STRONG CONVERGENCE OF DISCRETE DG SOLUTIONS OF THE
HEAT EQUATION
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Abstract. A convergence analysis to the weak solution is derived for interior penalty discontinuous
Galerkin methods applied to the heat equation in two and three dimensions under general mixed boundary
conditions. Strong convergence is established in the DG norm, as well as in the L? norm, in space and in
the L? norm in time.
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1. Introduction. This work is dedicated to the strong convergence of the discrete
discontinuous Galerkin (DG) solutions to the weak solution of the heat equation. Analysis
is given for all three variants of the interior penalty DG methods, and for general mixed
boundary conditions. In addition, L” bounds and convergence for discrete broken Sobolev
spaces are obtained.

In [4], strong convergence is shown for the steady Poisson problem with homogeneous
Dirichlet boundary condition; it is obtained by introducing an associated discrete gradient
operator and working directly on the scheme and PDE. Here in order to address the heat
equation, we first derive a bound for the time-derivative in the L? norm in time and in a
dual norm in space. We then work also directly on the scheme and PDE. This gives strong
convergence of the solutions in the DG and L? norms, in space and in the L? norm in time.
In addition, convergence in the L? norm in space is recovered by lifting the DG functions
with a non-conforming interpolant and a conforming regularization. This approach is in
the spirit of that used by Brenner in [1]; it is robust, valid in 2D or 3D; and it applies to
general mixed boundary conditions. Since the model problem is linear, the analysis only
uses linear techniques, and in particular, does not need an Aubin-Lions lemma. However,
apart from this compactness lemma, the tools used in this work can give an insight on
what could be done for the analysis of DG methods applied to some nonlinear parabolic
problems.

The outline of the paper is as follows. The model problem is described in the next section.
The discrete scheme for the PDE is introduced and the convergence result of the broken
gradient is stated in Section 3. Intermediate results are obtained in Sections 4 and 5.
General LP convergence results in broken Sobolev spaces are derived in Section 6. The
proof of the convergence result for the broken gradient is given in Section 7. Some technical
proofs are outlined in an appendix.
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2. Model problem and weak formulation. Let © be a bounded domain of IR,
d = 2,3, with a Lipschitz boundary 0€) partitioned into two disjoint parts 92 =T'p UT'y.
The regions I'p and I' y need not be connected, but we assume that the number of connected
components of I'p and 'y is finite. Let Q7 = Q x (0,7) denote the space-time cylinder.
The exact problem reads: Find u such that

0 .
S~ Au=/f nQr,

u=0, onlpx(0,7),
Vu-ng=0, onlyx(0,T),
u = ug, in ) at timet =0,

where ngq is the unit outward normal vector to 0§2. The analysis below includes the cases
where I'y = 99 or I'p = 0f0.

Define the space
X =Hyr, () ={veH(Q),v=00nTp},

equipped with the norm of H'(Q), and let X’ denote its dual space. The L? inner-product
over a generic domain O is denoted by (-, -)o, or simply by (-, -) when there is no ambiguity,
and the duality pairing between the dual X’ and X by (-, ).

Assume that f belongs to L?(Q7) and that ug belongs to L?(£2). The weak formulation is:
find uw € L*(0,7; X) N L>(0,T; L*(€2)) such that
T ou T
/ (5 ) + (Y, Voo ) di = / (F.0)adt, Vo € L2(0,T: X), (2.1)
0 0
and
u(0) = wuo. (2.2)
By a standard argument, see e.g. [12], it can be shown that (2.1) has exactly one solution
win L2(0,T; X) N L>(0,T; L*(2)) satisfying

ou
— e L*0.T: X".
ar € L 0.T:.X)

As is usual, we associate with (2.1) the space

WO0.T) = {v e L20,7:X): %0 € 12(0,7: X)), (2.3)

equipped with the graph norm. It is well-known (see e.g. [5]) that C*°([0,T]; X) is dense
in W(0,T) and, as X < L*(Q) — X', with continuous and dense imbeddings,

W(0,T) < C°([0,T]; L*(Q)). (2.4)

Therefore, the above initial condition is well-defined.
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3. Numerical scheme. We combine the backward Euler method in time with the
interior penalty discontinuous Galerkin method in space. Let &, be a regular (in the sense
of Ciarlet [2]) partition of the domain 2 into simplices, or quadrilaterals or hexahedra
according to the dimension, constructed so that any given boundary face belongs to either
I'p or I'y. Denote by I'j, the set of interior faces. Let h denote the maximum diameter
of the mesh elements. For a given face e, let h, denote the diameter of the face. Let X},
denote the finite-dimensional space of discontinuous piecewise polynomials:

X, ={vel*(Q);v|g €P(E),VE €&}, r>1,

where P.(E) is, for simplices, P.(E), the space of polynomials of degree less than or
equal to r. For quadrilateral or hexaedral elements, P.(F) is the image by the inverse
transformation, i.e., x = F1(x), of polynomials of degree less than or equal to r in each
variable, i.e. Q,(E). Let N > 0 be an integer, define At = T/N and t, = nAt. The fully

discrete scheme is to find u} "' € X, satisfying

1
Kthﬂ —u,vp) + apa (Uit vn) = (o), Yo, € Xy, 0<n<N-—1, (3.1)

where

1 tn+1
) = 5 /t F@ bt ae. in O,
and uY = Pyug, where P, is the L? projection operator in space defined for any v in L?(2),
by Ppv € X, satisfying

(Pyv,wyp) = (v,wy), Yw, € X,

We recall the usual notation for the DG set-up. We define the broken gradient V,w; as
the piecewise gradient on each mesh element. For a given interior face e, a unit normal
vector n, is fixed, and its orientation is used to uniquely denote the elements that share e
by EY, ES. The jump and average of a function v € X, across a face e are given as

1
Ef'+ §U

1
[U]:U|Ef—’UES, {0}251) ES
For a boundary face, the unit normal vector n. is the outward normal nq to 9€2, and the
jump and average simply coincide with the trace. The DG bilinear form is for all w,v in

Xhi

apg(w,v) = Z (Viw, Vyv)p — Z {Vw} - ng, [v])e
Ee&y, ecl'p,Ul'p

+e Y (Voo )+ Y 7 (w] feD)e.

EEFhUFD EEF}LUFD

The symmetrization parameter ¢ may take the values —1,0 or +1. The penalty parameter
0. > 1 may vary from face to face, it is chosen in particular so that the form apg is coercive
3



in the case when ¢ = —1 or € = 0, see [9]. Define the semi-norms

o 1/2 T 1/2
kuxh=<2\|wuim+ > h—emwm;(e)) , uwummmz(/o ku%@) .

Ee&), eel,UI'p €
(3.2)
They are norms if |I'p| > 0. For convenience, we will use the compact notation (-, -)r,ur,
for the sum of L? inner-products over the interior and Dirichlet faces.

Standard energy-type estimates yield

1<n<N

N-1 N-1
sup Jupl|Zo) + At D> lupt %, + D llup ™ = upllFagq) < C. (3.3)
n=0 n=0

Throughout the paper, the constant C' denotes a generic constant that is independent of

h and At.

3.1. Main results. The main convergence result of this paper is the strong conver-
gence of the broken gradient Vjuy to Vu in L?. More precisely, we prove the following
theorem:

THEOREM 3.1. We have

N—-1 b1
I m |2 dt = 0. 4
2 | = =0 (3.4)
Moreover,
I n_ = 0. .
hyAlrthOigNHuh u(tn)lr2@) =0 (3.5)

Of course, (3.5) implies

h,At—0

N-—1 b1
lm 3 /t et — |2t = 0. (3.6)
n=0 n

This theorem has the following corollary:

COROLLARY 3.2. Let py be the exponent of the Sobolev embedding of H() into LP(L2)
defined by

1 1 1
— == 3.7
p 2 d (3.7)
Then, for all p < po
N-1 tn+1
: n+l 2 —
2 | I = e =0 (35)

This corollary is an immediate consequence of Theorem 3.1 and the following theorem on
LP bounds for broken Sobolev spaces:
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THEOREM 3.3. For each p < py defined by (3.7), there is a constant C' independent of h
such that,
[onll o) < ClllonlFagy + lonllk,) 2 Yon € X (3.9)

In addition, if |I'p| > 0, then
vnllr @) < Cllvnllx,, Vo € X, (3.10)
and if |U'p| =0, then

1
o — @/vhﬂm(g) < Clonllx,, Von € X (3.11)
Q

The bound (3.10) has been obtained for p = 2 in [1], for any p for d = 2 in [7], and
for any p for d = 2,3 in the case I'p = 0Q in [4]. The proof of Theorem 3.3 is in
Appendix 9. Section 6 contains an additional important LP convergence result for broken
Sobolev spaces. The proof of Theorem 3.1 is given in Section 7. It requires intermediate
stability and convergence results for two functions uj a; and @ o+ introduced in the next
section.

4. A priori bounds of upa; and uj as. It is usual to construct from the sequence
(u}), a function wupa; that is continuous in time in [0,7] and a function ap A that is
piecewise constant in time in |0, T'[. More precisely we define for any n, with0 <n < N—1:

t—t, . t—ta
At uh('T) At )

upar(t, ) = uf () V(t, x) € Ox]tn, tnsi]

and
Upae(t,2) = up(z), V(t,x) € QX [ty tusi]-

Clearly, (3.4) is equivalent to

h,lAI?—lm HUh7At — uHLQ(U,T;Xh) = O (41)

In the next section, we state and prove properties of these two functions uj o+ and @y ay.
The proof of (3.4) and (3.5) is given in Section 7.

We easily see that the scheme (3.1) can be rewritten as:
(v, ar, vn) + apa(@nae, vn) = (far,vn), ¥t €]0,T], Yo, € X, (4.2)

where fa; is the piecewise constant function, equal to f"*! on the interval |t,, 1] for any
0<n<N-—1.

4.1. A priori bounds of @, ;. The a priori bounds for the sequence (u}), yield
several bounds for the function @ a;. From (3.3), there is a constant C' independent of h
and At such that

|@n,atl Lo 0,102 (0)) + || Un,atll 2200, x,) < C. (4.3)
This immediately implies that
ltnaell 2@y < C. (4.4)
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4.2. A priori bounds of uj a;. From (3.3),the fact uj, a; is a piecewise linear function
in time, and the definition of u}), there is a constant C' independent of A and At such that

lun,atll Lo 0,2 (0)) < C. (4.5)
This bound immediately implies
||uh7At||L2(QT) S O (46)

Next, we will derive a bound on the time derivative of uj o¢. Considering the definition of
Xy, Py, is a local L? projection in each element. It is easy to check that

1Pl 2@y < l0llz2@r)s

and
||th||L2(O,T;Xh) S C||U||L2(O,T;H1(Q))a Y € L2(0,T7X) (47)

LEMMA 4.1. There is a constant C independent of h and At such that

T
0 , Pyv)dt
sup fo ( tUh, At hU)

veL2(0,T;X) HUHL2(O,T;H1(Q))

Proof. Let v be a function in L*(0,T; X). Since P,v belongs to X}, we obtain from (4.2)

T T
/ (Opup,at, Pyv) dt = / ((fae, Pav) — apc (i ae, Pyv))dt.
0 0

The first term in the second line is simply bounded as

N—-1 trit
Z/ (f"h Po)dt < [Ifllzz@n 10llz2@r) < Clfllzzm vllz2rim @)
n=0 tn

For the second term, we have

T T
—/ apc (n,ae, Prv)dt = —/ ((Vhﬁh,m, ViPyv) + e({ViyPyv - n.}, [ﬂh,At])rhurD>dt
0 0

n /0 ' ((ninar- e [Paleyor, = (ol ad. [Pitlrr, )t

We bound each term in the right-hand side. First, using (4.3) and (4.7), we obtain

T
/ (Vitn,at, VaPro)dt < ||Vatnadll 2o | VaPr () |20 < Cllvll 2,01 )-
0
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Next, by using equivalence of norms, we obtain

T 1/2
/O {ViPov - ne}, [tnae])r,or,dt <C (/ > h@” [, adlll72 dt)

ecl'y,Ul'p

T
X </ HV}LP}LUH%Q(Q)dt)
0

T
/ ({VrPyv -0}, [tpad])r,orpdt < Cllo|| 20,001 )-
0

1/2

Then (4.3) and (4.7) imply

For the third term, using again an equivalence of norms, we write
T T 1/2
[ s nd Pyt <0 ([ 190maladt)  IPloora)
0 0
< Cllllrz0mm1 2,
by another application of (4.3) and (4.7). For the penalty term, we simply have

1/2

T T
O¢ Oe \r_
| Gl tPleyorte < ([ 5w adagdt) Il

e

< C||vll 20,01 )

using again (4.3) and (4.7). Combining the bounds above we have obtained

T
/(&me%mﬁSCMMmmmm»
0

whence (4.8). O

LEMMA 4.2. The function Oyup a; is uniformly bounded in L*(0,T; X'). More precisely,
there is a constant C' independent of h and At such that

|Ovun, atll 20,7, x7) < C. (4.9)
Proof. Pick an arbitrary v € L*(0,7; X) and write:

T T T
/ (Opupat,v) dt = / (Opupat, v — Ppo) dt + / (Opupat, Prv) dt. (4.10)
0 0 0

Since Pjv is the L? projection of v onto X, for almost every ¢, we have
J Yy

tn+1 1
/ (Opunar, v — Ppo) dt = Z / "H —uy, v — Pyu)dt = 0.
0 n



Thus from Lemma 4.1 we have, for all v € L*(0,T; X)

T T
/ (Opup,at,v) dt = / (Orun,at, Prv) dt < Cl|v|| 20,01 (92))
0 0
which yields the result. O
5. Convergence of u, A, and ;. The a priori bounds obtained in the previous

section yield the following results.

THEOREM 5.1. There is a function u € L*(Qr) with dyu € L*(0,T; X') such that
up A and Uy a; converge weakly to u in L*(Qr),

and
Owun s converges weakly to Ouu in L*(0,T; X').

Proof. From (4.6), there is a subsequence (upnat)nar that converges weakly to a function
u in L?(Q7). Bound (4.4) implies that there is a function @ in L?(Q7) such that, up to a
subsequence

iy, a¢ converges weakly to @ in L*(Qr).

The difference

t—t,
unae(t, ) — Gpap(t, ) = (WP (z) — ul(z)) At“, V(t,2) € QX [tn, tnia],

gives

) At N-1
[|wn,ae — Uh,AtH%z(QT)) T 3 Z ||UZ+1 - UZH%%Q)-
n=0

Using (3.3), we obtain
Huh,At - ﬂh,AtH%2(QT) < CAt.
Hence

h,li?io |tn,ae — Uh,At||L2(QT) =0.

This yields that v = u, and, up to a subsequence,

U a¢ converges weakly to u in L*(Qr).

Bound (4.9) implies that there is a function w in L?*(0,7;X’) and a subsequence, still
denoted by (upat)n.ar such that

Oyup, ¢ converges weakly to w in LQ(O, T; X').

A classical argument proves that, for all v in C§°(0,7; X), we have

T
(w,v)g, = —/ (u, Ov)dt = —(u, 0w) g, = (Ou, v)g,.-
0
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This means that, in the distributional sense,
w = Oy,

which concludes the proof. O

Following [4], we introduce a discrete gradient as follows. For any face e in I', UT'p and

any function ¢ € L?(e), we define the lifting r.(¢) € X by

/ Te(p) v = /{vh ‘ntp, Yo, € X,Cf.
Q e
Then, for any wy, in X, we set

Rifwi) = 3 rellws)),

ecl',Ul'p
and define the discrete symmetric gradient Gp(wy,) in each element E by
Gr(wn)le =V wnlp — Ru([wn])|e-

In particular, we have

(Gr(wn),a) = (Vawn, a)g, — ([wa], {a-n})r,or,,  Va e Pr(&)"

Let wp, A+ be the function, piecewise constant in time, defined by
wh,At<t7 SE) = w2+1($)7 V(t, x) € QX}tn, tn-i—l]‘
We thus can extend the definition of the discrete gradient Gy, (wp a¢):

vt E]tnatn-‘rl] ) Gh(wh,At)(t) = Gh(wz+1)'

The discrete gradient satisfies the following important property.

(5.1)

(5.2)

(5.3)

(5.4)

LEMMA 5.2. Denote by Y the space of functions in H'(Q) whose trace vanishes on Ty,
namely Y = Hjp (Q). Let v be a function in L*(0,T;Y?) and let v, be any function in
L*0,T; X)) N L*0,T;Y%). Let (w}), be a sequence of functions in X,,. There exists a

constant C' independent of h and At such that

T
‘/ (Gh(wh,At)aV)+(wh,At7v'V)dt‘ < Cl[wp,atl z2(0,7:x,)
0

><<|!V—Vh|!i2<QT)+ Y hellv = VallZagexory

ecl'p,Ul'p
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Proof. By applying Green’s formula, and the definitions (5.4) and (5.2), we obtain

/OT(Gh(wh,At),v)dt = Nz—l/:ﬂ (—(wZ"‘l’V~V)+([wz+1]7V-ne)FhUpD—(Rh([wZ"‘l])’V))dt.

By using the fact that v, belongs to X NY? for each ¢, we write equivalently,

T N-1 tnt1
/ (Gl a0 V)dt = — 3 / (WY - v)de
0 n=0 7 tn

N-1

3 [ (=m0

3

It is easy to show that

N—1 T
S AR ([ ) oy < C / 3
n=0

ecl'p,Ul'p

Lo
o ll[@n,ad 72 dt- (5.5)
The result is then obtained. O

The following lemma is a generalization of a result obtained in [4].

LEMMA 5.3. Let (Wpat)nat be a sequence of functions, piecewise constant in time, satis-
fying
[ @n,aellz207:x,) < C,

where C' is independent of h and At. Assume that (Wpat)nar converges weakly to a
function w in L*(Qr). Then, the limit w belongs to L*(0,T; H'(Q)) and the sequence
(Gh(Wnat))nae converges weakly to Vw in L*(Qr)<.

Proof. Using Lemma 5.2, we have for any function v in L?(0, T; H}(Q)?)
T T

T T
hvl&{go i (Gh<wh’At)’v)dt:_h,lA1?—l>0 i (whAt,V-v)dt:—/o (w,V-v)dt:/o (Vw, v)dt.
(5.6)

In addition, we have, using (5.5)

|Gh(Wnae) | 220 < Cllwnadllz2orx,) < C.
Therefore the sequence (G (Wp,a¢))n.ar converges weakly to a function z in L*(Qr)¢ and
(5.6) shows that the distributional derivative Vw is in fact equal to z. O
The next theorem shows that the limit v in Theorem 5.1 belongs to L?(0,T; X).
THEOREM 5.4. With the notation of Theorem 5.1, we have

u € L*(0,T; X).
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Proof. First let us prove that u takes its values in H'(Q). Let ¢ be an arbitrary function
in L*(0,7;C3°(2)%). We have, from the weak convergence of i a; to u in L*(Qr):

T T
—/ (W, V- )dt = lim —/ (iipne, V - )dt.
0 0

h,At—0

Green’s formula in each element E implies

_ /OT(Uh,At, V. ¢)dt = /OT ((Vhﬂh,At, ®) — (¢ -n,, [ﬂhAt])Fh)dt.

Therefore

T T
- / (.00, V - $)dt] < / IV s acll 2o b1l ey dt
0 0

T
O-e —
+/0 (Z h_H[Uh,At]”%g(e))l/Z(Z he|’¢‘|%2(e))1/2dt.

ecl'y, ecly,
By a standard trace theorem
hell@lZ2e) < CUllDNZ20) + P21V Bl Z2()
ellllL2(e) = L2(Q) L*(Q)/-
ecl'y,

Therefore the bound (4.3) yields

t 2 2 2 1/2
= [ V- 9l < € (Il + IV e

and passing to the limit as h and At tend to zero, we derive

T
- / (w,V - $)dt] < bl 2com.

This means that the distributional gradient of u is in fact in L?*(Qr)%.

Next, In order to prove that the trace of u vanishes on I'p, let ¢ and v be any functions
respectively in L2(0,7) and Y9, so that ¢v belongs to L?(0,T;Y?). We apply Lemma 5.2
to the sequence of functions (u} ), and, considering that both Gy, (@ ar) and @y, o4 converge
weakly, we obtain:

T T
hm (Gh(ﬂh,At)a V)¢dt = — hm (ah,At7 V . V)¢dt

h,At—0 0 h,At—0 0

Using Lemma 5.3, and passing to the limit, we have

/OT(W, v)odt = — /OT(u, V- v)dt.

11



This implies for all ¢ € L*(0,T) and v €Y

T
/ (u,v-n.)r,odt =0,
0

which in turn implies that the trace of u vanishes on I'p. O

With Theorem 5.1, we then recover the initial condition, namely
uo(+) = u(0,). (5.7)

6. LP convergence results for broken Sobolev spaces. In this section, we obtain
convergence in LP of a uniformly bounded sequence of discrete functions in broken Sobolev
spaces. The result is valid independently of the choice of the boundary conditions.

THEOREM 6.1. Let py be the critical exponent of the Sobolev embedding defined by (3.7)
and let p < po. Let (v,)n be a sequence of functions in Xy, uniformly bounded:

vnllx, <C. (6.1)

Then, if |T'p| = 0, there is a function v € H'(Q) such that (v, — [, vn)n converges strongly
to v in the L norm. In addition, if |T'p| > 0, the function v belongs to Hyr () and (vs)n
converges strongly to v in the L norm.

The proof of this result contains intermediate steps that can be useful per se. The dis-
continuous function vy, is transformed into an H' function by means of three operators.
The first operator L, reduces the degree of the polynomials to one; it is simply a standard
Lagrange interpolant of degree one applied locally to v, in each element with no global
continuity requirement. The next operator Cj, regularizes Ly(v,) at the center of each
face to transform Ly (vy,) into a Crouzeix-Raviart element (see [3]). Finally, Cy(vy) is glob-
ally regularized by a Scott-Zhang type element (see [10]), denoted Ry (v;). Details of the
constructions of C} and Ry, are given below.

To construct Cj,, consider first an interior face e shared by Ef and E§ (normal n. points
from EY to EY), let b, denote the midpoint of e in 2D and the barycenter of e in 3D. Then
e is a discontinuous piecewise polynomial of degree one, uniquely defined by

)\e (be)

E¢ — 17 Ae(be)

pe =0, Ae(by) =0, Vyel,Ulp, ~v#e.

The process is similar for a boundary face e adjacent to E¢; we define \., a discontinuous
piecewise polynomial of degree one, by

)\e<be)

Ee — 1, /\e(bv) = O, V’y S Fh U FD, Yy 7é €.

Then Cj,(vy,) is defined by



By construction, C},(vy) is continuous at the center of each interior e and vanishes at the
center of each e in I'p.

We now regularize Cj,(vy,) by constructing a function that is a polynomial of degree one
in each element, belongs globally to H'(2), and is of the Scott-Zhang type [10]. Let Pj
denote the set of vertices of &,, including those on the boundary 0€). For each vertex
a € Py, let ¢, be the nodal basis function of degree one associated with a, and let b,
be the center of a face with vertex a, chosen so that the face is not contained in I'y. In
addition, if |[I'p| > 0 and if a lies on I'p, the face is chosen so that it belongs to I'p. Then
Ry (vp,) is defined by

Ru(vn) = Y Ch(vn)(ba)a-

acPy,

By construction, Ry (v,) belongs to X.
The following lemma collects useful approximation properties of these operators. Its proof
is easy and given in the appendix.

LEMMA 6.2. Let the mesh be regular in the sense of Cliarlet [2]. Then, there exists a
constant C' independent of h, such that

lon = Lu(va)|lx, < ClIVhvnllr2),  Von € Xi, (6.2)
[vn = Ch(vn)llx, < Cllvnllx,,  Von € Xp, (6.3)
”VRh('Uh)HLQ(Q) S C”UhHXha V?Jh € Xh. (64)

For each p < pg, the critical exponent of Sobolev’s embedding, there exists a constant C
independent of h, such that

—d(i_1
lon = La(on)llo@) < CH' 7| Vionll 2, Vou € Xa, (6.5)
—d(L_1
lon = Ch(on)llr) < OB Jlon|lx,,  Von € X, (6.6)
—d(L_1
lon = Ba(on) o) < CR G0 flonlx,, Vou € X, (6.7)

We can now prove Theorem 6.1.
Proof. All weak convergences below are up to subsequences.

We consider two cases according to the measure of I'p. If [I'p| > 0, it follows from (3.10)
with p = 2, that vy, is uniformly bounded in L?*(€2) and hence there is v € L*(Q) such that
v, converges weakly to v in L*(Q). Similarly, there is a function w € Hjp () such that
Ry, (vy,) converges weakly to w in H*(2). This means that Ry,(vj,) converges strongly to w
in LP(Q) for all p < pg. But (6.7) implies that v, — Rp(v,) converges strongly to zero in
LP(§2) and therefore on one hand v = w and on the other hand, v, converges strongly to v
in LP(Q).

Next, consider the case |[I'p| = 0; then || - || x, is a semi-norm, and vy, is defined up to an

additive constant. Let .
6h = Vh — 7 / Rh(vh)-
12 Jo
13



It is easy to see that by construction

- 1
Rh(vh) = Rh(vh) — ﬁ / Rh(vh).
19 Jo
Thus Ry () belongs to H'(Q) and [, Ry(05) = 0, and hence by Peetre-Tartar’s lemma
(see [8], [11] and Theorem 2.1 in [6])
[1Bn ()| o) < ClIVR(0)||120) = CIIVE(0n)l[£2(0) < Cllonllx, < C.

Therefore there is w € H'(Q) such that (Rp(o5)), converges weakly to w in H'(€) and
strongly to w in LP(Q) for p < po. Reverting to oy, we write

10n]|zr ) < [|0n — Ru(0n) || Le @) + | Ra(00) || e (o) -

But
6h — Rh({)h) = Uy — Rh(’l}h)

and therefore, again by (6.7),
[0l e() < llvn = Ba(v)llLe@) + Cllunllx, < Cllunllx,-

Hence there is a function v € LP(€2) such that o), converges weakly to v in LP(€2). In
addition, it stems from

10n — wllzr) < |08 — Ru(n)||r) + (|1 RR(0r) — w]| o),

that (v5,), converges strongly to w in LP(€2). This implies that v = w. Summing up, the
sequence

(Uh—/QRh(Uh))h

converges strongly to v in LP(Q), and v € H*(€). Since by (6.7),
1
@H /Q (R(vn) = vn) o) < QY772 Ra(vn) = onll ) < ClQY772hl|usl|x,,,
the conclusion holds for (v, — ﬁ fQ vp)p. O

7. Proof of Theorem 3.1. For two sequences of functions in X, 9, = (v}'), and
Wy, = (W})n, define the bilinear form associated with the left-hand side of (3.1):

N-1 N-1
Ap(Wp, ) = Z(wzﬂ —wp, vt + At Z apc(wy ™ vy,
n=0 n=0

LEMMA 7.1. Let o, = (v}), be a sequence of functions in X,. There is a constant C
independent of h, At and vy, such that

N
o . 1 1
Ap(Bn, o) 2 C Y Atl|vpll, + Sl1on 1220) = 5110kl 72)- (7.1)
n=1

14



Proof. The proof is well-known. We give it for completeness. By definition

=

N-1

An(Tn,T) = D (opt — v op )+ ALY ape (vt opth).
n=0

3
Il
=)

On one hand, the coercivity of apg implies
ang (v vy ™) > Ollonll%, -

On the other hand, the first term satisfies

=

N—-1
(UZ+1 ’Uh,'U;LH_l Z ||Uh+1||L2 ||,UZ||%2(Q)) ||Uh ||L2(Q) ||U2||%2(Q)
n=0

i
=)
l\’)l»—k

This concludes the proof.
d

Ideally, the desired strong convergence should be deduced by substituting into (7.1) the
difference between u;, and some interpolant of the limit function w. But, considering the
low regularity of u, we replace it by a smooth function and argue by density. More precisely,
we know that u belongs to W(0,T), see (2.3). Since the smooth functions are dense in
W(0,T), we can find a sequence (@), in C*°([0,T]; X) such that

¢y converges strongly to u in W (0,7,

and the embedding (2.4) implies that ¢, converges strongly to w in C°([0,T]; L*(Q2)). In
other words, for each § > 0, there exists kg such that for all £ > ky,

ok — ullwor) <96, (7.2)

and
sup || ¢r(t) — u(®)|[r2@) < 6. (7.3)

te[0,T]
Let I at¢r be an interpolant of ¢y, of the Scott-Zhang type [10], continuous in time and
space, vanishing on I'p and satisfying

I A+d% converges strongly to ¢y in L*(0,T; X),

Or (I asdr) converges strongly to 0y in L*(Qr).
This implies
I.a:¢1 converges strongly to ¢y in C°([0, T]; L*(12)).

We set

I aetk(2) = Inma@r(tnsr,x), V() € QX [ty tnsa].
15



I_t can be easily checked that, since I}, ao¢¢x belongs to a finite dimensional space in time,
I at9x also converges strongly to ¢y in L*(0,T; X ), and moreover

|, ae0 — Orll 20 m@) < Cllnatdr — Onllr2omm @) (7.4)

Denote by INh,Atgbk the sequence of functions (Ina¢@k(tn,))n and by i, the sequence of
functions (uj(-)),. We apply Lemma 7.1 to the sequence @, — Iy at¢r, Wwith the index kg
chosen in (7.2). We have, since the interpolant does not jump

N
n O-e n 1
C (Z A1V n(uf; = Tnaedro(tns Dl + D h—H[uh]Hia(e))> + gllun’ = It (T ) 720
n=1

eel,Ulp ¢

- ~ - ~ 1
< Ap(tn — InatPro» Un — Inatdr,) + 5”“2 — I, 2tk (0, )1 720y
(75)

This implies

_ 1 o L
Clltn,ar — Tnatdro | 720.7:x,) + QHUiV — In2t0mo (T, 720y SAR(Un — TnatBros Tn — In,aidro)

1
+ §Hu2 — Inatdro (0, )1 220
(7.6)

The right-hand side of (7.6) can be split into three terms. The first one is evaluated by
the expression (3.1) of the scheme:

N-1

T
An (i, i, — Inastry) = A Y (f" ™ = I ety (s, ) = / (fae Un,ae— Inatdr, )dt.
0

n=0

The weak convergence of i a¢ in L*(Q7), the strong convergence of jrhAtqbko to ¢, in
C°([0,T); L?(Q2)) and the strong convergence of fa; to f imply that

) T
Lm  Ap(tp, @n — Inatdr,) = / (f,u — g, )dt. (7.7)
0

h,At—0

The next lemma evaluates the limit of the second term.

LEMMA 7.2. We have

T T
i An(Fnacben, fin — Traidn,) = / (D1, 11— Gy )L+ / (Vony, Viu—dp))dt. (7.8)
h,At—0 0 0

16



Proof. Since Iy at¢r, (tn, ) belongs to X, the expression of A, simplifies:

N—-1

An(In atro, U — In Atdry ) Z ( (Tn.atPre (tns1) — Inaedrg (tn)s ™ — Inatdr (tns))

n=0

ANV I atdry (tni1)s Vaup ™ — VI ardro (tns1))

— A 060 (i) -0 [0 = it (b Do )
(7.9)

Therefore the first term in the above sum can be rewritten as

=2

(I, 2t ko (tns) — Inoatdio (tn), up ™ = Iy aeig (tns))

i
o

T
= / (OeIn,atPro Unat — Inatdr, ) dit
0

By assumption, 0iIj, ar¢x, converges strongly to 0,¢y, in _Lz(QT). We also have shown the
weak convergence of iy Ay to u in L*(Q7). From (7.4), Ij atdr, converges strongly to gy,
in L?(Q7). Therefore, the first term in the right-hand side of (7.9) converges to

T T
/ (Bubug, 1 — )t = / (Buongt — ). (7.10)
0 0

We first rewrite the sum of the two remaining terms as

T
/ <(th,m¢ko, Vitnar — Vi ardry) — {VInatOr - Dets [Un,ar — [h,At¢ko])rhurD)-
0

Using the discrete gradient Gy, (up At — I h.At®k, ), this expression becomes

N
Z At ((V[h,mcbko (tn), Vaup—V Iy ardng (tn))—({VInatdr, (tn) 0}, [ —In ardr, ()] )rhurD>

T
:/ (Gr(tnat — Inat®ry ), VIL ardr, )dt
0

Next we observe that the sequence (iin at—In AtPro )n.a¢ is uniformly bounded in L2(0, T; X3,).
It stems from Lemma 5.3 that the sequence (G (tnar — Inai®ry))n.ae converges weakly
to Vu — Vg, in L?(Qr). From (7.4), we see that the sequence (I, a¢dk,)n.a¢ converges
strongly to ¢, in L*(0,T; H'(Q2)). We then conclude that

T

T
im [ (Goltnns — Tnnetn,), VI asthn, )t — / (V. Vit — ba))dt
0

h,At—0 0

which combined with (7.10) gives (7.8). O
17



For the last term in the right-hand side of (7.6) that involves the solution at the initial
time, we first see that, since uj is the L? projection of ug

lim ||uj) — = 0.

lim [[u, — o[ 12() = 0

Then the strong convergence of I, a¢@r, (0, ) to ¢, (0,-) in L*(Q) implies
lim lug; — T, aeio (0, )| 2200 = o = 0o (0, )| 220 -

By collecting the above results, and combining with (5.7), (7.7) and (7.8), we obtain on one
hand that for each € > 0 there exist h. and At. such that for all A < h, and At < At,,

. ~ . ~ 1
’Ah(uh - Ih,At(bkov Up — Ih,At¢k0) + 5”“2 - Ih,At¢k0 (07 )H%Q(Q)

T
= [ (= 0u) + (O, = )+ (V. V= )t = 500, = 0y 0,
<e.

(7.11)
On the other hand, by applying (7.2) and (7.3),

T
[ (0= 00 + @ = )+ (T, T = 63,1 Yt + 5 0(0.) = 6100} e
<N llzz@n v = OrollL2@r) + 110ebno | 20,75 1w = o[l L2031 (2))
sz sy lu = drall i an + 10, ) = 6100,y
<O flle2@r) + 10edmo | L20.7:x7) + | @ho I 20,711 (22)) + %52 < (19,

(7.12)

for some constant C; independent of §. In particular, by choosing ¢ = d, we infer from
(7.11) and (7.12) that for all h < hs and At < At;

. ~ . ~ 1
Ap(tn — InAtPrys Un — Tnatdr,) + §Hug — Inatdro (0, )72y | < (1 4+ Cr)d,  (7.13)

with the constant C) of (7.12). By reverting to (7.6), (7.13) implies that, for all b < hy
and At < Ats

[tn,a0 = Tnatdro | 22075, + 1un = Inatdre (T, )| 720y < Cad, (7.14)

for another constant Cy depending only on C and the constant of (7.6). From the triangle
inequality, (7.14), the convergence of I}, o¢, and (7.2) we deduce that, by possibly restricting
further hs and Ats, there holds for all h < hs and At < Ats

[, ar = ull 20rx) <lnae — Inatdr |l 220,0:x,) + [ TnatPre — Grollz20,1:x,) + N0k — vl 20.0:x,)
S 0357

18



with another constant C3 independent of §. This is precisely the convergence (3.4). Of
course, (7.14) implies the same convergence for vy —u(T) in L?(£2), and the same argument
can be applied to the value at any intermediate point, thus implying (3.5).

Finally, by reverting to (7.5), the convergence (3.4) implies that the jumps tend to zero:

: Je B
h,li?iomz Z e uplll2e) = 0. (7.15)

n=1ecl',Ul'p

8. Passing to the limit. Let ¢ be a smooth function in space and in time satisfying
¢(T) = 0, interpolated with the same interpolant as above. From (4.2), we have by choosing
vy, = Ip At (recall it is the piecewise constant in time function):

T T T
/ (8tuh,At7[h,At¢)+/ apc (Un,at, Inat®) :/ (fats Inat®). (8.1)
0 0 0
Clearly the right-hand side converges to
T T
h}&g(} ; (fAt,Ih,At(b):/o (fa ¢)

Since Qyup a¢ converges weakly to dyu in L2(0,T; X') and Ij, o4 converges strongly to ¢ in
L?*(0,T; X) we have

T ~ T
lim (8tuh,Ata]h,At¢) :/ <6tu7¢>'
0

h,At—0 0

We expand apg, considering that Ij a;¢ does not have any jumps in space:

T T
/ apc (tnat, Inard) = / (Vitnat, VIpatd) + €({VILatd} - ne, [Un,at])r,orp -
0 0

Since Vjiip ar converges strongly to Vu in L2(Qr), and VIj, ar¢ converges strongly to V¢
in L?(Q7), we have

T T
lim (Vhah,m, vjh,At¢) = / (VU, ng)
0

h,At—0 0
It follows from (7.15) that
[ 5 fabsing o
ecl',Ul'p

We write by equivalence of norms

1/2
/ {VIyad} -, [tnad)r,or, < C (/ Z [, At]||L2(e> |V I, a0 2(0r)-

eEFhUFD
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Therefore,
T

h’lAHth i e{Vinao} - ne, [tpad))r,or, = 0.
Hence by collecting these limits, the function u satisfies (2.1).

REMARK 8.1. In the case of quadrilateral or hexahedral elements, since DG functions
require no continuity, P,(E) can also be used, instead of F~(Q,(E)). In this case, the
interpolants cannot be continuous in space; thus their jumps do not vanish, and must be
estimated. But those estimates are straightforward, they increase somewhat the length of
the proofs, but do not change the results.

9. Appendix.

9.1. Proof of Theorem 6.2. The estimates (6.2) and (6.5) are easy consequences of
the approximation properties of the standard Lagrange interpolant L, and the smoothness
of vy, in the interior of each element.

Next, we turn to Cy,. To derive the interior estimate (6.3), we consider ||Cy,(up)— Ly (un)|| x, -
We have for an element E:

IV(Chlun) = n(un)llizn < 3 i(/[Lh(uh)}) IV A 220

e€cdEN(T,Ulp) el
h D

Therefore, we infer from (6.2) that

1/2
Vi (Cr(un) — Ln(un))|| 2@ < C < > Z—:H[Lh(uh)]!@z(e))

ecl',Ul'p

1/2 1/2
O¢ Oe
<C ( > h—H[Lh(uh)—uh]Hia(e)> +( > h—H[uh]Hiz(e)) < Cllunllx,,

ecl',Ul'p € ecl',Ul'p

and
[Vi(un — Ch(un))lz2) < Cllunllx,-

To bound the jumps, let e be an arbitrary interior face, shared by E{ and Ef, the argument
being similar for a boundary face e € I'p. By definition,

1
[Ch(un) — Lp(up)lle = — Z (ﬁ/[Lh(Uh)]) Ay ]]e-
yel'p,Ul'p 7 v
Denote by S, the set of faces in (0E¢ UOES) N (I, UT'p):

1Ch(un) — Ln(un)llze < 3 (Wl, / [Lhwh)]) 1A 2o

YESe
20



Thus o o
h—eH[Ch(uh) — In(un)]ll72¢0) < O = )32

"/ES

and

> O ) ~ Tl < C 37 G L]l

eely, ¢ eel',Ul'p

For the L” estimate (6.6), it suffices to show that

_grl_1
1Ch(vn) — Lu(n) | £og) < CR70) vy x, -

On an arbitrary mesh element E,

1
[Catun) = Ll < 3 oo | [1EaCan]| Il
e€dEN(I,UlD) €
1/2
_d(i_1 Oe
< ChtUE) > Il
e€dEN(T,UTp) ¢

By applying Jensen’s inequality, valid here since p > 2, we obtain

1/2
—q(i_1 Oe
1O (un) — Ln(up) || ooy < CR927%) ( Z h—||[Lh(Uh)]||%2(e)) ;

ecl'p,Ul'p €

whence (6.6).

Now, we turn to Rj,. The stability and approximation properties of the Scott-Zhang
operator imply that
IV R (un)llz2(0) < ClIVRCh(un) |22

and on an arbitrary mesh element F
d—
1C (un) = Ru(un)}, ) < CHY Z IV RCh () 172,

where U{;:lEk is a macro-element containing F, where the values of the function are taken
to evaluate Rj,. Then (6.7) follows from the results obtained for Cj,(vp,).
9.2. Proof of Theorem 3.3. We write
[onl[ o) < llvn = Ba(vn)lle(@) + | Ba(vn) o ()-

From (6.7), we obtain

_g(i_1
[onll ooy < CR 927wy [l x,, + 1R (vn) || 2o (o)
21



By Sobolev’s embedding,

[ Bn ()| 2o (0) < Cl|Rn(vn) ()

We know that
IV Ry (vn) 2y < Cllvnllx,,

and using (6.7) with p = 2
| B (vn)ll 2 < Cllvnllx, + [lvnllz2@)-

Therefore,
| Br(vn)llzr) < Cllvnllx, + [lvnll2)),

and we obtain (3.9).

Next, assume |I'p| > 0. This implies
[Bn(vn)llc2@) < ClIVRR(0n)l22(0) < Clluallx,.,

which, in turn, implies
1R (vn) | Lr(0) < Cllonllx,-
This concludes the proof of (3.10).

Finally, we consider the case |I'p| = 0. As in the proof of Theorem 6.1, we define

- 1
Vp = Up — @ / Rh(Uh)
Q

and we obtain, in an exact fashion, the bound

[0nllzr0) < llvn — Ralvn)l|o(0) + Cllvnllx, -

Using (6.7) we have
9nl[ o) < Cllonllx,

Next, we write
1 . 1
v — 9] vnllze) < 10wl o) + H\ﬁl (Bn(vn) = vn)|l e (@)-
Q Q
This implies
1 _
v — @/QUhHLP(Q) < Cllonllx, + |Q\1/p 1/2\|Rh(vh) — vnllr2(0)-
Using (6.7) with p = 2, we obtain (3.11).
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