1)Vv - Vode +/ Upsr) tvPdo
At Jq Q 0

1 - — _
= —/¢Cnvdm+/H(w)Un+1-Vvda:+/ Cn+1(l/{n+1)_vda+//\n+1vdm.
At Jq Q 00 Q

Therefore, by positiveness of the third term, boundedness of H, (4.16), (4.38), (4.39),
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(4.18) and (4.24),

oL 1
“ollZa ) + @l Vllie < = 1Call@llvlize@) + MIU 2@ I Vollzae
At At
+ [|Criall o) U1 L2 00 10| L2 002) + [ Mm@y 0] o)
< Al|lv|| 1)
where

1 _ _
A= (E||Cn||L2(Q)+M||Un+1||L2(Q)+M2||Cn+1HLoo(aQ)||Un+1|’L2(8Q)+||An+1||(H1(Q))’>~

Therefore,

P

ol € ———— (4.51)
mln(%, 5)

which means that (L*(£2)) is bounded in H'(Q) as and A is independent of w.

To show the continuity of 0, let {wy}i, be a sequence in L?(2) such that w;, — w
in L?(Q). Let vy = 6(wy). The convergence v, — 6(w) in L?(2) will be shown by
using the estimate (4.51). First from Lemma 1, convergence of {wy}; to w in L?(Q)
implies that there exists a subsequence wy,, wy;, — w a.e. in Q as j — oo. As H(w)
is bounded and continuous in w, H(wy,) — H(w) a.e in 2 as j — oo. Then by the

Lebesgue dominated convergence theorem,
H(wy,) — H(w) strongly in L*(1). (4.52)

By (4.51), {vg,}; is bounded in H'(Q) so there exists a subsequence still denoted by
{vk, }; such that

v, — v weakly in H'(2) (4.53)

for some v € H'(Q2). As H'(Q) is compactly embedded in L?(f2), again, up to a
subsequence,

v, — v strongly in L*(€). (4.54)
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Since the trace function is continuous from L?(2) to L?(992),
v, — v strongly in L*(992). (4.55)

Consider (4.50) with v, and wy, in place of v and w. With the above convergence
results (4.52), (4.53), (4.54) and (4.55), passing to the limit in (4.50) yields v = 0(w).
Hence vy, — v = 6(w) strongly in L*(Q2). Similarly, every subsequence of {u};
converging in L?*(2) has limit 6(w). Therefore {v;}; has a unique accumulation
point. As 0(L*(Q)) is relatively compact in L?(Q), O(wy) = v — O(w) in L*(Q).
Hence 6 is continuous which concludes that there exists a fixed point C,,1 € H*(Q)
satisfying (4.50), hence yielding a solution to (4.49).

Next step is to show that 0 < C), 11 < M, a.e. in Q which proves (4.47) and also
implies that H(C)41) = Cpy1. This will give (4.48).

Let us first show Cp,41 > 0, a.e. in Q. From Stampacchia [80, p.50], C,,,, € H'().

n

In (4.49), let v = -C, 4

1
RS /Q H(Crusr — Co)Cor, e + /Q H(Cop)u - VO da

- / F(Un+1)VCn+1 ’ VC’T:Hd:L‘ _/ (Cn—i-lH:H _6n+1UT:+1)C;+1dU
Q o0N

Q
Observe that for any function z,

—(z7)%,  ifz<0,
zz” = =) = —(z7)2
0, otherwise

Similarly, F(U,41)VCyy1-VC, | = =F(U,41)VC, ;- VC, ;. The second term in

the equation vanishes since for C,,11 <0, H(Cp41) = 0 and for Cy, 14 >0, C ., = 0.
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Therefore,

1 1
E/Q¢(Cn+1>2dw+ E/Q¢Cncn+1da3+/QF(Un+l)VCn+1 VO, dx

+/ (Cn+1)2ﬂn++1do-+/ EnHHnHCanU“‘/KnJrlCana?:O
o9 20 Q

Observe that Cy > 0 and U,;l,U:H?CnH,AnH > 0, for all n > 0. This, together

with (4.18) shows that

1 1 —
—/¢(C1)2dw+—/¢CoCldw+a/ |VCl|da3—|—/ (C)U, do
At Jq At Jq Q 09

+ @1510;d0+/K10;da: =0,
o0 Q

in which all the terms except the first one are nonnegative. Hence Ait fQ d(Cy )23dx <
0. This implies C] =0, a.e. in €2 as ¢ > 0. In other words, C; > 0, a.e. in 2. Then
an induction argument shows that C,, > 0, a.e. in €2 for all n > 0.

Now we will show C), 11 < M, a.e. in Q by proving that (C,,;1 — M)* =0, a.e. in
Q. As before, from [80], (Cpyy — M)T € HY(Q). So let ¢ = (Cpig — M) T in (4.49).

1

7 [ 6(Cuss = C)(Crs = M) de — [ H(Cor)Unis - V(Coes — M)
Q Q

+ / F(Unit)VCir-V(Coor — M) dz+ / (Cos T —Coiill ) (Coiy = M) do

Q o0

_ / Koir(Cosr — M)Hdw = 0. (4.56)
Q

Note that

F(Un-i-l)von-i-l : V(Cn-i-l - M)+ = F(Un+1)V(Cn+1 - M) ' V(On-i-l - M)+

- F(Un+1)V(Cn+1 - M)+ ° V(On+1 - M)+
So, the third term in (4.56) is positive by (4.18). Now let

I=- / H(Cn+1)Un+1‘V(Cn+1—M>+dm+/ (Cn+1 a:_H—En+1u7:+1)(on+1—./\/l)+d0'.
Q o0
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From the definition of H, we have
H<Cn+1)Un+1 ' v(C'n+1 - M)+ - MUn—H ' V(Cn—i-l - M>+7 a.e. in (2.

This and the Green’s formula gives

I = / MYV . Un+1(On+1 - M)+dm — Mun+1(0n+1 - M>+d0'
Q o0
b [ (ol = Conlly ) (ot = M) o
oN

Then by (4.41) and (4.42), we obtain

I= [ M (Crpr — M) dz + / (Cpr — MYTL(Crr — M) Fdor
Qo o0

+ / (M - 671—}—1) Un_—l—l(on-i-l - M)+d0'.
o0

Note that M, I1,,,1, (Crp1 — M) and H:H are nonnegative and C,,; < M. These
together with the fact that (C1q1 — M)(Cpys — M)T = ((Cpyy — M)T)? yields T > 0.

Then from (4.56) we conclude that

/(¢(On+1 - Cn) - AtKn+1)(Cn+1 - M)erfl? S 0.
Q

As C,, + At% <M, ae inQ Cyy—C,— At% > Chy1— M, ae. in Q. Hence

Jo o((Cryn — M)T)?da < 0 yielding
(Cpy1 — M)t =0, a.e. in Q.

This concludes the proof. O

Let C) = ¢p, @) =0, Uév = 0 and by Proposition 51 and Proposition 52, define
cN=(y,....cY), N = (@,...,eN), UN = (U},....,UY).

Now we will define constant and linear interpolation operators for the approximations

of AV, T, TV, ¢ and ON, UV, oV
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Definition 53. Let B be a Banach space. For & = (&,...,&y) € BNTL define
1§, 1€ :[0,T] — B by

507 t=20
o1, YnAt<t<(n+1)At, n=0,...,N—1

fof(t) =
and

t t

LE)=(1+n—— )&+ ——n) &1, fnAt <t < (n+1)At,n=0,...,N—1.
At At

Also define Z) to be the extension of the constant interpolation operator such that

N &o t € [-At,0],
1o&(t) =
€ni1 t€ (nAL, (n+1)At], n=0,...N—1

Observe that [1£ is continuous and,

%Ilg(t) - Ait(g,m — &), ifnAt<t<(n+1)At, n=0,...,N—1 (457

Also for all 1 < p < oo,

N
o€l Loorsm) = (At [|&all%) 7, (4.58)
n=1

the proof of which is included in the Appendix A.4. For p = oo,

[ 10& ||~ 0,r;3) = ess sup |[[o&(t)|][p = max ||, B. (4.59)
te[0,7] n=1,...,N

Furthermore, from Appendix A.4, for z € L?(0,T; B), it 2¥ = (22, ..., 2ZN) is defined

as in (4.37), then for all 1 < p < o0,
1;ZY — 2z strongly in LP(0,T; B) as N — oo. (4.60)

With these properties of the constant and linear interpolation operators, integrating
(4.48) and (P) from nAt to (n+ 1)At, summing from n =0 ton = N — 1 and using
(4.40) yields the following definition of the approximate solution to the Stokes-Darcy-

transport problem.
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Definition 54. (Definition of the approximate solution) For allv € L*(0,T; V') and

for all ¢ € L*(0,T; R,),

| (2003 DUU™), D))o, + (——(V®™ — pg). V1),
0 1(IoC ay)

+ (LY, v - nyo)ry, + G(K%]()UN T19,V - T12)ry, — (LUY -y, Q)Fm)dt

- /OT ((IOWN,U)QI + (I, q)a, — (foUN,q)m) dt (4.61)

where

K

11(1oC ar)
and the concentration equation is defined as

]OUN - -

T

9

/ (EACN,¢>(H1(Q)),7H1(Q)dt— / LCNIUY - Vpdzdt
0 T

+ [ F(LUY)VI,CY - Viydzdt + / (LCN (L) — I,C (I )™ )dodt
Qr Er

T
N
—/ (TN, V) (1 @)y 11 (@ydt = 0, (4.63)
0

— N
for all v € L*(0,T; HY(Q)). The function I,C,, denotes the translated function:
—— N —— N

IyCpy(z,t) = I,C (x,t — At). Furthermore, multiplying by At and summing from

n =0 to N —1 both sides of the bound (4.43), we obtain

1 1
20| D(LU™) |72 (0.1:02(62,)252) + M—UHKQV(IOCPN)\|i2(o,T;L2(Q2)2)
_ 30
2/r

3pu
1212200 + o (MBI 00200

22
p°T
M ey + - (Kl (464)

We will pass to the limit in this definition. First we need some bounds for the

approximate solution, which are derived in the next section.
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Stability bounds The first proposition of this section gives a uniform L*-bound
for IoC™ which will be used when passing to the limit. A slightly more general version

of this result can be found in [53].

Proposition 55. Forn=0,..., N
0<CN(z) <N, ae x€Q, (4.65)

where N is the right-hand side of (4.35), i.e.,

A
v=|5 + max(fell . 1€l ).
Ol oz @)
Proof. For readibility again, we drop the superscript N. Using (4.47) and (4.38)
recursively, for all n = 1,..., N, we obtain for a.e. z € () that
A, _
0 S On(l') S At —_— -+ max (ch_lHLoo(Q), ||Cn||Loo(8Q))
L= (Q)
< At ' — max ((At ‘ " +max (||Czllz= (), [CllLsp) ) ||C||L°°(2T)>
Loo(Q) ¢ e
A, A,
< AtH ! +AtH— + max (|| Cosll ooy, [Cllzm(ny) < -
¢ oo ¢ |l oo (o)

n

...gAtz
=1

i + max(||Col| < (@), |Cllezr))-
L>(Q)

Observe from the proof of (4.38) that we have

n

Ai n 1AL At
At i <> / A®) dt
i=1 we@ o Janacll 9l
TIA®t A
Ll ey
0 ¢ Loo(Q) ¢ LY(0,T;L°(2))
Then the result follows from this and the assumption that Cy = ¢g. O

Remark 56. It is trivial to deduce the following uniform bounds for IoCN and I,C™ :

0< ,CN(z,t) <N, 0<LON(2,t) <N, ae z€Q,Vte(0,T). (4.66)



107

The next proposition gives uniform bounds for the terms related to the Stokes-

Darcy flow.

Proposition 57. There exists a constant M independent of N such that

||]0UN||L2(O,T;L2(Q)2) <M. (4.67)
Furthermore,
1A Nz ieny < 1AL on, (4.68)
K zommay < IAlzoram@y, (4.69)
I |psry < Ui, (4.70)
T Nl i2mry < W22, (4.71)

Proof. The estimates (4.68), (4.69), (4.70) and (4.71) are easy consequences of (A.13).
To obtain (4.67), note from (4.64) that we have a uniform L?*(0,T; L?(Q5)?)-estimate
for VI,®N with respect to N. This gives a bound for I,U" on , as a result of (4.62)
and (4.14). Similarly, we have a uniform L?(0,T; L?(€2;)**?) bound for D(I,U™).
This implies a uniform L?(0,7; L?(©4)?) bound for I,U™ in Q; from Poincaré in-

equality (4.27). Therefore (4.67) holds. O

The following result gives various bounds for the interpolation of the concentra-

tion.

Proposition 58. There exists a constant M independent of N such that

1 10CM | L20.rmr )y < M, (4.72)

vt' >0, [[1CY — LCMeorvyre@y < ME, (4.73)
0

HEACNHLQ(O,T;(HW),) < m, (4.74)

ILCY = LCY T2y < AL (4.75)
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=N
IC ) < ICllLe(me),s (4.76)
=N
1oC [0y < [ICllLoe(ma),s (4.77)
where Cy(x,t) = C(x,t —t') is the translation of C' to (0,7 —t').

Proof. The inequality (4.76) follows from (4.38) and the last estimate (4.77) is a direct
consequence of (A.13). We will prove the first four bounds. In (4.48), omitting the

superscript N and letting ¢ = C),11, we have
1
E/ng(cnﬂ—C’n)Canw—f—/ﬂ F(UnH)VC'nH-VC’anw—/Q C’n+1Un+1-VC'n+1daz

+/ (On+1(an+1)+_zn—i—l(Un—&-l)_)Cn—s—ldo-:/Kn+1cn+1dm-
o0N Q

By Green’s formula and (4.42) we rewrite the third terms as

V(Cpi1Upy1)Cpyrde + / Up1Cr o do

/ CoosUner - VCard — — /
Q o)

Q

=- / (Co1V -Upi1 + Vi1 - Upy)Cradex +/ Up1CL, do.
Q o0

Since we have (4.41), this implies

2/ Cn+1Un+1 . VCn+1dw = —/ V- Un+102+1da: + / Hn+105+1d0'
Q Q o0

Q2 o0

Then,

2

1 1 —
- / ¢(On+1 — Cn)C’n+1da} -+ / F(Un+1)VC'n+1 . VC’anCB -+ —/ Hn+102+1d33
At Jg 0 2 Ja

1

—5 HnHCTQLHdU—i‘/ (Cn+1<un+1)+_cn+1(un+l>)Cn+1dU:/Kn+ICn+1dw-
a0 b[9) Q

Note that (Upi1)" — $Un1 = 5|Un41|. So,

1 1 —
-— / ¢(Cn+1 — C’n)CaniL‘ + / F(UnJrl)VCnJrl : VCan:L‘ + —/ Hn+1c72l+1d.’13

2

1 — — — —
+ = |Z/{n+1|03b+1d0_ = / Cn+1 (Un+1)_cn+1d0 + / An+1Cn+1dm.
2 Joo o0 Q
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Using the assumption IT > 0 and (4.18),

1
—/¢(Cn+1—0n)0n+1dm+a/ |VC'n+1|2d:L'
At Jo Q
S/ zn+1(UnJrl)_CnJrldff4‘/Kn+10n+1d$-
o9 Q

Finally noting that £(C2,; — C?) < (Chy1 — Cp)Chyr, we further obtain

1 - _
m / (b(C?lJrl—Cz)da)—i—OéchnJrlHi2(ﬂ) S / Cn+1(un+1)0n+1da+/ AnHCanw.
Q o0 Q

This, (4.65) and (4.38) implies

1

37 | 9(Cis = Ciw + ol VCoa g

<N Al + NCll Lo o) [Unsa | 21 00 -

Multiplying by 2At, summing from 0 to m — 1, for any 1 < m < N, and using (4.58),
(A.13) and (4.70) we get

m—1 m—1
n=0 n=0

m—1

+ 2NN AU [l o0) = / ¢C2dx + 2N || ToA]| 11 () + 2N Tl | 11 (2
n=0 Q
< / 6C2d + 2N|Al 110y + 2N2U 11y
Q

Therefore from (4.16), for all 1 <m < N,

m—1

S CrnllF2) + 200> AHVCriaF2) < 4, (4.78)

n=0

where A = [, pCGdax 4 2N ||A|| 11 (@p) + 2N?|[U|| 1(s:,)- This implies (4.72) as
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N[ =

1 10C|| L2 (0,157 (02))

N-1
<Z At||Cn+1||%rl(Q)>

2

N-1
= ( AL(|Cr i1l 720 + HVCn+1H%2(Q))>

oA\ AN ar . and
((gva)) -8

What comes next is the proof of (4.73), which comes from [81, 53]. Fix ¢’ > 0. As

before define [t] = min{n € Z : t < n}. Then

/ﬁ”@c—t' — JoCYdw = /ﬁ (Crasgy —Craq) o
- [ #(Cran - rs1) (CP“’ ~Cg1) e

/cb Crni1 = Co)(Cryty — Crp))de,

n=no(t

where no(t) = [4] and n,(t) = [4F]. Multiplying (4.48) by At, summing from

no(t) to ny(t) — 1 and choosing 1) = Cy, 1) — Cpyr) We have

J —/ Z Cri1 — n)(Cm(t)_Cno(t))dw

n=ng(t
nl(t)—l

VS / (F(U)VCoir — CortUnis) - V(Coriy — Co))dit
Q

n=ng(t)

—ar Y / (Coros @)+ — Coss (@) ) (Costty — Cooger)do

ny(t)—1

+ At Z/ a1 ( m —C’no())da:.

n=no(t)
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Then from (4.17) and (4.65), we obtain

nl

J< At Z / (Fo|VCois] + N|U s} [V Cor )] + [V Congi ) e

n=ng(t)

+ At Z / INN + [Co1 NUpsr |do + At Z /QN\AnH\d:c

n=ngo

Applying Young’s mequahty to the first term of the right hand side of the above

inequality implies

nl

J < At Z /Fg\vcn+1|2+N21UnH|2+2N1An+1|)

n=no(t
ni t) 1
/ 2/\/'(N+|Cn+1|)|un+1|da>+At 3 / Voo + At Z / Voo
o0 n=ng(t) n=no(t)
Now, define

D ;:/(ngvcnP+N21Un12+2N|Kn\)dx+/ 2N(N + [C.) U, |do
Q 0N

_ / end
Q

ni(t)—1 nl(t)—l ni(t)—1

/ (b(IOC,t/ - ]00)26111 S At Z pn+1 + At Z qm(t) —|— At Z qno(t).
Q

and

Therefore, we can rewrite

n=no(t) n=no(t) n=no(t)
Now let
1, ifnAtett+t)
XTL (ta t + t,) -
0, otherwise.
Then
T—t n(t ' N-1 T—t'
/ Z pn+1dt / Z pn+1Xn t t+ t dt Z Prn+1 / Xn(tat + t/)dt
n=0

n=no(t

nAt

N— N-1
an+1/xn (t,t+)dt = me/ dt =1 pusr.
n=0 n=0

At—t
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Observe that ng(t) = m for some m € N if and only if ¢t € ((m — 1)At, mAt]. Then

- mi(t)— T—¢' N=1 Tt/ N-1
/ Z wdt = / Z Gno()Xn (t, t 1) dt = / Gno(t) D Xn(t, t+1)dt
0 n=n, 0 n=0
N mAt N 1 rmAt
SZ/ qmzx (tt+t)dt <D g Z/ Xn(t,t + ') dt
m=1" (m—1)At n=0 m=1 n=0 1At
N N-1.(2m—n)At
:quZ/ Xn(s+ (n—m)At, s+ (n —m)At +t')ds
m=1 n=0 (2m—n—1)At
(2m—n)
= Im / (s,s+1')ds
Z Z 2m—n— l)At
N mAt N
Z / (s,s+1) ds-qu/ ds:'qu.
m=1 mAt—t/ m=1
Similarly,
_y ma(t
Therefore, from (4.16),
T—t' ) At N
1oCet = IClaqorerran = [ [ (hCov = ICw < 0223 +205).
n=1

Let us see that At p, and At ¢, are bounded uniformly in N. From

Cauchy-Schwarz inequality,

N N
ALY pa < FRALY ||VC[3aq +AtZN2||U 1220 +2NAtZ||A 2@

n=1 n=1 n=1 n=1

+2N2Af2\|u 2100 +2NNZHC 22 00 1 | L2 002

Then, (4.58), (4.67), (4.68), (4.70), (4.71), (4.77) and (4.78) imply

Atzpn < F2 +N2M2+2N||A||Ll QT)+2N2||Z/[||L1(ZT)+2N||C||L2 ET ||u||L2(ZT)

Again from (4.78),

A
Athn = AtZ IVCalliaw) < 5
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Therefore, At 2521 pn and At ZnN=1 ¢n are bounded uniformly in N implying
||[(]C,t/ - [OC||%2(0,T—t’;L2(Q)) S mt/,

where 9 is a constant independent of N. Let us prove (4.74). From (4.57),

ILC Lt
— / (R
N—1

N-1 o(m+1)A 1
:mZ::/m At HCm“ Crm ”(H1 Q))’dt AtZHCmH Chn || (HL(Q)) -

Jinel,

To bound this, Cauchy-Schwarz inequality, Holder’s inequality and (4.17) are applied
o0 (4.48). This yields for all vy € H* (),

1
—{(Cryr — Cn), V) )y, 11 ()]

At
< (FslIVCritllrz) + ICus1ll @ Unsallz) VY| 120y

+ ([IChs1llza@e 19l Loy + ICntll e oo 1| L2002) ) 1Unsa [l L2002y

+ Al @y 191 1) -

Then by (4.24), (4.25), (4.65) and (4.76) we have

1

A ((Crsr — Co)s WYy < (FalIVCiallrz@) + N Uil 220

(M| Crga || 11 0y + Ma|ICl| Lo (5 ) U | 22000) + [ Ansa | eryy) 1017

Taking supremum over all ¢» € H'(Q) such that ||1)[| 1) = 1, using (4.16), (4.39)

and (4.78), we see that there exists a constant M independent of N such that

A 1Cnt1 = Culltannyy < MUIVCialliz) + [Uns1 220

+ A—tQHU”%Q(zT) + ||Un+1||%2(ag) + ||Kn+1||?H1(Q))’)'
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Multiplying by At, summing from 0 to N — 1 and using (4.58), (4.72) and (A.13) we

obtain (4.74). (4.75) follows from (4.74) as

N-1 ,(m+1)At t

ILC = IOl 220 s )y) = Z /A (L +m — E)<Cm — Cong 1) |1y it
mAt

MZ

3
I

m=0
(m+1)At

1
ICon= Gy |
0 At

At

t At 2 2
(Im— )%t = = > NCon=Crns a1y
m=0

O

Passing to the limit Passing to the limit in (4.61)-(4.63) requires certain conver-

gence properties that we now state and prove.

Proposition 59. There exists a subsequence of {CN}ns1 still denoted by {CN}n>

and a function ¢ € L=(Qr)NL*(0,T; H'(Q)) such thatt — c(-,t) € C([0,T]; (H*(Q))")

satisfying

,cN
I,cN
I,oN

I,cN

0
~1,cN
arh¢

Loy
LAY
e

as N — 0.

¢ weakly -* in L=(Qr),

c weakly in L*(0,T; H'(Q)),

c strongly in L2(QT) and a.e. in Qr,
c strongly in L*(S7),

(‘3 . 2 1 /

T weakly in L*(0,T; (H'(Q2))"),

c strongly in C([0,T]; (H'(2))"),

A strongly in L*(0,T; (H*(Q))),

C strongly in L*(X7),

(4.79)
(4.80)
(4.81)
(4.82)
(4.83)
(4.84)
(4.85)

(4.86)

Proof. The last two convergence results follow trivially from (4.60). To prove the

rest we will use the estimates from the previous section. From (4.66) and (4.72), we
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know that {I,C"}y is bounded both in L*®(Qr) and in L?(0,T; H'(Q2)). Because
L>(Qr) = (L*(Q7)), by Theorem 12 (Banach-Alaoglu theorem), we can extract a
subsequence still denoted by {CV} x>, (from now on we will denote each extracted
subsequence by {CV}ys1) and find a function ¢ € L>®(Qr) such that (4.79) holds.
Next the reflexivity of the space L?(0,T; H'(Q2)) implies that there exists a subse-
quence {CN}ys; and a function ¢; € L*(0,T; H*(Q2)) such that I,CY — ¢; weakly
in L?(0,T; H'(Q)). This also implies that I,C — ¢; weakly-x in L>®(Q7). There-
fore, ¢; = ¢ by uniqueness of the weak-x limits. Hence (4.80) holds. From (4.73),
| ICY, — _[OCNHL?((O’T_t/);LZ(Q)) — 0 as ' — 0 uniformly for all N. Theorem 7 states
that H'(Q) is compactly embedded in L*(€2). So applying Theorem 13 we can find
a subsequence {C™V}y and a function ¢ € L?(Qr) such that I,CY — ¢, strongly in
L*(Qr). This further implies the weak convergence in L?*(Q7). But (4.80) gives weak
convergence in L?(Qr) as well. Therefore, ¢, = ¢ by the uniqueness of the weak limits
and hence (4.81) holds. Similarly, by Theorem 7, as H'(2) is compactly embedded
in H%(Q), so we can find a subsequence {C™}y>; such that I,CYN — ¢ strongly in
L2(0,T; H2(R)). Then the continuity of the trace operator gives (4.82).

Recall from (4.66) that I;C" is uniformly bounded. So again by the Banach-

Alaoglu theorem, up to a subsequence, there exists c3 € L>(Qr) such that
L,ON — ¢35 weakly- x in L®(Qr).

The bound (4.74) and the reflexivity of L*(0,T; (H'(Q))') gives a subsequence for
which we have (again by uniqueness of weak-x limits c3 = ¢)

6 N 8 . 2 . 1 /
a_flC’ = 5 weakly in L=(0,T; (H*(2))).

We know that {I;CV}y>; is bounded in L®(Qr) by (4.66) and {21;CN}ysq is
bounded in L?(0,T; (H'(Q))) by (4.74). Also by Corollary 16, L>() is compactly
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embedded in (H'(Q)). Then (4.84) is a consequence of Theorem 14 which implies

that there exists a subsequence {C™}y and a function ¢, € C([0,T]; (H*(£2))’) such

that

LON — ¢ strongly in C([0,T]; (H'(Q))').

The bound (4.75) implies

LOYN — I,ON — 0 strongly in L*(0,T; (H*(2))).

This together with (4.81) yields

LOYN — ¢ strongly in L2(0,T; (H*(Q))")
and thus ¢4 = ¢ yielding (4.84).
Proposition 60. The following convergence results hold.

LIY — 1 strongly in L*(0,T; L*(s)),
IOWN — W strongly in L*(0,T; L*(£,)?),

]OUN — U strongly in L*(3r),
and there exists u € L*(Qr)? such that

IUY — w strongly in L*(Qr)>.

(4.87)
(4.88)

(4.89)

(4.90)

Proof. The results (4.87), (4.88) and (4.89) are direct consequences of (4.60). For

(4.90), consider the following problem where ¢ is the limit found in Proposition 59.

Find (ulq,, ) € L*(0,T;V) x L>(0,T; Ry) satisfying

| (200 D). D)o, + (75 (Ve = p0). Vo, + iw. 50.0)

= | (@)o, + (o, — @) at, @)
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for all v € L*(0,T;V) and for all ¢ € L?(0,T; Ry). It is known that there exists a
unique solution (u, ¢) to this problem [40, 38]. Next define u|q, € L*(0,T; L*(Q2)?)

as

u=——-(Vo—pg), ae. inQyx (0,7).

)

K
p(c
The difference of (4.61) and (4.114) yields

| (20C)DUT™) = ) D). D),

K K i
+ (——— (VI ®" — pg) — — (Ve — pg), Va)a, + (LU — u, [;®" — ¢;v,q)
1(1oCar) ule)
T
_ / (10" — @, 0)o, + (1T =T q)o, — (1" ~ U, ), ) db. (4.92)
0

Observe that the first and the second terms can be written as

/0 (IO ag) D(IU™) — () D(w), D))y dt

and

T K K
/ (——— (VI ®" — pg) — — (V¢ — pg), Vq)a,dt
U pie

IoCla) (c)
:/T(%(V%@N—Vgo),Vq)QthnL/T(( L KV Voot
0 u(LoCay) 0 u(loCay) nie)

T K K
— — ,Vq)a,dt.
/0 ((u(loAéZt) 0 )pg, Vq)

With these, letting v = [)lUY —u, ¢ = [,®Y — ¢ in (4.92), using the nonnegativity

of the form 4, and the bounds (4.14) and (4.15) give
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T 1 \
| (DU ~ s, + IV = o)l )
0

T
< / (%WN — W, LUN —w)g, + (LT — 1L L@ — ¢)q,
0

— (™ U, 1@ — ), — 2(p(IoCny) — 1(c)) D (w), D(L,UY — u))g,
1 1
— — KV, V(I ®" — ¢))q, )dt
(s ~ KV v @) )
T 1 1 N

Using Cauchy-Schwarz, Poincaré (4.27) and Young’s inequalities together with (3.29)
and (4.24) yield

ML ki
IV (LUY - U)Hiz(o,T;m(Ql)w?) + IV (1@ — 90)‘|%2(0,T;L2(Qg)2)
OD 2MU

—N —N —N
< M(HIO‘I’ - \IIH%2(O,T;L2(91)2) + [ LIl — HH%Q(O,T;L2(§22)) + |[Lotd _UH%?(QT;LQ(FQ))

N 1 1
+ [[((LoCay) — H(C))D(U’)H%Q(O,T;L2(Ql)) + I —~N_ )KVSDH%%O,T;LZ’(QQ)?M
T p(c)
1(1oC py
1 1 9
+ lp(——5— — (C))KQHL?(O,T;LQ(QQ))))
p(LoC ay K

where M > 0 is a generic constant independent of N. Then by boundedness and
continuity of y, (4.74), (4.87), (4.88) and (4.89) together with the Lebesgue dominated

convergence theorem imply as N — oo that
NLHD(IOUN - u)H%Q(O,T;L2(Ql)2X2) + QMLUHK@V(IO(DN - SD)H%?(O,T;LQ(QQ)Q) — 0.
Thus, as N — oo,
VI,lUY — Vu strongly in L*(0,T; L*(£,)**?), (4.93)
V1@ — Vo strongly in L*(0,T; L*(Q)?). (4.94)

The result (4.90) follows from (4.62), the continuity of u, (4.27), Proposition 59,
(4.93) and (4.94). O
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Proof of Theorem 50 We are now ready to prove the existence result for
the weak solution of the restricted problem. Recall that in order to obtain a weak
solution we need to pass to the limit in the approximate solution equations (4.61)-
(4.64). Passing to the limit in the flow equations (4.61) and (4.62) and the bound
(4.64) is easy due to the continuity and the bound (4.14) of y, (4.93) and (4.94). The

convergence result (4.83) implies that

d N 9 : 2 . 1 !
EAC’ = 3¢ weakly- x in L“(0,7T; (H (£2))").
Thus,
(T T 2 |
lim (—LCY,Y)dt = (—c,)dt, Y e L(0,T; H ()). (4.95)
N—oo 0 at 0 315
Note that

(ICY I U™, Vi) g, —(cu, Vib)gp = (ICN =) IU™, Vib)gp+(c(IU™ —u), Vi) o,

= Il + [2.

The first part I; of the above equation converges to zero by (4.79) and (4.67) and the
second part I, converges to zero by (4.90) and the result from Proposition 59 saying

that ¢ € L*(Qr). Thus
lim (L,CN I, U™ V) o, = (cu, Vi) o, (4.96)

To pass to the limit in the third term in (4.63), we write:

F(I,UMVI,CYN -Vydxdt — | F(u)Ve- Vipdadt
Qr Qr

= / (F(I,UY) — F(u))VI,CY - Vipdedt + | F(L,bUY)(VI,CYN — Ve) - Vipdzdt
T Qr

= Jl + JQ.
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The strong convergence I[oU™ —u — 0 in L?(Q7)? implies I[oUY —u — 0 a.e. in Qr

up to a subsequence. So as F' is continuous,
F(I,bUY) — F(u) — 0 ae. in Qr.

Therefore .J; converges to zero. By (4.80) and the bound (4.17) on F, J, converges

to zero as well. Hence
lim F(I,UMVI,CYN - Vipdzdt = F(u)Ve - Vipdzdt. (4.97)
N=c Jor Qr

The boundary terms in (4.63) are handled as follows

/ (LCN (I ) — I,C (LU ) Ydodt — / (AU — CU Ypdodt
S

Xt

_ / (I — &) (1T ) ddordt + / (L) = U)* dodt

X

-~ / (I,C" = )Tl ) wdodt — | C((IU" )™ — U )dodt. (4.98)

X
By (4.82), (4.86) and (4.89), up to a subsequence, the terms on the right hand side
of (4.98) converge to zero. Hence,
Jim I,CN (U™ Y rpdodt — / I,C (I )~ bdodt
—Jor S

= | aUtpdodt — / CU pdodt. (4.99)

ET 2T
Finally from (4.85),

T

T

. N

lim <]0A 7¢>(H1(Q))’7H1(Q)dt :/ <A,¢>(H1(Q))/7H1(Q)dt. (4100)
0

N—oo 0

Combining (4.95), (4.96), (4.97), (4.99) and (4.100), we obtain (4.63). We also need
to prove the following to complete the proof of Theorem 64:
c(x,0) = co(x), (4.101)

0<c(z,t) <N, ae (z,t)€Qr, (4.102)
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where N is defined in Proposition 55. To prove (4.101), we observe from (4.84)
that I;CN(0,-) — ¢(0,-) strongly in (H'(Q2))’. But I,CN(0) = ¢, for all N. So
c(+,0) = co(+), a.e. in Q. For (4.102), recall that we have a uniform bound (4.66) on
IoCN. Then letting N — oo and using the Lebesgue dominated convergence theorem,
we finally get

0<c(z,t) <N aein Qr.

Proof of Theorem 64 The following completes the proof of the main result of
this section. The existence of a weak solution (u, @) € L*((0,T); V) x L*((0,T); Ry)
is established above. Hence as the final step, we recover the Stokes pressure p using

an inf-sup condition.
Lemma 61. For any q € L*(0,T; Ry), there existsv € L*(0,T; X) such that V-v = q
in (0,7) x Qy and

vl z20,75x) < Bllallz0mimy),
for some positive constant 3 > 0 independent of v and q.
Proof. Let q € L*(0,T; Ry). For a.e t € [0,T], define ¢'(z) = q(z,t), for a.e x € Q.
Then ¢' € R;. From the inf-sup condition [38, Lemma 1.2], there exists v € X and

3 > 0 independent of ¢*, such that
Vv =¢"inQ,  [[VV'llrz,) < Blld' 200

Now, set v(z,t) = v'(x), for a.e (x,t) € Q; x [0,7]. Then V-v = g and as ¢ €
L*(0,T; Ry), V-v € L?(0,T; X). Integrating the square of the above inequality from

0 to T" in time, we also have

vl z200,7:x) < Bllallz20,m:m)-
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Equivalently, we have the following inf-sup condition: there exists a constant § > 0

such that

T
. fo (Q> V- U)Sh
inf sup
q€L?(0,T5R1) »e1,2(0,T;X) ||CI||L2(07T;R1) H”HP(O,T;X)

This trivially implies that

T
AV
inf sup fo (4, v)oy > 0.

G€L2(0,TiR1) (v,r)eL2(0,7:X x Ro) 1912207300 | (0, )| L2007, % % Ro)

From (4.31), we have for any v € L?(0,T; X ) and q € L*(0,T; Ry):

/OT(V v, plandt = L(v,q), (4.103)

where L is a continuous linear functional on L?(0,T; X) x L*(0,T’; Ry):

Lw.0) = [ (2(0)D(w). Do), + (Vo = pa). Vo,

+ :Y(uv ¥, Q) - (‘II> v)Ql - (H’ q)Qz + (Z/{, q)F2>dt' (4'104)

As (u, ) solves (4.36), L vanishes on the space L?(0,T;V) x L*(0,T; Ry). Thus,
from [64, Lemma 4.1], there exists a unique p € L?(0,T; R;) such that for all (v, q) €

L?(0,T; X) x L*(0,T; Ry), (4.103) holds. This completes the proof of Theorem 64.

Remark 62. This inf-sup condition also shows that the weak problems (4.31) and

(4.36) are equivalent.

This concludes the analysis of the weak formulation of the Stokes-Darcy-transport
problem. Next section proves existence result for the Navier Stokes-Darcy-transport

problem where we added the nonlinearity to the system.
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4.3 Coupling of the Navier-Stokes and Darcy Flow with Trans-

port

We accept the same problem as in Section 4.1 but with the Navier-Stokes equations for
the surface flow rather than the Stokes equations. The existence proof for the Stokes
problem hold for the most part in this case, so this section will only be pointing out
the differences and modifications. First we recall the Navier-Stokes equations where
this time on 21, u denotes the Navier-Stokes velocity and p denotes the Navier-Stokes

pressure.

aa_‘; ~V-Que)Dw) —ph) +u-Vu =T, i O x(0,T) (4.105)

Also, the balance of forces interface condition will be the same as in Model II of

Chapter 3 as the other case is simpler.

4.3.1 Weak Formulation

The underlying spaces are defined exactly the same as in (4.28) from the Stokes case.
Although the weak formulation differs only in the flow equation by the addition of the

nonlinear term u - Vu, for integrity the weak problem definition is presented below:

Definition 63. The weak formulation of the coupled flow-transport problem defined
by (4.2)-(4.13) is to find u|q, € L*(0,T;X), p € L*(0,T; Ry), ¢ € L*(0,T; Ry) and

ce€ L*0,T; HY(Q)) N L>(Qr) such that
t—c(-,t) € C([0,T];(H'(Q))), t— —(-,t) € L*(0,T;(HYQ)))  (4.106)

and  ¢(-,0) =¢o(-) a.e. inQ (4.107)
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satisfying for allv € L*(0,T; X), r € L*(0,T; Ry) and q € L*(0,T; Ry),

| (2w D))o, + (5 (V0 = p0), Tado, + (- Vus. v, = (7 0.5k

+ n~y(u,gm'u,q))dt = /OT ((‘I’,’U)Ql + (IL, @)o, — (Uﬂ)rz)dt, (4.108)

and for all ¢ € L*(0,T; HY(Q)),

T 9
/ (6% ) sy i+ / (F(u)vc_cu)'vwdwdH/ (eU” ~CU Ypdods
0

T X

T
_ / (M) sy ncedt. (4.109)
0

The velocity u|q, € L*(0,T; L?(Q3)?) in the Darcy region ), is obtained from the

Darcy pressure ¢ by the equation

u= —%(Vg@ —pg), a.e. in Oy x (0,7). (4.110)

4.3.2 Existence of a Weak Solution

The following theorem gives the existence result for this formulation. There is a
difference in the statement of the theorem compared to the Stokes case. Here we
need an additional smallness assumption for the data or in other words, we need the

viscosity to be big enough.
Theorem 64. Assume that
1y? > CHME|| Mp || L=o.m) (4.111)

where

CpMp

Mo(t) = (2221w ()30,

3/LU %

2
p
o (M—QHKgHiz(QZ) + M) 720, + M?I!U(t)!\iz(rg))) ,
L
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a.e. in (0,T). Then there exists a weak solution (u,p,,c) to the problem defined in

Definition 63. In addition, (u,p) satisfies
1 1
pl| D(w)l| 720 zip2,y2x2) + M—U||K2V%0H%2(0,T;L2(92)2) < [MbllZ20.1):

and ¢ satisfies

A

0 S C(JT,t) S H— +max(||co||Loo(Q), ||C||L°°(ET))> a.e. (l’,t) S QT-

110,731 ()
(4.112)

Remark 65. We can obtain stronger mathematical results if we add inertial forces to
the balance of forces as in Model I of Chapter 3. The resulting weak problem contains

an additional term, namely —3(w - w,v - mi2)ry, in the left-hand side of (4.108).

As before we consider the problem restricted to the divergence free subspace and
drop the term with the Navier-Stokes pressure. We again use the Galerkin approach.
This time the definition of the intermediate problem given in Proposition 51 includes

the term (U

N -VUY. |, v)q, corresponding to the nonlinearity of the Navier-Stokes

equations. Because of this addition, to prove the intermediate result, we ask for the
extra assumption namely
py* > CHMEMY,

where

—N
\IITL-i-l ||%2(Q1)

M2M?
M = (Z=F)

I

-

3uu , p? —N —N 2
G G Kl + MEIT oy + M Fr) )
L

Indeed, this is a consequence of (4.111) using (4.38). This assumption then implies

that on the sphere of radius M, we have
M3HCh oM
VHL Cp M3

||VUnN+1||L2(Ql) <



126

Then we can hide the nonlinear terms in ||[D(UL ;)| 12(q,) as follows by Holder’s

inequality and Sobolev’s inequality:

(U - VUYL U Dol < IOV IVUR G 2@ < MEIVU Y (720,
122
< C—%HVUme—i-lH%Z(Ql) < /~‘L||D(UnN+1)||L2(91)‘

The bound obtained in this case is the same as (4.43) written in a more compact form
for simplification. Other than this there is no difference to the proof of Proposition 51.
Proposition 52 about the existence of concentration C2V of the intermediate problem
still holds. As before, we obtain the approximate solution after integrating the inter-
mediate equations from nAt to (n+1)At and summing from n = 0 ton = N—1. This
results in an approximate solution definition which is only different in the inclusion
of the term fOT(IOUN - VIoU" ,v)q,dt and the bound of the approximate solution

(I,UY, Iy®Y). The bound we have in this case is

1 1
urllDLeU M) 20,1202 (00)252) + ILL_UHK2VIO(I)NH%Q(O,T;LQ(QQP)

<<%M%

3uy p*T
2 2
s I Nz207:r2(00)2) T E(M—%HKQHLQ(QQ)

+ MRI||Z2 0 1 22(0)) + M22||u||2L2(0,T;L2(F2)))>' (4.113)

Again every result holds as they are except the strong convergence (4.90) of I,U™
presented in Proposition 60. For that, we need some modification in the proof. Recall
that in the proof we considered a problem where c is the limit found in Proposition 59.
This time the problem we define with the limit ¢ is the following: Find (u|q,, ) €

L*(0,T; V) x L*(0,T; Ry) satisfying

|| (200D ). D)o, + (75 (V= p9). T, + (- Va),

+%w%%mﬁ=A(@mm+mm%—wmmﬁ,@n@
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for all v € L?(0,T;V,) and for all ¢ € L*(0,T; Ry). The existence result of (u, )
to this problem is an easy modification of [38] under the condition (4.111). For this,

consider finding (u'|q,, ¢") € V' x Ry satisfying

K -
2(pu(c(t))D(u'), D(v))o, + (m(th —19), Va)a, +(u',¢"v,q)
- (ut " Mo, q)FlQ = (\Il<t>7v)ﬂ1 + (H<t)7 Q>Qz - (Z/{(t), Q)an (4115>
for a.e. t € (0,7). Then assuming (4.111) we also have
w(c(t)?? > CEM2Mp(t) for a.e. t € (0,T).
Then there exists (u’, ') € V' x Ry satisfying (4.115), such that
1 1
prll D[, + M—U||K2V90t||iz(92) < Mp(t)*. (4.116)
Let u(x,t) = u'(x). Integrating (4.115) and (4.116) from 0 to T, we get (4.114) and
1 1
il D (W) |72 0. 7.02 (0 22y + u_UHszQOH%?(O,T;LQ(Qg)Q) <|MbplZF2ry  (4117)
Define u|q, € L*(0,T; L*(Q3)?)) as
K (V ) in Qy x (0,7)
u=——-(Vy—pg), ae in ,T).
p(c) i
As before we look at the difference between the equations (4.61) and (4.114). This

yields

+ (LUY - VI,UYN —u-Vu,v)q, + YL UY —u, Iy — v, q))dt

T
= / (%" = w,v)a, + (LT =T q)a, = (Il —U,q)r, ) dt. (4.118)
0
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We deal with all the terms except the nonlinear ones exactly the same way as before.

To handle the nonlinear terms we write

T
/ (LUY - VI,UY —u-Vu,v)q,dt
0

- /OT <(([OUN —u) - VI'OUN,U)Q1 - (u V(L UN - u),v)m)dt.

We bound the integrand of the above equation by using Hélder’s inequality, (3.29)
and (4.26) as follows

(L UY =) -VIUY,v), + (- V(LUY —u),v), |
< CHME(IVIUY |20,y + VUl iz ) DU = )| 20, | D(©) 22601

(4.119)

Then letting v = I,UY —u, ¢ = Iy®" — ¢ in (4.118), using (4.15), (4.14), the

nonnegativity of the 4 term and (4.119), we have

T
1 T,
+ M—UHK%V(L@N _ (p)Hig(QQ))dt < / <([0\1; — W L UY — ),
0
T N —N N
+ (IIT — 0, L, ®N — p)g, — (I — U, I;DY — ©)r,

—2((s(1oC'a) — 1(c)) D(w), D(IU™ — w))

- (( (j\lé]v ) - /L(lc))(K(VSO —rg), V(IOCDN — 90))92>dt.
H{LoC A¢

971

Observe from (4.43), which still holds for the Navier-Stokes case with the modification
of the first coefficient, that if we take the maximum over n = 1,..., N and recalling

(4.38) and (4.59),

.....
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Also, from (4.116),
ML||D(U)||%°°(07T;L2(QI)QX2) < ”MDH%OO(O,T)'

Therefore,

T 3 272

153 Cy M

/ 2((&5 = 22 Mol I DU = w20,
0 D 1253

1 T —
0

+ (LI — T @Y — p)a, — 2((#(7052) — (c))D(u), D(I,U" — u))
1 1
N(fo\égt) ,u(c)

951

— (I —U, Iy®" —)r, — ((

) (K (V5 pg), V(1@ = 2))a,) ) dt.

Using Cauchy-Schwarz inequality, Poincaré inequality (4.27) and Young’s inequality

together with (4.24) gives

CH M3 N 2
(1 = —2E Mol o) [ DU = w)|720 1.12(00)252)
K
1 1 —N
+ 2M—U||K2V(IO‘I’N — ) Z2 010200 < M<||IO‘I’ — U720 122(00)2)
—N —N
+ [[1oIT = T|[720 120y + Hold ™ — UllT20.1:12(0))
N 1 1
+ 1 (u(ToC ar) = () D(W) 720 112 (20 y252) + | (——5— — (C))KVSOH%?(O,T;L?(QZ)Z)
M(IocAt> H
T lo(— LKl
Pl———x§_ — 920,122 ))):
u(IoCy) ) 2

where M is a generic constant independent of N. Then by uniform boundedness
(4.14) and continuity of p, (4.74), (4.87), (4.88) and (4.89) together with the Lebesgue

dominated convergence theorem imply

ChHM; N 5
(e — T IMbllz,0) [DTUY — w)||720.1:020,)272)
1273

1 1
+ M—UHKEV(IO(I)N - SO)H%P(O,T;L%QQ)?) — 0, as N — oo.
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Thus, because of the small data condition (4.111) and (3.29), letting N — oo, we

again obtain
VI,UY — Vu strongly in L?(0,T; L*(Q)*?), (4.120)
VI ®Y — Vo strongly in L*(0,T; L*(Q)?). (4.121)

Then (4.90) follows from (4.62), the continuity of p, (4.27), proposition 59, (4.120)
and (4.121).

The rest of the proof works the same way except that in the last step in recovering
the Navier-Stokes pressure p, the linear function L now includes the term (u-Vu, v)q,
in the integrand of the right hand side.

Next section deals with the numerical approximation of the special case of the

problems described in the previous two sections.

4.4 One-Way Coupling of the Navier-Stokes/Stokes and Darcy

Flow with Transport

The contents of this section comes from a joint work with P. Chidyagwai and B.
Riviere [58]. This section drops the assumption that p is a function of the concen-
tration ¢ and simply sets it equal to a positive constant. Hence, the coupling is a
one-way coupling, in the sense that the velocity field obtained from solving the sur-
face /subsurface flow problem, becomes an input data for the transport problem. We
also assume that the Dirichlet boundary |I';p| # 0 and that it is contained in the

outflow boundary, that is,
Top C{x €0 :U(x) >0}

Hence, the analysis of the previous section is still valid in this case and the weak

formulation and the deduced existence result is stated below. The weak formulation of
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the coupled flow problem is to find u € X,p € R', ¢ € R* and c € L*(0,T; H(Q)) N

L*>(Qr) such that

o elt ) € CQO.TY ('), £ 551, ) € L(0.7): (HQ))), (4122)

c(0,2) = ¢o(x), a.e. x €. (4.123)

and satisfying for all v € X,Vr € R',Vq € R?,

K
2,LL<D(’U,), D(v))ﬂl + (u ’ Vu? v)Ql + (IVQQ VQ)Qz - (V ) U7p)91 + (907 v - n12)F12
+ G(K%U *T12,V - 7'12)1“12 - (U : le:Q)Fu + (V : Ulﬂ’)m

K
= (P, v)q, + (II+ ks Qa, + U, q)r, (4.124)

and for all z € L*(0,T); H* (),

T
0
/ <(pa—§, Z)(Hl(Q))/’(Hl(Q))dt — /Q cu - VZdCL‘dt + / F(’U,)VC . Vzdazdt
0 T

T

+ / (cUT —CU )zdodt = / Azdxdt. (4.125)
YT T
From the results of the previous sections, we obtain the following existence result:

Theorem 66. Assume that ¥ € L*(2,)%, 11 > 0, IT € L*(Q) and A > 0, A €

LY(0,T; L°()) N L2(0,T; L*(Q)). There exists a constant M > 0 such that if

1

~ 2
> (190220, + 1Kl + 122 (TR + IR qr) )

then there ezists a weak solution (w,p,p,c) to the weak problem defined in (4.122)-
(4.125).

Remark 67. Similar results hold if the interface condition with the inertial forces
defined in Model II is used. The coupled flow problem with this interface condition

has been studied numerically by Chidyagwai and Riviére [39]. If the Stokes equations
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are used rather than the Navier-Stokes equations, then there is no need for a small

data condition like the one given in Theorem 66 above.

We direcly move to the numerical analysis of the problem. The flow problem
is approximated by a combination of the FEM and DG method. The transport
problem is solved by a DG method that upwinds the numerical fluxes in the subsurface
region [59]. In this case, one does not need to use slope limiters. In the following the
numerical schemes are defined and error estimates are obtained and the schemes are
tried on a numerical example to show the robustness of the methods for fractured
porous media. The chapter proceeds by assuming that the free flow is governed by the
Navier-Stokes equation and the simplifications are mentioned if the Stokes equation

is used instead of the Navier-Stokes equation.

4.4.1 Numerical Scheme

Let &, be a regular family of triangulations of O (see [82]) and let h denote the
maximum diameter of the triangles. We assume that the interface I';5 is a finite union
of triangle edges. The restriction of &, to §2; is also a regular family of triangulations
of ;; we denote it by & and impose that the two meshes &} coincide at the interface
['15. This restriction simplifies the discussion, but it can be relaxed. We accept the

rest of the notation about the mesh as it is.

Numerical Approximation of Flow Problem

The approximation of the flow problem is done using three different schemes based
on combinations of the FEM and the DG method. For now the discretization of the
flow problem is introduced in a general form. Formally, the discrete weak formulation

of (3.38)-(3.44) can be written as:



133
Find U}, € X}, P, € R}, ®), € R2 such that

Yv e X, Vg € Ri, CLNs(U}H’U) + sz(’U, Ph) + kNS(U}L; U}L, ’U) + CLD<CI)h, q)
+5/<U}L7 (I)h7 v, Q) = L(’U, Q)J

Vr € R, bxs(UL, 1) = 0,

/ Ph+/ ®p, = 0.
1971 Qo

Denote by U} the resulting velocity field of the coupled Navier-Stokes and Darcy

equations. The velocity U} is defined in € by:

U;, inQ
Ul = " ' (4.126)
~E(Vo, —pg), inQ

The form L is defined as:

K
L('U, q) - (‘IIJ U)Ql + (H + ;pgv q)Q2 + (Z/{, Q)Fg

and the form 4 is given in (3.112). The following sections describe the forms axs, ap,
bns and kyg corresponding to different schemes which were studied in [38, 39, 51].
For completeness all methods are defined below and the results are stated together

with the results for concentration.

DG Method The primal DG method is applied to both the Navier-Stokes equations
and the Darcy equations. The notation will be the same as in Section 3.2.3. To
simplify the text, we assume that o, = ¢ and exs = ep = € are fixed constants for

both forms ang and ap. Let kq, ko > 1 be integers and set the discrete spaces as
X}L = Dkl (5}1), R}lz = ,Dlﬂ*l(&i)? Ri = ,Dkz(gi%)

The forms ang and dyg are exactly the same as in Section 3.2.3. However, the form

-1

ap, presented below, has an extra p~' coefficient since compared to (3.3), (4.4) has



an extra 1/p.

Yz, qr € M}, ap(zn,qn) = p' Z (KVz,,Van)g — p Z({KVzh
Eeg? ecl'?
o
e S UKV nd e+ 30 Z (0l lan))e
ecl? e€l? |€|
h h

We define the nonlinear form using the definition (3.58) as follows:
Y, v, wy € X, kns(wn; v, wi) = N(wp, wn; vn, wp).

In this case, the norms associated with the discrete spaces are:

[N

lwlxy = | D ID@Gae + Do lel ]l

Eeé; e€l'; Ul

gz = llgllz2(0n)

1 —
lalmz = D2 1K= ValFa + D lel " lallia

Ee&? ecl';
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: ne}? [Qh])e

(4.127)

FEM Method In this second approach, the discrete spaces are conforming spaces of

order k; for €24 and ks for €2,. For instance, to approximate the Navier-Stokes velocity

and pressure, one can use the MINI elements [83] of order one and the Taylor-Hood

elements [84] of order two. These spaces satisfy an inf-sup condition, with an inf-sup

constant independent of h. The Darcy pressure space is
Ri = {Qh c C(ﬁg) : qh|E € PkQ(E),VE S 5}%}

The FEM spaces are equipped with the following norms:

1
[v]|x1 = ||D(’U)||L2(Ql)7 HQHR}l = ||Q||L2(Q1)7 ||Q||Rg = ||K2VQ||L2(QQ)
h
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The bilinear forms are

ans(vn, wy) = 2u(D(vy), D(wy))a, (4.128)
bxs(vh,mh) = —(rh, V- v1)q,, (4.129)
ap(zn, qn) = (K'Vzh, Van)o, (4.130)

1 1 1
kns(zp; vp, wy) = E(zh -Vop, wp)o, — §(Zh -Vwp, vp)a, + §(Zh “My2, Vp - Wh)Ty,,s

(4.131)
FEM /DG Method In this third approach, we propose to employ the FEM to
solve the Navier-Stokes equations in 2; and to employ the DG method to solve the
Darcy equations in €25. Conforming element spaces of order k; are used for the spaces
X, and R}, and discontinuous piecewise polynomials of degree ky are used for the
space R?. The bilinear forms are the forms defined by (4.128), (4.129), (4.131) and

(4.127).

Numerical Approximation of the Transport Problem

The transport equation (4.8) is discretized by a combined backward Euler and DG
method. Let At be a positive time step and let t/ = jAt denote the time at the 5

step. Let
Q" =D, (&}).

The approximation of the initial concentration is obtained by an L? projection:

VQh € Qh7 (Ci(z]a Qh)Q = (007 qh)ﬂ
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For any 7 > 0, the approximation C’,{H of the concentration ¢ at time #/*! is defined
by the following discrete variational problem.

J+1 J
G =G

o mat ar(Up; O qrn) + de(U; G ) = L (qn)

VQH € Qha SO(

(4.132)

where the bilinear form ar is a DG discretization of the operator —V - (F(u)Ve) and
the bilinear form dr is a DG discretization of the operator V - (uc). Before defining
these forms, we introduce the upwind value q,T1 of a function ¢, in @)}, with respect to
the velocity field U}, defined by (4.126). Let e be an edge shared by the elements E;

and Fs and let the unit normal vector n. point outward of Ej.
qh]El if {U]ll} cMNe > O,
@, if {U} -n, <0.

The penalty parameter is denoted by o, as it varies from edge to edge. The sym-
metrization parameter is denoted by er € {—1,1}. The forms ar, dr, Ly are given

below for any 6y, g, in Qp:

ar(Uy; O, qn) = Z (F(UL)V0, Van)e + Z le| ™ (0 [0n], an))e

EEg}ll CEFh

— > (FUNVO 1) [g))e + er Y (F(U)Va - ne)', [6h])e
IS N ecly,

+ Z (9h7 u+Qh)ea
ecoN

dr(UpiOnqn) = — > (0ULVan e+ > (01U, -nc}, [an))e,
Eegi ecI'y,
L (gn) = / AEN g+ [ CE U g

Q oN

This scheme uses an improved DG method in which the diffusive fluxes are upwinded

whereas in the standard DG method the diffusive fluxes are averaged. The improved
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method is more stable and does not require the use of slope limiters [59]. The space
@}, is equipped with the following semi-norm:
1
2 —1y .32 2
lanlon = (D IVanllZzm + Y lel M loZ lanll72))-
Eeg/'lb ecl’y,
We now recall the coercivity property of the form ap: there is a constant £ > 0 such

that
1
Yan € Qn,  ar(Uy; an, an) > Klanly, + 1U)2anl|72(00)- (4.133)

This is straightforward for the NIPG method (er = 1) and in that case the constant
% = min(1, @) where « is the lower bound for F'(u). For the SIPG method (e = —1),
we use the fact that the matrix F'(U}) is bounded above and the coercivity is obtained
if the penalty parameter is large enough.

We will use the following inverse inequality for the existence and uniqueness result
corresponding to the concentration. There is a constant M > 0 independent of h such
that

Yq, € Qn, VE € 5;1, ||QhHL°°(E) < Mh_lthHLz(E). (4134)

4.4.2 Existence and Uniqueness of the Numerical Solution
Flow Problem

The discretization with DG method and the FEM/DG method of the flow problem
were analyzed in [38, 39, 51] for different boundary conditions for the Darcy pressure.
It is a technicality to redo the analysis for the case of Neumann boundary condition.
A similar analysis can be done for the FEM method. Existence and uniqueness of

the numerical solution (U}, Py, ®;) are obtained under small data condition.
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Concentration Problem

To prove existence and uniqueness of the discrete solution of the concentration prob-
lem, it suffices to show uniqueness since the system is linear. Clearly the initial
concentration is uniquely defined. Fix 7 > 0. Let 6, = C’,{H — C:“,{H be the difference

of two solutions of (4.132). The function 6, satisfies
2 10n]12 UL 01, 04) + dr (UL 0, 0,) = 0
Kt” nllz2) + ar(Uy; 0n, 01) + dr(Uy; 05, 01,) = 0.
Next, we use coercivity of ar (4.133):
]2y + K16n[3, < dr(U}500.60)
A 17rIL2 @) RlVh|Q, > 107\Up; Uh, Un)l.
The first term in dr(U};0p,6;) is bounded using Cauchy-Schwarz inequality, the

inverse inequality (4.134) and the bound (4.138).

1 60U V0 el < D 00l UL 225 IV Ol 22 ()

Eeg} Eeé&}

< MB Y 0ll2 @ UL 20 1V Ol 2y < MDA {104 2202V 04 222
Eeg} Eeg}
M2 K
S 1651720 + 1 > IVOul72m)-

Eeg}

The second term in drp (U ,1L; On, 0y) is bounded similarly, but here we take advantage

of the penalty term:

| D O AUL - ne} [Ba))e] < MY el ™2 [0 18]Il 2oy 104 ]l =0 | {U - me o

ecl'y, ecl'y,

_1ly 3 1,9 1
<M el 2|02 [Onll 2@h2 b 10k ]| 22 I{U, - e}l z2e)

EEF}L

1, 3 1. _1
<MY el 5102 Bl h nll 2y h ™ (U 2z

ecl'y,
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In the bound above we have used the inverse inequality | U7} || z2() < M hz||UL| [2(E)-
We also defined the union of the elements who share the edge e by E!2. Next, we use

the bound on the discrete velocity (4.138) and we obtain:

2

Trrrl M*M 2 K 13 2
| Z(Qh{Uh ek, [On])e| < Wneh”m(g) + 1 Z le| 7|0 [Qh]HB(e)-
ecl'y, ecl’y
Therefore we have
1 2M2DT

3K
2 2
(Kt - W)HQFLHL?(Q) + Z|9h|Qh <0.

We conclude that 6, = 0 if the time step satisfies the following condition:

kh?

At < —.
2M?2M

We summarize our result below.

Lemma 68. There is a constant My > 0 such that if At < Myh?, there is a unique
solution to the scheme (4.132).

4.4.3 Error Analysis

Flow Problem

Convergence rates are optimal [38, 39, 51]. More precisely, there is a constant M

independent of h such that
lur = Ugllxy + o1 = Pallgy + llp2 — @allre < M(A" +1%2). (4.135)

Using the fact that || - [|z2q,) < M| - ||x2, we obtain an error bound of the velocity
field in the L*norm.

lw — U}l 2y < M(R™ + h*2). (4.136)
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As a consequence, using a trace theorem, an inverse inequality, and the Lagrange

interpolant of u, we have
Ve €Ty, |Ju—Upllio@ < M(BF =2 4 hF3). (4.137)

One can also show that the velocity U} is bounded in the L? norm by the data:
there is a constant M > 0 independent of h, but dependent on the data y, [|[¥||12(q,),

1T} 22 (q,) and ||| z2(a0), such that

1UL2@) < M. (4.138)

Concentration problem

We decompose the error at time #/ into an approximation error 7 and a numerical
error £&. Let ¢ € Q, NC(Q) be an approximation of ¢ in the sense that the following

approximation bounds [61, p.111] hold:
le(®) =&t )22y < MA™ e )|+, 1V (@) =) lz2) < MBT||e®) [0,
le() =)l @) < MA™ H|e(t) |1+, 1V (e()=Et) L) < MA[let) ||+ ).
We write

Ol — B = — &, = Cj—altl), € =e(th) — (0.

Theorem 69. Under the assumption of Lemma 68 and the additional reqularity as-
sumption ¢ € L*(0,T; H(Q)) N WhH>(Q), ¢, € L*(0,T; H"(2)), co € H"(2), there
1s a constant M independent of h and At such that for all m > 1, such that for At
small enough, we have the error bound

I [Fag@) + £AE Y 013, + ALY U Be < ME* + B+ B + AP)

j=1 j=1
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Proof. The error equation becomes

=y j+1 o 9 in
(907&5 cqn)o +ar(Ups ™ qn) + dr(u; N (@E(t )s qn)o
@ Py gt - d —_ Uttt Ul, j+1
+ (gpgt( ) 2 At 7Qh)Q + T(“’ h N 7Qh> +CLT( h’§ 7Qh)

+dr (U € qn) +dp(w—Uy; e, qn) +ar(u; e, gn) — ar (U} (), qn).

for all ¢, € Qn. We take ¢, = /! and we use coercivity of ar:

gp .
—mt(HWllliz — 17 12y) + Kl R, + dr(us ™) + U0 |0,
65 j+1 j+1 j+1 Ejﬂ_éj ]+1 1., J+1 j+1
< I, al + (o) ~ T Jal + ldr(u = Ujsip*, ™)

+ lar (U} )| 4 do (U €074+ dr(w = Ui ot ), 7|

+lag(w;e(t), ") — ag(Up; (), " )] (4.139)

Since the weak solution satisfies V-ul|g, = 0 and V-ulq, = II > 0, we use integration
by parts and obtain:

1 . 1 .
dr (w17 ™) U)o = U () )oa + U, (7))on 2 0

We now bound the first and second terms in the right-hand side of (4.139), under the

regularity assumption for the exact solution c.

o€ , . L oc
OB ()70l < 7 gy + MEZ | () e
|(Gc( ) 6j+1 _ 6j j+1) | < ” j+1||2 i At /tj+1 ||a26||2
ot Aar T el= e TRy o Tgpliee

We now bound the dr terms. Using standard techniques, inequality (4.134), we obtain
dr(uw — U}ﬁ PPt < Mh_1||77j+1“L2(Q)||u - U}L||L2(Q)’nj+1’Qh'
Using the velocity bound (4.136) and the fact that k; > 1,k > 1, we have

. . K, - i
dr(w =UpsiP™ ™) < gl g, + Ml ).
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Similarly, using (4.138), we have

dr(Uy; &1 ) < MIE e @10 2107w < MIE @ a,-

and using (4.136), (4.137) and the boundedness of the weak solution, we have

dr(w— U c(t), 07 < M|t )| =@ I’ a, (lu = Upllza@)
1 K
+ () lellu = Upllzz)?) < 3|

ecl'y,

anrl’éh 4 M(h2k1 4 h2k2).
The diffusive term ar(Uj; &+, 77+1) is bounded using standard techniques.

ap(Uy; &) < gWH\éh + gH(u+)277]+1H%2(aQ) + M|t ) |3 -
To bound the remaining diffusive terms, we use the boundedness of ¢, the Lipschitz

continuity of F' and the bounds (4.136), (4.137) [Note: here we need ||Vc¢||po(ge) < M]
. . . . K. .
arlus e, ) — (Ul o), ) < S, + MO 4 %),

We can now conclude by combining all bounds, summing over the time steps, and

using Gronwall’s inequality. O

4.4.4 Numerical Example

In this section, we show that our schemes are robust for fractured porous medium.
For more numerical examples of heterogeneous porous media see [58]. We also inves-
tigate the effect of different approximations of velocity on the concentration solution.
In the following, the fluid viscosity is equal to 1, and the Beavers-Joseph-Saffman
constant is equal to to 0.1. Meshes are generated using Gmsh [85], visualization is
done using Tecplot [86] and the simulations are done using software developed by
Riviere. Uniqueness of the pressure is obtained by imposing a Dirichlet boundary

condition on part of the subsurface boundary.
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Figure 4.1 : Domain for surface coupled with fractured subsurface. Permeability
value is 1072 in A region, 107° in B region, 1077 in C region and 10~* in D region

(slanted fractures).

Fractured Subsurface

In this example, the porous medium 2 = (0,12) x (0,6) contains three horizontal
layers of varying permeability that are intersected by two slanted faults. The per-
meability matrix is equal to 107*I, 107°I, 107°I, 10~"I in the faults, the top layer,
the middle layer and the bottom layer respectively (see Fig. 4.1). First for the flow
problem, we impose a parabolic velocity profile on the left vertical boundary of 2,
and a similar profile on the right vertical boundary of £2; but with a smaller magni-
tude. Zero Neumann boundary conditions are imposed on the Darcy pressure for the
vertical boundaries of €2y and Dirichlet pressure is prescribed on bottom horizontal

boundary. The Dirichlet values are given below:

Vy >4, ui(0,y) = (0.25(y —4)(8 —¥),0), wi(12,y) = ((3/16)(y — 4)(8 — y),0),

VO < 2 <12, wuy(r,6)=(1,0), po(x,0)=10°

Fig. 4.2 shows the pressure contours and the velocity field obtained with the DG
method of first and second order, which yields 8707 and 17679 degrees of freedom

respectively. The pressure follows a vertical gradient, and thus the velocity in the
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Figure 4.2 : Pressure and velocity field obtained with the DG method of order one

(left figure) and order two (right figure).

middle layer (denoted by B on Fig. 4.1) remains small. For this example, we also
solve the flow problem using the FEM/DG method of order one. The MINI elements
are used for the Navier-Stokes region. Discontinuous piecewise linear or quadratic
approximations are used in the Darcy region. Fig. 4.3 shows the pressure contours and
streamlines obtained on the same mesh as the solutions in Fig. 4.2. Using FEM /DG
is computationally cheaper than DG alone, as the number of degrees of freedom is
7899 and 14766 for piecewise linears and quadratics respectively. However we observe
that even though the streamlines are similar, the values for the pressure differ. If we
solve the problem on a finer mesh, the pressure values match those obtained by the
DG scheme (see Fig. 4.4). The number of degrees of freedom is 125043 and 234915
for piecewise linears and quadratics respectively. Similar conclusions can be made if
the FEM scheme is used in the whole domain. The method of order one yields the
smallest number of degrees of freedom (2196), however the solution is not accurate
enough and the mesh needs to be finer.

Next we describe the parameters chosen for the transport problem. The coeffi-

cients are: p = 0.2, oy = 0.1, ay = 0.01, C = 0, d,, = 107% in Qy, d,,, = 1072 in Q.
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PRES PRES

Figure 4.3 : Pressure and velocity field obtained with the FEM /DG method of order

one (left figure) and order two (right figure).

We simulate the leakage of a contaminant in the surface. The initial concentration
is equal to one in a localized region in the surface, and zero elsewhere. In addition,

there is a temporary source of contaminant (for ¢t < ¢*, with t* = 3) defined by:

0.5, t<3,and ((x—2.0)2+ (y—5.1)%)2 <0.5
flt,,y) =

0, otherwise

We obtain the numerical approximation of the concentration by the DG method
with parameters r = ¢ = 0 = 1. In Fig. 4.5, 4.6, 4.7, we show the concentration
contours at different times in the case where the numerical approximation of the
velocity is obtained by DG (with ky = ko = 2), FEM/DG (with k; = 1 and ks = 2)
and FEM (with k; = ky = 1) schemes. We note that the mesh used for the transport
problem is the same as the one used in Fig. 4.2 and Fig. 4.3. The overall behavior of
the solution is as expected: the contaminant is transported faster in the surface region,
and some of it penetrates the subsurface via the slanted fractures. Because of the
intermediate value of the permeability in the middle layer, some of the contaminant

appears in part of region B neighboring the fractures. The interest of this example is
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Figure 4.4 : Pressure and velocity field obtained with the FEM /DG method of order

one (left figure) and order two (right figure) on a very fine mesh.

to see that the poor/good accuracy of the input velocity has an important effect on
the concentration solution. At the times ¢; and t,, solutions obtained with FEM /DG
or FEM input velocities are similar. At the time ¢3 (which is greater than t*, the
time when the source disappears), we observe an unphysical accumulation of mass at
the outflow boundary of the left fracture if the FEM velocity is used. The use of DG
in the subsurface region for the flow problem removes this numerical problem. We
also note that the solution obtained with DG input velocity differs from the other
two solutions. The contaminant plume appears to be less diffusive, and further along
the x-axis. This is particularly clear in Fig. 4.7, where we see that the left fracture
contains very little contaminant if the input velocity is obtained with DG. In addition,

a larger amount of contaminant has reached the second fracture.

4.5 Summary

The coupling of surface/subsurface flow and transport is studied theoretically and
numerically by the use of finite element methods and discontinuous Galerkin methods.

It is shown that the DG scheme is robust and yields accurate solutions for fractured
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Figure 4.5 : Concentration contours at time t; with input velocity obtained from DG

(a), FEM/DG (b) and FEM (c).
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Figure 4.6 : Concentration contours at time to = 2t; with input velocity obtained

from DG (a), FEM/DG (b) and FEM (c).
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Figure 4.7 : Concentration contours at time t3 = 5t; with input velocity obtained

from DG (a), FEM/DG (b), and FEM (c).
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subsurface. A finer mesh is needed to obtain an accurate FEM/DG or FEM velocity.
If one is constrained to use the same computational mesh for both flow and transport,
then the most economical solution is still given by the DG method. It would be of
interest to study the effects of projection of the velocity field, if independent meshes

are used for the flow and transport problems.
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Chapter 5

Conclusions

The first chapter of this thesis gives the first mathematical analysis of the coupled
time-dependent Navier-Stokes and Darcy equations. The standard transmissibility
conditions, namely the continuity of the flux, the Beavers-Joseph-Saffman condition
and the balance of forces, are assumed on the interface separating the surface and sub-
surface. The last of these conditions is considered in two versions. First version adds
the inertial forces %u -u to the condition hence canceling the problematic term. This
violates the physical laws but is mathematically more convenient. I presented a weak
formulation of this version and proved the existence of a weak solution. The second
version without the additional inertial forces however is mathematically challenging
and asks for an additional requirement on the data. Hence the existence of the weak
solution in this second case is proved conditionally. This chapter also numerically
analyzes the first version discretized with the DG methods and the Crank-Nicolson
scheme. I showed that the error is optimal in space and second order in time. I have
also discretized the same problem by the continuous FEM rather than the DG method
and the results are similar [35]. Thus they are not included in here. This part of my
thesis can also be seen as completing the series of papers on the Navier-Stokes/Darcy
coupling [39, 51, 38] by extending the results to the time-dependent case.

The second problem of this thesis is again based on the coupling of Navier-Stokes
and Darcy’s equations. This flow is coupled to a convection-diffusion transport equa-

tion to account for the contaminant concentration in the problem of groundwater
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contamination through rivers. The published literature is very sparse on the coupling
of Navier-Stokes/Darcy-transport problem. In this chapter, I first proved existence
result for a weak solution for the linear case (Stokes and Darcy’s equations) where
the nonlinearity is neglected. I built the Navier-Stokes analysis on the analysis of
this simpler case while pointing out the differences in between. I determined the
additional small data assumption in order to have the existence of a weak solution.
Furthermore, I provided numerical analysis of the scheme derived by using FEM and
DG methods and presented a numerical example that shows that the DG scheme is
robust and yields accurate solutions for fractured subsurfaces. The conclusion from
the results is that a finer mesh is needed to obtain an accurate FEM/DG or FEM
velocity. If one is constrained to use the same computational mesh for both flow and

transport, then the most economical solution is still given by the DG method.
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Chapter 6

Current and Future Work

Similar to the numerical analysis of Model I of Chapter 3, we can obtain conver-
gence results under additional assumptions. The backward Euler method, which is
chosen for simplicity, is applied to the fully coupled linearized problem. The next
section describes the numerical scheme based on DG methods derived for Model 11

of Chapter 3.

6.1 Numerical Scheme For Model 11

Let X, M}}, M? denote the finite element spaces for the discretization of the Navier-
Stokes velocity, Navier-Stokes pressure and Darcy pressure. The terms ans and ap
stand for the discretization of the elliptic operators —2uV - D(u) and —V - KV.
The discretization of the pressure term Vp is denoted by the bilinear form byg and
the discretization of the nonlinear terms is taken care of by the term cyg. Lastly, the
interface terms are combined in 7. Let N > 1 and At = % Define t* = iAt. Then
the fully discrete scheme is given by:

Find {(U}, P}, ®}}; € X, x M} x M? such that

Ui - U

At

+ons (0, v) +an(0™ @) + (UG 0 v,9) = L(v, g)

Vo GX}L,QE Mf?’ ( 7”) +aNS(U;z+1>v)+N( ;w Z;UZH)U)
1951

Vq € M}%u bNS(qv U7}:1+1) =0

V’v E Xh, (U?uv)ﬂl - (’u’07v)ﬂl
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The forms ans, bns and ap are defined similarly as in Section 3.2. The form N in this
case is free of the discrete form of the inertial forces. Under additional assumptions
and using standard techniques, one can show that there exists a unique discrete
solution and that the error is optimal.

The numerical results obtained for one-way coupling problem can be extended to

the full-coupling problem. The next section describes the numerical scheme.

6.2 Numerical Scheme for the Fully Coupled Flow and Trans-

port

Denote by X, R}, R? and @}, the discrete spaces. The choice for the time-discretization
is the backward Euler method. Let At be a positive time step and let t; = jAt denote
the time at the j* step. The fully-discrete problem is as follows:
Find (U}, )o<i<n € (Xn)N ™, (Plo<icn € (RL)NT (®))o<isn € (RN, (Ch)o<icn €
(Qn)N ! such that

Van € Qn,  (C}, zn)a = (co, 2n)a;

forallng'SN—l,lePi“:Oand

V’Uh c Xh,VT’h € R,ll, CNLNs(C}iL—H; U;Z+1, ’Uh) + Z)Ns('vh, P;;H) + CNLD(O;;_I; CD;Z—H, Zh)

+ /;:NS(UZH; U2+1, v) + ?(Ufrl, @fjl; Vp, 2n) = ZNL(C,iﬂ; Vp, 2h),

Vz, € Ry, bas(USH 1) =0, and

it - ¢ o o -
Van € Qn, ¢(hTth7 @) ot (U O an)+de (U CF L an) = L (qn)
and the discrete velocity on €25 is given as
. K '
Uit = ——(V®l,, — pg), in .

n(CHH)
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The forms ays, bxs, ap and kys this time incorporates the concentration into the
scheme. So they will be defined in a slightly different way. This gives us a nonlinear
system of equations. In addition to the existence and uniqueness of this fully discrete

system, stability of the scheme can be proved.

6.3 Coupling of the Navier-Stokes/Stokes Flow with Two

Phase Flow

Rather than coupling the surface flow with the single phase (Darcy) flow, I plan
to consider the coupling with the two phase flow in the subsurface which is the
simultaneous flow within a porous medium of two immiscible fluids such as oil and
water. Immiscibility of fluids means that there is no mass transfer between the fluids.
Two-phase flow occurs in a variety of flow phenomena in the subsurface. One example
is the oil flow in reservoirs. See, for instance, Aziz and Settari [87], Parker [88]
and Wheeler [89] for oil-reservoir modeling. NIPG and SIPG methods have been
successfully applied to the two-phase flow problem [22, 23, 24, 25, 26, 27, 28]. My
plan in the general sense is to combine the results for the surface/subsurface flow with

the results for the two-phase flow.
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Appendix A

Results for Chapter 3 and Chapter 4

A.1 Boundedness of {u,},>1 in H(0,T;V, 6 L*(Q)%) for 0 <
v < 1.

In the following, C' will be a generic constant independent of m. The proof is modified
from [71, p.193] and [90, p.163] and uses Fourier transforms. Recall from Chapter 2
that the extension to R of a function f is denoted by f and the Fourier transform of f
is denoted by f. By Theorem 26, u,, is bounded in L2(0,T; V). Hence, it is enough
to bound H|T|%&’m(7—>H%2(0,T;L2(Ql)2) to obtain boundedness in HY(0,T;V, L*(£2;)?).
Extending the functions, the first equation in (P,,) is equivalent to

%(ftm(f)a ), +20(D(@n (1)), D(v))a, +(Un(t) - Vam(t), v)a, + (KVin(t), Va)o,

+ (Pm () — %(ﬂm(t) ) (), 0 M12)ry, + G Pl (t) - 12,0 - T1)r,

- (ﬂ’m<t) t M2, Q)Fm = (\il(t)a U)Ql + (ﬁ(t)7 q)QQ (Al)
for all t € R, for all v € V,,, and for all ¢ € M,,. Let us now find a more suitable
expression for the first term of this equation. By the definition of weak derivative

and regularity of w,,, for any ¢ € D(R),

[ G000 = = [ G t).v)addt = = [ (). 000t
= [ 5 (0000, 06011+ (10,(0). )0 6(0) (), 0}, (T)
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where dy and d7 are Dirac delta functions centered at 0 and T, respectively. So, in

the sense of distributions in R,

. 0
E(’u’mv v)Q1 = (aurm v)Q1 + (um(t)’ 0)9150 - (um(t)a ’U)QIC;T’ (AQ)

For the third term in (A.1), we use
(U - VU, V), = — (U - VU, Uy + (Wi - U, Uy, - M12)1,,-
Note that,
(U, - VU, Um0, = (U, @ Ui, VO)ars (Ui - U, Uy - M12) 1y = (Ui, @ U, ¥ @ M2 1y,

where ® denote the outer product of two vectors. Using (A.1), (A.2) and the above

observations, for all 1 <7 <m and for all £ € R,

0
_(ﬂ’mu v)Q1 + 2V<D(ﬂ’m)7 D(v>>91 - (/&’m ® ’L~l,m, VU)QI + (KVﬁm, Vq>92

ot
. . . 1, /g~
+ (U, @ Uy, © @ M12) 1y, + (P — §(Um “Up,), V- Nya)r,, + G(K 1/2’U:m"7'12, V-T12)ry,

— (W - M2, Qry, = (P, 0)0, + (I, @), + (U (), v)a,00 — (Un(t),v)q,6r. (A.3)

Taking Fourier transform of the above equation,

—

2707 (U (7), ©) oy +20 (D (U (7)), D(v)) 0, — (U @ U (T), VU)o, +H(K VP (T), V@),
+ (’&@ﬁ% v ® n12>F12 - (ﬁm(T) - %('&m)(T), v 7112)1“12

- (il’m(T) * T2, Q)Fu + G(K_1/2ﬂm(T) "T12,U - 712)F12 - <\j:l<7_)7 /U>V',V

+ <ﬂ(7_)a Omr v + (Uom, v)a, — (un(T), U)Qle—zm‘TT‘
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Letting v = w,,(7) and cancelling (@, (7) - 12, Pm(7))r,, terms we obtain

207 [t (7)[22(620) + 20 D (@t (7)) [2(620) = (B @ B (7), V(7))
+ (K V(7). Vi (7)) + (@ (6) © e (8)(7), i (7) @ miz)rs,
+ G(K (1) - T1g, W (7) - Tr2)ry,) — (5 (@ @ (7), U (7) - 12)r,
= (U(7), @ (T) v v + (7)o (7)) a1,
+ (Wom, Ui (7)), — (Unn (T), U (7)), €277, (A4)
Observe that, second, fourth and sixth terms are real. Then taking the imaginary

part of (A.4) yields

27 it (1) 2201 = 100 (@10 @ o (7), Vit (7)), +

= (U (1) @ W (1), U (T) @ Mag)ry, + (W (7), U (7)) v v

+ <ﬂ(7>7]§m(7)>M’,M + (wom, U (7)) — (wn(T), am(T))e—MTT).

Using the Cauchy-Schwarz inequality,

2707t (7) 322y < N1t @ B (P z2020) (e (7) 113002 + [0 (7) © P2l 220,
+ %Hﬁﬁm(ﬂHH(m)Hﬁm(T)HLz(rlQ) + O v llam (T v+ T are D () s

+ (llwomll 201y + l1wm(T) 200 [8m (T)] 2200,
To bound the right hand side a series of estimates are needed. Applying the Holder’s
inequality and using (3.37),

[ @ n(7) | 2(021) = || / Uy @ Uy ()2 dE| 1200y < / [T, @ Ty (£) || £2(02y)
R

T 1/2
- / e (£) © 2 (8) | 232y = / (ZZHu \mﬂ) di

=1 j=1

T
< / Zuu )220t = / bt = [t 2071200002
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Then H'&;mm(T)HL?(Ql) is bounded by (3.37) which also says that ||wom| 2, =

|2 (0)]| 22(0y) and ||ty (1) || £2(0,) are bounded. Further,

T
A = | / ()" dt| e < / (8] agrdt = / ITL(t) || g,
1@y = | / B (1) " dt |y / 1B (1) |yt = / 1 () |yt

Observe that,

1
2

[t (7) @ Pzl 2(ry,) = (ZZH nle%Z(rlg))
< [t (T) [ 2 0iz) P2l 22(010) < Cllten (7) [ 1(0)-

The last bound needed is for ||ﬁﬁm(7)||Lz(p12).

||ﬂ’m ’ ﬁ’m(T)HLz(Fu) < || /]Rﬂ/m ’ i”m(T)G_QMtTdt”LQ(Fm) < /R ||'&/m : 'a/m(t)HLZ(Fu)dt

T T
:/0 ||um~um(t)\|m<r12)dt§0/o [0,y < ClltemllZ20 o 0)2)-

Combining all of these,

2|7 [[ e () 17202,y < C (1 (7) || 22 020) + i (7) 111 (020) 1 (7) || Do (7) [ a1
(A.5)

Now fix o €]%,1[. Note that Fourier transformation preserves the norm in L*(R) by

1
92

Parseval’s equality. Then,

T

/R o (7) 212y 7 = / o ()2t = / () st = [t 20751100
0

Hence,

% (7)1 (021)

1 2
dr < ||wn|? . ——d .
[P < Wuelisosaos ([ )
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=

Let M := <fR Wch) < 0o. Then,

Hum “H L)
/ T | |U Y dr < M”um||L2(O7T;H1(Ql)2)7

and similarly,

[ e (T) 22(021)

u \4
R 1+l dr < Ml|lwp | 2(0,r;L2(51)2 /H (0l dr < M||[wn|| 220,750

+ |7]°
and

[ (7)[| 1

WA UM e < M|y, s
e L = Mliemlioran
which are bounded by (3.37). Therefore (A.5) gives

7|,
|7l (T) 1720 \ar<C.
R 1+ 7]

where C' > 0 is a generic constant independent of m. Observe that for |7| < 1,

1

1 i I|
w>§andf0r|7—|>1,7§1+ [,.Then,

I7|
|78 (7) |7 20y Jdr = /1 |7l (T)1122 @) g / 7]l (7 )HL?(Ql)dT
|T|>1

R e N Ul 1+ |7l
>1 ' o~ 2 d l 1—0o| 5 2 d
> (7|18 (T[22 (0 dT + 71 N (T) [ 72 0y dT-
2J 2 Jir>1
Thus,
[ A B dr < ©
|T|>1
Consequently,

L1 N (D < oy + € < C.

Therefore, u,, is bounded in H7(0,7;V, L*(€4)?) where 0 < v = 52 < 1.
Remark 70. This proof works also for Model II with minor modifications because of

the extra right hand side term coming from the nonhomogeneous Neumann boundary

condition and as the inertial forces are omitted.
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A.2 Bounds for Discrete Forms

This section contains results from [38]. For the proof of Proposition 36, the following

result is necessary:

Lemma T71. There erists a constant C, independent of h, but dependent on o™

)

such that for all edges e € T},

‘ Z ({u}'nE(uext_uint)’ wint)aEi(u,'v)ﬂe_ Z ({u}-nE(ueXt—uint), wim)('?Ej(v,u)ﬂe
Eeg} Eeg}

Oe

Je]

< Cllu — vl 2a) 7 w]ll 2 l[w]ll 22y,  (A.6)

where
OFE” (u,v) ={x € 0F : {u(x)} -ng <0 and {v(x)} - ng # 0},
and A, 1is the union of elements of &\ adjacent to e.

Proof. Let u,v,w € X, and define the set
OFE_(u,—v) ={x € OF : {u(x)} -ng <0 and {v(x)} ng > 0}.

Consider first an interior edge e in T';. The proof is based on the identity (see formula

(5.32), Chapter 1V, [64]):
Z ({u}_nE(uext _uint)7 'wint)BEj(u,'v)ﬂe _ Z ({u}~nE(um _,u/int)’ wint)an('u,u)ﬂe
Eeg} Ecg}

= — Z ({u} . nE(UGXt o ,u,int)7 wext o wmt)(’)E,(u,_v)me _. A,

Eeg}

and on the remark that on 0E_(u, —v), we have

{u}-np| < |{u - v} -np|. (A7)
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Therefore

Al < [{w = v} -npll =@l [u]ll 20 W]l 20)- (A.8)
As u and v belong to a finite-dimensional space in each element E, we easily deduce
that

¢l
I = v}l < Cllu = vlz2a,), (A.9)

where A, is the union of all elements of &} adjacent to e, and C' is a constant that
depends on "™ but not on h. Then (A.6) follows easily from (A.8) and (A.9).
Next, we prove the result for a boundary edge e. In this case, we easily obtain

that

A=— E (’U, ‘Nrpu, w)aE'_(u,f'u)ﬁe + E (’LL "NEpU, w)BE_('u,fu)ﬂe
Eeg} Eeg}

The proof is concluded as above by noting that (A.7) holds also on 0F_(v, —u). [
The following proves Proposition 36.

Proof. We first note that for any uw € X, on any fixed edge e, we have either
{u} -n.=0or {u} n.# 0 except possibly on a finite number of points, in which

case {u}-n. # 0 a.e.. Therefore, I'} can be partitioned into '} = F; U Fy U F3, with
Fi={e:{u} - n.=0one and {v}-n.#A0one ae.}
Fo={e:{v} - n.=0one and{u}-n.#0one ae.},
Fs =T\ (FLUFR).

We then have

3

s ony 51, 0) — s (0,050,0) = 3057 3 (s} ™ —u), ™)

i=1 ecT; EeE}

3

— Z Z Z {’U} ng lnt ext) wint)GE_(v)me _ ZQZ

=1 ecF; Eegl =1
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We now consider each subset F; separately:

Z Z {u—v} np(™ — v™), W™ )op_(w)ne

e€F1 EeE}

Cllvllx, [Jw — v’|L4(Ql)Hw|’L4(Q1)>

similarly,

Z Z {’LL o ’U} ( int eXt);wmt)aE,(v)ﬂe

ecFo Eeé’l

< Cllullx;, lu = vl sy 1wl s

finally,

Z Z {'U,} mt eXt)ywmt)BE,(u)ﬂe

e€F3 Eeg}
— Z Z {u} ng 1nt eXt)awint)BE_('u)ﬁe
e€F3 EeE}
+ Z Z ({u —v}- nE(“’int —u™), wint)BE‘_(v)ﬂe
ecF3 Eeg}ll
+ Z Z {’U} nE mt mt) o (uext - vint>>7wim>8E,(v)r‘|e- (AlO)
ecF3 Eeg}

The first two terms in the right-hand side of (A.10) are equivalently rewritten as

Z Z {’U,} 1nt eXt)uwint)an(u,v)me

e€F3 Ee&}
— Z Z {u} ng 1nt eXt)awint)BEi(v,u)ﬂey

e€F3 EeE}

and in view of Lemma 71, are bounded by:

Oe
CHU — ’U||L2(Ql) Z _H[u]l|L2(e)||[w]||L2(e) < CHU - v||L2(Q1)||u’||Xh||w||Xh

le]

ecFs3
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The second and third lines in the right-hand side of (A.10) are easily bounded respec-
tively by
Cllu = vl llullx,[lwlrie,) and  Cllv|qlle —vllx,lwl@).

Then (3.79) follows from the above bounds, (3.69) and a Korn’s inequality [74]. O

. 1
A.3 Bound for u},(0)-nyy in (H2(I'2))
The following is used for the existence result of Model II.

Lemma 72. For any v € V, there exists C, > 0 such that

lv-nisf < Crllvllrzay)-

H2 (T12))

Proof. We use the definition of the dual space norm. Recall that

_ sup <’U "Ny, 90>F12

an12H( || ||
SOGH%(FM) v H%(Fu)

H%(Fm))’

1
Then let R : HZ(T15) — H'(Q4) be a continuous extension (lifting) operator such

that there exists C'p > 0 satisfying

IR = Crllell i r,,)

Observe that v - ngg, =0 on 'y as v = 0 on I['y. This implies
<’U " M2, 90>F12 = <’U * M2, ,R'(SO)>F12 = <U ' n891772’((10>>391'

As V-v =0 on 2, using Green’s formula,

(v-maq,, R(¥))aa, = R(p)V v+ /

951 Q

v VR(p) = /Q v VR(p)
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These imply that

[{v - 112, O)ro| < (V][ 20) [R(O) 1)) < Crlvllzanliol 5,

Therefore,

[v - Pl g2y < Crlivllrze)

A.4 Properties of the Linear Interpolation Operator I

This section contains properties of the interpolation operators that are used to con-
struct the approximate solution for the weak problems of Chapter 4. The following

result can be found in [53]. For completeness, the sketch of the proof is given here.

Lemma 73. For z € L?(0,T; B), let zV = (Z),...,ZN) where Z¥ is the average on

i

the interval [(i — 1)At,iAt] defined as in (4.37). Then for all 1 < p < oo,

1
N 7
116z e (o,1:) = (Atz ”ZTH%) ; (A.11)
n=1

and

152" — 2z strongly in L(0,T; B) as N — 0. (A.12)
Furthermore, for all 1 < p < o0,
162" | oor:5) < |12 l]20,7:)- (A.13)

Proof. For 1 < p < oo,

N nAt % N %
1z oy == [ 3 /( ) = ()
n=1Yn— t n=1
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Then Holder’s inequality and (4.58) imply
P
110" o (0,1;B) (AtZHAt/ 1At2(t)dt||3>

» T 1
(Z / N |f’dt> =( / ||z<t>||%dt) = zlors).

Also by (4.59) and (4.38),

B B 1 nAt
oz | o.rim) = max [|Z)]|5 < KtninaXN/( (D)l sdt = |[2]| L= 0.7:)-

.....

Therefore the result holds for 1 < p < oco. We will first show the last result for
z € C([0,T]; B). Then we will conclude by a density argument as C(0,7"; B) is dense
in LP(0,T; B).

Let ¢ > 0. Let x, denote the characteristic function on the interval (nAt, (n +

1)At). Then,
T T
167 = Moy = [ 1670 = (0t = [ xa(®llzner = 20

T 1 (n+1)At p
= /0 Xn (1) = /A z(s)ds — z(t)
nAt

dt
T 1 [+DA p
<[ w0(g [ I - a0la ) d
0 nAt

B
As any continuous function on a compact set is uniformly continuous, z is uniformly

continuous on [0, 1]. So for any €¢; > 0, we can find § > 0 such that for any ¢, s € [0, 1],
|t — s| < 0 implies ||z(t) — z(s)||p < €1. Let Ny be such that Nlo < 0. Then for all

N > Ny, At < 6. Thus for 0 < ¢; < Tﬁeo,
T
| 1g2Y — 2 Tprm) < / Xn(t)eldt = €PAt < Tl < € (A.14)
0

yielding IozY — 2 in LP(0,T; B) for any z € C([0,T]; B). The result then follows by

the density. O
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