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ABSTRACT

Discontinuous Galerkin method with a modified penalty flux for the modeling of

acousto-elastic waves, coupled to rupture dynamics, in a self gravitating Earth

by

Ruichao Ye

We present a novel method to simulate the propagation of seismic waves in realistic
fluid-solid materials, coupled with dynamically evolving faults, in the self-gravitating
prestressed Earth. A discontinuous Galerkin method is introduced, with a modified
penalty numerical flux dealing with various boundary conditions, in particular with
discontinuities. This numerical scheme allows general heterogeneity and anisotropy in
the materials, by avoiding the diagonalization into polarized wave constituents such
as in the approach based on solving elementwise Riemann problems, while maintains
the numerical accuracy with mesh and polynomial refinements. We also include the
interior slip boundary conditions for dynamic ruptures coupling with nonlinear fric-
tion laws, as an approach to simulate spontaneously cracking faults. We show the
well-posedness for the system of particle motion coupled with gravitation field and
its perturbation, by proving the coercivity of the bilinear operator, both in the con-
tinuous and discretized polynomial space, and therefore the convergence results. A
multi-rate iterative scheme is proposed to address the challenging of solving the large
implicit nonlinear system, and to allow different time steps for distinct physical pro-
cesses in the overall coupling problem. We give rigorous proof for the well-posedness

of mathematical model and moreover the stability of the numerical methods. Numer-



ical experiments show the convergence as well as robustness in both well-established

benchmark examples and realistic simulations.
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Chapter 1

Introduction

1.1 Motivations from geophysical problems

The purpose of this thesis work is to address several main issues in numerical sim-
ulations in seismological problems. The accurate computation of waves in realistic
three-dimensional Earth models represents an ongoing challenge in local, regional,
and global seismology. The acousto-elastic wave propagates in both fluid and solids,
which are in general anisotropic and heterogeneous. The upscaling of real Earth ma-
terial can be described as piecewise smooth, namely, divided into finite number of
subdomains in which material parameters are approximated by smooth functions of
position. The boundaries of these subdomains are positions where coefficients vary
strongly, and part of the energy is reflected, and the geometry are often recognized as
geological structures of the subsurface. In particular, the scattering of waves are con-
cerned on interior boundaries separating fluid and solids materials, such as the ocean
bottom, the core-mantle-boundary (CMB) and inner-core-boundary (ICB). The im-
pact of coupling acoustic waves to elastic ones is significant in analyzing the Earth
normal modes [38].

In practice, the seismic waves can be stimulated by distinct types of sources. In
seismic explorations, the sources of waves at sea are usually explosions generated
by air-gun, while on land may be explosions or heavy vibrating objects. In Global

Earth, natural earthquakes are consequences of rupturing faults releasing energy in



prestressed materials. In the first category of applications, sources are represented
kinetically by hydraulic pressure perturbations or external Cauchy boundary forces,
while in the second, either kinetically as moment tensors or dynamically as interior
boundary force coupling with a friction law. The study of dynamic ruptures is critical
in understanding the nucleation of nature earthquakes and induced seismicity.

In many applications, a “Cowling approximation” is employed [41, 27, 94], which
only accounts for unperturbed reference gravitational field, while ignoring the pertur-
bation. However, for long period waves (greater than ~100s) and free oscillation of
the earth, this simplification is not valid, and one has to solve a Poisson’s equation
to account for the mass redistribution potential. The introduction of self-gravitation
is fundamental in studying free-oscillation modes, and provide potential solution in

quick detection of earthquakes.

1.2 A brief review of numerical methods

The questions of numerical implementation lies on the proper mathematical formula-
tion of the above physical problems. The well-posedness of system of equations is not
obvious, and must be rigorously proven. The discretized numerical schemes must also
be analyzed to ensure stability, with numerical error well controlled with refinements.

In the past three decades, a wide variety of numerical techniques has been em-
ployed in the development of computational methods for simulating seismic waves.
The most widely used one is based on the finite difference method [e.g., [107] and
[166]]. This method has been applied to computing the wavefield in three-dimensional
local and regional models [e.g., [67] and [118]]. The use of optimal or compact finite-
difference operators has provided a certain improvement [e.g., [184] and [183]]. Meth-

ods that resort to spectral and pseudospectral techniques based on global gridding



of the model have also been used both in regional [e.g., [23]] and global [e.g., [160]
and [80]] seismic wave propagation and scattering problems. However, because of
the use of global basis functions (polynomial: Chebyshev or Legendre, or harmonic:
Fourier), these techniques are limited to coefficients which are (piecewise) sufficiently
smooth. The finite difference method suffers from a limited accuracy in the pres-
ence of a free surface or surface discontinuities with topography within the model
[e.g., [140] and [157]]. A procedure for the stable imposition of free-surface boundary
conditions for a second-order formulation can be found in [7]. Another approach,
belonging to a broader family of interface methods, handles both free surfaces [e.g.,
[104]] and fluid-solid interfaces [e.g., [103]] in such a way, conjectured by the authors,
that enables higher-order accuracy to be obtained. [99] use summation-by-parts fi-
nite difference operators along with a weak enforcement of boundary conditions to
develop a multi-block finite difference scheme which achieves higher-order accuracy
for complex geometries.

A key development in the computation of seismic waves has been based on the
spectral element method (SEM) [[94]]. In its original formulation, in terms of displace-
ment [[96]], continuity of displacement and velocity is enforced everywhere within the
model. In the case of a boundary between an inviscid fluid and a solid, however, the
kinematic boundary condition is perfect slip; therefore, only the normal component of
velocity is continuous across such a boundary, and thus this formulation is not appli-
cable. Some classical finite-element methods (FEMs) alternatively introduce coupling
conditions on fluid-solid interfaces between displacement in the solid and pressure in
the fluid [e.g. [182, 15]].

The FEM and SEM are commonly (but not exclusively) based on the second-

order form of the system of equations describing acousto-elastic waves. In this



case, the acousto-elastic interaction is affected by coupling the respective wave equa-
tions through appropriate interface conditions. To resolve the coupling, a predictor-
multicorrector iteration at each time step has been used [[92], [26]]. A computationally
more efficient time stepping method for global seismic wave propagation accommo-
dating the effects of fluid-solid boundaries, as well as transverse isotropy with a radial
symmetry axis and radial models of attenuation, was proposed in [95]. Tt uses a veloc-
ity potential formulation and a second-order accurate Newmark time integration, in
which a time step is first performed in the acoustic fluid and then in the elastic solid
using interface values based on the fluid solution. Currently the SEM is used in a
variety of implementations in global and regional seismic simulation, with the effects
of variations in elastic parameters, density, ellipticity, topography and bathymetry,
fluid-solid interfaces, anisotropy, and self-gravitation included [e.g. [24]].

In contrast to classical finite element discretizations, the Discontinous Galerkin
(DG) method imposes continuity of approximate solutions between elements only
weakly through a numerical flux.

The discontinuous Galerkin method has been employed for solving second-order
wave equations in both the acoustic and elastodynamic settings [e.g. [137], [69], [34]
and [48]]. [58] employ a central numerical flux in a DG scheme combined with a
leap-frog time integration for the velocity-stress elastic-wave formulation. [54, 89|
developed a non-conservative formulation with an upwind numerical flux using only
the material properties from the side of the interface that is opposite to the outer nor-
mal direction. [171] derived an upwind numerical flux by solving the exact Riemann
problem on interior boundaries of each element with material discontinuities based
on a velocity-strain formulation of the coupled acousto-elastic equations. Recent de-

velopments in the general DG methods include the study in curved-linear elements



[28] and hybrid meshes [30], and heterogeneous in-element parameters [29]. Imple-
mentations of DG methods for high-performance computation on GPU are proposed

in many recent works, for example, [30, 111].

1.3 Main contributions of this work

In this thesis we essentially give both variational and numerical frame-works for all
three problems, with rigorous proof of well-posedness for continuous variational form
and the stability analysis for discretized schemes.

In Chapter 2, we study the acousto-elastic wave phenomena, including scattering
from fluid-solid boundaries, where the solid is allowed to be anisotropic. We develop
a numerical approach with the discontinuous Galerkin method. We use a coupled
first-order elastic strain-velocity, acoustic velocity-pressure formulation, and append
penalty terms based on interior boundary continuity conditions to the numerical
(central) flux so that the consistency condition holds for the discretized discontinuous
Galerkin weak formulation. We incorporate the fluid-solid boundaries through these
penalty terms and obtain a stable algorithm. Our approach avoids the diagonalization
into polarized wave constituents such as in the approach based on solving elementwise
Riemann problems.

In Chapter 3 and 4, we consider the dynamical evolution of spontaneous ruptures
embedded in a prestressed elastic-gravitational deforming body, and governed by rate-
and state-dependent friction laws. A multi-rate splitting iterative coupling scheme
is proposed based on the weak form with nonlinear interior boundary conditions, for
both continuous and with implicit discretization (backward Euler) in time. We in-
troduce necessary artificial viscosity, and the convergence of the scheme to unique

regularized solutions of both cases while the artificial viscosity coefficient can be cho-



sen arbitrarily small but positive in the time-continuous case, and proportional to the
time step in the discretized case. We use the proposed discontinuous Galerkin method,
where the nonlinear interior boundary conditions are weakly imposed across the fault
surface as numerical flux with penalty, and by an implicit-explicit Euler scheme in
time. With the iterative scheme, the nonlinear sub-problem containing the friction
law the time-evolving state ODE are separated in the form of Schur-complements,
and solved locally as a constrained optimization problem by Gauss-Newton method.
We test our algorithm on several well-established numerical examples, which illustrate
the generality of our method for realistic rupture simulations.

In Chapter 5, we focus on the wave motion coupled with the self-gravitational
potential. The coupling weak forms are derived from Euler-Lagrange equations,
with hydrostatic prestress assumptions. The Poisson’s equation governing the mass-
redistribution potential couple with wave motion is solved by domain decomposition
method, where the exterior solution represented by integration of fundamental solu-
tions, and the interior problem reformulated as Poisson’s equation with Robin-type
boundary conditions, which is solved by structured matrices techniques. We proof
well-posedness based on energy estimate, and the stability of DG discretization using
error estimate.

As a completion of methodology, we discuss in Chapter 6 the unstructured mesh
deformation for the application of model building and inverse problems. We introduce
constraints by shape optimization of interior polyhedral boundaries and physics-based
regularization. The interior boundaries, which need not be smooth, are flexible and
can be chosen to be geomechanically related. The energy function is derived from the
Hausdorff distance with contribution from the entire mesh and the interior bound-

aries. We use elastic deformation, via finite elements, as a regularization. We carry



out the updating in two steps: by solving the optimization problem of energy func-
tional including its regularization, and by modifying the outcome of the first step
where necessary to ensure that basic assumptions on the mesh are satisfied. The
modification entails an array of techniques including topology correction involving
interior boundary contacting and breakup, edge warping and edge removal. We im-
plement this as a feed-back mechanism from volume to interior boundary meshes
optimization. Following the updating we invoke and apply a criterion of mesh quality
control for coarsening, and for local multi-scale refinement in a multi-level fashion.
Our physics-based regularization provides the opportunity to incorporate geodynam-

ics in the mesh evolution.



Chapter 2

A modified penalty flux for the propagation and
scattering of acousto-elastic waves

2.1 Introduction

The accurate computation of waves in realistic three-dimensional Earth models repre-
sents an ongoing challenge in local, regional, and global seismology. Here, we focus on
simulating coupled acousto-elastic wave phenomena including scattering from fluid-
solid boundaries, where the solid is allowed to be anisotropic, with the Discontinu-
ous Galerkin method. Of particular interest are applications in geophysics, namely,
marine seismic exploration and global Earth inverse problems using earthquake-
generated seismic waves as the probing field. In the first application, we are concerned
with the presence of the ocean bottom and in the second one with the core-mantle-
boundary (CMB) and inner-core-boundary (ICB). Our formulation closely follows the
analysis of existence of (weak) solutions of hyperbolic first-order systems of equations
by [16]. We use an unstructured tetrahedral mesh with local refinement to accommo-
date highly heterogeneous media and complex geometries, which is also an underlying
motivation for employing the Discontinuous Galerkin method from a computational
point of view.

The Discontinuous Galerkin method has been employed for solving second-order
wave equations in both the acoustic and elastodynamic settings [e.g. [137], [69], [34]

and [48]]. [58] employ a central numerical flux in a DG scheme combined with a



leap-frog time integration for the velocity-stress elastic-wave formulation. [54, 89|
developed a non-conservative formulation with an upwind numerical flux using only
the material properties from the side of the interface that is opposite to the outer
normal direction. [171] derived an upwind numerical flux by solving the exact Rie-
mann problem on interior boundaries of each element with material discontinuities
based on a velocity-strain formulation of the coupled acousto-elastic equations.

In this work, we essentially extend the upwind flux, given by [169] for hyperbolic
systems, to a penalty flux based on the boundary continuity condition for general

fluid-solid interfaces. The novelties of our approach are the following: we

1. use a coupled first-order elastic strain-velocity, acoustic velocity-pressure for-

mulation,

2. obtain a self-consistent Discontinuous Galerkin weak formulation without diag-

onalization into polarized wave constituents,

3. append penalty terms, derived from interior boundary continuity conditions,
with an appropriate weight to the numerical (central) flux so that the consis-
tency condition holds for the discretized Discontinuous Galerkin weak formula-

tion,
4. incorporate fluid-solid boundaries through the mentioned penalty terms.

We note that the DG method is naturally adapted to well-posedness, in the sense that
it makes use of coercivity of the operator defining the part of the system containing

the spatial derivatives separately in the solid and fluid regions.



10

2.2 The system of equations describing acousto-elastic waves

We consider a bounded domain © C R3 which is divided into solid and fluid regions, Qs
and €, respectively. The interior boundaries include solid-solid interface Y4g, fluid-
fluid interface ¥pp, and fluid-solid interface g, Ygr (Where we distinguish whether
the fluid or solid is on a particular side). We present the weak form of the coupled
acousto-elastic system of equations.

Hooke’s law in an elastodynamical system is expressed by relating stress, Sj,
and strain, Ej;. Assuming small deformations gives a linear relationship, that is,
Sij = Cijki g, where ¢;j5; is the stiffness tensor. Through the relevant symmetries, this
tensor only contains 21 independent components. We use the Voigt notation which
simplifies the writing of tensors while introducing S = (S}, S22, S33, Sa3, S12, S13) 7
and E = (B, Ey, FEs3, E3, E19, E13)T. In this notation the stiffness tensor takes the

form of a 6 by 6 matrix, C, defined by,

Cii Cia Cig 201 2015 20
Cia Oy Cig 20y 20 20y
Cizs Oy O35 205, 2C5 2C

S—CE. C- 13 Caz Css 34 35 3| (2.1)
Ciy Cy Csy 204 2045 204
Cis Oy Oz 2045 2055 2056

C(16 C126 C’36 2046 26156 26(66_

The isotropic case is obtained by setting all of the C;; components to zero except
for C1p = A+ 2u, C1o = C13 = Caz = A, Cyy = p, Cs5 = p, and Cgg = p; (A, 1)
are the Lamé parameters. Furthermore, p denotes the density. The anisotropic
elastodynamical equations are written in terms of the strain, E, and the particle

velocity, v,

E=1(Vvo+Vo'), pv=V-(CE)+f (2.2)
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in (2. In fluid regions, €25, we use the pressure-velocity formulation,

E:v%-%, pv=V(AE). (2.3)
Here, P = —\E is the pressure, while we use ~ to distinguish acoustic field quantities

and material parameters from the elastic ones. In the above, fv denotes a volume
source density of injection and f denotes a volume source density of force.

The solid-solid, fluid-solid and fluid-fluid boundary conditions are given by

vi—v =0 and m-(CE) —n-(CE) =0 on Y, (2.4a)
n-(vtF—v7)=0 and n-(CE)* —(\E)Tn =0 on Ygp and Yps,

(2.4b)

n- @ —v)=0  and AE)Y" —(AE)" =0 onSp.  (2.4c)

The + convention is determined by the direction of the interface normal, n. The
outer normal vector points in the direction of the “4” side of the interface.

We introduce test functions (tensors) H,w in the solid regions and w, H in the
fluid regions, which are assumed to be contained in the same spaces and satisfy the

same boundary conditions as E,v, ¥ and E. Using (2.2) and (2.3), we find that

E:(CH)dQ = / 1(Vv+Vv") : (CH)dQ, (2.5a)
Qg Qg
/ pi)-wdQ:/ (V- (CE)) - wd2+ f-wdQ, (2.5Db)
Qg Qg Qg
/ ENHAQ = / (V-SINHAQ— | FHAQ, (2.5¢)
Qp Qp Qp
/ pU-wdQ = [ VE)-wd. (2.5d)
QF QF

Assuming an outer traction-free boundary condition in (2.5b) and an outer pressure-
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free boundary condition in (2.5¢), and applying an integration by parts, we obtain

/p’b-wdQ:—/ (C’E):V'wdQJr/ (n-(CE) ) w dX+ [ f-wdQ,
Qg Qg YsF Qg

(2.6a)

/ EX?IdQ:—/ ’6-V(Xf1)d9+/ (n-v ) AH) dx — [ fHdQ.
Qp Qp YFs Qf

(2.6b)
We use the fluid-solid boundary conditions (2.4b), replacing the fluid-solid surface
integrals in (2.6a) and (2.6b) by taking the average of both sides consistent with a

central flux scheme, and obtain
/Q pv-wdf) = —/ (CE) : VwdQ
s
+/ %((XE)Jrn—l—n (CE) ) w dX+ [ f-wdQ, (2.7a)
/Q EAH dQ = —/ - V(M) dQ
¥

+/ n-v +n-o")QAH) dS— [ fHAQ. (2.7b)

YFs Qp

This form of the equations is analogous to the one used in the spectral element
method, see [27]. Applying an integration by parts, again, in (2.7), we recover the

coupled strong formulation,

/Qspi;-wdQ:/QS(V-(CE))-wdQ

+/E YAE)Y'n-n-(CE)) w dS+ [ f-wdQ, (28a)

Qs

/ EXﬁdQ:/ (V- B)AH dO
Qp

Qp

+/ %<n-(v+—5—))(iﬁ)—dz—/ fHAQ. (2.8b)

We use this system of equations together with (2.5a) and (2.5d) to develop our Dis-

continuous Galerkin method based approach.
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2.3 Discontinuous Galerkin method with fluid-solid bound-

aries

The domain is partitioned into elements, D°. We distinguish elements, 2°, in the
solid regions from elements, 2°;, in the fluid regions. Correspondingly, we distinguish
fluid-fluid (33¢,.), solid-solid (X¢) and fluid-solid (3, 3¢.) faces for each element;

thus the interior boundaries are decomposed as
Z*O - UEi,, *, @ C {SaF}v

and so are the elements’ boundaries: 0€2°5 = 3, U 3¢, and 0, = 3¢, U Xe . The
mesh size, h, is defined as the maximum radius of each tetrahedral’s inscribed sphere.

We introduce the broken polynomial space Vj, = @qe V& where the local space
is defined elementwise as V¥ = span{gzﬁn(@)}nil, with ¢, a set of polynomial basis
further discussed in Section 2.3.2. The subscript “A” indicates the refinement of V,
with decrease in mesh size. The semi-discrete time-domain, discontinuous Galerkin
formulation using a central flux yields: Find Ej, vy, vy, Eh, with each component for

each one of them in V}, such that

Eh<CHh)dQ—|—/ p’thth

e

Qeg

—/ %(V’Uh + V’Uh) CHh dQ2 — / CEh * Wy, dQ2
Qe Qeg

- [ el @H) = [, (e ()
—/Ze %n-([[CEh]]SS)-wgdZ—/Ze in-([CE],) wids = [ f-wa

(2.9)
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and
/ BN, O + / 5% - @y dQ
°F °F

—/ (V-9p) AH,dQ — [ V(AE,) - wy, A2

Qep
/%F
/%F

N |—=

(- [5],.) () ds = [ dn- [80]],,) () ds

N[ =

Qep

[[Xﬁh}]FF(n.w,;>dz_/e \RE] (now)ds=— [ F H,da,
(2.10)

hold for each element €25 or ¢, for all test functions Hh,wh,ﬁ)h,]:fhe V. The

notations f, and fh indicate polynomial approximation of f and fv Here,

[[U ﬂ . on X, (2.11a)
[CE] -(CE)" —n-(CE)")

[v ﬂ = (@ =) on 3¢, (2.11Db)
[CE], = n(AE)n—n-(CE)")

in the solid regions, while

E[? ﬂ FF (i"~ <E —N%:))’I’L on X7, (2.12&)
DE],, = (B) - (B

E[f o= (n- (o7 —37)m B on T, (2.12D)
[AE]),,= n: (CE)*-n—(\E)~

in the fluid regions, using interior boundary continuity conditions. A similar formu-
lation for Maxwell’s equations, using the central flux, can be found in [75, Chapter

10, Page 434].
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2.3.1 Energy function of central flux

We consider a time-dependent energy function comprising both the solid and fluid

regions, &, = &, + Epp, With
Esph = %Z/ (Ey: (CEy) + pop - vp,) dQ,
e °s

Een=13" / (XE’,% +5ah-a}h) Q.
e °F

The functions in (2.13) define a norm both in the solid and in the fluid regions. Taking

(2.13)

the time derivative and noting that C' is symmetric, we have

Sog ) e e

Starting from (2.9) and (2.10) and carrying out the summation over all the elements

yields
A&, L
- = S frvnd2=>" | fiEpdQ. (2.16)
e Y% e JOQ%F

This property is obtained as follows:
In (2.9) and (2.10) we let H), = E;,w;, = vh,f[h = Eh,ﬁ;h = vy, and obtain

elementwise

/ L (Vo + Vol) : (CEy) dQ + / (V- (CEy)) - 0,40
Qes s (2.17)

:/ v, - (n- (CE,)")d%,
Y5 URgr
and similarily

/ (V-3) MEndQ+ [ V(En) - 5 d0
Qep Qep

(2.18)

/ n-v, (\E,)”dx.
by

e e
FFYSEs
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From (2.9), (2.11), (2.14) and (2.17),

= Z . £ -v,dQ
DY / o) (n-(CEY) )t ([CE] + (CEY ) -vy) ds
(©1)
+ Z / Tv,) - (n-(CE,)")+n-([CE,]| + (CE;)")-v,) d%.
(©2)
In the above,
Oy = Z / (CEp)")+mn-(CE,)" -v,) dE=0. (2.19)

The surface integration terms cancel out when summed from both sides of the solid-
solid interfaces because of the continuity condition (2.4a) and the opposite outer

normal directions. We are left with the contributions from solid-fluid inner faces, O,

Z / ‘(n-(CE,)") + (XE)+n.v,;> dS+Y [ fh - vnd
e e Qeg
(2.20)
A similar result in the fluid region obtained from (2.10), (2.12), (2.15) and (2.18)

yields

1€ s _ =
2L Z%/e ((n- v (B +n-(CEY* ;) as=3 | Fibian,
e FS e F
(2.21)

and the surface integration terms on the solid-fluid and fluid-solid interfaces in (2.20)

and (2.21) cancel out due to (2.4b). Therefore (2.16) is obtained. We note that

the surface integration along solid-fluid interfaces [y, %n . ([[CEh ﬂ o) rw;, dX and
SF

1

se. t(n - [[vn ] ) (AH})~ dX are essential to guarantee energy conservation.
F
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2.3.2 Nodal basis functions

The discretized solution follows an expansion, componentwise, into N, = N,(N,)
nodal trial basis functions of order N, as is in [75],
(En)ij(x,1) @ZEhn ij (@),
o o1 (2.22)
with (Esfz,en)lj(t) :(Eh)ij(wm t)a n = 17 27 T 7Np7

and similarly for the other fields, vy, ¥, Ep. The superscript, .27, indicates a local
expansion within element D¢. In the above, {¢, ()} 7, is a set of three-dimensional
Lagrange polynomials associated with the nodal points, {wn}nil (see Figure 2.1),

with each polynomial defined as

Np
r — I;
o= T 222
j=lg#k SR

We use the warp & blend method [[168]] to determine the coordinates of nodal points
in the tetrahedron by numerically minimizing the Lebesgue constant of interpolation.
For an order N, interpolation there are N, = £(N,+1)(N, +2)(N, +3) nodal points.
The medium coefficients are expanded in a likewise manner
Qe
Ch 2] @Z Chn zy¢n
0 et (2.23)
with (Cﬁens)” :(Ch)ij(a:n), n = 1, 2, ce ,Np,
and similarly for p, p, . When refining a mesh, we expect an increase in number of

elements €2° with decreased size.

2.3.3 The system of equations in matrix form

To simplify the notation in the further development of a numerical scheme, we intro-

duce a joint matrix form of the system of equations. We map the components of E, v
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N, =1 N, =3

Figure 2.1 : Warp & blend tetrahedral nodal point distribution for N, = 1, 3, 8. For
clarity only facial nodes are illustrated.

and E, v to 9 x 1 and 4 x 1 matrices, respectively,
q — (E117E227E337E237E137E127/017U27U3>T and a - (E7517527,63)T7 (224)
and, correspondingly, the components of body forces f and fto the matrix

~ T
g:(07070707070af17f27f3)T and g: <_§707070>

Equations (2.2) and (2.3) attain the form

Qq-V-(Ag)=g and Qq-V-(4Aq) =g, (2.25)
where
_ Isxe 0
0 ,0]3><3
and

A= (A1, Ay, A3) and JZZ(Zl,Zz,Z?,),
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that is,
(V- (AQ): = 00, (A)im@,)  and (V- (AQ)s = O, (Ak)im o),
k=1,2,3, lLm=1,---,90r1,--- .4
with
1 00
0 0 0
0 0 0 0 10 0
0 0 0
1 _ 000
Alz 0 0 b) and A1: >
0 % 0 00 0
Ci Cip Cig 201 2015 2Ch 0
Cie Cos Oz 204 2C5 2Ce 0
Ci5 Oy Css 2045 2055 2056
0 0 0
010
0 0 0 0 00 0
00 1
- 010
AQZ 0 O 0 and AQZ s
% 0 0 0 0 0
Cis Oy Oz 204 2056 2Ces 0
Cia Cyp Cyy 20y 20y 20y 0
Ciy Cy Csy 204 204 2C4
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000
000
0 0 0 1 00 0
0 Lo
L ~ |0fo 0 0
A3— b) 0 0 and A3:
Cis Cos Cs3 2045 2Cs5 2Csg Al O

Ciy Cy Csy 20y 204 2C4 0
Cig Oy Csg 2034 2035 2Cs6

We define the coefficient matrices A,, in the normal directions n = (ny,ng,n3) as
A, = n1 Ay +n2As +n3Asz, thus A,q = n- (Aq); similarly, Ay = n1 A1 +noAs +n3As.

We can also give them in the matrix form,

0 T12 ~ 0 nT
T -C 0 a0
with
T
nq 0 0 0 %ng %ng nq 0 0 0 ng nNo
Tip = 0 ny O %ng 0 %nl , Iy = 0 no 0 ng 0 mny
0 0 ng %ng %nl 0 0 O ng ng ny O

In the solid regions, we write P = (Hlla ]{2271’]’337 H23,H13,H12,w1,w2,w3)T, and in
the fluid regions, we write p = (]:f, Wy, Wo, w3)T. The inner product (q,p)Q indicates
the dot product of vectors q and p followed by integration over the domain 2. Equa-

tion (2.9) is then rewritten, regarding the supports of basis functions p,, localized to
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an element Q°gp, as

(thha Ahph) Qes_(v - (Angy), Ahph)ges - %([[Anahqh ﬂ ss’ (Ahph)_)zgs

(A ]l Aipn) Vs, = (2 Ar2) e

(2.26)

(éhzjm Khﬁh)QeF_ (V ’ ("Zhah)7 Khﬁh)QeF - %([[“Znhah ﬂ FF’ (Xhﬁh)_)ng

_%(H-’Znhah ﬂ Fs’ (th?h)_)Z%S - (gv ‘/N\hﬁh) Qep”

In the above we identify the central flux as

(2.27)

e =3[ Ap) )y - FE =Ml (AB) )y . #€ (S,
(2.28)

in which we redefine

[[Anqﬂ — <~Anq)Jr - (Anq)77 [[Anq H SF OT(AVTL&)+ - ('Anq)ia

[[-Ana H FE (-Anzj)+ - (Ana)ia [[-Ana ﬂ Fs O (Anq)+ - (Ana)ia

with the map O : R? — R* given by

(2.29)

n-E-n ~ (nn)E
Oq = . and its adjoint OTq = ;

(n-v)n (n-v)n

which can also be explicitly given in the matrix form

(nlnl NoMy N3Nz NaoM3z NNy MN1N2 0 \

O = niny ning ning
0 ning MNaNg NNy

ning MnoNg MN3N3

2.4 The Boundary Condition penalized numerical flux and
stability

Here, we construct our penalized numerical flux. The flux is designed such that

the penalized discrete counterpart of the weak form (2.26) and (2.27) satisfies the
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condition of non-increasing energy and guarantees a proper error estimate. We replace
the central fluxes, FC and FC, in (2.28), by penalized fluxes, F¥ and FF, by adding

penalty terms, that is:

(2.30)

= 5[4 ] (AP) )y +a([Ad] e (AiD) )y, o *E{S,F}
with a some positive constant scalar. With this modification, (2.26) and (2.27) be-

comes

(Qndn, Anpy) Qes_(v - (Angy), Ahph)ﬂes — 3([Annan .. <Ahph>7)zg*
—@([[An,hqh ﬂ G (An,hph)_)zg*
(@h’éh, thjh)QeF_(v : (thah)z th?h)gep - %([[“Zn,hah ﬂ Fx (Khﬁh)_>2%*

_Oé( [[An,hah ﬂ Fx’ (jn,hﬁh)i)zle:* = (gv Khﬁh) Qep? * € {87 F}
(2.32)

(2.31)
- (97 Ahph) Qeg?

In Appendix 4.5 we provide a guideline how to choose an o based on an error analysis.
We set @ = 1/2, in which case the energy function with the penalty terms coincides
with the one using an upwind flux [169, |. For the convergence analysis, we follow
[169, Section 5.1] while obtaining an error estimate.

Following the matrix form in Subsection 2.3.3, we immediately rewrite the defini-
tion of energy functions (2.13) in solid and fluid region as

€S7h :%Z(thh, Ahqh Z”q ||L2 QeS Qh, Ah
- (2.33)

5F h = Z(thha Ah(]h Z”q ||L2 (Q°p;Qn,Ap)"

e
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Here ||+ [[12(0e5.0.4) @0 || + [[12(0ep..5 &) are the energy norms in solid and fluid regions,
and we simplify the notification without causing ambiguity by [« || 2(geq; 0.a) and
I+ Il 12(ep: 5.4 TeSPectively. We also define the energy norms in solid-solid, fluid-fluid
and SOhd—ﬂUId lnterfaces Slmllarly aS Hl HLQ(ZES), Hl HLQ(Z%F) and Hl HLQ(EEF), H- HLQ(E%S)

Upon taking the penalty terms into consideration, equation (2.16) is replaced by

dgh
|| nhqh ss ||L2 Ee || nhqh FF‘||L2 Ee
( (Z%r)

+2ZH A ] s :Z/Qe 9. 0,2+ [ g Rig,do
e S e F

(2.34)
To obtain this result, in (2.31) — (2.32), we let p = q,p = q. Taking the summation

over all penalty terms on solid-solid interfaces yields

Z( [[An,th ﬂ ss” (An,hqh)_)zgs = Z((-An th)+ — (Anpqy) (Amhqh)_)zgs

e
= __ZH nhqh sSs HL2 Ze )

(2.35)

Taking the summation over all penalty terms on fluid-fluid interfaces yields

Z([[ﬂn,h'éhﬂw,(flnhqh 29 = - Z“ nhqh FE ||L2 sy’ (2.36)

[S]

We rewrite the penalty terms on fluid-solid interface from the solid side as

(AT (Ausa) )y,

:(OT(“Zn,hah)-i_? (An,hqh)_)ng - ((An,hqh)_’ (An,hqh)_)nga

and from the fluid side as

([[Anr@n ] o (Ann@) )
=(0(Anna,)", (Avn,hzjh)i)z)%s — ((Annd@n) . (“In,hah)i)g%s (2.38)

:(<~’4~n,hqh)+7 OT(Xn,hah)_)E%s — (OT<jn,hah>_a OT(JZn,hah)_)E%Sv

(2.37)
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in which the property OOT = I, is used. Changing from the fluid to the solid sides

yields

(s ] G s,

(2.39)
:(<An,hqh>_7 OT(An,hah)+)E§F - (OT<An,hah>+7 OT<An,hah)+)E§F'
Summation over all fluid-solid interfaces with (2.37) and (2.39),
Z ( [[An,hqh ﬂ SF? (An hqh Ee + Z n hqh FS’ (“Z(n,hah>_)2er
= _ZHO nhqh — (Anngp)” Hp(ng) (2.40)

= _ZH nhqh SF ||L2(Ee )

Thus we obtain (2.34).

Our approach is reminiscent of earlier work, in which an upwind flux is defined by
the Riemann solutions which are obtained by diagonalizing A,,, that is, A, = RDRT,
on the faces of each element [[171]], and D is the diagonal matrix of eigenvalues of

A,,. The upwind flux takes the form,

Fso = ([Ana]ls,. (Ap)7 )y, + ([(BIDIR g Jls, (AP)7)y

Fro = ([Ad] o (AP) )y, + ([(RIDIRT)G ]y, (AD) )y, . € {S.F},

(2.41)

where | .| stands for the operaton of taking the absolute value of each entry of the
diagonal matrix, that is, |D|;; = |D;;|. Our approach avoids this diagonalization,

allowing general heterogeneous media with anisotropy.

2.5 Time Discretization

In this section, we discuss a time discretization that is computationally efficient for

complex domains. Often, the computational meshes used to model the subsurface
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must contain regions where the characteristic lengths of the elements drop far below
that of a wavelength because the subsurface contains very complex geometries and
discontinuities. As a result, the time steps must be equally reduced to produce a
stable solution. We follow two different time discretization schemes: (1) for non-
complex domains, it is advantageous to use a traditional Runge-Kutta (RK) method
and (2) for complex domains, a semi implicit—explicit (IMEX) method is used. The
IMEX method enables the solver to perform implicit time integration in areas of
oversampling, while keeping the computational efficiency of RK in regions of proper

sampling.

2.5.1 Explicit Runge—Kutta

We use an explicit time integration method when the variation in element size is small.
There are a variety of time-stepping methods available, however, we employ the five
stage low-storage explicit Runge-Kutta (LSERK) method from [35]. LSERK is an
explicit method the time-step of which is dictated by the Courant—Friedrichs—Lewy
(CFL) condition. Efforts to define, quantitatively, a stable CFL condition depending
on polynomial order N, can be found in [35]. The LSERK method is preferred over

other methods because it saves memory at the cost of computation time.

2.5.2 Explicit—-Implicit Runge-Kutta

When the domain in question contains complex geometries within large domains, such
as rough surfaces, the resulting mesh will contain regions of oversampling relative to
the relevant wavelengths. This hinders the use of an implicit time-stepping method
because its accuracy depends on the size of the time step, which in turn is dependent

on the region of highest spatial sampling. A natural approach is the IMEX method,
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(e.g. [9, 88, 125]), which allows the regions of oversampling to be integrated in time
with an L-stable third-order and 3-stage Diagonally Implicit Runge-Kutta (DIRK)
method, while using a fast and simple 4-stage third-order ERK method in the regions
of more reasonable sampling (8-10 nodes per wavelength).

The system can be solved without requiring an interpolation at the boundary
of the implicit—explicit regions. The intermediate abscissaes of each time step for
implicit Runge-Kutta stages and for explicit ones are selected to equal one another so
as to synchronize the explicit and implicit schemes, and the so-called Butcher matrix
is calculated correspondingly. The implicit stages are solved using a multifrontal

factorization.

2.6 Convergence analysis

In this section we consider the L? error of numerical solutions g, and g, which
satisfy (2.31)—(2.32) for any p, and p, € VhN”. We denote by W}]:]p D L2 VhN” the
L? projection onto the polynomial space of order N,. We assume that f — f, = 0
and fv— fh = 0, and no error occurs for L? projection of coefficient matrices, that is,
A—A, =0,0-9, =0and A—Aj, = 0. We define e := g—gq,, and e := g—gq,,, where
g and q are the exact solutions. We also denote 1 := q;, — w}]f”q, n:=q, — W}ZLV”&,

and € := (1 —W,]:[’”)q, €:=(1- ﬁ,in)’(j; thus e = € — n, e = € — 1. We define the

volume residuals

~T

ress(qy,) = A" (Qd), — V- (Ag)), 1esp(q,) :=A (ééh -V (-Zah)> (242
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and surface residuals

resss(qy,) %(Af)T [[Anqh ﬂ s T a(A)" [[Anqh ﬂ ss?
l"eSFs(qh) : %(X_)T [["Z”zjh ﬂ FS + OC(AVT_L)T [[Avnah H Fs’ (243)
resSF(qh) %(A_)T [[»Anqh ﬂ SF + a(A;L)T [[A”qh ﬂ SF’

Using (2.31)—(2.32), it follows that (e, €) satisfy
Z/ resg(e) - p, dQ2 — Z/ resgs(e) - p, dX — Z/ resge(€) - p, dX =0,
Qeg
S @ a3 [ @) pn Y [ @) g s =

(2.44)

upon setting Q, = Q and A;, = A. We take inner products of (2.42) and (2.43) with

corresponding test functions, and immediately get, after summing up all the terms,
Z Qqh Ap;, d§Q2 — Z/C - (Agy,)) - Ap;, dQ
23 HEEANIIUAREES oY § TR IRCVARE
- @Z/ th ss Anp,)” dE — QZ/ th (Anpy)” dE
_Z /e ress(qy,) - pp, A2 — Z/ resss(qy,) p, d¥ — Z/ ressr(qy,) - py, dX,

(2.45)
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Z Qqh Ap, dQ — Z / - (Aq,)) - Ap, dQ
—-Z/ A4, (ADy)~ dE——Z/ Aa@,]) - (ADy)~dE
- azej /E %E[An’cjh 1. - (Apy) ds - 04; /E %E[An’cjh 1. () ds
N CTORREED O IECHCAR R By IR RCAR L

(2.46)

We let g, = p, =1, q;, = P, = N, when equations (2.45) and (2.46) become

thZHnHLQQS aZ/ A ] - (Aam) dE—aZ/ Aan]), - (Aum)~dS

(Z/QS - (An)) - AndQ + Z/ Am]l,, - (An)~ dS
+ Z/ Al - (An)~ dE)

:Z/ resg(n) - ndQ — Z/ resgs(n) -~ dX — Z/ resgp (1 —dX,
e Y%

(2.47)

Sy~ [ [AA], - Ay as —aY [ 4], (A s
(Z/QF - (AR)) - AR dQ + Z/ A7 ] . (A7)~ dY
2 Z / ], (AR)” dZ)
— Z/QFresF -7 dQ — Z/ résee(n) - M dY — Z/ Foses(7) - 7 dX.

(2.48)

Adding (2.47) and (2.48), and using the energy result in Section 2.4, the terms in

between parentheses on the left-hand sides of both equations cancel one another, and
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the penalty terms turn into quadratic forms, that is,

o <ZH"7HL2 raom T Sl QA>
(ZH Ay P +2H I RS [ 75 I
-y / res(n) - dQ - Z / resss(n) - m~ A — Z / resse() - n~ dX
+Z/ resg () - dQ2 — Z/ resee () - M- d¥X — Z/ resgs(n) - M- dX.

(2.49)

Let p, = m in (2.44), and subtract it from the right-hand side of (2.49). We note that

e =€¢—1m, e =€ —1, and obtain

1d
2dt <ZH77 HL2 (Qes; O,A) + ZH”I HLz(QeF QA)>
+—(ZH AT e +ZH I A 7% I ))

= Z/ resg(€) - pdQ — Z/ resgs(€) - m~ dX — Z/ resge(€) - M~ dX
+Z/ resg(€) - ndQ — Z/ respp(€) - dX — Z/ resps(€) - m- dX.

(2.50)

Having the energy result (2.50), which corresponds with Equation (5.10) in [169], we
follow the same process as described in the reference.

We apply integration by parts:
/ (V-(Aq))-(Ap)dQ:/ (V-(CE))-w+%(Vv+VvT) : (CH)dQ
eS eS

:_/ (CE): {(Vw + Vw™) +v - (V- (CH))dQ

+/E (-(CE) w4 v (n- (CH)) (2:51)

- [ (V- Aadof+ [ () (ap)

(] (s}
SsYUBSE




and similarly

| v-ay- (ppae -\~ [ (v &p)-Raaol+ [ (Aa

30

~ . (Ap)” dx.

(2.52)

We set ¢ = €, p = nin (2.51) and ¢ = €, p = 1 in (2.52). The boxed terms in

(2.51) and (2.52) vanish as the projection errors € and € are orthogonal to the spatial

derivatives of the polynomial solutions g, and g, by Galerkin approximation, and

then the right-hand side of (2.50) becomes

Z/ resg(€) - mdQ) — Z/ resgs(€) - m~ dX — Z/ resgp (€ —dX

+Z/ resy(€) - ndQ — Z/ respe(€) - d¥ — Z/ resgs(€) -m dX

= Z | Q¢ (An) dQ+Z € - (A7) dQ

- Z /2 {Ane ) - (An)~ds - Z /E { A}, - (An)~dx
- Z / {A&}},,  (Am) dE - Z / (AN .- (A7)~ d
—az [Ane]. - (Aum) dE—aZ/ | (A ds
—a) / [Ane]],, - (A~ dT —a) / [A€]).. (A7) ds,

in which we use the following simplified notation for averaging:

(Z1)

{{‘Anq }}ss = % ”q + (AnQ)_), {{Anq }}SF = % )+ + (.AnQ)_),
{Aal,, = 34D+ A, {Adl},, =30 (Aa)"+(Aa) ).
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For the volume integration terms (cf. (Z;)) we obtain the estimate

S lisiees o € s o)+ S s 0. JE e 0.
2 ~ 12
< ¢Z!\n!\Lz<ge$Q,A> 1 -

.2 <2
\/ZHG [PATSEINE DI ) FAPSEF Y
e €

For the surface integration terms (cf. (Z3)), we use the symmetry in A and A to find

that
(A.q@)* - (Ap)” =n-(CE )i ‘w4 n-(CH) vt = (A.,p)” - (AgQ)*.  (2.54)

Thus

S [ A, (An)ds
= %Z/e (Ane)™ - (An)~dX + %Z /e (An€)” - (An)~ dE
= %Z/e (Am)” - (Ae)TdS + 1) / (A.m)” - (Ae)™dE

=12 [l aean = 33 [ [am], - {ael, an
(2.55)

in which the second equality uses (2.54), and the third equality is obtained by ex-
changing the summation order of elements between solid-solid interfaces. Similarly,

we have
(A.@)* - (AD)” = AE)* n-w + (AH)n-o" = (4,p)” - (AQ)*,  (2.56)
and

> [ AN, R as= Y [ [Aa], (A, ax @)
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For fluid-solid interfaces we also have the symmetry

0" (A, @) - (Ap)" =(AE)'n-w 4+ (n-(CH) -n)(n-v") = (A.p)” - OT(AQ)",

O (A.9)" - (AP)" =(n-(CE)" n)(@ -n)+ (\H) n vt =0"(4p) - (Ag)",

(2.58)
and using (2.54), (2.56) and (2.58),
3 IR INRUVIRTERS Y I U RS
=3 [ HOTAR" (A ¢ () () )03
X [0 (e (R (@) (R
=3 [ Hm 0TRS¢ (A (A€ )3 -

+z / HO" (A1) - (Ae)* + (A7) - (Ag)™) T

=30 [ 3 0" Re (A (A€
e —OT(A 7T (Ae)” —OT (A7) - OT(A€)")dx

=3 [ AT, faed,a0.
For the penalty terms in (), it is straightforward to check that
Z/ [Aue]l.. - (Aum)” :—-Z/ [Awe]l., - [Am] do (2.60)
Z/ [A€])., - (Am)~ :—-Z/ [A€]).,. - [Am],.d2,  (2.61)
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and

).

R FEERED Y B Z 0 MR

—Z/ (O"(A@)" - (Aum)™ = (A€)” - (Am) ) dS
+Z/ (A7) = (A8 - () ) dE
(2.62)
-y /E (O (A" ()™ — (Ane) ™ (Aum)”

+ (Ape)” - OT (A = OT (A, 0t - OT (A, 7)) dE
—-3 [ Tuell, - [Am]), =

Using (2.55), (2.57), (2.59), (2.60), (2.61) and (2.62) in (Z) yields the estimate for
(Z2)

1 [, [l (Hae B +oldu] ) s
+ Z/ ({(ReY,, +o[Ae],,) a0
5[ Tl ({(Ach, +all A, ) o
< 3 (1A g 1A B

e

| AT g N A€ D g )
12(1\ A, H{{A el
M)

+al| [,
= E (M0 s H{{Ae}}SFHm>

+al|[[4 nnﬂSFHW )II[[ 3|

%(ZH nTl SSHLQ ) +Z ; =) —i-QZH n’r] SF”L2 ))
+ 5 ;(n{{Ae}}%nmgS) +a2MAneﬂss||L2@gs)>

L2 (S
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I o (53 I A 5
23 (1A I P+ o AT s ) )

The first inequality is obtained by Cauchy—Schwarz, and the second one is based on

Young’s inequality with factor 3 (or so-called “Peter—Paul inequality”). Since

SR i P = 3 (A + (A0 ey )
<> (||<Ae>+ aceny + 1A sy + 21 (A [ame 1A iaes,))
<2 (A [ Fassy + 1A o)) = 214D sy,

S Ave D [y = 45 (A0 + (400 )
<3 () sy + 1A g+ 2 iy 1400 )
<38 (140 iy + 10409 sy ) = 430040 [

due to Cauchy-Schwarz followed by Young’s inequality, and
RTINS Y G
;HH“Z"EHFF ;@%FFLL;H(AV"E)_ L2(Sgp)

DA e Mg,y < S20NAE sy + %;H@a

AT gy < 20010400 s, + 252 (A8

L2(3¢g)

)
L2(Xgg)

L2(ze.)
FS
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we get the estimate for (=),

_ 1
=2 ?(ZH "77 ss L2 B +ZH ”Tl FE | L2 (me) QZH ”n SF LZ(EC ))
B

2 2
+Z< Z(H(Ae) ||L2(2§Sung)+4a2||(An€) ||L2(E§SUE§F)>
e
~ 2 ~ .2
+ 30 (1B oy oy + 407 1A i) )

(2.63)

Using (2.53) and (2.63) in (2.50) yields

%% (Z”’? ”iQ(QeS;Q,A) + ZH'ﬁ Hiz(QcF;@,K)> 5 (ZH n77 ss HLz (Sss)
N )+ 24 Do ))

< \/le’n IZ2(0eg: 0. + D17 I|iz(QeF;éj)\/z:l|‘E 220es0n) T € N z2i0en: 5.5

p
1

2 2
( Z(H(Ae) ||L2(zgsung)+4O‘2”(An€) ||L2(2gSUE§F)>

+ Z( Ae - HL2 SepUSE )+4O‘ H(A €)” HL2 2 UE%S)) ) ‘
(2.64)

Following [169, Section 5.1], we can finally obtain the required error estimate from
(2.64). We take o = 1/2; by choosing § sufficiently large in Young’s inequality, we

control the error by applying a modified Gronwall’s lemma [169, p.A2007].

2.7 Computational experiments

Here, we illustrate our DG method by verifying its convergence rate and carrying
out computational experiments. We use the fourth-order LSERK algorithm for time

integration. For visualization of wavefields or model parameters, we write the value
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in the Visualization Toolkit (VTK) unstructured mesh format and visualize the result

using Paraview [74, |.

2.7.1 Convergence tests at (interior) boundaries

We carry out computational tests using wave propagation and scattering problems
in 3-dimensional cubic subdomains. We first test the propagation of a plane wave
in a homogeneous isotropic elastic medium, in which periodic boundary conditions
are applied. We also test the free-surface boundary condition with a homogeneous
isotropic elastic solid, in which both Rayleigh and Love waves are generated. We focus
on the Rayleigh wave, the particle motion of which is in the plane perpendicular to
the free surface. A Stoneley wave, generated at a solid-elastic interface [4, ] in an
unbounded domain composed of two subspaces with different material properties, is
also simulated and compared with the closed-form solution following [90, Section 5.2].
For the test of our DG method at an acousto-elastic interface, we generate a Scholte
wave. We refer to [171] for the closed-form solution.

The computational domains are discretized as regular tetrahedral meshes. A suf-
ficiently small constant, K¢pr, = 0.05, was selected during the tests for time stepping,
and a large simulation time (10 s) is choosen for the error computation. The domain
geometry and boundary conditions for each test are given in Table 2.1. The relevant
material parameters, that is, the Lamé parameters A and p, and density p, are given
in Table 2.2. We calculate the L? errors for the particle velocity of the numerical
solutions, which are discretized by [V, order polynomials. The magnitudes of the
numerical errors at time ¢ = 10 s are shown in Figure 2.2, as a function of mesh
size h for different values of N,, and least-squares fits to lines, with the estimated

convergence order for each line shown in the legend. We observe that the L? error of
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Figure 2.2 : L? error of partical velocity v as a function of mesh size h, for the
simulation of (A) a plane wave, (B) a Rayleigh wave, (C) a Stoneley wave, and (D)

a Scholte wave, for different orders N, = 2,3,--- ,6 .
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wave type domain range (in km) boundary conditions

plane wave [—1,1] x [-1,1] x [-1,1] periodic boundaries

free surface boundary at x3 = +1,

Rayleigh wave [—1,1] x [-1,1] x [-1,1]

periodic boundaries otherwise
Stoneley wave [—1,1] x [=1,1] x [=2,2] periodic boundaries

periodic boundaries
Scholte wave [—1,1] x [-1,1] x [-2,2]

(fluid-solid boundaries at z3 = 0, £2)

Table 2.1 : Geometry and boundary conditions for the four wave types in the con-
vergence tests.

our numerical scheme achieves a convergence rate higher than /V, + % We also show a
comparison of accuracies and convergence rates tested with the wave types described

in this section for the upwind flux, the central flux and our penalty flux in Appendix

2.7.2.

2.7.2 Comparison of numerical flux

We compare the performance of three types of numerical flux in our DG method:
the central flux (2.28), the upwind flux based on [171], and the boundary condition
penalized flux (2.30). The comparisons are conducted using a Stoneley wave and a
Scholte wave, with the parameter settings as in 2.7.1.

Figure 2.3 compares the accuracies and convergence rates of the penalized numer-
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wave type

material properties

plane wave

Rayleigh wave

Stoneley wave

Scholte wave

A = 1.20 Gpa, u = 1.20 GPa, p = 1.20 g/cm?,
A = 3.00 Gpa, u = 1.20 GPa, p = 4.00 g/cm?,
A = 1.20 Gpa, = 1.30 GPa, p = 1.10 g/cm?,

A = 1.11 Gpa, u = 0.00 GPa, p = 1.32 g/cm?,

A = 2.00 GPa, 1 = 1.00 GPa, p = 1.00 g/cm?

A = 2.00 GPa, u = 1.00 GPa, p = 1.00 g/cm?

for x3 > 0
for z3 < 0
for x3 > 0

for x3 < 0

Table 2.2 : Material parameters for the four wave types in the convergence tests.
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Figure 2.3 : Comparison of the accuracies and convergence rates of different numerical
fluxes when simulating (A) a Stoneley wave, and (B) a Scholte wave, for polynomial

orders N, = 3 and 6.
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Figure 2.4 : Eigenvalue spectrum of the discretized spatial DG operator for a periodic
domain solid-fluid interfaces for simulating the Scholte wave.
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Figure 2.5 : Eigenvalue spectrum of the discretized spatial DG operator for a periodic
domain solid-solid interfaces for simulating the Stoneley wave.



42

(A) N,=3
40 T
O central
. A upwind o
30T b penalty «=0.5 2 1
. + penalty a=0.1 =
20 .
10 B
0 . ]
-10 + 4
_20 - 4
-30 | g 1
Q
-40 1 1 1 1 1 1
102 107" 1074 107 10710 0 1071 107
(B) N, =6
80 T
O central
A upwind
60 - penalty «=0.5
penalty «=0.1
40
20
of B
_20 L
.40 L
_60 L
-80 I I |
102 107 107 -107 10710 0 10710 107

Figure 2.6 : Eigenvalue spectrum of the discretized spatial DG operator for a periodic
domain with traction-free external boundary at top and bottom for simulating the
Rayleigh wave.
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ical fluxes with the upwind flux and the central flux when simulating the Stoneley
wave and the Scholte wave, for both the lower-order case (N, = 3) and the higher-
order case (N, = 6). We observe in Figure 2.3that the orders of convergence are
essentially the same in the simulation of the Stoneley wave for the three types on
fluxes (and all better than O(hM+2)). The amplitude of error generated by penalty
flux is the same as that generated by upwind flux, which is usually smaller than the
central flux.

Figure 2.4-2.6 shows the eigenvalue spectrum Ay for the three types of numerical
fluxes, while the penalty coefficient takes two different values, = 0.5 and a = 0.1,
for polynomial order N, = 3 and N, = 6, on a tetrahedral mesh with a uniform
mesh size h = 0.25 (in km). For the solid-solid and solid-fluid interior boundaries,
and the external traction-free boundaries, the vanishing non-negative real parts of
eigenvalues of upwind and penalized flux indicate their dissipative nature, while the
purely imaginary spectrum for the central flux is consistent with energy conservation.
However, rounding errors are quite more significant for the solid-fluid interfaces that
generate eigenvalues with positive real-part, due to the contribution of operator O
in (2.29), which result in so-called “spurious oscillations” while using the explicit
Runge—Kutta method [e.g., [176]]. Moreover, the distribution of eigenvalues on the
imaginary axis can not fit into the stable region of low-order (< 2) Runge-Kutta
methods. As a consequence, the central flux have to be implemented with higher-
ordered Runge—Kutta methods, with relatively small time step. On the other hands,
the distribution of eigenvalues for o« = 0.5 is roughly the same as that for unwind
flux, and one can obtain the freedom to choose different penalty coefficient to acheve

optimal stable time step when implementing penalty scheme.
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2.7.3 Homogeneous orthorhombic solid: Caustics

Here, we simulate a band-limited fundamental solution in an anisotropic elastic
medium, forming caustics. The medium is orthorhombic and homogeneous. Sev-
eral minerals in Earth’s mantle have orthorhombic symmetry; this symmetry also
appears in regions of sedimentary basins where fracture sets are commonly found in

sandstone beds, shales, and granites. The material properties are selected as follows,

P Cl 1 022 033 C144 CSE) 066 C123 CY13 012

1.0 (g/cm?) 30.40 19.20 16.00 4.67 10.86 12.82 4.80 4.00 6.24 (GPa)

which produce a medium whose P phase velocities are 5.51 km/s, 4.38 km/s, and 4.00
km/s and S phase velocities are 2.16 km/s, 3.26 km/s, and 3.58 km /s in the principal
directions (perpendicular to the symmetry planes). The computational domain is a
5 x 5 x5 (in km) cube. We place an explosive Gaussian source at the center of the
cube, using a Ricker wavelet with a center frequency of 5Hz. Images of isosurfaces
of the different components of the particle velocity are shown in Figure 2.7. We note

the presence of caustics in one of the shear polarizations.

2.7.4 Flat isotropic fluid-solid interface: Propagation of Scholte wave

We present a model with dimensions [0,50] x [0,30] x [0, 15]km with a flat fluid-
solid interface located at x3 = 7.5km. The fluid side is homogeneous isotropic with

3. The solid side is homoge-

an acoustic wave speed 1.5km/s and density 1.0g/cm
neous isotropic with a P-wave speed 3.0km/s and S-wave speed 1.5km /s, and density
2.5g/cm®. The Scholte wave speed is computed numerically as 1.2455km/s [e.g., [90]].

We place an explosive source in the fluid at location (5.0, 15.0, 6.5)km, using a Ricker

wavelet as the source-time series with a central frequency of 2.0Hz. A receiver is lo-
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(A) (B) (©)

Figure 2.7 : Snapshots of the contours for the particle velocity (A) vy, (B) v, and
(C) vg at t = 0.45s. The black arrow in (C) indicates the shear wave front forming
caustics.

(b)

Figure 2.8 : Fluid-solid configuration visualized in the z1—x3 plane at x5 = 15.0, with
source and receiver located in the fluid. A snapshot at ¢ = 12s is shown in (a), and
a snapshot at t = 26s is shown in (b).
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Figure 2.9 : Seismic trace from a hydrophone located at (40.0, 15.0, 6.0)km in the
fluid side. Arrival times of head wave Pn, direct P waves and Scholte waves are
indicated by vertical lines.

cated at (45.0, 15.0, 6.5)km and records the synthetic phases for 40 seconds. We apply
convolutional perfect matching layers (CPMLs) [e.g., [93]] for all external boundaries
of the model, highlighting the effects of a fluid-solid internal boundary.

Two snapshots are shown in Figure 2.8, one for the solution at ¢ = 12s and the
other for the solution at ¢ = 26s, in which we observe the occurence of a Scholte wave
which is well seperated from the body wave phases at long times. The amplitude
of the Scholte wave decays exponentially with the distance from fluid-solid interface
[[90]]. Figure 2.9 shows the seismogram as well as the arrival times of the head wave
Pn, the direct P wave and Scholte wave. The modelled phase arrivals agree well with

the travel times marked by perpendicular lines.
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Figure 2.10 : A tetrahedral meshing for the 3D SEAM generated by segmentation and
mesh deformation techniques. The color map shows the P wavespeed v, interpolation.

2.7.5 Seismic waves in a geological structure: SEAM model

In this application, the DG method’s ability to model the propagation and scattering
of seismic waves in a field-scale domain with complex geological structures is demon-
strated. The 3D SEAM (SEG Advanced Modeling) Phase I acoustic model is used
that has heterogeneous structures and represents the sea-bed of the Gulf of Mex-
ico [[59]]. It spans a 35 km by 40 km region of the earth’s surface and has a depth of
15 km, and is discretized as a regular grid with 20m x 20m x 10m sample interval.
The model has several geological features that we will use to test the robustness of
the DG method. It contains a high-velocity salt body that extends through the center
of the model (Figure 2.10). The rapid contrast in velocity makes the model, in the
language of partial differential equations, a stiff domain. Another geometric feature is
the sedimentary layering at approximately 10 km under the surface. These layers will
cause multiple scattering that will lead to constructive and destructive interference.

A tetrahedral mesh with 863,973 elements of order 3 is generated adaptively start-
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Figure 2.11 : Slices of the 3D SEAM acoustic velocity model and snapshot of pressure
wave field at t = 5.0s, with the same viewpoint as in Figure 2.10.

direct P wave

direct S wave

Vs (Mm/s)

[3000.0

2000
1000

0.0

Figure 2.12 : Slices of the isotropic extension of 3D SEAM Phase I shear wavespeed
model and snapshot of 3-component of particle velocity at ¢ = 5.0s, with the same
viewpoint as in Figure 2.10 and 2.11.
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ing from the contours of the wave speed model, including the rough boundary of the
salt body (Figure 2.10) and selected smooth interfaces associated with the sedimen-
tary layers. We generate triangular isosurfaces based on domain partitioning of the
wavespeed model into four primary subdomains: the ocean layer, the salt body, a
high-contrast sediment layer and the sediment background. We also adaptively add
vertices by tracking the contrasts of wavespeed inside each subregion. Using these, a
tetrahedral mesh was created using TetGen [[154]]. A point source is located at the
ocean bottom (xy,x9,x3) = (17.5,15.0,1.45)km and the source function was a Ricker
wavelet with a center frequency of 10.0 Hz. A snapshot of the acoustic pressure wave
field solution is shown in Figure 2.11.

We also consider an extension of the SEAM Phase I model to isotropic elasiticity
as is presented by [121]. We represent, via interpolation, the S wave speed and
density on the unstructured mesh based on the four distinct subdomains, and place
a point source inside the ocean layer at (x1, 9, x3) = (17.5,15.0,0.10)km using a
Ricker wavelet with a center frequency of 5.0 Hz. We apply a pressure-free surface
boundary condition on the ocean surface, and CPMLs elsewhere. The S wavespeed
and 3-component of the particle velocity are shown in Figure 2.12, in which the shear

wave front can be clearly observed after the P arrivals.

2.7.6 Scattering from a rough surface: Fractured carbonate

Here, we model the reflection generated by an explosive point source from a rough
surface embedded in a transversely isotropic medium. This type of medium closely
resembles fractured samples of carbonate rocks [[101]]. Carbonates are abundantly
found in nature. They pose many complications when working with them in the field

because the physical properties vary from site to site and are strongly heterogeneous
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Figure 2.13 : (A) Domain of the digitized rough surface. (B) Zoomed in of the mesh.
The unit of the axises are in meters.

within the bulk rock. A homogeneous transversely isotropic medium can be used to
model a carbonate because a variation in velocity amongst layers is the most common
form of heterogeneity [[117]].

Laser profilometry was used to measure the surface roughness of an induced frac-
ture in Austin Chalk, a carbonate rock sample. From these measurements, a profile of
the surface was extracted to provide a rough boundary in an otherwise cubic domain
with edge length of 0.1 m. The rough surface was placed on the top plane of the
box, i.e. x3 = 0.1m (Figure 2.13). The material properties were chosen such that the
symmetry axis was in the (21, 29, Z3) = (0,1, 0) direction. P- and S-phase velocities
along the axis of symmetry are 4000 m/s and 2280 m/s respectively, and are 4900
m/s and 2000 m/s respectively along the other two directions. The following table

provides a list of the specific elastic constants used:

P Cl 1 C(22 C'33 C’44 C(55 C’66 C123 OI 3 C’1 2

1.5 (g/cm®) | 24.00 16.00 24.00 4.00 520 4.00 800 13.60 8.00 (GPa)
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Figure 2.14 : Slices of the V3 wave field after (A) 21 us, (B) 31 us, and (C) 41 us
from a 3D rough surface.
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The tetrahedral mesh contains 686,444 elements, with NV, = 4. We place an explosive
source at (xq,x2,23) = (.05,.05,0), using a Ricker wavelet with a central frequency
of 1 MHz. Two snapshots of the wave field were taken of the 3-component of the
particle velocity (Figure 2.14) that display the formation of shear-wave caustics due
to anisotropy at t = 21us, and the solutions of scattering at ¢ = 31us and ¢t = 41pus,

respectively.

2.7.7 Heterogeneous anisotropic solid-fluid boundary with topography

Here, we use our DG method to simulate the wave propagation and scattering in
a heterogeneous anisotropic solid-fluid configuration. The solid-fluid boundary has
topography, which is well described by adaptively fitting an unstructured mesh (see
Figure 2.15(a)). The model has dimensions [0, 50] x [0, 30] x [0, 15]km. The fluid side
is homogeneous isotropic with an acoustic wave speed 1.5km/s and density 1.0g/cm?.
The solid side consists of a reference HTI medium component with elastic parameters
given by Cy; = 33.75, Cy = 22.50, C33 = 13.85, Cy3 = 13.85, C13 = 11.44, (5 =
11.44, Cyy = 4.327, C55 = 5.625, Cgg = 5.625 (GPa), and p = 2.5g/cm?®. A low-
velocity lens is superimposed with its center located at (25, 15, 9)km. We place an
explosive source in the fluid at location (8.0, 15.0, 6.5)km, using a Ricker wavelet as
source-time series with a central frequency of 1.0Hz. We apply convolutional perfect
matching layers (CPMLs) for all external boundaries of the model with the thickness
of approximately two central wavelengths.

The waves are propagated for 40 seconds. Two snapshots in time of the wave
field are shown; the solution at t = 4s (Figure 2.15 (b)) and the solution at ¢ = 14s
(Figure 2.15 (c)), with the occurence of a Scholte wave and seperation from body

waves while propagating. We note the fomation of caustics in the solid region, caused
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Figure 2.15 : Heterogeneous HTT solid-fluid boundary with topography. (a) 3D model
setting, with color indicating quasi-P wavespeed; (b) snapshot at t=4.0s; (c¢) snapshot
at t=18.0s.
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by the anisotropy and the low-velocity lens.

2.8 Discussion

We develop a DG-method based numerical approach to simulate acousto-elastic wave
phenomena. We demonstrate its ability to generate accurate solutions in domains
with heterogeneous and complex geometries for long-time simulation. We briefly
discuss the specifics of and differences between our and earlier developed DG methods
for general acousto-elastic wave problems.

Most of the existing DG discretizations for solving the acousto-elastic system of
equations in the first-order formulation make use of an upwind numerical flux derived
from the elementwise solution of a Riemann problem. In [54], a Godunov upwind flux
is applied upon diagonalizing the coefficient matrix in the stress-velocity formulation
at element-element interfaces. Specifically, they use a “one-sided” upwind numerical
flux and, to avoid elementwise numerical integration and make use of pre-calculated
matrices instead, restrict the coefficients to be constant in each element. Steger-
Warming flux-vector splitting in [155] is another way to obtain an exact Riemann
solution for the linear system with flexibly parameterized isotropic elastic media,
allowing variable coefficient within elements. The velocity-strain formulation intro-
duced by [171] uses the Rankine-Hugoniot jump condition to obtain an upwind flux
for isotropic solid-fluid interfaces while designing a uniform conservative formulation
for coupled elasto-acoustic systems.

Meanwhile, there are penalty based DG schemes designed to solve numerically the
second-order system of equations for the displacement. The interior penalty Galerkin
method is used by [137] to solve a nonlinear parabolic system, and a symmetric

interior penalty term was employed by [69] to make the stiffness matrix symmetric
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positive definite. [48] studies the dispersion and convergence of these interior penalty
DG-method based schemes for the second-order elliptic Lamé system. [169] defines for
a general hyperbolic system a flux that penalizes the fields based on their continuity.

In our DG-method based scheme, we introduce a penalized numerical flux the form
of which is motivated by the interior boundary continuity conditions. The fluid-solid
boundary conditions are accounted for in the coupling of elements through the fluxes.
Our penalty weight does not depend on the normal direction of the interior faces of
the elements, and moreover, unlike the interior penalty scheme in the second-order

displacement formulation, does not depend on the mesh size either.
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Chapter 3

A multi-rate iterative coupling scheme for
dynamic ruptures in a weak form: well-posedness

3.1 Introduction

The study and mathematical formulation of seismic wave propagation and scattering
in a uniformly rotating and self-gravitating Earth model dates back to the work of
Dahlen [38, 39] and Woodhouse and Dahlen [172]. Valette [163] studied the proper
weak formulation of the underlying system of equations, and De Hoop, Holman and
Pham [50] completed the analysis of well-posedness also through energy estimates.
The complications in this analysis arise essentially from the presence of a fluid outer
core. Here, we study a different complication, namely the coupling of the system to
rupture dynamics.

Kinematics of earthquake sources, which in most situations are the catastrophic
failure of faults and slip, may be captured by a moment tensor (e.g. Dahlen and
Tromp[41, Ch. 5]). The energy budget of a kinematic rupture along with a slip
boundary condition was studied by Dahlen [40], without friction laws. However, in
rupture dynamics friction laws play a critical role. Theoretical models of earthquake
rupturing based on rate- and state friction laws and their incorporation in the elastic-
gravitational system of equations describing seismic waves have been studied in recent
years [105, 73, 161]. However, the rigorous mathematical, weak formulation of this

and well-posedness have been open problems and are addressed, here. This weak
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formulation also forms the foundation of the development of numerical schemes.

The dependency of friction strength on slip rate and the evolving contact prop-
erty of material, or so-called “state”, have been recognized in laboratory studies and
formalized by Dieterich [53], Ruina [144, 143], Rice [134], Rice and Ruina [133], and
many others. Such studies were conducted on various rock types and fault gouge
layers, and over a wide range of slip rates and confined normal stress. The relation
between the rate and state friction laws and realistic rupture processes was discussed
by Dunham et al.[55].

Originally developed in the laboratory, the rate and state friction laws have
been proven to be well-posed in one-dimensional problems and to approximate rate-
dependent experimental results [53, 143, 136, 135]. However, general existence or
uniqueness results are absent for coupled rate and state friction with pure elastic-
ity in both two and three dimensions. The main issue is the high-order derivative
terms arising from the dependency of friction on normal stress as well as the sur-
face divergence introduced by a dynamically slipping boundary. These also occur
when using simpler slip-dependent friction laws, even for the simplest one, that is,
linear slip-weakening friction. Existing proofs of well-posedness are based on simpli-
fied scenarios: By fixing the normal stress to a reference value (the Tresca model,
e.g. [83, 82, 128, 127]), or by characterizing the normal stress with a power-relation
of normal displacement (the normal compliance model, e.g.[109, 91, 81]). For both
simplifications, existence and uniqueness can be obtained with or without (physical
or artificial) viscosity. In our framework, we show that with a natural regulariza-
tion which gives a slightly viscous Kelvin-Voigt material asymptotically approaching
pure elasticity, more general scenarios can be resolved, where the friction force de-

pends on normal stress following constraints no other than the ones from the relevant
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Dirichlet-to-Neumann map.

At the same time, in recent years, numerical algorithms have been developed for
coupled rate and state friction with pure elasticity based on the above mentioned
simplifications, nonetheless producing physically reasonable results [63, 43, 11, 123,
99, 181, 120, 56]. Some numerical studies do point out that problems (like shock
waves) can occur for long-time simulation, and that introducing artificial viscosity is
a natural way to obtain a stable solution (e.g.[47, 87, 2]). However, a mathematical
framework to address the well-posedness while avoiding simplifications to enable a
general study of coupled rupture dynamics and seismic wave generation has been
lacking so far. This is the subject of this chapter. The main result concerns the
coupling that can be realized iteratively and its convergence in concert with the
occurrence of two time scales.

We present a weak form of the elastic-gravitational system coupled to dynamical
ruptures with rate and state friction laws. We suppress the uniform rotation in our
analysis, but including this is a simple task. We obtain the equations of motion from
the Euler-Lagrange equations. These comprise a hyperbolic system of second-order
linear equations coupled to the friction law on some of the interior boundaries identi-
fied as faults, involving a nonlinear algebraic relation with evolution of a state variable
that is represented by a time-dependent nonlinear ordinary differential equation. The
multi-rate iterative coupling scheme [65] pertains to the two sub-problems mentioned
above, each being solved with significantly distinct time steps. We prove that the
coupling problem can be asymptotically solved within any finite time interval by in-
troducing a regularization term through a small artificial viscosity coefficient. The
coupling leads to a unique solution, which can be obtained by an iterative scheme,

exploiting the Banach fixed-point theorem. The natural choice of numerical method
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is the discontinuous Galerkin one [177]; see, also, earlier works by de la Puente et
al.(2009) [51], Tago et al.(2012) [158], and Pelties et al.(2012) [123], with formulations
leading to various issues or flaws. In the next chapter, we develop such a method for
the iterative coupling scheme proposed here.

The outline of this chapter is as follows. In Section 2, we give the strong for-
mulation for particle motion and boundary conditions expressing the coupling with
a friction law, and the corresponding weak formulation with necessary assumptions
including the regularity of model geometry and model parameters. The empirical
assumptions of friction laws are also discussed, from a mathematics point of view.
We then define the appropriate energy spaces. In Section 3, we propose an iterative
coupling scheme and present a proof of contraction. As a byproduct, we obtain well-
posedness with a condition on the artificial viscosity. We discuss a backward Euler
time discretization in Section 4. The proof of contraction implies conditions for the
time step and the choice of viscosity coefficient. The main results of this chapter
are Theorems 4.1 and 4.2, which indicate the impact of model geometry and model
parameters on the well-posedness of the coupling problem, as well as the convergence

rate of the proposed scheme. We end with some conclusions in Section 5.

3.2 Mathematical model and assumptions

We consider the problem in a finite set Q € R? that stands for the interior of solid
Earth (ignoring the fluid ocean layer and outer core), with a continuum of linear
elastic material that follows Hooke’s law, except at the rupture surface denoted by
Y. We further assume that €2 is a Lipschitz composite domain, which is defined as a

disjoint union of open subsets, {2 = Uiozl Q, with interior boundaries (supplemented



60

with slip and non-slip conditions) given by
= |J ounoow\ oo,
1<k<k'<ko
which are two-dimensional Lipschitz continuous surfaces. We note that ¥; C . We
have Q = QUX U Q. The boundary of interior surface 93 is a finite union of curves
of measure 0 lie on the exterior boundary 0f2, where traction free condition (3.7) is
applied. We choose n : 9, — R3 almost everywhere on ¥ U 052, as the unit normal
vector of interior and exterior boundaries. It satisfies n € L>(X U 9Q)3, and labels

7

the two sides across of > by “—” and “+”. The jump operator [[ . ﬂ can be defined

for any bounded Lipschitz continuous function, f say, as

(£ =" —f = (@) — f™(x), forxecd N, (3.1)

where €2, corresponds to the region of the “+” side and €2, to the region on the

—" side. We also define the averaging operator across ¥ by {{ . }} such that
{{f }} = %(]“r + f7) which will be used in Subsection 2.5.

3.2.1 The basic equations in the strong form

We follow Brazda et al.[18] in deriving the equation of motion in a prestressed Earth
while ignoring the rotation of Earth. The gravitational potential ¢° satisfies Poisson’s
equation

A¢° = 4G, (3.2)

with p° the initial density distribution of Earth, and G Newton’s universal constant

of gravitation. The equilibrium condition for the initial steady-state is

P’V =v.-T°, (3.3)
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where TV is the tensor of static prestress. The equation of motion is written following

(18, (5.43)] as
i+ VS () + pPu- (VVE?) = V- (AT :Vu) =0 inQ\S,  (3.4)
with the initial conditions given as
Uli—o = 0, U)o = 0.
The mass redistribution potential S(w) is associated with particle displacement w by
AS(u) = —47GV - (p'u), (3.5)

and the prestressed elasticity tensor is a linear map AT : R3*3 — R3*3 such that
(AT0 : Vu) represents the first Piola-Kirchhoff stress perturbation. The prestressed

elasticity tensor is related to the in situ isentropic elastic tensor C' by
A;-‘;Zl = Cijm + %((To)ij(skl + (T0)ri0ij + (10)ikbj — (To)adjk — (1o) jkda — (To)jz(sik)-

The non-slipping inner interfaces yield the conventional continuous boundary condi-
tions,

[u]] =0, [n (AT :Vu)]] =0, on%\X%, (3.6)

and the external boundary yield the traction free condition,
n- (AT :Vu)" =0, on o (3.7)

We denote by T's(t) the perturbation of the stress tensor introduced by multi-physics
processes such as regional tectonics, geothermal activities, or fluid injections, which
is evolving as a function of time [116, 146]. On the rupture surface X, the dynamic

slipping boundary condition (e.g.[18, (4.57)]) and the force equilibrium are satisfied,
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which give
-]~
[[7'1 i ﬂ —0, on X, (3.8)
To— (n- (T°+Ts) + 74 +7-2)H =0,
with
(
T i=n- (ATO : Vu),
19 ==V - (u(n-T°),
(3.9)

J::—n-(n~(TO+T5)+7'1+7'2),

s:=[u]], s=ls|, =7

\

In the above, o stands for the compressive normal stress. The direction of friction

force is opposite to slip velocity, following (e.g. [47, eq. (4)])
78 — s1; = 0. (3.10)

The nonlinear relation between s and 7; are governed by a rate- and state-dependent
friction law, which will be discussed in Section 3.2.2. In the above, the surface diver-
gence is defined by V- f =V - f — (Vf-n) - n.

We mention an equivalent representation of the wave motion as an alternative
for the above equations (5.2), (3.6), (3.8) and (3.9), based on which a mathematical
formulation for the same dynamic rupture problem can be obtained following a similar
route. Within this representation, the incremental Lagrangian stress tensor takes the

place of the incremental Piola—Kirchhoff stress tensor, and the equation of motion is
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given by (e.g.[18, (5.52)])
it VS ()~ (V-(0)) V6 + V- (V) - V(I - V) =0 in O\5,, (311)

where T'T" : R3*3 — R®3 s a linear map such that (I : V) represents the first-
order Lagrangian stress perturbation, which satisfies the same boundary condition as

(3.6) and (3.8), with 7 and 79 replaced by 71 and 75, given by

T =n-" (I‘T0 : Vu),
(3.12)

Foi=—n-(u-VT) =T - V(n-u).

Here, the surface gradient is defined by V' f = Vf — (Vf - n)n. We can apply the
same coupling scheme to (3.11) and (3.12) and obtain similar well-posedness results

that will be developed in Sections 3.4 and 3.5.

3.2.2 The rate and state friction law

The generally accepted class of rate- and state-dependent friction laws is based on
several assumptions that are commonly observed in the laboratory. Here, we summa-
rize the general assumptions in Subsection 3.2.2 for most existing friction laws, and
the particular assumptions for composing a rate- and state-friction law in Subsection
3.2.2, following the discussion and analysis by Rice et al.[135].

Perhaps the most critical notion for the rate and state friction law is “steady
state”, which is a status of relative motion for two contacting objects that lasts for
a relatively long time, maintaining a constant slipping velocity under a fixed normal
compressive stress. A steady friction force can be measured for various combinations
of constant slip-rate and normal stress, and a time-dependent one is usually recorded

during a process of switching from one steady state to another.
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The general assumptions of friction laws

We review several features that are common in the experimental observations of

friction laws listed in the references of this chapter, showing that

(a;) the instantaneous friction force is positively related to the compressive normal

stress;

(az) the instantaneous friction force is positively related to the magnitude of slip

rate;

(a3) the long-term variation of friction force is accumulatively affected by the history

of slip rate and compressive normal stress;

(a4) a steady-state friction force can be obtained with any given combination of

constant slip rate and fixed compressive normal stress.

A universal representation capturing the characteristics above was proposed by Rice
et al.[135, p. 1869-1870] and is given in equations (4.4)-(3.17) below. Based on as-
sumptions (a;)-(a3), a state variable, v, is introduced to measure the average contact
maturity. The nonlinear relation for the magnitude of friction force, 7;, defined in

(3.9), can then be written in the general form of a scalar function
. = F(0,s,1), (3.13)

with

OF OF oOF
—_— > —_— > —_— > . .
90 _C]:’g>0, s _C}"S>0 and a¢ _C}‘7¢>0 (3 14)

We also assume that the rupture remains compressive or, in other words, the compres-

sive normal stress o is positive throughout the time of rupture, which correspondingly



65

puts constraints on the initial stress T, perturbated stress T's and solutions based on

(3.9). The state variable evolves with time following the ordinary differential relation,
U +G(0,6,s,1) = 0. (3.15)

Based on empirical rule (ay), for each pair of (o, s) under the constraints s = 0 and

o = 0, there is a steady-state value 9. (0o, s) satisfying

G(0,0,5,(0, ) = 0, (3.16)

with the corresponding friction force denoted by
T.(0,8) = Fl(o,s,¢.(0,9)). (3.17)

The quasi-static assumption

In the notion of quasi-static state, the change of slip rate of sliding motion is suf-
ficiently slow that the inertia of the block mass can be neglected. The Amontons-
Coulomb law is usually assumed, in which the friction force 7; is proportional to the

compressive normal stress o such that (cf. [143, eq. (4a)])

=0 f(s, 1), (3.18)

with f the so-called friction coefficient. With the assumption of rapid change of the
normal stress o relative to that of the slip rate s, (4.5) is linearized (cf. [135, p.1870])
by

¢ = —91(075,7?) - é'g2(0-7 Saw)a (319)

such that the friction law can be evaluated with the observation results based on

a quasi-static assumption (with sufficiently slow changes on slip rate s as well as
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compressive normal stress o), while allowing studies on time-variational compressive

normal stress as linear perturbations. A steady state therefore satisfies,
g(0-7 07 87 z/}SS<U7 S)) = g1(0-7 87 wss(0'7 S)) - O'

The general form of the function G, is still under debate. Studies by Linker and
Dieterich [102], Prakash [130], Richardson and Marone [136], Bureau et al.[20], and
many others show that the effects of variable compressive normal stress upon friction
state can take various forms.

By fixing the value of o, there are further empirical results from laboratory ex-

periments suggesting that

(by) there is a characteristic length for the steady-sliding rupture evolving into the
next steady state after a sudden change of slip rate, regardless of the value of

slip rate;

(by) the instantaneous rate-dependent friction force is approximately proportional

to the logarithm of slip rate;

(b3) the steady state friction force is approximately proportional to the logarithm of

slip rate.

We elaborate on (by) while assuming that the slip rate stays constant with value s
after a sudden jump. Linearizing (3.19) as a perturbation of steady state with 6 =0

yields (cf. [143, eq. (7)])
dv_ %G
a o

which has a solution (cf.[143, eq. (8)])

(¥ =), (3.20)

L oG,

B, L)3) = 0l (0.0 - e e (<25 o)
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in which the time is replaced by L/s, where L is the slip distance. The characteristic
length is defined as L. := s/(0G1/0v), physically meaning that after slipping for
a distance L. under constant compressive normal stress and slip rate, the friction
coefficient evolves towards steady state by a definite ratio 1/e. Assumption (b;)
indicates that L. is independent of s, and the non-negative nature of L. and s implies

that
20,
o

A linear slip-dependent friction law can be regarded as a trivial interpretation of

> Cgp > 0. (3.22)

assumption (by) by taking G; to be a linear function of ¢ with a proportionality of
1/L..
However, friction law (3.18) can be specified based on Assumption (by) by (cf. [135,

p. 1873))
F(s,0) = (fo taln (Sio> + @z)) : (3.23)

where fo and sg are given reference values for friction coefficient and slip rate. It is
usually arranged in a way such that v» = 0 when s = s, and fj represents the friction
coefficient at steady state and slip rate sg. Assumption (b3) indicates that with f

given in (3.23), the steady state should take the form (cf. [124, p. 13,457])

b(s) = —bln (i) , (3.24)

S0

such that (cf. [124, eq. (7)])

£u(s) = fo+ (a—b)ln (i> . (3.25)

So
The sign of a — b indicates whether the steady-state dependency is slip-strengthening
or slip-weakening. In the above, the parameters a, b and L. are independent of o, s
or 1 by assumption, and can be thereby evaluated at reference state og, sg and g

[135].
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3.2.3 The assumptions on material parameters and nonlinear friction laws

We give assumptions on the regularity of parameters following [50]. The reference
density, p°, is contained in L>=(Q)NW5(€), where W1 is the space of C° functions

whose weak gradient is in L*°, and

() >Cpo >0, 2€Q

P°(x) =0, reQ

thus ¢° € H?(R?) by elliptic regularity. In other words, VV¢? € L®(R3)**? is

a symmetric matrix that is strongly elliptic. The prestress tensor T° € L>()3*3

governed by (3.3) satisfies the symmetries
(To)i; = (To)ji, 4,7 €{1,2,3},
and the continuity on interfaces
[n-1] =0

We assume that T's has the same symmetries and continuity as T°. The stiffness

tensor Cyjp € L(€Q)3*3*3*3 satisfies the symmetries
Cijrt = Criij = Cjiry = Cijie, 1,7, k, 1 € {1,2,3}.

It automatically follows that AT" € L*°(€2)3*3333 which is also strongly elliptic and

satisfies the symmetry relation
AT = AT gkl € {1,2,3).

For simplicity of the analysis, we use the laws of Dieterich-Ruina [135, p. 1875],

which ignore the dependency on variational normal stress of the nonlinear state ODE
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(4.5) *, and let G = Gy, such that
¥+ G(s,9) =0.

Furthermore, we assume that the nonlinear functions F and G are Lipschitz contin-

uous and, in addition to (3.14) and (3.22), assume that

OF . OF (0, 5,9) . 0F(0,5,v)
s > Crs >0, C]-yg > B > Crqs >0, C]:,w > T > Cry >0,
agl ag(sﬂ/}) *
—_— > > — | < .
and 5% > Cg 20, ‘ - ‘ <Cp,
(3.26)

3.3 The variational form

We bring the overall problem in a hyperbolic variational form of second order coupled
with a nonlinear algebraic relation and time evolution of state on the interior slipping
boundary or rupture plane. In this section, we present the procedure and give the

Sobolev spaces for which well posedness holds.

3.3.1 Energy spaces, faults and trace theorem

In the Lipschitz composite domain Q € R3, we redefine the space of square integrable

functions as

L2(Q) = {u

ko

2
S (10120, < oo},
k=1

and the corresponding Sobolev spaces such as

HY(Q) ={ve L*Q)|VveL*0)}.

*The dependency of G on o and ¢ does not harm the stability of the system if the Amontons-

Coulomb law (3.18) is assumed, and if G is sufficiently smooth with regard to ¢ and 4.
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We denote by C([0,T]; H) and C'([0,T]; H) the space of real-valued continuous and
continuously differentiable functions from finite time interval [0,7] to any Sobolev

space H, with the norms

= t
v ||c([0,T};H) tgf&?] [o(8) (|

(3.27)

19 oo = 5 100) I+ s 166) -
We use an equivalent norm in the space C([0,T]; H) depending on any positive scalar

[ defined as

N - ot
1o lleqorysm = tgﬁ% (e 7 llv(t) lly)-
We revisit the general trace theorem (e.g. [132, Theorem 1.3.1]) and rewrite it for

interior boundaries. The quantities v* related to any vector-value v € H*(Q)3 are

defined in (3.1).

Lemma 8.1
Let 3, = 0Q,N0Q \ 02 be a Lipschitz continuous interior boundary for two adjacent

subdomains Q and .

(a) There exist two unique linear continuous maps (trace operators) T+ : H'(Q)? —
H2(%,,)® and T- : HY(Q)? — Hz2(%,,)?, such that T+(v) = vy, and

Ti-(v) = v |y, for each v € H'(Q)°.

f;

(b) There exists two linear continuous maps (extension operators) R+ : H 2(2,,)3 —

HY Q)P and R : H2(%,,)* — H'(Qw)?, such that T+ oR+ (v) = T, oR,— (v) =

v, for each v € Hz (%),

This lemma implies the existence of constants C’f > 0 such that

T+ (v) ’ i

fi L2(%,)

2
T, (v) | o)

|

2 2
< ijH'U ||H1(Qk) and ‘ < Of;Hv ||H1(Qk,)7 Yo e H'(Q) .

2

(3.28)
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We denote by T} the direct union of all 7+, and C; = max(; +y C\=. We can then define
the tangential jump operator T+ for interior boundaries that generates s = T+ ()

and yields the following lemma, which can be obtained directly from Lemma 3.1.

Lemma 3.2
Let Q be a Lipschitz composite domain and ¥; be subset of its Lipschitz continuous

interior boundaries.

(a) There exists a unique linear continuous map T+ : H'(€)* — H2(%,)? such that

T+ (v) = [[v]], for each v € H'(Q)>.

it
(b) There exists a linear continuous map R+ : H2(%,)? — HY(Q)? such that Tt o

R+ (v) =wv for each v € Hz2(%,)3.

(c) There exist a constant C+ > 0 such that

7))

L2(%)

oD ey = |

<Cullo By YoeH'(QP.  (3.20)

We introduce the (bounded linear) Dirichlet-to-Neumann maps [145, 14, 13] asso-

ciated with the elastic wave equation (5.2),

Apro o g0 - H2 (S0P 3 Ti(w) = (n- (AT : V)| € H 3(%)?,

=

(20)? > Ti(u) — (V (u(n - TO)))

N|=

cH

!
0 .
AT 00,0

_1
|y, € H2(50)%.

Clearly,

2

2

|71 H2 ~Lesn = HA T0 o 0OTf(u) H L < Cyllw|”
H™2(Z A7 00,9 -3 - H2 (%)’

! e 5 (3.30)

723 = |
H™2 (%)

2
! 2

We have
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Theorem 3.1

Let Tf, Tff’ AATO,pU,qSO and A’

ATO 0 g0 85 defined above, then there exist constants
7p7

Cy,C} > 0 such that

(AATO,po,gbo oTi(u), T+ (U))p(gf) < Crllu ||H1(Q)||v ||H1(Q)7

(3.31)
( iATO’p07¢O oT; (u) ) Y}f (v>)L2(Ef) < C}H’U, ||H1(Q)Hv HHl(Q)’ V'U,, v € HI(Q)g
Proof 3.1 Based on the Cauchy-Schwartz inequality [145],
(g0 g0 0 T (), T (0) g < [Agan oo Tete) |y e |y
(3.32)

Using (5.85), (3.29) and (3.30) in (3.32), we immediately obtain

(AATO,pO,d)O © ﬂ (u) ’ I}t (v))L2( (OAC Of"')Hu ”Hl(Q)Hv ”Hl(Q)

Thus C; = CaC:Ci+. We can prove the second inequality in (3.31), with C7 =

CyC;C.+, in the same manner.

This lemma will be used in Sections 5.5.2 and 3.5. We denote by L?(£2; p"),

L2(Q; 0%, ¢°) and L2(Q; AT") the following weighted Hilbert spaces
Z/ PP lul?*dQ < oo};
Z / A(VV¢?) - u)dQ < oo}; (3.33)

ko
L2 AT) ::{E eR™N

k=1 v S

L*(; p%) {u€R3

L 0%, ¢°) {ueR3

E:(ATO : E)dQ < oo},



73

equipped with the respective inner products

ko
('v,'w)L2 Q0 = P’ (v - w)dQ
(%)
k=1

ko
(v7w)L2(Q;p07¢0) = Z/Q po'v : (Vv¢0) w d€y; (3.34)
k
(B, H) g a0, = Z (AT E)dQ.

The space for the weak solution, u, of the coupling problem is defined by
Vi={ue H' (Q’NL*Q;p°)|[[n-u]] =0o0n %}

With the assumptions introduced in Section 3.2.3, the norms ||u ||i2(Q)7 [ ||i2(9;90)

and ||u ||iz(ﬂ;p07¢0) are equivalent and the norms |[|[Vu ”iz(ﬂ) and ||Vu HiQ(QAATo are

)
equivalent, for all Yu € V. We introduce positive constants Cjo,Cgo,C' 7o and

¢O,C* o such that

2 2 « 2
CPO“’U’HLQ(Q) S ||u||L2(Q;p0) S Cp0||u||L2(Q),

2 2 « 2
Collulliog < lullizomey < Chollulliz (3.35)

2 2 * 2
C1AT0||V’U’||L2(Q) < HVUHL%Q;ATO) < CATUHVUHL?(Q)

for all u € V.

3.3.2 The weak form of the system of equations and viscosity solutions

We introduce the weak form on 2 while requiring the nonlinear friction law to hold
pointwise. The techniques used to prove well-posedness are classical; see, for example,
Martins and Oden [109], and Ionescu et al.(2003) [82].

We introduce a convex and Gateaux differentiable approximation to friction force

7 by defining the regularized slip rate as (cf. [82, (30)])

W (v) = /o + € <,
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for some small constant € > 0, whose gradient with regard to the slip velocity is

denoted by
v

We then introduce the nonlinear map F= : H-2(3,) x L3(Z) x V x V — R as a

Df(v) =

family of regularized friction functionals,

Fob.uv) = [ Flon T (W], ) V(- (v) 5,

D3,

ceH (), el%), uvelV.

We denote by F© : H™2(%;) x LA(S,) x V x V — V* the derivative of F* with respect

to the last variable such that

(F6(07¢7u’v)7w)L2(2f) :/E F(Uv |Tff (U)|7¢)D€(Tff (’U)) ~wdX,

which represents the regularized replacement of 7.
We write (5.2)-(3.9) in the following weak form, appended with an artificial (tem-

poral) viscosity term weighted by v > 0 and obtain

Problem 3.1
Find w € C'([0,T); V) and ¢ € C'([0,T); L*(%;)) such that

.. 1
(i, w)L?(Q;pO) - R(VS(u) ; VS(w))L2(R3) + (u, w)L2(Q;p0,¢>0) +(Vu, vw)L2(Q;ATO)

(i W) gy g (o, i00) T (w) gy = [[ (720 0) s |
= (n - (T°+Ts), Ti+ (W) (s

(3.36)

(@b, 90) L2(%y) + (g(|j—'fir (u)|7 w)’ SO)Lz(Ef) =0, (337)
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with

To=-V . (u(n- %),

(3.38)
oc=-n- (T0+T5—I—{{ATO:VU}}) ‘M —MN - Ty
\
on Y, in the sense of traces, holds for all w € V and ¢ € L*(%;), with e — 0.
In the above, we used the integration by parts [50, eq. (4.10)],
1
/ P’VS(u) - wd=— [ S(u)(—4rGV - (pw)) dQ
1 1 '
S(u)AS(w)dQY = ——— [ VS(u)-VS(w)d.

T 4nG R3 ArG Jps

Remark 3.1

In the formulation of Problem 4.2, the boundary conditions (3.6), (3.7) and (3.8) are
enforced by surface integration. Since both ¥ N 0Q and ¥, N (X \ X;) are union of
curves with measure 0, discontinuities that occur on these curves will not appear in
the variational form. Therefore, the intersection of the slipping interior boundary
with continuous interior boundaries or the external boundary with the traction-free

condition does not affect the well-posedness results.

3.4 Nonlinear coupling: A splitting scheme

Here, we present a robust linearly convergent splitting scheme. There are several rea-
sons that lead to introducing a stable splitting algorithm. First, it simplifies the sta-
bility analysis through studying the behaviors of each of the subproblems. Secondly,
it enables acceleration of solving the system through introducing preconditioners for

each of the subproblems. Moreover, in the time discretization, it facilitates the use of
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different time steps; this is critically important, since the ruptures and wave propaga-
tion take place on significantly different time scales. Thirdly, we immediately obtain

a proof of well-posedness by verifying whether the iterative coupling is a contraction.

3.4.1 The robust splitting scheme

We present the nonlinear iterative scheme, which decouples the computation of the
seismic wave from that of the boundary source with state ODE as two split steps,
which are given below. First, the hyperbolic boundary value problem is solved in the

entire volume.

Step 1 Given u*~! € C([0,T): V), ot~ 75~ € C([0,T]; H™2(%,))
and Y*=t € C([0,T); L*(%,)), find u* € C([0,T];V) such that for allw € V in Q,

1

(ﬂk’ w)LQ(Q;pO)  4nG

(VS(ur 1), VS('w))LQ(RB) + (u", w)

L2(9;00,40)

k

+(Vu', Vw) 1, o 4o, + (0", w) + (F (0" oML ah at), T (w)) s

HY(Q)

a [[(75_17 W) Loy ﬂ = (n- (T°+Ty), T (w)) a5,
(3.40)

with the initial condition independent of k,

uf|_ =uf|_, =0 (3.41)

Once the wavefield is computed, we update the state variable and traction on the

rupture.

Step 2 Given "1 € C([0,T]; L*(%;)) and u* € C([0,T]; V),
find oF 7k € C([0,T); H 2(%,)) and v* € C([0,T); LA(%,)), such that for all ¢ €



7

LA3(%).
(
h=-V" (uf(n-T)),
(3.42)
of = —n (T° +Ts + {{ATO : Vau© }}) ‘n — {{n Tk }},
(
and
(Qj]k? 90) LQ(Ef) + (g(|7—"f_r (uk)|7 wk)’ 90)L2(Ef) = 07 (343)
with the initial condition independent of k,
F|,_y =" (3.44)

The updated variables from Step 2 are then used in computing the Neumann bound-
ary condition in Step 1, which starts the next iteration, until convergence. In the
next subsection, we give a convergence proof that involves a bound on the viscosity

coefficient, v, in terms of the material parameters and the trace inequality.

3.4.2 Convergence

We show that the splitting scheme is linearly convergent with A=* € (0, 1) the conver-
gence rate, within any finite time interval [0, 7] under certain conditions, and prove

the uniqueness of solution of Problem 3.1 via the Banach fixed point theorem.

Theorem 3.2

Let the coefficients 8 and ~y satisfy

— > max L

—2
8= Cr.  ‘Crs Co) 1mGCy " 4nGCy

v 2 B(((C + 3, + €72 max

1 <)\C}?w . (S8 CsC% CSC;O)\)

(3.45)

C¢o _ 050205>1 A
)\ 47TG ’ CATO ’

Then the solution of split coupling scheme (3.40)-(3.43) is a contraction within finite

time interval [0,T] and convergence rate A~! € (0,1).
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Proof 3.2 We define the error vectors and scalars:
koo ok koo .k k. pe( k=1 k=1 ok -k € -
€ =u"—u, € =T5—Ty €p :=F (" Y 4" u")— F (0,9, u,10),

ehi=ob—o, =yt —y,  i=F (" T (@), ) — Flo, [T ()], ),
and

e ==G(o", \Tff@z’f)\, UF) — Glo, [T ()], 1)

&= T (@) = [T ()], %= (/1T (@2 4+ &2 — | I (@) 2 + 22

It is immediate that
] < [T (&0)] = | T (€8)) — T (&0)y| < | T (€)| + [T (€0 (3.46)
which, following (5.85), gives

T+ ()

12
L2(5y) < ”Tf(efb) HL2(2f

e ey < | < Cllé oy (3.47)

It is clear that €¥e5F > 0. Subtracting (5.32) from (3.40) at iteration k yields the
error estimate,

1

(EZ, 'w)Lz(Q; 0) ArCy (VS< )u VS(QU))L2(R3)+ (EZ, w)L2(Q;po’¢0)+ (VE V'w)

() g+ (ke T ) = (€57 ) s, ] =0

(3.48)

We let w = € so that (3.48) implies

1O /1.0 12 2 2 N2
§§<”€ﬁ HL2(Q;,;0) + HE'Z HL?(Q;p0,¢0) + HVG,’Z HL2(Q;AT°)> + 7”65 HHl(Q)
1 )
< = (VS(EE™) . VS(EL) oy — (e s T (€0)) o + (e e sy ||

(3.49)

L2(AT)
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We denote by I, I, and I3 the three terms on the right-hand side of (3.49). Based on

[50, Page 28], we have

IVS(w) 2y < Cslluellz2 ),

so that
1 )
b2 (TS i + SIS )
3.50
CsCh 2
< 87ng (51H€]Z 1||L2( Hek HL2(Q)>
Meanwhile,
T (u®)|? = T (4*) - Tt (i
12__/ <f-(0_k—1,|Tf+(uk)|’¢k_1)<| f( )’ +( ) +( ))
P \/‘th |2 +e?
(3.51)

[Tt ()| = T (") - Tt ()
F (o, |T (i) w) (— TROTEE >)d2.

To simplify the notation in the algebraic manipulations, we let f; = ]—"(0’“*17 |Tfj (u’f) l, ¢k*1)7
fo = F(o,|Ts(@)], ) , i = T (4*) and § = T+ (&), when

/’( —|iP+1i-g h UP+%J>dZ
V]i]2+¢e? V0P +e?

Using the Cauchy-Schwartz inequality,

ij+e < P+ GE ),

and it follows that

—|i]>+i-j lf—UP+iJ
Me e

. 1-7+¢? . i-j ¢’
—A(-VIP+e+ =) + L - VIiP @+ ) (852
VPt e P+ e

<(fi— ) (= V9IP+e+ VIR +e2).
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We note that

V182 +e2 = V/]3[2 + 2| < [li] = 13]]
with the difference going to 0 uniformly as e vanishes. Hence, C.|e¥| < [e5F] < |€¥|,
with the positive constant C. — 1 for € — 0. Therefore, with the Lipschitz continuity

of F expressed in (3.26),
I F(o" 1 [T (a5)], 07 1) = F(o, [T (@),
o< [ (FO T ), - Flo T )] v))
(1T @P + 22 = /IT;: (@) +22) dx

oOF oOF oOF
= _ / efT ei’k d¥ ~ —/ <—ek R f kbl sk T hmles k) dx
> ¢

as s s 80' o s aw d) s
< [ (= CouCuldi + Cr e k] + O3 k1) @
DM;

< = CraCelle HL2 +Cfa(|€k e |)L2(Z +C},w(|€ e |)L2(2f)

(e—0) O]:SHG’CHIQ +C}J(|Ek 1| ’ ’)LQ(Ef _'_C;-'w(’eq/; ’ | ’)LQ(Ef)
(3.53)
Using Lemma 3.1 and then Young’s inequality, we obtain

(|€];_1|7 |€§|)L2(Ef) = (‘n (AATO 0¢0+AATO 0¢0) OT | |T+ ‘>L2(Zf)

(01-1—01)( ‘ w 1||H1(Q f“eﬁHip(m)

(3.54)
With the Cauchy-Schwartz and Young’s inequalities, also
(51 1) sy < e Dy + NS (3.55)
0 L2(%) —25 L%( zf) 9 1s 1IL2 ()" '
Estimates leading to (3.54) also lead to,
k-1 k -k
[3 - [[(e‘rz LQ(Z :H Z ’( ATO 0 ¢0 f (eu) ’ ﬂ(€u>)L2(Efi)
(3.56)

_C}(E}IGZ’1!!H1<Q) 2 ek o)
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We subtract (3.37) from (3.43) at step k, and let ¢ = €} so that

10 X
et gy = (& )y < [ (Gl — Copleb il an
3¢

Crl1
< g (5_5H€1’Z Hi?(zf) + 55H€§ H;(Zf)) - CQWHEZ HiZ(zfy

in which, based on (3.26),

(3.57)

199 .
el m| STk + o ook e+ SN > ~Cp el + Coaleh
(3.58)
Combining (3.49)-(3.57), we get the estimate

10
357 (Conlles oy + Colleh [y + Cnrall Vel [y + 16 12s,)

CsCloon Cr+Cy . C;

<« S a2+ (C ey, 1 Tt
Cx% CsCh Cg
b Dt + o 2 + (S )y (259

((01 + CIC3 o0+ Cios = 27 )[|€k 10
+ §(C},¢53 + G540 — 2Cr) ”Ek ||L2(Z
Welet 6, = 1, (C1+C7)C% 02 = C1o4 = v and C% 03 = C§ 05 = Cr 5, and integrate
(4.51) over [0,¢] with ¢t <T', whence

Copllét e + Coollet ey + CarolIVel ey + Nl s,

CSO 1 / * / —
< [ (N oy + S0+ €00+ ) iy

N ey + o NI
RARUZS! A G L*(Q

t - CsC*,
< (/0 e dr ) (= e oo s

1 AV ! —1||*
+ ;(((CI +0)CH,)* +CF) |leg HC’Q([O,T];Hl

2
Css

. + (a —2Cg.y) HGZ H;(Ef)) dr

CE 1k
(Q))+O—H IHC(OTlL%zf))
CsC% Cs2

*2
+ e H y HC([O T];L2(Q2)) + (C]__,s - 209:1/’) Hdz HC([O,T];L2(Ef)).

(3.60)
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We use the inequality,

t
/ e%dT:B(eﬁ—l) < Bes, VB >0,
0

and multiply both sides of (3.60) by ¢ 7, which yields

050*0/8 *2
( P 47rg¥ )H . HC(OT] s + Colleullogoraxan

2
Cgt

+CAT°HV€k Hc (orr2@) T <1 - (C}'s 2Cg,) )H% Hc ([0,T]; L2(2f))>

CsChop B 1N
< O et g+ 2o+ OO+ ™ [y
)y

€y : HC(OT] iL2(3y))

(3.61)
Clearly (3.61) is a contraction if (3.45) is satisfied, and a unique fixed point (u, ) in
CY([0,T]; V x L*(%;)) can be obtained.

Remark 3.2
To properly control the error, the parameter [3 should increase with the length of time
interval T'. For a long-time simulation, the overall time is subdivided into sufficiently

small time invervals, namely,
[0,6t], [0t ,26t], [20t,3dt],--- ,[(N — 1)dt, Ndt], ot :=T/N,

and iterations are conducted within each time segment. In this way, a small 5 can be

used in Theorem 4.1.

Remark 3.3

Based on Theorem 4.1, it is prohibited that + takes the value of 0, in which case
the uniqueness of solution for the continuous coupling problem is not guaranteed.
However, v can be a small positive number while asymptotically characterizing the

physics of friction interacting with pure elasticity without viscosity.
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3.5 Implicit discretization in time

We use the particle velocity v := u, and discretize the time interval with a uniform
time step 0t = %, and let t,, = ndt. We use index n in the superscript (™ to indicate
a time dependent variable v corresponding to time step t,. A backward Euler time

discretization of Problem 4.2 gives the following formulation

Problem 3.2
Given solutions w"™V v~ € V and ¢V € L*(%,) for the previous time step
t = t,_1, find solutions u™ v™ € V and ™ € L*(X,) for the current time step

t =t,, such that

1, 1 n
g(”( s w)L2(Q;p°) a R(VS(U( ), VS(“’))LQ(H@)
+ (U™, W) g0 0+ (VU VW) o+ (00 w) 4
(3.62a)
+ (F(o!, ™ 0™ 0™ T (w)) g, ) — H(Tén) W) (s ﬂ
= (n : (TO + T((Sn)) ) Tff (w))LQ(Zf) + g('v(nil) w)LQ(Qm )
DT (@ - T0) — 0, (3.62b)
o™ 4o AT Vu W ntn- ) = —n- (T + TV, (3.62¢)
u™ — 5to™ = 4, (3.62d)

1 1
ﬁ(lp(n) ) gO)LQ(Z)f) + (g(lirff( )’ w ) )L2 (=) g(w(nfl) ) SO)LZ(Zf)‘ (362€>

holds for all w € V and ¢ € L*(3;), with e — 0.

The corresponding split coupling scheme is similar to the one in (3.40-3.43)
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Problem 3.3

Given solutions u™ Y vV ¢ V and ¢V € L*(%,) for the previous time step
t = t,_1, and solutions v™*1 ¢ V,a(”’kfl),'r(z"’k_l) € H2(%,), and p™+-1 ¢
L*(%;) for the current time step t = t,, at iteration k — 1, find solutions u(™*) v("*) ¢
Vv, a(""‘“),rgn’k) € H‘%(Ef) and ™*) € L*(X,) at iteration k, such that

1

1
n,k n,k—1
£<U( ) ) w)L2(Q;pO) - ArGy (VS(U( )) ) VS(’LU))LQ(R3)
n,k n,k n,k
+ (u( s w)L2(Q;p0,¢0) + (Vu( s vw)LQ(Q;ATO) +7("’( . w)Hl(Q)
3 n,k— n,k— n n nk—1
_ 0 (n) 1 n—1
= (n- (T°+T5"), Tt (w)) 1oy, +g(v( ) W) g
(3.63a)
8 4V (P (0 T0) =0, (3.63b)
(n.k) . T (n.k) 1 MR N 0 (n)
o™ 4 {{AT VU o+ {{n- Y Y = -0 (T0 4+ TY), (3.63¢c)
wR) 5t k) — gy 1), (3.63d)
1 n,k n,k n,k 1 n—1
5_t(¢( ) ) SO)L2(Ef) + (g<|j—‘ft (’U( ))|7 ¢( ))7 QO)LZ(Ef) = g(ib( ) ) QO)L2(Ef)'
(3.63e)

hold for allw € V and ¢ € L*(%;), with € — 0.

In the remainder of this section, we prove that the solution of Problem 3.3 converges
to the unique solution of Problem 4.3 under some restrictions on the model coefficients

and a given convergence rate A\™! € (0, 1), with larger X indicating faster convergence.
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Theorem 3.3

Let the coefficients v and 0t satisfy

1 Cyy  CEL

> ' S

5t S50y, a0y, o

% >VA (C;,(,(CI AR C}) — Cro, (3.64)

v | Cp CsCho . N 4o
— > — 0.
50 + e _\/X( e +Cf’g((]1+0[)+(][> C,

Then the solution of split coupling scheme (3.63a-¢) is a contraction with convergence

rate \™! € (0,1).

Proof 3.3 We define the error vectors and scalars

n n n,k n n n n n
b =0 —pM gk = M ks g ) gk R ()

and
Mhe = F(omhD) kD) k) (k) _ () () yn) gy(m)).
M = F(oRD, T (o), ) - F (o, [T (o), ),
= (T (w040 = G(IT, (o)),
nt = T (u™)] — T (w™)].

Similar to (3.47),

2
Te(my) |, (

I s < | ST gy < Cllnb ey 09

We eliminate u™ and w™* with (3.62d) and (3.63d), and subtract (3.62a—c) from
(3.63a—c) at iteration k to obtain the error estimate

1 ot

5_t (771]3 ) w)LQ(Q;pO) - R (VS<"71€_1) ) VS(“’))LQ(H@)

+ 0t (77@ , w) L2000 T ot (an, , Vw) LAt T 7(’7ﬁ , w) H(Q) (3.66)

+ (e s Tt () oy = || (05772 0) gy || =0,
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My, = =0t Az o o(M), (3.67)

nt = —6tn - (Ap70 0 g0 + A;T07p0’¢0)(nf,). (3.68)
We let w = ¥, so that (3.66) becomes

1 2 2 2 2
gHTIﬁ HL2(Q;p0) + 6t ||y HL2(Q;p0,¢0) +6t [V, HL2(Q;ATO) + HHl(Q)
ot _
= 1o (VM) VS) sy = (M T (05)) sy + [[(nizl M) 25y ]]
(3.69)
We denote by Ji, Jo and J3 the terms on the right-hand side of (3.69), and similar as
1 (3.50-3.56),

SECsCh 1.
h<—ga (5_6”"75) {17y + | Him))a (3.70)

o <= Crallnf ey + Coro (M 105 oy + Cra (7 ] 105D 2y (B7D)

with

1 J
(™ 1151) 2y <98 (Cr + C) (gllni‘lHipmﬁéIlnﬁHZl(m)> (3.72)
- 0
(5 1Dy < (™ Wy + 2 ) 379
and
(1 E—1 |2 081 & 112
25t (gl o+ S ) 71

We also subtract (3.62e) from (3.63¢) at step k, let ¢ = 7y, and obtain the estimate

S gy = 05 1) sy < [ (Gl = Corb) I 45
. 3.75)
Cs (

7 2 2 2
< 9 (5_5”771]2 Hp(zf) + 55“775 HL2(2f)) N CWHWZZ HL?(Ef)'
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We use the constants in (3.35) in (3.69), and combine (3.69)-(3.75) to obtain

C 0t C'sC*,0¢
(2 + 6t Cop = — 22| 320y + 88 Cpro |05 [
0t 07 C5,(Cr+Cp) 8t 55Cp\ &
(v~ ’ [
2 2 H
1 Cg, 2 03 C% 05 C§ 2
(57 = 50+ Cous ) [agmy + (O = =57 = 252 ) s,
ot CsCry 5tCx (Cr+Cp) O\ oo C}w i
g s ey + (5 + S M sy + gl sy
(3.76)

When choosing C% ;03 = C§ ;05 = Cr s and dg = 07 = g = VA, (3.76) becomes

Cpo 5t\/_CsC 2
(5t + 6t Cyo —TM " HL2 + 0t Cyro| [V || 12
ot \/_ * ’ / 1 0*728
+ (’V 9 (C]—'U(CI +C7) + C )Hnﬁ Hi{l(ﬂ) (g o QCg : >||771]Z H;(zf)
5t CsCly \ N et CFe e
S PN = |[me ||L2(Q) 2\/—(CFU(01+O )+ Ch)||my” 1HH1(Q) + o0 2°C. ” w( 1 HL)2 )
3.77

It is clear that (3.77) is a contraction if (3.64) is satisfied, and a unique fixed point

(u™, ™ ™) in V x V x L?*(%;) can be obtained.

Remark 3.4
Theorem 4.2 indicates that v can be chosen proportional to dt to ensure that the

general time-discretized coupling problem converges to a unique solution.

Remark 3.5
In order to obtain a stable solution of the discretized problem over a finite simulation

time, 0t and ~y must satisfy the conditions in both (3.45) and (3.64).
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3.6 Conclusions

We establish a mathematical understanding of coupling spontaneous ruptures and
seismic wave generation in a self-gravitating Earth by developing a splitting scheme.
Using such a scheme we give an analysis of well-posedness. Thus we obtain a rigorous
connection between regional earthquake sources and seismic body and surface waves,
and ground motion. We present a framework for general rate- and state-dependent
friction laws based on observations from experiments. We couple the nonlinear system
of time-evolving friction with the elastic-gravitatational system of equations describ-
ing seismic waves via a fixed-point iteration. We show that an artificial viscosity term
is necessary to guarantee the well-posedness of the coupled system, while the magni-
tude of artificial damping can be chosen small in accordance with rigorous conditions
given in the theorems.

Our analysis elucidates a multi-rate time stepping strategy, which is helpful in
numerical implementations dealing with the nonlinearity of the ordinary differential
equation for state evolution. This evolution requires a significantly finer time step

than the seismic wave propagation and scattering.
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Chapter 4

Solving the spontaneous rupture problem with DG
method: a nonlinear optimization approach

4.1 Introduction

The interaction of ruptures with seismic waves is of great practical interest in geophys-
ical research and energy production, such as in reservoir characterization, hydraulic
fracturing, induced seismicity, natural earthquake source mechanism, and many other
implementations (e.g.[115, 165, 46, 105]). In particular, the nucleation and propa-
gation of ruptures vary distinctively with both friction laws (e.g.[22, 21, 141, 6, 100,
167]) and rupture geometries (e.g. [129, 84, 108]). Numerical simulation of the rupture
processes governed by general friction laws can be challenging due to ill-conditioning
of the nonlinear feedback of traction and slip into the friction coefficient ([135, 175]).
Various types of numerical methods have been used for the dynamic rupture problem,
such as the boundary integral equation method (BIEM) (e.g.[63]), which is based on
layer potentials derived from fundamental solutions of elastic waves, and thus re-
stricts the rupture model to planar geometry and homogeneous material parameters
on each side of the fault. Meanwhile, many other numerical approaches are designed
for more general and realistic problems, allowing flexibility in the geometry of rupture
surfaces and heterogeneity in material properties. A widely used numerical scheme
is the finite difference (FD) method, with carefully designed curvilinear grids cap-

turing the ground topography and rupture geometry (e.g.[160, 181, 56]). Beyond
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the standard FD methods for the wave equation, an external weak representation of
boundary conditions properly describing the coupling with friction law is required.
Commonly used methods of this category are summation by parts (SBP) difference
operator (e.g.[98]), and hybridizing with numerical schemes with inherent boundary
integrations (e.g.[120]).

The finite element (FE) method accommodates fully unstructured meshes with
local refinements, allowing much more flexibility in characterizing the complex geom-
etry of rupture surfaces. It relies on a weak formulation for the elastic system as well
as the boundary conditions, where coupling with friction is imposed (e.g. [106, 79, 1].
Traditional FE methods use linear basis functions and shared nodal points, which
result in non-diagonal mass matrices and require techniques like mass-lumping for
efficient solutions, but may lead to nonphysical oscillation phenomena. The spectral
element (SE) method addresses this problem by using tensor products of orthogonal
polynomial basis functions. While sacrificing some of the freedom by choosing only
hexahedral meshes, the SE method results in a diagonal mass matrix that can be triv-
ially inverted, and provides high polynomial order accuracy in wavefield simulations
(e.g.[61]). Both FE and SE methods require splitting nodes locally on the rupture
surface that allow for displacement discontinuity (e.g. [86, 175]).

It is more natural to solve problems with discontinuities, such as rupture dynamic
problems, by using methods that completely split the domain into elements. Such
methods are well known as the finite volume (FV) method and the discontinuous
Galerkin (DG) method, in which the nodes across the interface of two adjacent el-
ements are distinct, and both the continuous and jumping boundary conditions are
weakly imposed via numerical flux. In other words, algorithms for the standard elas-

tic wave problems can be used in rupture dynamics without major issues. There
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are multiple choices for the numerical flux, including the central flux (e.g.[11, 158]),
which is energy conservative, but requires artificial or physical viscosity to overcome
the possible spurious oscillations. An upwind flux is obtained as the solution to the
Riemann problem on the interface, which takes the friction law into account in a more
concise and self-consistent manner (e.g. [52, 171, 123, 180]). Among other types of
numerical fluxes are penalty-based schemes (e.g. [138, 49]), which avoid the difficulty
of diagonalizing the system with anisotropic or poroelastic materials that come with
heterogeneity.

Our method of solving the coupled system of seismicity and dynamic ruptures is
based on our previous work on the DG method with modified penalty flux [177]. The
novelty lies in three aspects. First, we avoid the usage of impedance, or the reliance
on the Riemann solution of any kind. Instead, we directly impose the distinct parts
of the nonlinear friction law, the slip rate and the frictional force, into the variational
form as a slip boundary condition in a weak sense. The stability of this method
is ensured by penalty terms as well as a viscosity coefficient, which is proportional
to the time step that can be chosen small. Meanwhile, we consider the full Euler-
Lagrange equation, which takes into account the impact of the prestress and the self-
gravitation potential on the field of motion. A so-called “Cowling approximation”
is used, with which the perturbation of gravitational potential induced by particle
motion is ignored. Nevertheless, the complete solution of the Euler-Lagrange equation
can be obtained by coupling a Poisson’s equation of gravitational potential, which
can be solved by infinite domain techniques (e.g.[19, 64]). Last but not least, we
give the proof of well-posedness for the rupture dynamic problem based on a mix
form of strain-velocity, on both continuous and discretized variational forms. We

utilize a multi-rate iterative coupling scheme ([5]), which was developed for solving
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the problem of coupling flow with geomechanics by taking multiple finer time steps
for the stiff part of flow within one coarse time step for the Biot model. In a similar
manner, the elastic wave equation defined in the 3-D domain is separated from the
rupture model defined on surface, which contains the nonlinear friction law as well
as the ordinary differential equation (ODE) of the time-evolving rupture state, and
takes the form of Schur-complements in the full nonlinear implicit system. We use
higher order time integration techniques with smaller times steps for the state ODE,
and set up a nonlinearly constrained optimization problem, which is solved by the
Gauss—Newton method, where the gradient and Hessian matrix can be easily formed
and factorized in each finite element. A fixed-point iteration is used (see also [128]),
with the proof of stability given in section 4.5. The overall algorithm greatly reduced
the computation of the large implicit nonlinear problem, and yields linear complexity.

While we are focusing on the spontaneous ruptures driven by prestress, it is worth-
while to mention the relevance to fracture problems, which also involve slip boundary
conditions. Like the rate- and state-friction law, the fracture models also include
a feedback from slip to boundary tractions, but further allow normal jumps on the
particle velocity across the fracturing boundary. A well adopted law describing the

fracture model is the linear slip (LS) boundary condition (e.g.[148, 131])

R1
Fiz [v]] =7,
K3
where [[v ﬂ and 7 are the velocity jump and boundary tractions, respectively (see
Section 4.2 for definitions), and k; are positive constants. By taking k; = oo and ko =
k3 = Kk, the model turns into a linear slip-strengthening rupture problem, which is a

simplified version of a rate- and state-friction model by taking the nonlinear functions
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F(o,s,19) =1 and G(s,%) = ks in (4.4) and (4.5). The general rate- and state-friction
models, on the other hand, involve more complex nonlinear feedback mechanism,
which accounts for the procedures of multi-physics. In the case of significant slip-
weakening with nonlinearity, simple explicit algorithms can hardly give converging

solutions, and nonlinear iterations are usually required (e.g.[128, 56]).

4.2 The nonlinear boundary value problem in a weak form

We consider a 3-dimensional bounded domain 2 C R? in an isolated space, which is an
approximation of the Earth with fully elastic (and allowed to be generally anisotropic)
material ignoring the effects of fluid or anelasticity. We further assume that € is a
disjoint union of Lipschitz subdomains €2 = UZOZI Q, with interior boundaries given
by

= |J ounow\oQ.

1<k<k/<I
We denote by >, the non-slip solid-solid interfaces, and by ¥; the cracked rupture

surface. We choose n : 9, — R? almost everywhere on ¥ U 9, as the unit normal
vector of interior and exterior boundaries, which satisfies n € L*°(X U 90Q)3, and
labels the two sides across > by “ -7 and “ 4+7. We denote by [[U ﬂ = vt — v~

and {{U }} =

vector quantity v across ¥. We include the prestress tensor T° and the static self-

(vT + v7) respectively the difference and average of any scalar or

N =

gravitational potential ¢°, but ignore the mass redistribution potential, the rotation,
and the body sources other than the spontaneous ruptures. Prior to any rupture
cracks, the system is in steady state with force equilibrium and zero particle veloc-
ity. The spontaneous rupture occurs when the material fails at some parts of the
pre-existing fault plane, and the crack spreads catastrophically to adjacent regions,

which is also called the “propagation” of rupture (e.g.[41, p. 187]). We assume that



94

3} is given in the first place, with the slip boundary conditions applied on 2, through-
out the simulation time. The consideration of time-variant 3, is a delicate issue that
is outside the scope of this paper. We define several notations over the initial steady

state as is shown in the following table:

p’ | the initial density T° | the pre-stress tensor

®° | the initial gravitational potential AT’ | the prestressed ealstic tensor

and time dependent quantities are list as follows:

u | the particle displacement v | the particle velocity
E | the strain tensor s | slip velocity on rupture >,
instantaneous normal direction of X

T | friction force on rupture ¥; || n

T? | Eulerian Cauchy stress 7% | total traction (=~ n®- T up to first order)

We note the gravitational relation
ADY = 471G,

where G stands for the gravitational constant, and the mechanical equilibrium without
self-rotation

V. -T° = p°va’.

We write AT’ as the modified stiffness tensor depending on T and the in situ isen-

tropic elastic stiffness tensor C' by

0
Al = Cijr + 5 (T50m + Tadiy + Ty.0j — Tioiw — Typbi — T
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such that AT : E stands for the first Piola-Kirchhoff stress. We use the subscript
notation “(.);” for tangential component with regards to m, such as the tangential
particle velocity,

vy=I-n"n)-v=v—(n-v)n,

where I is 3 x 3 identity matrix. The slip velocity is then defined by

s:=[lv ] (4.1)

4.2.1 Dynamic boundary conditions

The particle velocity and the Cauchy stress on ¥; satisfy the non-open slip boundary
conditions [41, (2.80) and (2.81)],

[n*-u]] =0, [[**]] =0, onX. (4.2)

The force balancing on the rupture surface requires that the tangential component of
total traction equates the friction force, that is, T =To whose direction is opposite

to slip velocity, which yields (e.g. Day et al.(2005) [47, (4)], Moczo et al.(2014) [110,

p- 60)),

|T¢| s —|s|T: = 0. (4.3)
To simplify the notation, we denote by s := |s| the amplitude of slip velocity, or
“slip-rate”, and by 7; := |7 the magnitude of friction force. We focus on the

Dieterich—Ruina friction law discussed in Rice et al.(2001) [135] with the dependency

on compressive stress, slip-rate and state variable by
Ty = F(O'y S, ¢), (44)

in which ¢ describes the maturity of rupture, and satisfies the ordinary differential

relation
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We assume that both F and G are Lipschitz continuous (see also [178, section 2]),

with the partial derivatives bounded by constants,

8F<0-7 57 w) * af(0-7 87 w) *
O<C~7:70§TSCJ:,U> 0<C}'¢§T§C]_—’w,
0F(0,8,¢) _ ~  99(s,9) 0G(5,¢) _
< —2 < _ > > — < .
0< C}:S < D5 < C]—',s? o0 = Cgﬂl’ >0, and 05 < ngs
(4.6)

We obtain the dynamic boundary conditions from (4.2) following the procedure in

existing literatures (e.g.[41, p. 68], [18, p. 47]) that give (cf. [41, (3.73)])
[n- (AT E)-V - (u(n-T°)]] =0. [n-u]]=0, on%, (47

where V" := V —nd, is the surface gradient. For the completion of the discussion, we
also write the dynamic boundary conditions on X_, which is the solid-solid interface

with standard continuity conditions on traction as well as particle velocity (e.g. [41,

(2.79) and (3.65)))
[n- (AT E)]] =0, [[u]]=0, onx. (4.8)
The total traction 7 is then given by (cf. [18, p. 70])
=n-AT  E)+n-T' -V - (u(n-T%). (4.9)

We assume that the rupture remains compressive, or in other words the compressive
normal stress o is positive throughout the time. Therefore, 0 = —n - T® - n if the

trace of T is positive in tension.

4.2.2 Energy spaces and trace theorem
We first introduce the standard notations of functional analysis. We denote by

I
L2(Q) = { S [ e < oo}
=1
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the space of square integrable functions, and the corresponding Sobolev spaces H™(2),
particularly for m = +1, i%.

We denote by C™([0,T]; H) the space of real-valued n'® order continuously differ-
entiable functions from the finite time interval [0,7] to any Sobolev space H, for
n=20,1,2,---, with the norm

l|lv ||Cn([0,T};H) o Z tre%%]

d

()" (4.10)

r
An equivalent norm in the space C"([0,7]; H) is also introduced depending on any

scalar § > 0 defined as

. _t
— B
[0 G o.71.20) o)

We denote by C([0, T]; H) as an abbreviation of C°([0, T]; H). We obtain the following
lemma directly from the trace theorem.

Lemma 4.1

Let Q be a Lipschitz composite domain and ¥; be a subset of its Lipschitz continuous
interior boundaries. There exists a linear continuous map 7, : H*(Q)3 — H'(Q)3*3
such that

/erf(v):HdQ:/ In-o]] {{n-H-n\}dS, He Hdiv:Q>. (411)

g

Proof 4.1 Following the trace theorem, we denote by T : H'() — Hz (%) the trace

operator and RE : H2(%,) — H(Q). Both are linear continuous maps such that

TE(u) =], Vue H'(Q),

TF o REw) =vl,, Yve H3 (%),
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Clearly one can choose ('rf(v))ij = Yo nngni(RE + Ry) o (T + T;7)(v) which

satisfies (4.11). It immediately follows that

3
2 _ _ 2
(@) ey < Y (ngma)?[[(RE + Ry) o (T +T7) (v) 10
irj k=1
3 ) 3
<Ci Z (nangnae)? || (T + T77) (ve) ||H%(gf) <Gy Z (ninni)*||ve H?{l(ﬂ)
irjk=1 irj k=1
2
< Crllvlgq)
(4.12)
We define the following weighted inner products
ko
('v,'w)pm;po) = Z/ P(v - w)dQ;
k=1 "
ko
(v,w)LQ(Q;p%O) = Z/ p’v - (VV¢') - wdQ; (4.13)
k=1 "
ko
o (AT
(B, H) 0w = ) | H:(AT: B)dQ
k= k
with the corresponding weighted norms that have the following equivalence
Cpllw 72y < Il < Cpllull;
P LXQ) = L2(2;0°) = 0 L2(Q)
2 2 . 2
Colluliog < lwllizgme < Chollullizq), (4.14)

2 2
CATOHEHL?(Q) < ||E||L2(

* 2
oary < Ol Bl )

We give the space for weak solution as
v={ven (@ |[v] =0onT\%},

E= {E € L2(Q)>*3

V(AT B) e 139, [n- (AT E)]] =0on %},

(4.15)
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4.2.3 Weak form of the coupled system

In the companion paper of this work [178], we assume the conformal variational form
in representing the equation of motion coupled with rupturing interfaces. Here we
introduce the mixed variational form by introducing the strain tensor E, the gradient
of particle displacement, as an unknown that allows us to compute the stress in
a more direct way. We recall the strong form of particle motion with the cowling

approximation as

Pt +u- (VVe')) — V- TV =0. (4.16)

Correspondingly, the first order hyperbolic system containing (5.2) as well as the

equations on interior boundaries in (4.3)—(4.9) is reformulated weakly as follows.

Problem 4.1
Given T° € H™(Q)**3 and Ts(t) € C([0,T], H™(Q)**3) with m > 1, find u €
C*([0,T],V), E € C*([0,T], E) and v € C*([0,T), L*(%;)) such that

/on(mu-(vwo)) -wdQ+/Q(ATO: E): VwdQ

4 7/9((E:Vw)+§l(u~w)) a0

(4.17a)
+/Ef7-f-[[w”ﬂdE—/Zfa[[n-wﬂdZ—/Ef [rs-w] ds
T af/Qf,«f(um) -y (w) dO :/Ef (n-(T°+Ty)) - [w]) a5,
E : HdQ - (V- H)dQ wll-[[n-HIdx
/ + o Ay oA .
+/E s-{{n-HWdE =0,
i Vo dT + : G(s, 1) p dL =0, (4.17¢)
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with
s=[[u]], s:=s|, (4.18a)
T+ V - (u(n-T°) =0, (4.18D)
gtn-(n- (T°+Ts+ {{AT . E}}) + {{r: }}) =0, (4.18c¢)
F(o,s,1)s — st =0, (4.18d)

holds for any (w, H, ) € C*([0,T],V x E x L*(%)).

The boxed terms in (4.17a) are a viscous regularization term and a boundary penalty
term, with the viscosity coefficient denoted by v and the penalty coefficient by «,
both of which are positive constants. We give in the next section the criterion for

choosing v and «.

4.2.4 A priori estimate

Here we prove the well-posedness of the weak form coupled with the nonlinear friction

law.

Theorem 4.1
The coupled problem (4.17a)—(4.18d) is well-posed within a finite time interval [0, T

if v and «; satisfy

1 2
Cyp’ C

AT

2
> 56’}25 max( ), and oszmax<CATo,7), (4.19)

for any given (3 > 0.
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Proof 4.2 Taking (4.18a) into (4.17b) followed by integration by parts yields
/Q (E — Vi + rf(u)) L H A0 = 0. (4.20)
By taking H = E+Va+r, (u) in (4.20), we obtain with Young’s inequality,

. 2
195 a0y = | B+ ()|

2
. -1 . 2
oy S WHI|[ B, (0 e [y, (420

and by taking H = E — Vu — 7, (@) in (4.20), we obtain

o 1 o .2 o
[0 a5 (19al + B[, I ). 422)

We integrate (4.20) over time with the initial conditions E|;—g = 0 and u|,—9 = 0,
which yields
/ (E —Vu+ rf(u)> L H A = 0, (4.23)
Q

and with H = E + Vu + rf(u), yields
IVulza@) < (48N E 72 + (1 + 6 )llre(w) 22 q)- (4.24)

We let w = @ and H = AT’ : E, summarize (4.17a) and (4.20), and subtract (4.18c)

and (4.22) to obtain
1d

2 2 2 2
5&(”“ ||L2(Q;p0) + || ||L2(Q;p0,¢0) + | E ”LZ(Q;ATO) + ai|re(u) ||L2(Q)>

v ) ;
+ 2 (19 ao) + |||

2 3., . .2 b K
i S10T) 0 Dl 029

—— [ - {ma e @10 sas [ [n] - ahas

¢ ¢

We mention some results from [178, section 4.2], namely

[ty s+ Ira] - i) a0 < O (o Tl + il (420

With Young’s inequality,

1 2
/E n-(T°+T° - sdy < 54“71. (T° + T°) }|L2(Ef)+54”s||;(2f). (4.27)
f
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We use the relation in (4.3), which leads to 7 - s = 7, s > 0, and

5y — (/E 7545 /s [2agsy) > Crs
:
n (4.27), and thus
—/ (i —n - (T° +T°%) - sd2
P
< %4”77, (T° +T°) Hiz@f) +6alls |12y — /Ef TrsdY (4.28)
=5, @) [, < ol @ T [,

We eliminate the terms with E by taking (4.21) and (4.24) into (4.25) while letting
91 = 93 = 1, and use the results in (4.26)—(4.28), with d3 = % in (4.26), and give
the energy estimate as

1d
2 dt

C\ro
2 T 2 2
—(Cplla g0 + Conlw ey + AT [0 + = Cro) (@) [y )

C/

3y, . . 3y .
i oy + (0 = Dlire(@) ) = (51 By + 4 19 )
1

1 2
< m”n ) <T0 + Té) HL2(Ef)‘
(4.29)

Multiply both sides of (4.25) by e_%, and integrate over [0, T to yield (see details in
[178, section 4.2])

Co C¢o C'2 >

||u ||C (0,722 T (T

Co  C°p
+< /;1 3 )Hvu||C(0T]L2(Q))

Ju ”C ([0,T];L2(2))

1 (4.30)

. *2
+ §<O‘f - CATO)H""f( u) “C ([0,7):22() T Blar = 7)lr(u) ||C([0,T];L2(Q))

+T°) ”c ([0,T];L2(S¢)) "

Clearly, the solution of the system (4.17a)—(4.18d) is bounded if (4.19) is satisfied.
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Remark 4.1
To properly define the energy, the parameter 3 should increase with the length of time
interval T'. For a long-time simulation, the overall time is subdivided into sufficiently

small time invervals, namely,
[0,6t], [0t ,26t], [20t,3dt],--- ,[(N — 1)dt, Ndt], ot :=T/N,

and iterations are conducted within each time segment. In this way, a small 5 can be

used in Theorem 4.1.

Remark 4.2
Since [ can be chosen to be a sufficiently small positive number, then v can be
sufficiently small, which asymptotically approaches the original problem with pure

elasticity.

4.3 The discontinuous Galerkin method with multi-rate im-

plicit time discretization

We partition the domain {2 into tetrahedral finite elements, 2 = | J Q°, such that the
unstructured tetrahedral mesh is coherent with geometry, that is, ¥ C (J0Q°. We
distinguish the facets attached to the rupture plane with slip boundary conditions by
Y, and thus 3; = [JX¢. All other faces of the interior elements are denoted by X.

We set
VP = {u c H'Y(Q)? ‘ (v:)
(Eis)

o)),

o € PP(Y), e {1,2,3}},

B, ={B c 12(0)"*

b EPP(Y), Qe {1,2,3}}, (4.31)

=P = {zp e 12(x) | v
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where PP (Q) is the space of polynomial functions of degree at most p > 1 on 2°. To
simplify the analysis, we assume that the elastic parameters are piecewise constant,

that is,
o (AT (T0),; € {0 € L) | ¢l € PO(@) }, kL€ {1,238},
and that
& € {v € HQ)| plo- € P2() },
such that K;, := thh¢2 is piecewise constant, with V, is the gradient of polynomials

within Q°. We give the semi-discretized DG formulation as follows.

Problem 4.2
Given the coefficient as above, and Ty, (t) € C([0,T], EY), find w € C*([0,T], V),

E € C'([0,T), EY) and ¢ € C*([0,T],ZF) such that

. 3ve . o )
Z/Qe ((p?L(uh + uy, - Kh) + Z ’uh) Cwy, + ((Af o +76Eh) : th)> dQ
Qe

" Z/Z ((ren—own) - [wn ] = [ron-wi]] +ai [l - (wy + @) ]| [~ w, ])) a¥
" Z/ ({{n- (AT B }} + affin]) - [fwn ] a5
=Y [ @+ Ta)) - [ s

(4.32a)
Z/ (2 Hy - (V- H)) ) a0
3 [ (o o ] o (£ 0 (4370)
o3 [ i)+ alfme T < B0 - s <o
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o dE + / G(5h,Yn)pndX =0, (4.32¢)

X X

(

Ton+ V- (up, (n-T79)) =0,
on+ne (e (Th+ T+ {AT  En ) + {{ran }}) =0,
S on Xf. (4.32d)

sn=[[wn ]}, sn:=lsnl,

suF (on, Shy Un) — suTin =0,

\

for arbitrary test functions (H,, wy, o) € CH[0,T], Vy x Ef x Z5).

The constant o > 0 in (4.32a) is the penalty coefficient that enforce the coercivity of
the variational form with boundary conditions (see details in Ye et al.(2016) [177]).
We use the particle velocity v;, = uy,, and discretize the time interval with a uniform
time step 0t = NLT, and let t, = ndt. We use index n in the superscript v to
indicate a time dependent variable v corresponding to t,. We then rewrite Problem

4.2 as a discretized coupling system with backward Euler finite differencing in time,

which is given as follows.



Problem 4.3

Given (u!"™ E\"V "y e v, find (u\”, BV, (™) € Vi, such that
Z/ P gvh )l Kh)+3%v§[‘) Cwy dQ)
+Z/ (AT" E ")+—E ) Vay, dQ
> [, (i ol n ] = [ - ] 0>
F 3 [l + o) -] a2
£ 32 [ (tir 6 B ool ) - o o
&Z/ Aol wn B s V) d0
+Z / (T + ) - [, ] S

Z/ B Hy o) (V-Hh)>dQ
3 L (3 [ ] (13 0
£ [ (ol +allne A B ) - [ E ] as

/@z},g”)gphdzwt/ G(st™, )y AT = /W Yo, ds,
xg ze
with

T+ V() (n - TY)) =0,

(n)

o tn (n AT B Y+ {{m ) = —ne (TR T)

7
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(4.33a)

(4.33b)

(4.33¢)

(4.34a)

(4.34D)
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u™ — st =4, (4.34c¢)
sp) = oyl 1 =0, s =|s"], (4.34d)
Sgn)]_—(a}(Ln)’ Sgn)’ wgn)) - S}('Ln)Tt('r;L) =0, (4.34e)

for arbitrary test functions (Hp, wp, n) € V}.

Alternative to (4.33c), we use N-stage implicit Runge-Kutta method for discretization
(4.32¢) in time, which generates the multi-rate scheme by

" gahdZJr(Sth/ o dY = /w Yo, ds,
=g

=1

(4.35)
0}(;1),1 _ _g( (n) cl (n—1) —F(St Z(ZZ] ’

),Ci

in which s,(Ln is the linear interpolation defined by s = (1 — ¢;)s™ ™D 4 ¢;5™),
with a;;,b; and ¢; the elements of the Runge-Kutta matrix, weights and nodes, and
Gén)’i is the i*" intermediate stage of w,(l"). The coupling system (4.33-4.35) can be
solved by a general nonlinear optimization approach such as Newton’s method. This

approach is computationally expensive however because of the factorization of global

Hessian matrices. We therefore suggest the following iterative approach.

4.4 TIterative coupling

In order to obtain an accurate solution with affordable effort, we derive an alternative
approach using fixed-point iteration, by separating the state ODE from the main
part of the system, and conducting domain decomposition (e.g.[17, Section 6.1]) to

separate the variables on ¢ from elsewhere.
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We rewrite (4.33a,b) by moving surface integration terms on ¢ to the right-hand-
sides, and construct a sequence of linear—nonlinear coupling problems for each time
step [tn_1,tn], which follows the iteration for & = 1,2,---, with v(™*) representing
the value at k' iteration of a time dependent variable v corresponding to t = t,.

Therefore, we seek alternatively the solution of the following problem.

Problem 4./

Given (u,, (n=1) E(n 1),1/1hn 2 ) and( (n,k=1) Eén’k_l),-) eV,

Y

find (u{"™" Eg””“), {"k)y €V, such that
S [ (ohiGrol® + - (VVa) + Toof?) - wy a0
+Z/ (AT B +gtEtk)) Vawy, d€
#3 [, (0 ol fan]) = [ )
#3001 [ ([ ol ] 0 (4360
_ g Z / (P B V) 40
-3 [ (AT B ool ) 02

+Z/ (@4 T) - [ ]] a5
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Z/ (%Eﬁf’“ Hy, +v"™ . (v Hh)>dQ
Qe ©

+; L, (o) [ ] 4 () 02

(4.36b)
n—1) |
== Z E . Hj, dQ
-y /2 (o) +alfn- A2 B ]) - [ B, ]) s
sg /¢
eiPends it | G o endS = | wVpnds, (4.36¢)
e e X
with
(thk)+VE- (ugvk) (n-T9)) =0, (4.37a)
A (e AT B () = e (T ) e (47)
W) g1 ptF) — g0 (4.37¢)
s = o] =0, si =[si ", (4:37d)
SO, 10, o) - s <o, (437

for arbitrary test functions (Hp, wp, n) € Vi

In (4.36¢) we use the backward Euler scheme as a simplified example of (4.35). For
the first iteration £ = 1 the initial value of variables are obtained from the previous

time step by
US&,O) _ o (n=1) (t,0) (n—1) ES,O) :Egln—l)7 ¢ht0 _ (n o) (4.38)

Uy 0 Wy, = U,

We solve the coupled nonlinear problem (4.36a—f) by defining a constrained optimiza-
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tion problem, in which the objective function

(t.k)
S tk t,k t,k ik
SZ‘,,k)‘F<0-f(L )v 52 )v wé )) - TEh :
h

2

2::%

(4.39)

follows the normalized (4.37¢), with the linear constraints (4.36a,b) and (4.36¢,f), and
the nonlinear constraint (4.36¢). Compared with the original, implicitly discretized
problem, the iterative problem is localized to each element, where the Hessian matrices
become block-diagonal. Details of the numerical algorithm solving this problem using

the Gauss-Newton’s method are provided in 4.6.

4.5 Stability of the iterative coupling

We prove that the iterative coupling is a contraction under certain constraints on
model coefficients, in parallel with the stability result for the second-order formulation

of motion in Ye, et al.(2018)[178, section 5].

Theorem 4.2
The iterative coupling scheme (4.36a)—(4.36¢c) converges within each time step if ~°,
ag, o and 0t satisfy

Co
ot

4 1
> 5t max (5 ((c;,c,(cf HCO) 4T = C) — ) 5 (30;7(,(0[ L) +3C) — OATO) )

af > hH (6t + 1)1 Cp (6t Cyzo +7°)

Coh™ (65t Cypo +79°) < @ < Gy (0t Cgo +77)

(4.40)
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Proof 4.3 We define the error vectors

k t,k n k t,k n k . t,k n k. t,k n
61 = ’U;L )—’U(; ), E.,_2 —Téh)—Tgh), Grf = ’TE} )—Tgh), E;.— SEL )—82),

k n k k k N n n n
ka = O'(,t )_0}(1)’ GZ . t ) ¢h , 6’;_— = F(O'(,t ),Sht ),wht ))—F(U(, )7551),1#(; )>7

ok k n n k) n
g = Gs ) = Gl o)), ek =18 - sy
We eliminate ug") and u,(f’k) by (4.34c) and (4.37c), and subtract (4.33a—d) from

(4.36a-d) at iteration k to obtain the error estimate:
Z/ —e +otek - (VVeY)) + %43) cwp + (AT : e+ ;—;.EE) V) 4o
+Z/ = éin) - [fwn]] = [k, -wi]] + 0t + D ai[n- €] [n-w,]]) as
=% [ (ttr- 7" )Y alle]) - [ ] a0
| (4.41a)
Z/ el Hyd+ el (V~Hh)>dQ

<30 [ (e )+ ek 1 ) (4.410)
=2 [ (M ol AT D) - [n H] 0

kL F OtV (€l (n-TY)) =0, (4.41c)

& 4n- {{A;‘ZFO : ey, }on+n. {{eﬁ2 }=o. (4.41d)
Integrating (4.41b) by parts yields

;/ﬁe(%e%—Veﬁ):thQ%—%;/z? [n- et {{n-Hy -n}}ds
+;/zg([[ef’lﬂ —|—0¢[[n.(AT°;egl)ﬂ){{n.ﬂh}}dzzo_

(4.42)
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We define linear continuous maps (“lifting operator”, see Arnold et al.(2002) [8]),

re: L2(35) — £ and ro: L?(X2)3 — EF by denoting EF = {E € L*(Q)3*3 (Eij>|Qe <

PP(Qe), i,j€{1,2 3}} such that

H,dQ) = / {{n H; - n}}dE for 33 =0 N

Q:t

(4.43)
/irj('v) :thQ:/ v-{{n-H,}}ds, for D= Q.
Qe g
It is suggested in Arnold et al.(2002) [8] that
e 2 -1 2
75 (v) HLz(Qci) < Cph™ v HLQ(Z§)> (4.44)

. 2 - 2
75 (v) ||L2(Qei) < Cph v ||L2(Eg)v
with A the mesh size, and the positive constant C, = O(p?) if Q° is a tetrahedron (see

Warburton and Hesthaven (2003) [170]). Therefore based on (4.42) and (4.43),

| Gres = vebmidlfn- ) + (e rallm: (A7 )] Hader =0,
(4.45)
By taking H = e + Ve +r7([n-eb]) + re(([es ] +al[n- (A7 )]}

(4.45) while using Young’s inequality,

3
Z HVGZ HiQ(Qe) S W Z H HL2 + 30 h~ Z || n-e ]] HLQ(E
e Qe

" (4.46)
+3Cph—1§;H[[eﬁ‘1ﬂ +afn- (AT e ]]

L2(%¢)

)

and by taking H = & Lk —Ver ([[n - €} ﬂ) - rj([[ef,_l ﬂ +a[[n : (ATO : 61;2_1) ﬂ)

in (4.45),

1 1
Z/Qe €l Veb d > 5(& D IVel o + 57 2 llek .
Qe Qe Qe
C . e
— 520t ([l b ] [agssy + 2 |67 ] +allm- (A7 : )]
B DH]
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Similar to (4.25), we let wy, = €X in (4.41a) and H), = AT : € in (4.42), eliminate

" by (4.41d), and use the result in (4.47) to obtain

1 e
Z (g”ei Hiz(ﬂe;ph) + 0t Hek ||L2(Q 09,69) THeﬁ HiQ(Qe)
pvs

0 Y
S 1V [aany +

bk N e )

+Z (6t +1) — 2h ||[["6ML2(2)

k k k k k (4.48)
- (— [t cass [ 1] e paz)
e ¢ 2
_ 2 _ 2
3 (ofr eI NI
€ 2
et PN |
We also subtract (4.33c) from (4.36c) at step k, and let ¢ = €}, such that
Lo g2 kE Kk
e 1y = - /E e an (4.49)
f
Following the same procedure as [178, section 5], we get
_ /Q b ehd < ~Coleh [y + Co0 (Cr O [ e
. 1 2 o 2
+ CFW(EHGZ HL2(2§) + 37“65 HL?(ﬁg))?
(4.50)

/Qe (e} eb + [ler, ] - (e 1)) a2 < 6t Cilled [ ey

. o 1 0.
- /C Eé Efb dx < 09,8(2_58”9]2 Hi?(zg) + ESHEIE Hi?(zg)) o CWHGZ ”i?(z?)

f

We let C% 07 = Cf 0 = Cr s in (4.50), and plug (4.46) and (4.50) into (4.48) and
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(4.49), such that

Cpo 376 . N L
> (G (CoCr+C) + )16 [y

23 (Rt + 2= 5t (€14 ) + )T [

+Z (6t +1) =0t h ' CpCyzo — R Cy) || [ - eﬂHLzze)
4.51)

O}ip Cé,% k|2 (
+Z <6t + Cgp — 2Cr, QOJ%)H% HLQ(Zli’)'

< Z (——Ch Y0t Cygo +77) ) || [Im - (AT E-l)}]‘2

L2(%¢)
=3 (o= G @ g 42N Dy

Clearly, the solution is bounded for each (n, k) if (4.40) holds.

Remark 4.3

The value of v can be chosen proportional to 6t, which can be sufficiently small
to asymptotically approach the original problem with pure elasticity. It can be also
assigned elementwise, for example, with the value of 0 for elements that are not

attached to the rupture surface.

4.6 The reduced problem of nonlinear friction with Newton’s

method

In this section we rewrite the iterative coupling system (4.36a-f) into the form of
matrix—vector product, and derive the Hessian matrix of the Gauss-Newton’s method.
We write the unknown variables and test functions into local vectors based on each

finite element or rupture facet, and into global vectors as unions of local vectors over
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elements. The notations are listed (with 7,7 € {1,2,3}) as follows

variables in Q or 3 | (vh,); (wn); (En)iy; (Hp)ij (un); (sn); (Ten); on Un
local vectors in €2° Vi We & Hs; U;
local vectors on % )7; gfj Z:l;e gj 7~;e Ne e
global vectors V; W; Eij Hij U;

where the notation “ . ” denotes quantities on the surface.
We apply nodal expansion of order N to any space-dependent variables, based
on 3-D Lagrange polynomials {f (x)} ", defined on each element Q¢, or on 2-D

Lagrange polynomials {@’;(m)}ﬁl defined on each facet 3¢, For example the j*

component particle velocity is expanded in €2 as

vi(xz) = Ziv;ngp;(az), z € Q(R%), V5= [{an}nNﬁl]T, (4.52)

e n=1

and on X as

vj(w) = Zzpfﬁ;naixw)? ZASDY (R3) ) f}; = [{ﬁjn}i\zl]Tv (4.53)

e n=1
We define the global mass matrix M whose diagonal blocks are local mass matrix of

dimension NV, x N, on each element with

M, = / ©Oraspy, dSL.

We write the block diagonal derivative matrix D;, whose diagonal blocks are denoted
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by D5 such that D;V; spans dv;/dx; on €, that is

g;’l ZZ (D:Vy) oi(m), =€ (RY). (4.54)
] e

We also define the local surface mass matrix Me of dimension ]Vp X ]A\f;7 in a similar
manner on each triangle facets of elements. We define the matrix P¢, whose entries
take the value of 0 or 1, that projects global vectors to local vectors in each €2° on
the negative side of 3 with regard to n, such as V¢ = P°V;, and Pe projecting global
vectors to local vectors on the negative side of ¥¢, such as 17; = 73;))]-. We use the
notation “.” to denote the quantities on the positive side of X, and assume that
each tetrahedral elements are connected to no more than one rupture facet, such that
PQEET = EE??;T = 0 for all elementwise block-diagonal matrices = (in particular =
represents identity matrix, M, or D]T) Also any global vector and its corresponding

local vectors in 2° and >¢ satisfy, for example
e _ /\/e _ /\; eTye e _ /\/e _ /\; eTyre
Vi =PV, =PP YV, &—P_Vj—PP V.

We assume that the elastic parameters and prestress is piecewise constant, and define

é% such that Q Us = nmPePeT(De — TL]nlDle)Pe(Tgwuj), with n = [nl,ng,n3]T,

(VA

for i,7,1,m € {1,2,3}. To obtain an asymptotic solution for non-viscous problem,

we let Iy = 7005, with v sufficiently small (proportional to dt), and denote by

o) = (52 Bz ¢°),. The equations (4.36a,b) and (4.36e,f) are rewritten in matrix form
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W MP" VI 4 st W] MU + ?%& WEMY

+ 6t W' DT MAT; glbR) 4 YWIDI M 5};@

]zlm

+ ot WIS (B = P)TME(Tr = nal) + P M@t D — P MGy M)

X

J

+5tW?(Za§nmj(E Pe) Me(Pe — PC))(V”“) + U
=3
:&WHZ”J'@_%TM@> (T + 10 + WImp® pit)
Ee
+7W?DfMg;§_5t) WT(ZTLJ Pe TM (Pe + pe))/l;l;;’mg (t,k—1)

— adt WlT ( Z(E _ 7;)T.K/IV(E _ 7;9)>Vi(t,k—1) 5t WiTMpO Xi(t,k—l)

e

= WMy
(4.55a)

HEMELS 1 5 DT MV 4 ’HT<Zm S P TMO(Be + P )i

174

O (S (B P S )
xf

_ (t—st) Ot
=H ME;T" — —

HZTJ ( Z n; (E — ?D\;)Tﬂe(é + 732)) Vj(t,k—1)
e
— oot (3 (B~ PP ) A
e

_ T (t,k—1)

(4.55b)
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N e0) 4 225 (P 4 Pe) ATy, 00 — TGyt W + Gt )

(4.55¢)

= —nin;Pe(T5 + TV i= e
8N = (815 — nany)(Pe — PV (4.554)
USH _ st _ g qte=ot) (4.55¢)

We let WIM = P and HFEAT)e M = P° in (4.55a) and (4.55b), which yields

i jilm

3
(p° + St )V 4 5t 80U )+ D (5t ATy, + 100 ) €5

— Ot TTE A+ ot TN° — 5t 7 P (4.56a)

— Stagnan Je (L5 ) — Lo P 4 ) = gD

e NEY je 5t e e Se e —

. ~T —~—
where we define the abbreviative notation D™ := P°MIDT M, J°¢ := P-M~1Pe Me,

L= 73;736T, L= P-PT. We get similar equations on the other side of the rupture
by applying WIM = P¢ and HEAT e M = P* to (4.55a) and (4.55b), and use the

ij 4 jilm

abbreviation D” := P°M~!DTM and J° = EM‘IET/W, such that

(P’ + Pyét)V " ot @YU D (5t AT A V650im) Epn

jzlm
+ 6t JT — St N* + 6t 7 Qpd; " (4.57a)

+5t0&nln]j (ﬁe(V (t,k) +Z/l tk:) EQ(V (t,k) ‘I‘Z/{ tk‘)) Q]?(t,k—l)

)

v

. . 5t _
E D+ 0t DY, Tongg s LV 4 £V 0 4 ) = g . (457)
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We also rewrite (4.55¢—e) with local vectors,

AT k nin; e T e(t7k) e ATV e(tvk) ni e e(t,k)) o5 e(t,k‘) — e
N Tj(ﬁ AimEim "+ L NG Eim ) - E(Qijuj + Qi ) =0
(4.58a)
R L R T VA (4.58b)
‘§ie(t,k) — (61 _ nln‘j) (ECV; (t7k) _ LCV; (t7k)> (458C)

The above system is not full-rank because gf and f has zeros normal components.
We choose unit vectors © = [ry, ro, t3]T and t = [t1, 5, t3]" such that [n, 7, ¢] forms an
orthonormal matrix. We then denote by K = [r,#]T the matrix that projects vector
variables to the tangential plane. We conclude (4.56a,b), (4.57a,b) and (4.58a—c) as

a linear system that follows

AY = Z, (4.59)
where
T yl
yz{ugegvyéj\/?}z ,
Y-
with
T
U= = [ ]
T
£ - [gfl(t k)’ g;l(t k:)’ g;l(t,k)’ gleQ(t,k:)7 552(1:,@ 552(7;@’ 51e§t,k:) g;g(t,k)? ggét,k)} ’
- - N T - - - T — -
S .- [ i(t,k)) ;(t,k)i| _ K |:8<19(t,k)7829(t,k)7S;(t,k)i| N = Nk
~ ~ ~ T ~ - - T
T .- [ - (t,k)’7-2e(t,k):| —K |:7-1e(t,k)’7;e(t,k)77;e(t,k)] 7
and

T 2
zz[ugegmgosit] = :
Z,
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with
o= [ui“”“‘”,Ll%“’k‘”,uz“"“‘”]T, U = [mi“”‘f‘”,mz“’k‘”,mé“”“‘”]T, 0 = 90,
¢ — [eﬁt,k—n szgtk 1) sztk 1) qutk 1) Qsc(tk 1) (’3 (t,k—1) éltk—l)’gzét,k 1) Qsc(tk 1]T7

and the linear operator

Isn, —AtZsy,
Isn, —AtIyy,
Toy, AtDT — %R TTL 7%7%1;7;
Ty, %RTJZ AtD 4 %RTLZ
~ Oe | 3y . _ -
ALS-ALTQ ~AtatBBJL | AtDA+~D P+ FAOTon, —AtaiB BIL _Atgk’
+AtsBTBIL +AtasBTBIL
e Oe | 3y -
—AtatBTBIL Atd+AtTQ _ AtDA++D —AtatBTBIL =+ 5 At)?““‘"w AthT
+AtagB"BIL +AtasB"BIL
KE KL Iy
1o~ 155 1o~ 1~
-5B8 -1Bo ;BERA 3BLRA Iy
All Al?
AZ] AQQ
in which Zy stands for N x N identity matrix, and the non-zero blocks are
T T T
mZ mZL+ B mLs (Il
14N, Ly ity tdy
B=| nT B=| nI- R = B K=|rnZTe tIs | :
2 Np ? 2 Np ? ? 2 Np 2 Np
nsL n3Z = . . B 3L~ 3L~
3Ln, sty sty tly
Jeoo. ) Le
J=| . g .|, L= L. |
je £e
je Le
J = Je , L= Le ;
je Ee
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D
p=| p ,withpz[ﬁjﬁgﬁg};
D
Dt 5?
D = D , with DY = | D | ;
T —c
D D
D
D= D ,withQ:[z_;_;},
D
Dt D,
Df = pt , with D' = | D3 |;
T —e
= D,

(Q)ij = Q;W (Q)ij = @Z’, i,j €{1,2,3}



Cll CIG 015 CIS Cl? Cl4 Cl5 Cl4 ClS
Cl6 CV66 CSG CG6 C'26 C46 CV56 C46 C’36
CIS CV56 055 C56 CZS C45 CS5 045 C35
C’16 066 CSG C(66 026 C46 CV56 046 036
A = CV12 C’26 025 026 C’22 CV24 C25 024 023
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r0 Y, T T T+ T3, T3, T TP + 185 1
TS TP, + T3 T3 17, — T3 ~T7, —T7y —T7y TP
5 T3, TP + T35 —T3 T —T7, T — T3 ~T7, —T7y
. T3 —T3, — T ~T%, T — T3, T TP —T7y TP
+ 5 TS + T -T3 5 TS 0 T T3y TS + T3y
T3, T3 T3 T$ T T3, + T3 T3, — T3y T3y
~T% —T%, 195 — T —T%, TH -7 T — T3, T TP
T3, ~T3 ~T3 ~T3 T3 T -T9 T3, — T35 13
L T3 + T 5 T3 TS T + T3, ~T3, T 0 J

with Cj; the Voigt notation of elasticity tensor, while A stands for the counterpart

from neighbouring element. We conduct Gauss elimination, which yields

Ay, =Z,
where
A= Ay — Ao AT A = A | A,
with (Z1>3ﬁ;xgﬁ; and (y_42)3]’\};><3]’\}; submatrices of A, and
Z=2y-An Al Z,.
We denote

A=A, A = {4

}ie{o,l,z},je{l,z}’

with each jij of dimension ]/\7p X J/\\f;, thus

N, T]"=A5+A4,'Z.

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)
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With a given nonlinear function F' in (4.4), we formulate a minimization problem

from (4.39),

S =argmin £(8), with £= % ‘ %F(ﬁ,g, @) -7, (4.65)

that is constrained by (4.59) and (4.35). We can therefore explicitly write the gradient

¢ /S . =~ F Sls aF oF dw 51 OF= =
O, = —= E —F — 0 — — A — Ay
4.66

928 P 88 0F OF 4y S OF= =T
S;Ji' = — ) 517 + —_ A i AZ .
7T 88,08, ; <( “I15] 18P (G5 v as SI-F)+ S| 90" )
F &S aF oF d¢ L Sors <
(4.67)

In the above, <% is evaluated by (4.35), that is

G

oG
s (8

(ci) _ 2 (gles) oy (ci) . de™
7w )Czds aw( ,w )5taud9

with S(Ci) = (1 — Ci>S(t76t) + ¢, ’l/}(cl) = w(tiat + ot aijﬁ(j),

dip = ot b;do@, A9V =

thus

5t (5t%( SRTCHPH +5ij)

-10G

dw ci ci
20 (80, 9

ds

When using backward Euler scheme, we have a simplified version such as

W 52 (6t oG | 1)

ds _& Bs o

The complete procedure of spontaneous rupture solution follows Algorithm 1.
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Algorithm 1 multi-rate iterative solution for spontaneous rupture problem

1: initiate rupture geometry and materials

2: form matrix A in (4.59)

3: compute matrix A following (4.61) and A following (4.63)
4: for time steps t =ty +mdt, m=1,2,3,--- do

5: if Ty perturbs then

6: update matrix A and recompute matrix A and A
T end if

8: compute the right-hand-side Z in (4.59)

9: obtain initial guess of S from previous time step

10: for coupling iteration £ =1,2,3,--- do

11: compute Z following (4.62)

12: for Newton’s iteration 1 = 1,2,--- do

13: compute T and N following (4.64)

14: update rupture state variable ¥ following (4.35)

15: if £ <e then

16: converges and exits the loop

17: end if

18: form gradient and Hessian matrices following (4.66) and (4.67)
19: update slip velocity via g'(i) = 3(171) A

20: end for

21: update the wavefield by Y1 = A (21— A;2Y3) follwing (4.59)

22: end for

23: end for
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4.7 Computational experiments
4.7.1 Planar fault with homogeneous material

We verify our numerical algorithm by testing it on the benchmark problem “TPV102”
designed by SCEC/USGS Spontaneous Rupture Code Verification Project (SRCVP)
[72], which has been used in recent dynamic rupture studies (e.g.[56]). The model
takes the range of [-18km , 18km] x [-18km , Okm] x [-12km , 12km], where the depth
is along the direction of x5, and x5 = 0 represents the ground surface, with a traction-
free boundary condition. The planar strike-slip rupture is located on x3 = 0, on which
the friction parameters are set to be slip-weakening within the central portion [-15km
, 15km] x [-15km , Okm], with smooth transition into a slip-strengthening condition
at positions close to the boundary of the model. The nonlinear dependency of friction

magnitude upon normal stress, slip rate and state variable is given by

Flo,s,¢) =ao arcsinh(zi exp (fo + bln(solb/[/))),

So a

while the state ODE is written as

Gls, ) = —1 + %w.

The coefficients of material and components of prestress tensor are shown in Table 4.1,
where the coefficient a as well as the initial value of the state variable are assigned

by a function depending on position, and satisfy the quasi-static assumptions.

The nucleation of cracking takes place with a time-variant perturbation in stress T

in a ball region centered at (0.0km,-7.5km,0.0km) with radius o =3km, following the
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‘/p VS p 7ﬂini

6.0km/s 3.464km/s | 2.67g/cm® | 1.606 x 109~!3g

a b L So
0.008 ~ 0.016 0.012 2cm lpm/s
Jo Se (To)13 (To)s3
0.6 10 %um/s | 75MPa —120MPa
Table 4.1 : Material parameters, rupture coefficients and prestress in the

homogeneous-elastic planar rupture model TPV102. The components of Ty not listed
take the value 0. The quantity s. is an aseismic (creeping) velocity that keeps s away
from 0.
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scalar function
T153(7", t) = Tgl(r, t) =0T g(r) h(t — 0),
72 : (tfl)2 .
exp(m) Lifr <o exp(T> ,if0<t<1
() = o k()= o

Y

0 , ifr > 1 Cift>1

9

where r is the distance of any spatial point in the model to the hypocenter, and
o1 = 25MPa.

We extend the model to [-20km , 20km| x [-20km , Okm] x [-12km , 12km],
with extra layers for absorbing boundary, and discretize the computational domain
using a fully unstructured tetrahedral mesh with 1,912,556 elements, generated by
DistMesh [126] and Tetgen [154]. The rupture plane is properly aligned by subdomain
interfaces, and the triangle facets on rupture have a mean area of 0.015km?, as is
shown in Figure 4.7.1. In the numerical simulation we used elements with polynomial
order from 1 to 3. The viscosity coefficient is assigned elementwise, which takes a
constant value of 4.0,2.0 and 1.0 x 10~"GPa-s within the elements attached to the
rupture plane, respectively for polynomial order 1,2 and 3, and 0 in the rest ones.
We conducted domain decomposition and ran the simulation on distributed memory
machines using 256 cores. We show the snapshots at t=4.5, 5.5 and 6.5 seconds for
the order 2 simulation, with the three components of particle velocity in the volume
listed in Figure 4.7.2. The propagation of rupture, and the time variations of friction
force, normal stress, as well as state variable are also shown in Figure 4.7.4.

We benchmark our numerical result with the ones using a spectral element (SE)
method ([87]) and a finite element (FE) method (PyLith [2]), by comparing the
seismograms of stations located on the fault plane as well as the ground surface, as is
shown in Figure 4.7.5 and Figure 4.7.6 respectively. Clearly, all the physical quantities

obtained form the DG simulations match the reference data produced by existing
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Figure 4.7.1 : Visualization of “TPV102” model with unstructured tetrahedral mesh,

softwares within apt tolerance, even with a coarser mesh compared with the ones used
by FE or SE (both using a semi-regular mesh with size of 0.1km, and the SE modeling
uses 5 order elements). The numerical results between SE method and DG method
with p > 2 shows very good agreements. In general, numerical results generated by
lower-ordered schemes (FE, DG with order 1) show slightly slower propagation speeds
of rupture. It can be intuitively related to the intrinsic dissipation of the numerical
methods, which affects the solution in a similar manner as artificial viscosity (see
also discussions in 4.7.4). For higher order schemes (SE, higher-ordered DG) with
smaller numerical dissipation and artificial viscosity, and correspondingly smaller time
steps required by stability conditions, the numerical solutions of rupture approach
uniformly one with relatively fast propagation speed, which can be interpreted as an

appropriate approximation of the physical phenomenon.

4.7.2 Planar fault with bi-material

We modify the strong contrast bi-material model “TPV6” designed by SCEC/USGS

SRCVP, by replacing the linear slip-weakening friction law with the rate- and state-
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t = 4.5s t=>5.5s t=6.5s

Vy (kmy
1.0e-04

5.0e-05
0.0e+0(
I -5.0e-0
-1.0e-0

Figure 4.7.2 : Snapshots of particle velocities for “TPV102” model at t = 4.5, 5.5,
6.5 seconds with (a, e, h) horizontal component, (c, f, i) vertical component, (d, g, j)
normal component, computed by DG method with polynomial order 2.
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Figure 4.7.3 : Contour of cracking time (when the slip-rate exceeds lmm/s) on the
rupture plane of “TPV102” model, with interval step of 0.5 second.

6 -4 2
X - horizontal (km)

friction law given in section 4.7.1. The material parameters are listed in Table 4.2.
The dimension of the model is [-18km , 18km] x [-18km , Okm]| x [-10km , 10km].
The location of the rupture and the free-surface, as well as the space-time dependency
of stress perturbation T° are the same as the “TPV102” model in section 4.7.1.
For the sake of computation efficiency, we discretize the model using a quasi-regular
tetrahedral mesh with 1,058,400 elements, which is also locally refined, and the fault
plane is decomposed to uniform triangles with 1.125 x 1072 km? in area, as is shown
in Figure 4.7.7. We also construct a finer mesh with 1,617,408 elements, and on the
fault plane the uniform triangles with 7.812 x 1072 km? in area.

In the numerical simulation we use polynomial order 1 and 2, and compute the
wavefields till ¢ = 15.0 second. We assign elementwise constant viscosity coefficient,
which is 2.0 x 107*GPa-s in the elements attached to the rupture plane, and 0 in
the rest ones. We show the snapshots at ¢t = 5.0,6.0 and 7.0 second, with the three
components of particle velocity in the volume listed in Figure 4.7.8 (a)—(i). The
propagation of rupture, and the time variations of friction force, normal stress as

well as state variable are also shown in Figure 4.7.10. We observe the asymmetric
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slip rate (km/s)
8.0e-03

Ee.Ue-os

-4.0e-03
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0.0e+00

friction (GPa)
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E9.2e-oz
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E6.4e-02

sigma (GPa)
0.1210

EO 1205

-0.1200

E0.1195
0.1190
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Figure 4.7.4 : Visualization on the rupture plane of “TPV102” model with (a, b, ¢)
the slip rate, (d, e, f) the magnitude of friction force, (g, h, i) the compressive normal

stress, (j, k, 1) the state variable (“age” of rupture with unit of second), at time t =
4.5, 5.5, 6.5 seconds.
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Figure 4.7.5 : Benchmark of the iterative coupling DG method for polynomial order
1,2 and 3, denoted respectively by “DG(P1)”, “DG(P2)” and “DG(P3)” respectively
in the legend, with the spectral element (SE) method and the finite element (FE)
method on TPV102 with on—fault stations located at (a) [0.0, 3.0, 0.0] km, and (b)
[12.0, 12.0, 0.0] km, showing the horizontal slip rate v,, horizontal shear stress 7,,
vertical slip rate v, and state-variable .



133

—sE —sE
w 05 |—FE | 0.5 f|—FE
€ DG(P1) e bG(P1) /\/\%
~ 0 L—DG(P2) 0 H—nDa(P2)

Q)
£
x
> ——DG(P3) > ——DG(P3)
-0.5 . : . . -0.5
0 2 4 6 8 10 0 2 4 6 8 10
t (second) t (second)
0.05 1 .

Vy (m/s)
o
<>
¢
<
£
B
=
vy (m/s)
c o
o (&
o %

2 4 6 8 10 2 4 6 8 10
t (second) t (second)
0.05 1
@ 1 @ 05
AAAnN
3 0 AR -VI £ P
N N 0
0.05 -0.5
2 4 6 8 10 0 2 4 6 8 10
t (second) t (second)

Figure 4.7.6 : Benchmark of the iterative coupling DG method for polynomial order
1,2 and 3, denoted respectively by “DG(P1)”, “DG(P2)” and “DG(P3)” respectively
in the legend, with the spectral element (SE) method and the finite element (FE)
method on TPV102 with on—ground stations located at (a) [0.0, 0.0, 9.0] km and
(b) [12.0, 0.0, 6.0] km, showing the horizontal velocity v,, normal velocity v,, and
vertical velocity v,.
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Vpl Vsi P1 sz Vsa

3.750km /s 2.165km /s 2.225g/cm® | 6.0km/s | 3.464km /s

P2 Yins a b L
2.67g/cm?® | 1.606 x 10°~13s | 0.008 ~ 0.016 | 0.012 2cm
So fo Se (T'o)13 (T'o)s3
lpm/s 0.6 10~ 5um/s 75MPa | —120MPa

Table 4.2 : Material parameters, rupture coefficients and prestress in the modified
bi-material model with planar rupture. The components of Ty not listed take the
value 0. The quantity s. is an aseismic (creeping) velocity that keeps s away from 0.

propagation speed of rupture that is typical in bi-material models. We show the
comparison of seismograms generated by different mesh sizes and polynomial orders
in Figure 4.7.11, which demonstrate the convergence of numerical results with hp-
refinements. Nevertheless, the difference among the seismograms are much more
significant than the homogeneous test example, which can be intuitively related to

the nonlinear feedback of time-variant normal stress.
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Figure 4.7.7 : Visualization of modified “T'PV6” model in a quasi-regular tetrahedral
mesh locally refined around rupture with local mesh size h = 30m.

4.7.3 Non-planar fault with homogeneous material

A realistic fault has commonly complex geometries, such as bending, step-over, and
branching. Here, we consider two stepping-over fault planes with offset of 1.5 km,
connected by a third fault plane, forming dihedral angles of 166°. The material
parameters are chosen to be almost the same as the “TPV102” model, except for
the components of the prestress tensor, as listed in Table 4.3, and the state variable
is computed accordingly based on the quasi-static assumption. The dimension of
the model is [-20km , 20km] x [-20km , Okm] x [-12km , 12km]. The free-surface
boundary condition is applied at z3 = Okm. The space-time dependency of stress
perturbation T° are mostly the same as the “TPV102” model in section 4.7.1, except
that the hypocenter is placed alternatively at (-9.0km,-7.5km,0.0km).

We discretize the model using a fully unstructured, and sufficiently refined, tetra-

hedral mesh with 2,101,840 elements, while the rupture planes are discretized by
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t = 5.0s t=6.0s t=7.0s

vz (km/s)
150e-03

I 7.50e-04

- 0.00e400

l -7.50e-04
-1.50e-03

Figure 4.7.8 : Visualization of particle velocities in the modified “TPV6” model at t =
5.0, 6.0, 7.0 seconds with (a, b, ¢) horizontal component, (d, e, f) vertical component,
(g, h, i) normal component, computed by DG method with polynomial order 2 and
h = 30m.
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Figure 4.7.9 : Contour of cracking time (when the slip-rate exceeds lmm/s) on the
rupture plane of “TPV102” model, with interval step of 0.5 second.

52,340 triangles, with varying sizes based on the material coefficients (see Figure 4.7.13).
In the numerical simulation we use polynomial order 1. We choose the viscosity co-
efficient elementwise, taking a constant value of 4.0 x 10~ "GPa-s within the elements
attached to the rupture plane, and 0 in the rest ones. We show the snapshots at
t = 4.0 ~ 11.0 seconds during simulation, with the 3 components of particle velocity
in the volume listed in Figure 4.7.15-4.7.17. The propagation of rupture, and the
time variations of friction force, normal stress as well as state variable are also shown
in Figure 4.7.14, Figure 4.7.18 and Figure 4.7.19. We mention the consistency of
our numerical result with that shown in relevant researches [108], both indicating the

reduction of rupture speed when propagating through a kink.
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Figure 4.7.10 : Visualization on the rupture plane of modified “TPV6” model with
(a, b, ¢) the slip rate, (d, e, f) the magnitude of friction force, (g, h, i) the compressive
normal stress; (j, k, 1) the state variable (“age” of rupture with unit of second), at
time t = 5.0, 6.0, 7.0 seconds, computed by DG method with polynomial order 2 and

h = 30m.
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Figure 4.7.11 : Comparison of seismograms at on—fault stations located at (a)
[—12.0, —12.0, 0.0] km, and (b) [12.0, —3.0, 0.0] km of the modified “TPV6” model
with variant mesh size and polynomial order, showing the horizontal and vertical slip
rate v, and v., horizontal and vertical shear stress 7, and 7., compressive normal
stress o and state-variable 1.
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Figure 4.7.12 : Comparison of seismograms at on—ground stations located at (a)
[12.0, 0.0, 6.0] km, and (b) [-12.0, 0.0, —6.0] km of the modified “TPV6” model
with variant mesh size and polynomial order, showing the horizontal velocity v,

normal velocity v,, and vertical velocity v..
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Figure 4.7.13 : Visualization of stepping-over fault model with unstructured tetrahe-

dral mesh.
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6.0km /s 3.464km/s | 2.67g/cm?® | 107%um/s

a b L So
0.008 ~ 0.016 0.012 2cm lpm/s
Jo (To)nn (T0)13 (To)33
0.6 —255MPa | 75MPa | —120MPa
Table 4.3 : Material parameters, rupture coefficients and prestress in the

homogeneous-elastic stepping-over rupture model. The components of Ty not listed
take the value 0. The quantity s. is an aseismic (creeping) velocity that keeps s away
from 0.

X - Horizontal (km)
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Figure 4.7.14 : Contour of cracking time (when the slip-rate exceeds lmm/s) on the
rupture surface of the stepping-over fault model, with interval step of 0.5 second.
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4.7.4 The impact of artificial viscosity on rupture propagation

In Theorem 4.1 and Theorem 4.2, lower-bounds of the viscosity coefficient for stability
are given. On the other hand, relatively large viscosity coefficients provide sufficient
convergence stability, might however change the physical problem. The general im-
pacts of viscosity on the evolution of rupture dynamics are outside the scope of this
paper. Nevertheless, we show an example demonstrating the importance of choosing
an appropriate value of viscosity coefficient that is sufficient for stability, while not
too large to maintain the physical properties of the original problem.

We consider the non-planar rupture problem described in section 4.7.3, while
alternatively choose a series of larger viscosity coefficients, namely 2.0 x 1072, 4.0 x
107° and 4.0 x 1.07*GPa-s, within the elements attached to the rupture surface,
and 0 in the rest ones. We show the snapshots of slip rate at ¢t = 6.0s, when the
rupture propagates across the first intersection corner, for different values of viscosity
in Figure 4.7.20. The comparison of crack time is shown in Figure 4.7.21. As a general
observation from the numerical results, the propagation speed of rupture decreases
with increasing viscosity. Moreover, the impact of viscosity can be significant for
rupture surface with non-planar geometry, and result in distinct propagation pattern.
In particular, the viscosity tends to buffer the change of normal stress (see also [129,
section 2.1.1]). In other words, the artificial viscosity must be chosen sufficiently small
to properly approximate the real physics, which also sets an upper bound for time

stepping of friction modeling based on the stability conditions.
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Figure 4.7.20 : Visualization of slip rate (left column) and normal compressive stress
(right column) at the rupture surface of the stepping-over fault model at time ¢t = 6.0s
with different viscosity coefficients.
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gamma=4.0E-7
gamma=2.0E-5

gamma=4.0E-5

gamma=1.0E-4

Figure 4.7.21 : Comparison of crack time at the rupture surface of the stepping-over
fault model with different values of the viscosity coefficient: v = 4.0 x 10~"GPa-s
(black), 2.0 x 107°GPa-s (blue), 4.0 x 107°GPa-s (green), 1.0 x 10~*GPa-s (red).
Contours are plotted from 1.0 to 7.0 seconds with the interval of 1.0 second.

4.8 Conclusion

We introduce a novel multi-rate iterative coupling scheme for the dynamic system of
seismic waves interacting with nonlinear rate- and state-frictional interfaces. We give
the full Euler-Lagrange formulation with pre-stress, and the corresponding interior
boundary conditions on the rupture surfaces. We use a modified penalty based dis-
continuous Galerkin method, in which the friction law is integrated in the weak form
of particle motion as numerical flux.

Our choice for the iterative scheme is motivated by a robust and flexible solution
strategy for the nonlinear coupled model. The time scale for the friction model may
not be the same as the elasticity equation in the matrix. In our split approach, the

friction model being a differential-algebraic system (DAESs), we take higher order time
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integration techniques while taking different time steps and integration technique for
the elasticity equation. The splitting approach also allows for using appropriate linear
solvers for the individual parts such as the elasticity equation, which is otherwise
difficult when using an implicit approach such as Gauss-Newton for the fully coupled
system. The splitting strategy also simplifies the numerical implementation as it does
not require assembling the off-diagonal terms in the linear system. As the analysis
shows, this splitting is a contraction in appropriate norms and hence, also robust.
We have tested our numerical algorithm on several spontaneous rupture problems
with a rate- and state-dependent friction law, which are simulated in three dimensions
with unstructured tetrahedral meshes. We have shown the propagation of rupture on
the fault surface as well as the elastic waves in the near-fault region. We have also
shown converging results with polynomial refinements, and benchmarks with existing

softwares.



151

Chapter 5

Simulation of elastic-gravitational system of
equations

5.1 Introduction

In full-band seismic simulations, acousto-elastic waves propagate in materials which
are generally anisotropic, scatter on arbitrary shaped interfaces with solid-solid, fluid-
fluid and fluid-solid interactions, and are subjected to rotation and self-gravitation of
the Earth. The gravitational field is perturbed by the redistribution of mass induced
by particle motions, which has significant impact on relatively low eigenfrequencies
of the earth. A strong formulation for the equation of motion with self-gravitation
and boundary conditions on slipping interfaces can be obtained from Euler-Lagrange
equations [38, 41]. However, the linearization encounters problem in the derivation
of its weak form due to the presence of fluid-solid interfaces, generating so-called
“eigenvalue pollution” and spurious modes. Treatments are given by Chaljub and
Valette (2003) [27], and then by de Hoop et al.(2015) [50] in a broader mathematical
framework, where a Brunt-Vaisala frequency is introduced to consider the non-seismic
modes in the fluid regions (outer-core and ocean).

The perturbation of gravitation field induced by seismicity is becoming an inter-
esting topic recently as Vallée et al.[164] observes the signals of gravity perturbation
of the 2011, Mw=9.1, Tohoku earthquake, in broadband seismometers. The grav-

ity changes instantaneously at the nucleation of rupture with significant motion of
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mass lumps, This observation provides opportunity in real-time magnitude assesment.
Nevertheless, this potential technique relies on the analysis of weak-amplitude pertur-
bation of signals on pre-arrival seismogram, which requires on one hand, state-of-art
instruments for accurately collecting seismic data, and on the other, in-depth math-
ematical understanding on the coupling of seismic waves with mass-redistribution
potential, which is the main purpose of this paper.

In most implementations so far, a “Cowling approximation” is employed [41, 27,
94], which only accounts for the unperturbed reference gravitational field, while ignor-
ing the perturbation. However, for long period waves (greater than ~100s) and free
oscillation of the earth, this simplification is not valid, and one has to solve a Poisson’s
equation to account for the mass redistribution potential. There are a few implemen-
tations where the perturbations of the gravitational field are either solved using the
Dirichlet-to-Neumann map on spherical harmonic expansions [27], or by the infinite-
element method [64], both coupled with the spectral-element method. Nevertheless, a
boundary integral method (BIM) hybrid with finite-element-type methods are widely
used for various geophysical problems in regular unbounded domains [36, 66], and
thus it can be a candidate for the problem considered here, despite the drawback of
inverting a large dense matrix.

We introduce a new discretization and algorithm, based on the discontinuous
Galerkin method, that is capable of solving a broad range of seismological problems
including regional and global wave propagations and dynamic ruptures. Unlike the
spectral-element method and many others, it is based on a first-order strain/pressure
— displacement /velocity formulation, which presents a unique way of dealing with
various boundary conditions accounting for discontinuities. A modified penalty flux

scheme is used to ensure the coercivity of the coupling fluid-solid system [177], which
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achieves a similar stability result as upwind flux based on a Riemann solution [171],
while having broader implementations [153]. When solving the unbounded domain
Poisson’s equation, a domain decomposition strategy is introduced, where an inte-
rior penalty discontinuous Galerkin (IPDG) method [139] is involved in solving the
boundary value problem of the interior subdomain. This elliptic subproblem can be
solved by a parallel geometric multifrontal solver using a hierarchically semiseparable
structure (HSS) [173, 174], while the exterior solution is represented by integration of
a Green’s function (kernel), which can be numerically computed by the fast-multipole
method (FMM) [68, 32]. The two subdomains are coupled via a Robin boundary con-
dition, whose well-posedness for the Poisson’s problem is justified (e.g.[112]). The
well-posedness of the overall system, the bilinear wave equation coupled with the Pois-
son’s equation, is addressed in this paper, with implementations using an iterative

coupling scheme.

5.2 The elastic-gravitational system of equations

We follow the notations in [50], in which a bounded set X C R? is considered rep-
resenting the interior of the earth, with Lipschitz continuous external boundary §.X.
The set X is divided into fluid and solid regions, denoted by €, and € respectively.
The union of Lipschitz continuous interior surfaces dividing the solid and fluid regions
is denoted by X*°. In reality, the fluid region ) contains the ocean layer as well as
the liquid outer core, while the solid region ()¢ represents the union of the inner core,
the mantle, and the crust. The fluid-solid interfaces correspond to the ocean bottom,
the core-mantle boundary and the inner-outer core boundary. The external boundary
90X is also divided into the continental surface X and the ocean top XF. Both Qs

and Qr can be further divided into subregions with Lipschitz continuous boundaries,
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that is
Qs =Jo, %={]J9.
i=1 j=1

We denote by ¥%% the union of the interfaces in the interior of Qg, that is, in between
two inner solid regions, and by %F the union of all the interfaces in the interior of
Qg, that is, in between two inner fluid regions. We denote by ¥ the union of all inner

interfaces, including %%, ¥FF and ¥*°. We also write X¥ for the union of all interfaces

involving a fluid. In conclusion,

X =0, U UBUIX,
0X =0X5UaXF,
(5.1)
Y =YFUITruUXs,
PIES SN UD Y
We impose further restrictions on the above model for the purpose of a well-posedness
result. In our model, the earth is assumed to be made up of “onion-like” layers of
the solid subregions €2} and fluid subregions Qf (see Figure 5.2.1, for example). We
also assume that the boundaries and interfaces of different types listed above do not
intersect one another in the interior. The inner interfaces in the fluid regions »**
are assumed to be C! continuous. Different subregions are glued together following

boundary conditions as discussed in subsection 5.2.1.

5.2.1 The strong form of the equation of motion

Prior to the occurrence of an earthquake, the earth is assumed to be in a state of
mechanical equilibrium by which the static momentum equation (5.7) is satisfied
throughout X. In the fluid region Qg, the static momentum equation can also take

the special form of (5.8). Moreover, a “perfect fluid” assumption characterized by
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Figure 5.2.1 : Cartoon of a simplified “onion-like” earth model, with 2} the crust
and upper mantle, Q5 the lower mantle, (25 the solid inner—core, €] the ocean layer,
25, Q% the fluid outer—core that has two subregions with different parameters. B is
a ball that covers the whole earth (see Section 5.3), and Q° is the gap between the
earth and the sphere 0B.
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(5.21) is adopted within the fluid region.

We denote by u = u(t,z) the displacement which takes values in C3. The ex-
istence and uniqueness are expected for the solutions to the following equation of
motion (5.2) modelling the oscillations of an elastic and self-gravitating earth, im-

posed with boundary and interface conditions listed in Table 5.1,
Pl +2Rq - i) + p'u - VV(8° + %) + 'V — V. T = )0 f. (5.2)

Here, f € R3 is the body source, which typically represents a rupture process. Rg -
@ represents the induced Coriolis force, while ¥*(z) is the corresponding (spatial)
centrifugal potential given by (5.3). @° is the gravitational potential of the reference
state given by (5.4), and @' is the mass redistribution potential given by (5.12). T*%*
stands for the first Piola-Kirchhoff stress. Details about the physical meaning of the

parameters and variables in (5.2) are described separately below.

Earth’s rotation

With © € R3 denoting the angular velocity of the earth’s rotation, the induced

Coriolis force is given by

3 3
Rg- -1 = x4 with Rg := (Z%‘k@)

Jj=1 i,k=1

Remark that Rq is skew symmetric, and that (Rg - @) -4 = 0. The (spatial)

centrifugal potential ¥* is given by

v (x) == —3 (|1QP|z]” — (- x)?). (5.3)

Initial prestressed state

@Y is the reference gravitational potential and p° is the reference density. The ref-

erence state of Earth oscillation corresponds to these quantities which satisfy the
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relation

AP’ = 4nGp°, (5.4)

where G is the gravitational constant. We assume that p’ € L°°(X) and thus ¢° €
H?(R3) by elliptic regularity. In fact for well-posedness p° is required to be in the
space W1>°(X\X) and to be bounded from below by a positive constant. Remark that
WL is the space of C° functions whose weak gradient is in L, or equivalently the
space of uniformly Lipschitz functions. Thus, W*(X \ ¥) is the space of functions
which are uniformly Lipschitz in X except for possibly having jumps across some of
the interfaces in . Since #° € H?(R?), #° is continuous across all of the boundaries
Y. The sum @Y + ¥* is referred to as the geopotential.

Denote by p° the initial hydrostatic pressure,

hydrostatic pressure in Qg
—%tr(TO) in Qg

by T the initial static stress,

. —p°I, in Qg
T = , (5.6)

—p°T;+7° in Q
which is decomposed into its isotropic and deviatoric parts respectively as —p°I4 and
79 and that from these definitions tr(7%) = 0. It is important to note that (5.6)
includes the physical assumption that the prestress is hydrostatic in Q. Also remark

that T has the symmetry
70 _ 0
ij = djie



158
Mechanical equilibrium

For a uniformly rotating earth model prior to the occurrence of an earthquake, the
earth is assumed to be in a state of mechanical equilibrium, that is, at rest with
respect to a set of Cartesian coordinates & € R3 which are rotating uniformly with
angular velocity Q [41]. The mechanical equilibrium condition is given by the static

momentum equation, satisfied throughout €25 and 2.
Mechanical equilibrium : V- T° = p°V(@° + ¥*) =: p°g). (5.7)

Here, we are making the definition g := V(° + ¥*), and we recall that @° is the
gravitational potential of the reference state given by (5.4), and W* is the centrifugal
potential given by (5.3). It is important to note that not all components of the de-
viatoric initial static stress, Tg, in the solid regions are determined by (5.7). Indeed,
the equations (with appropriate boundary conditions given by (5.9) below) only con-
strain three out of six independent components of T'y. In the fluid region, the static

momentum equation (5.7) assumes the following form,

Hydrostatic equilibrium in Q. :  Vp? = —pg},. (5.8)

Taking the limit at the boundaries and interfaces, the equilibrium conditions take the

form of the

0X v T'=0
Traction Continuity Condition : (5.9)
SSuSTuUsT o [[p- T =0
where v is a unit normal to the relevant surface oriented from the “negative side”
to the “positive side”. The notation [[ . ﬂ indicates the difference between the limits

from each size of an interface (that is, the limit from the positive side minus the limit

from the negative side). For the interior interfaces, a choice of which side is positive



159

and which is negative must be made for every interface in a consistent way, but the
boundary conditions do not depend on these choices. Along ¥X*F and X%, the choice
we will take is so that the normal vector fields along these interfaces point outward.
For the exterior interfaces (that is, along 9X) we take the interior of X to be the
negative side and the exterior to be the positive side so that v is the outward pointing
unit normal vector on X. For the fluid-solid interface 75, we take the positive side
to be the solid region and the negative side to be the fluid region so that v points
from the fluid toward the solid. Following [50, Lemma 2.1], po, p°, and g, are assumed
to be in C' up to the boundary on each component of Q. and satisfy (5.8) in Q.
Therefore,

Vo'l gol[ VP’ (5.10)

holds on §2;, with the notation ‘ | meaning that the two vectors are parallel. Moreover,

on any C! portion of XFF across which p° is not continuous,

VL[| VL[| (g0)]|v, (5.11)

where VpY. denotes respectively the limit of Vp° from either the positive or negative

side of XFF.

Mass redistribution potential

@' denotes the perturbation of the gravitational potential caused by the redistribution
of mass. This is the Eulerian perturbation of the Newtonian potential associated to

the field of displacement uw. We have
AP = —47GV - (p'u). (5.12)

Note that the divergence in this formula is taken in the weak sense since p° may not

be continuous across the interfaces ..
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First Piola-Kirchhoff stress and incremental Lagrangian stress

In (5.2), the first Piola-Kirchhoff stress tensor, TTX! satisfies
TPKN Z AT . Yy
where AT is the modified stiffness tensor defined by
ATj = S+ Thds (5.13)

with T° the initial static stress appearing in (5.6) and S € L(X) is the stiffness
tensor coming from the linearization of the constitutive function. The stiffness tensor

possesses the classical symmetries [41]
Zijkl = Sjikl = Zijlk = Sklij (5.14)

On the other hand, the first Piola-Kirchhoff stress tensor TVX! is not symmetric.
We also mention the perturbation of Lagrangian stressi, T"!, related to the First

Piola-Kirchhoff stress by a first-order approximation
T ~ TP 4 70 (V)T = TV - u) =TT : Va, (5.15)

where

zjkl Az]kl + T30 — T)0n- (5.16)

Following the discussion in [41, Section 3.6.2], one can introduce the alternate repre-

sentations,
AT =i+ a(T50w + T65) + (1 + ) T8 + b(T0 + T8 + THou),

I =Ty + (a — DTk + aThoy) + (1+b)(Th85 + Th0x) + b(T985 + THou).

(5.17)
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Each choice of scalars a, b defines a possible tensor I' possessing the symmetries (5.14).
E in (5.13) is the elastic tensor with a = b = 0, which is also the choice of [162].

Another choice adopted by [38] is a = %, b= —%, which renders T independent of

p° = —1tr(T°). We use I to denote from now on this choice of elasticity tensor (that
is, with a = —b = %) so that the modified stiffness tensor is given by
AL =D+ 2000 + TH0i; + T0n — Th0u — T9dj — Thd),
(5.18)
T =Taw + 5(=T0w + Ty + Thdu + Tjdu — T — Tjdu)-
Now, the definition of an isotropic solid given in [41] is of the form
L = (A= 210) 6500 + 1 (0051 + 6:05), (5.19)

where A is the isentropic incompressibility (or bulk modulus) and p is the rigidity (or
shear modulus). In the fluid regions €, I is isotropic and the rigidity is identically
zero so we have

Fijkl - )\ 5ij5kl~ (520)

Using (5.20) and the relationship between =j;; and I, which can be found by

equating the right hand sides of (5.13) and (5.18), we obtain

Perfect fluid QF : Eijkl = —pO (6,-j6kl — 5jk5il — 5ik6jl) —+ /\5ij5kl
(5.21)
= p0(7 — 1)0;01 + p05¢k5j1 + p05jk5ila
where 7 is the adiabatic index of the fluid. Using (5.21) we also find that in the fluid

regions

TEEY = )0y = 1)8,5(V - u) + p°(Va);. (5.22)

Boundary conditions

The equations of motion (5.2) are accompanied by linearized kinematic, dynamic and

gravitational conditions on the boundaries and interfaces X U X% U XFF U XFS. The
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discussion here follows partly from [41, Section 3.4] although we will use [162] for the
dynamic boundary condition along ¥ which is (5.26). We also comment that the
boundaries are required to have at least C* regularity.

We recall that the jump across a boundary between two regions Q= and Q1 will
be written as [[u ﬂ := ut — u~ where v is the unit normal oriented from Q= to QF.
Along ¥ we chose the unit normal v that points from 2, to g, so in this case
Qg is QF and Q, is Q. On the earth’s free surface, X, v will denote the outward

pointing unit normal.

1. The Kinematic Boundary Conditions require that there is no slip along the

welded solid-solid interfaces, which means that
[u]] =0 across %, (5.23)

Along the fluid-solid and fluid-fluid interfaces, tangential slip is allowed but it
is required that there is no separation or interpenetration [41]. This is assured

by the linearized continuity condition
[u-v] =0 across £" = 2" U X", (5.24)
We call this the first-order tangential slip condition.

2. The Dynamic Boundary Conditions require that juxtaposed particles on either
side of a welded or solid-solid boundary at time ¢ = 0 must remain juxtaposed

[41]. This condition can be written in terms of TV%' and T as
[[V STPKL ﬂ = [[1/ .Y ﬂ =0, across X%,
On the outer free surface dX

v T =0. (5.25)
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To model the case in which there is an applied traction force at the surface, the
right hand side of (5.25) can be made nonzero although we will not consider this
here. Along > and ¥*F, since there may be tangential slip, juxtaposed particles
on either side of the boundary need not remain juxtaposed after deformation.
However, it is required that there is no shear traction along ¥* = ¥*F UX". To

model this requirement we use the condition
[v- 7" = oV 0 [[u])) — W [[u] (5.26)

where V- is the surface divergence and W is the Weingarten operator for the
surface (see [50, Appendix A]. Meanwhile, by taking (5.15) into (5.26), and with

zero deviatoric stress 7° at all surface involving fluid ¥, we can obatin
[v-T"] =0, across &" =X Uy (5.27)

We comment that (5.26) corresponds precisely with formula (3.81) in [41]. Fur-
thermore, [41] includes an extra condition at the fluid-solid boundary given by
[41, Formula (3.82)]. It can be checked that this extra condition is automatically

satisfied when Zj;i; takes the form (5.21) in the fluid region.

3. Gravitational Boundary Conditions: The following continuity conditions are

satisfied on all X U X8 U XFF U ©FS,

[2']

v Vo' +47Gp’(u - v ]

0,

0.

For a summary of all the boundary conditions including the conditions (5.23) to (5.25)

and the traction continuity condition at the boundaries (5.9) see table 5.1.



Table 5.1 : Linearized Boundary Conditions satisfied by w and T°

Boundary Type

Linearized Boundary Conditions

164

Earth’s free surface, X

v-T'=0; v- T" =0; v-T""' =0

Solid - Solid, °°

[v-1] =0 [T =0
w77 =0 ] =0

Fluid involved interface,

¥ = NPT U B

[v-T =0: [w-T"] =05 [v-u] =0

All boundaries and interfaces

OX U XSS U XFF (U YFs
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5.2.2 Equivalent weak formulations

Since it is not always possible to obtain a classical solution, one must explore various
notions of a weak solution. Coercivity is the crucial ingredient in any approach to
proving existence and uniqueness of weak, or classical, solutions of (5.2). We thus
briefly review the concept of coercivity. Let H and F be Hilbert spaces with £ — H
a dense and continuous embedding, and E’ be the Banach dual of E. A continuous
sesquilinear form a over E x F is said to be E coercive relative to H if there exist

co > 0 and cg € R so that
a(u,u) > collvlfy = collvllzy, ¥ veE.

This definition also carries over to the unbounded operator A defined on the triple

(E, H,a), which corresponds to a(+,-) in the sense that
(a+cp)(u,w) = (A+cs L)u,w),, . . Yu,we E,

where (-, ) g is the duality paring between E’ and E. By [45, Theorem XVII.3.3],
if coercivity of A holds, then A is the infinitesimal generator of a semigroup of class
C° in H. From this result, [10] gives the well-posedness for the Cauchy problem
u+ Au = f, u(0) = g. This is called the semi-group approach, which is also useful in
the proof of convergence of the discretized problem in section 5.5.2. In the following
sections, we define proper spaces in which the coercivity of the bilinear form in the
weak formulation related to the problem (5.2) with boundary conditions in table 5.1

can be obtained.
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Definition of space
We define the following weighted L? Hilbert space with inner product

/ Plul?dQ < oo} :
X

o 0
"" Dl _ .
(u,'w) (%ig) / pou - wdS
X

LQ(X;pO) = {u € LQ(X)?’
(5.28)

For Q a bounded domain with Lipschitz boudary 0f), denote by v the outward unit

normal on 0€2, and we define the following Hilbert space with innter product

div —Iu 2003V - u 2
H™(Q) :={u e L*(Q)?V-ueL’Q)} (5.29)

(w, 'w)Hdiv(Q) ::(“»w)ﬁ(g) +(V-u, V. w)L2(Q)

H™(Q, L*(09) = {u € L*(Q)*|V - u € L*(Q), uloa - v € L*(0Q) } (5.30)

(u, w) Hiv(0,L2(9)) =(u, w)L?(Q) +(V-u, V- w)L2(Q) + (ulae, w|89)L2(aQ)
We can then define the following space E equipped with inner product (-, -) g as follows

( (

ulo, € H' ()3,

E=<Suc LQ(X;pO) P4 ulg, € HdiV(QF, Lz(aQF)), ; ( )
5.31

[[l/ . uﬂ =0 along X U X"

0 ( J
(u, w)p = (ulag, wlas) g1 oq) + (Ulox, w|QF)Hdiv(QF7L2(EFFU8)~(F)) :

Based on [162, Proposition 14, p.104], E is a separable Hilbert space which is dense in

L*(X; p°), and the injective inclusion of E into L2(X; p°) is continuous. As a result,

we have the setting of a Hilbert triple
E < L}(X;p") — F',

where each space is continuously, densely and injectively embedded in the next, de-

noted by <.
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Equivalent weak form based on TW%!

We review the weak form of the elastic-gravitational problem given by [50] as follows.

Problem 5.1

Find u € E and &' € H}(R?) such that

d

= ~p0(u+2ﬂxu+v¢1)-wdQ+a3(u,w):[pof-wdQ, (5.32)
X X

1

— V@l-wd9+/p0u-wdsz:o, (5.33)

47TG R3 X

az(u, w) :/ (ATO :Vu) : Vw dQ
Qs

&{(u-gh)(w- V) + o (w- go)(V - w) + p'u - (V) - g } 40

( 13 (V- (0Pw) — s u) (V- (') — 5 w) +p°N2(“'gH69)é'|‘|‘;'96)) do

{1 gw vfas - [P ] v)ds

SFF

pOG{[u-V'w‘V—(V~u)V-w}+}dE

- [ {1 1w gy} ans [ o{ g ) as.
(5.34)

for any w € E and p € H}(R?).
In the above, we denote by & a symmetrization operation for any bilinear expression
L(u,w), such that

S{L(u,w)} =5 (L(u,w) + L(w,u)),

N =

and the vector function s is defined by

0\2 ,/
5=V + (p)Tgo, (5.35)
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which is related to the Brunt-Vaisila frequency by

1
N? = —Es - go- (5.36)

The second term in (5.32) represents the induced Coriolis force, while the third term
takes into account the mass-redistribution potential, which will vanish under the
Cowling approximation. The bilinear form a3 considers the general prestress that

allows non-zero deviatoric stress within the solid region €2s. We recall that

1

a2<u7 ’lU) = Clg(u, ’U)) - R
R3

VS(u) - VS(w)dQ

corresponds to the bilinear form of same notation defined in [50, section 4], and
remark that a, and as have the same coercivity. Therefore, most results discussed in
[50] about as can be applied to ag without any issues. We also remark that a surface
term fzuaf( [[1/ (VO + 47Gp°u) ﬂ d> which has been generated from integration by

parts in (5.33) vanishes, based on the last boundary condition in table 5.1.

Equivalent weak form based on T"!
We combine (5.35) and (5.36) with (5.34), which yields
asz(u,w) = / (AT : V) : Ve dQ +/ AV -u)(V-w)dQ
QS QF

- | &{(w-gh)w- Vi) + i) (T w0) ' (V) - gy} e

—/Q (po(w - 90)(V - u) +p"(u - go)(V - w) + Qo(u-g())(w-g'o)) dQ

(5.37)
/ESS { U gO )}dz /EFF [[poﬂ U'I/)(’u)-y)dz
+/EFSPOG u-Vw-v— (v }dz
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with ¢° := (g} - V°)/llg |*. We remark the following integration by parts using the

boundary conditions in table 5.1
/Qse{<u-g'o><w-w0>}d9:
—/QSpOG{w-Vu-g{ﬁ—'w-Vgg-u+(u'96)<v'w)}d9
- [ e{lTw-gpw )}
- [l @ g mfas s [ e{dwgiw n}as

(5.38)
On the other hand, based on (5.11),
| sl -gpw-miic= [ &{u-gi)w v)}as
X oX3 (5.39)
[ P v v)as,
and based on (5.6) and (5.18),
/ (AT : V) : Ve dQ
:/ ((F:Vu):Vw+§(T0-Vu—Vu-T0):Vw)dQ
Qs
+ [ S((V-w)T’ = (Vu)" - T°) : Vw { dQ
bt } o

:/ (1% Vu — Vu - 7°) : Vw d
Qg
—l—/ 6{(u-Vp0)(V~w)—(u-VTO):Vw—i—pou-Vw-g’O}dQ
Qg

[ re{w ¥ w) —u (Vw)vfas

The boundary continuities at solid-solid interfaces (listed in Table 5.1) indicate that

all surface terms on Y vanish when conducting integration by parts in the above



equation (see also [18, section 4.4.4]), and the second equality is derived by
| e{@uriou) - @u)15 0w} ag
Qs
=- / & {ui (DT (Bsw) — wlO5TH) (Biwy) } A2
S
0 0 +
»FS
= | &{ o) orm;) — w0 @) + prslape(0n) o
S
+ / pOG{ViUi(aij’) — Vjui(&-wj)} d>.
»FS
Substituting (5.38) — (5.40) from (5.37) yields a new bilinear form

az(u, w) =: /QS(I‘:VU):V'wdQ+/Q AV -u)(V-w)dQ

F

2

+ /Q Lr0 (Vu- (V)T — (Var)T - Vaw) A2
_|_/Q 6{u~(V-TO)(V'W)—(’U/'VTO>va}dQ

+/ p06{u Vg w+u-dev(Vw) -g{]} dQ
Qg

170

(5.41)

[ (5w gh) (V) + P ) w0) + e i) w0 7)) 49

+ /EFS G{po‘(u+ .g())(w . 1/)} d>x —/ HPO H (96 V)(u-v)(w-v)dE

YFF

+/6XF,00<93-u)(u-v)(w-u)dz.

(5.42)

Indeed, az(u,w) is equivalent to as(w,w) within the space of E, due to the enforce-

ment of [[u . uﬂ = 0 along XF = XFF U X5,

Weak formulation of first order system

We introduce the strain tensor E := Vu in the solid domain €2, and the incremental

pressure P := A\(V -u) in the fluid domain as a scalar variable. With the definition of
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space F, it is clear that E € L?(Qg)**3 and P € L*(Q:). We combine the variables
as

qg=(u,E, P o' (5.43)
and introduce the space of solution for q as follows
E:=F x L*(Q)** x L*() x H(R?), (5.44)
with the inner product

(qvp)g = (’U,7 w)E + (Ea H)L2(QS) + (Pa Q)L2(QF) + (V¢17 V¢)L2(R3)u

for all q := (u,E,P, @1)T and p := (w,H,Q,cp)T ef.

(5.45)

We introduce a bilinear form
b(-,-): ExE—=C,
and reformulate Problem 5.1 as follows.

Problem 5.2
Find q = (u, E, P, ®")T € &£ that satisfy

d

T pu wdQ+/

zpo(ﬂxu)-wd9+b(q,p):/pof-wd(z, (5.46)
X X

for any p = (w, H,Q, o)’ € &, where

b(q.p) := as(u, )+/<a/ (E—Vu): (T: H)dQ—i—/@/ (P— AV -u)QdQ

Qf

1

+— (V@ (Vo) dQ—I—/p wdQ+/( Qu) - (V) dQ.
4G X X

(5.47)

In the following theorem, we show the coercivity of b(-,-) in the space &.
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Theorem 5.1

With the assumptions listed in [50, Theorem 5.7], there exist ¢4, cg, ¢, > 0 such that

2 2 2 2 2
b(q.q) = calullp + Cn(HE ||L2(QS)||P ”L2(QF)Hv¢1 HL2(R3)) — cpllu ||L2()2;p)7

(5.48)
Vq := (u,E, P, oY) c €.
Proof 5.1 We assume the upper and lower bound on the coefficients
C, < <C Cr<T<Cr Gy <N < Cs (5.49)

Using Young’s inequality, (5.47) yields
Cr :

Ha.9) > as(u,w) + £(Cr = 5S) 1B [y, + 11 = 0 [P e
1 2 Cr 2
+ Sﬂ.GHV(‘ﬁl HLQ(RS) o R%HVU HL2(QS)

*

2 * 2

Based on the coercivity of ag following [50, Theorem 5.7], it is clear that by choosing

— K

sufficiently small § and x, the theorem holds.

Problem 5.2 can also be written in the following equivalent form, which highlights

the relavence to the conventional first-order wave equations.

Problem 5.5

Find q := (u, E, P, ®')T € £ that satisfy (5.46), namely

d pou-wdQ+/

2,00(Q><u)-wdQ+b(q,p):/pof-wdQ,
dt Jx X X

for any p := (w, H,Q, )" € £, where
b(q,p) =W (u,E, P, ¢ ; w) +W(u,E; lyx](w, H))

(5.50)
+0°(u, E, P, &' ; w) + W (u,P; Lkl(w,Q)) +Y(u, ' ; ¢),



with the linear maps defined by
QH“(u,E,P, ol w) :—/ (T': E): Vwd
Qs
+/ pOV¢1~wdQ—i—/ 17" E—-E-7°%: VwdQ
Qg Qg
+/ 6{u- (V-7)(V-w)— (u-V7°): Vw}dQ
Qg
+/ po("){u Vo w+ u-dev(Vw) -g{)} dQ
Qs

+/EFSG{p°—<u+-gs><w-u>}d2,

W (u,E; H) = E:HdQ—/ (Vau) : HdQ,
Qg Qg
W (u,E, P, o' ; w):= P(v-w)dQ+/ P’V o wdQ
QF QF

_/Q zp06{<u.gg><v-w>}dg_/ o (u- go)(w - gj)dQ

Qp

- [ 1PN ol v v as+ [ fevu:

oxX

W(u, P ; Q) ;:/Q A‘lPQdQ—/Q (V- u)Qde,

@(u, ot gp) = ﬁ RS(V(Pl) (V) dQ + /X(pou) (V) dQ

ls|k|(w, H) ::]_":(/QH— Vw) — %(7-0 .V — Vaw - 7_0)

[k (w, Q) == )\(HQ -V w)
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(5.51a)

(5.51b)

v)(w-v)dy,

(5.51c)

(5.51d)

(5.51e)

(5.51f)

(5.51g)
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Problem 5.2 and 5.3 equivalently consider the complete acousto-elastic self-gravitational
system of the rotating Earth. Nevertheless, we remark some simplifications that are
commonly applied in practice.

The prestress tensor T is non-determinant based on (5.7), and a hydrostatic as-
sumption can be applied by extensively using the equations (5.8) in the whole domain

0 vanishes and Vp° = —p°gj, is sat-

of X. In other words, the deviatoric initial stress 7
isfied everywhere. With this assumption, Problem 5.2 is simplified by omitting terms
containing 7°, namely the second and third lines of ds in (5.42). Another approxi-
mation that is usually applied independently is the non-rotating earth assumption,
in which the Coriolis term 2p°(€2 x 41) is removed from (5.46), and the field of geopo-
tentiala gj is replaced everywhere in (5.42) or in (5.51a,c) by the initial gravitational
field g, := V@', A third independent simplification is the so-called “Cowling” ap-
proximation, in which the impact of mass-redistribution potential is omitted. One
removes the V&' term from b(-,-), namely the second line of (5.47), and eliminates
the coupling with Poisson’s equation on an infinite domain within this approximation.
Finally, a non-gravitating and non-rotating approximation can be applied upon the
simplifications mentioned above, by furthermore assuming g = 0 in b(+, -), which also
indicates that T° = 0 due to the maximum principle of Poisson’s equation. This final

simplification corresponds to the widely implemented high-frequency approximation

of seismic wave modelling, for example in [177].
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5.3 The boundary integral method for the mass-redistribution

potential

In this section, we discuss the solution to (5.12) or equivalently (5.33) for the mass-
redistribution potential @', while the solution to (5.4) for ¢°, the gravitational po-
tential of the reference state, takes the same manner.

We use the boundary integral method, also known as the layer potential method, to
eliminate the solution in the complement of a bounded subset. We conduct a domain
decomposition by introducing a ball B ry with sufficiently large radius R such that
X C Bo,r), and that XN 0B,r) = (). In other words, a thin complementary layer
is appended between X and the ball sphere 0B(,r), denoted by ¢ = B g \)~(
(see Figure 5.2.1). Without causing ambiguity, we use the notation B to represent
B(o,r), and denote B° = R3 \ B. We denote the outer normal direction of 9B as

n_:l':

= H,Va: € 0B. The “internal” and “external” solutions of the the original problem

(5.33) is coupled via a Robin boundary condition
n- Vo +90' =f on 9B, (5.52)

with 9 a positive constant.

The external Laplacian problem

The weak formulation of the subproblem in B° can be written as

Vo' -Vepd) — / (9D —§)pdQ = 0. (5.53)

Be oB
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We use the Poisson kernal to compute the external solution, and notice that both p°

and w vanish outside X. Therefore, with integration by parts,

—47TG/
-yl yl

:4WG/p0u-(w_ )dQ+4wG/de 47rG/a LACSOPY)

|z —y3 |z — 1y % | —y|

for ¢ € B..

(5.54)

We can therefore compute the Robin boundary condition as

f@waéﬁmwn@wMM+AJWH@wwnwwmz—Awawonw@mz

for € 0B,
(5.55)
with
x,y) =4n Y —y) x _3(;c.(:c—y))(w—y)
1w =G (G o e —alP ~ Rlle ) (5.56)
o v oz (z-y)
Ty(z,y) =4 G<‘w_y‘ ,wHw_yF)'

The interior Poisson’s problem
The weak formulation of the interior problem in B can be written as

1
/V@l wd9+/pu Vedd+ — (WD — §)pdQ =0,

47G oB (5.57)

Vol p e HY(B).

We remark that the interior boundary conditions regarding ¢! and V & in Table 5.1

have already been imposed in (5.57).
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5.4 Preparation for the DG method

5.4.1 The Hilbert spaces without boundary conditions and modified trace

operator

The definition of the space E in (5.31), which includes continuous boundary conditions
over the normal component of particle velocity across fluid-solid interfaces, puts extra
restrictions on the space of test functions. The choice of a polynomial basis will be
nontrivial in this situation when implementing the DG method. We introduce an
alternative space of solutions E without implying the continuity condition on fluid-

solid and fluid-fluid interfaces, which is given as follows with an inner product

R B u|Q € Hl(Q )3,
E=S{uecl*X;p"): ’ ’ ;
ulo, € HWY (Qp, L2(0Q4)) (5.58)
(uy w)E = (U|Qs7 w|QS)H1(QS) + (U|Qpa w|QF)HdiV(QF7LQ(EFFU[))Z'F)) .
It is clear that E C E. We also introduce the space for the combination of variables
q:= (u,E, P, &"H)7" as
E:=F x L*(Q)%® x L2(Q) x H'(B), (5.59)

with the inner product

(@,P)¢ = (w,w)y + (B, H) 50 + (P, Q) 20p) + (V' V@) 28) + (1, 0) 12(08),

for all q := (u, E. P, @1)T and p := (w,H,Q,gp)T cé.
(5.60)

We consider the boundary conditions in Table 5.1 by introducing a new bilinear form
b(-,-): ExE = C,

which contains penalty terms over the jumps of normal displacements over ¥* =

YFF U XF® in the sense of trace. Before writing the formulation of b, we introduce the
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following modified trace operator, which is defined by the jump of quantities across
the interface in the sense of trace, and honors the boundary conditions in table 5.1,

with the lemma directly obtained from a general trace theorem (see also [8, 179]).

Lemma 5.1
There exist linear continous maps rgp : L2*(X7)3 — HY(Qg)3, rps @ L2(XF®)3

Hdiv(QF)r and Trp LZ(EFF)g — HdiV(QF), such that

/ re(v) HdQ:/EFS

/QF res(v) Q2 = /EFS o -v]Q ds,

[ mtwi@ao= [ [o-v]{@pas vHer@), Qeria)
' (5.61)

[v-v](v -H" v)ds,

N | —

We also denote by & : L*(X; p°) — L?(0B) a linear continuous map such that F(u) = f
with § defined by (5.55).

5.4.2 Weak formulation with interior penalty over traces

Since the boundary condition [[1/ . 'u,ﬂ = 0 along ™ U X" is not implied in test
space, some surface terms do not vanish when doing an integration by parts. We
restore these boundary terms with corresponding penalties in the system described

in Problem 5.3 which yields the following modified equations.

Problem 5.4

Find q := (u, E, P, ?')T € & that satisty

1
p u- wdQ—l—/ 20° (2 x11)- wdQ+b(q p)——— S(u)gpdE = / P f-wdQ,
X

dt < G

(5.62)
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where

l;(q,p) = Qﬁa(u,E,P, ot 'w) +Qﬁb(u,E : ls[/f]('w,H)) (5.63)
5.63
+ 920 C(u,E,P, ol w) + 2 d(u,P; ZF[R](w,Q)) —|—Qj)(u, ol gp),

for any p := (w, H,Q, )" € &, with the linear maps defined by
W (u, E, P, &' ; w) ;:/ (T: E) : VwdQ
Qs
+/ pOV@l-wdQ+/ 17" E-E-7°: VwdQ
Qg Qg
+/ G{u- (V- OV -w)— (u-V71%): V'w}dQ
Qs
+/ pOG{u -Vgi-w+ u-dev(Vw) -gg} dQ
Qs

+/EFS§(V-(F:E)+-V+P)(V'w+)d2+a/ Tor(u) : Tor(w) dQ,

Qs

(5.64a)

W (u, E; H) := ) E:HdQ—/Q (vu):H@m—/Z v-u] (v -H" -v)ds,

FS

(5.64D)

W (u, B, P, $' ; w) ::/QFP(V-w)dQ
+/QFp0V§Zi1-wdQ—/QFZ;)OG{(ugg)(V-w)}dQ
- [ ggnao s [ e{ @ gpw v
_/ZFF(QB"’)HPO(“'”)(“’"’)ﬂ dE+/aXFp0(gg-V)(u-u)('w-u)dE
_/EFS%<,,. r: E)+.V+P—)(u-w_)d2+a/ res(W) Trs(w) dQ)

Qp

o[ APH - w]as+a | rtwrw)an

Qp

(5.64c¢)
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W (u, P ; Q) ;:/

Qf

A—podQ—/ (V-u)QdQ
e (5.64d)

- [ e as- [ v-u] Q) ds

N 1 9
' )= — o) - Q Ou) - Q+— | @'pdx
(w0 ¢) = o [(V8)-(V)an+ [ () (Tppaa+ T [ @ par,

(5.64e)

and lg, I, defined in (5.51fg).

We subtract (5.64a—e) and (5.61) from (5.63), which gives

3 ! L 1y
b(q,p) = ay(u,w) + e B(Vd5 ) - (Vi) dQ

+/ pO(Vfﬁl)~wdQ+/(pUu)~(Vg0)dQ+i/ P! pdy
X X 47TG 9B

+ HX/95<E —Vu): (T': Ij;) dQ + /Qs(r L E) :rg(w)dQ

= [t (P (eH — Vw) (- o~ V- 77) ) a0

e [ (PoATw) Qa0 [ () 1 w) N30~ 7w a0
o[ POt e ra)an - [ e{p @ g w-v] oy
ra [ e rela) 42+ [ ) ) a0+ [

Qp

Ter (W) rep (W) dQ) ,
(5.65)
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where

as(u, w) = /QS(I‘:Vu):V'wdQ—l—/Q AV -u)(V-w)dQ

F

+/Q (Vu) : (%(TO-V’U}—V’U)-TO)> dQ
+/Q 6{u~(V~TO)(V-w)—(u'VTO):V'w}dQ
+/Q pOG{u-Vg6-w+u-deV(Vw)-96}019

_/Q 20 {(wg)(V - w) a2~ [ Pu-gp)(w - gi)ag

Qp

[ el gt wtas [ g [ J{w ) v) s

i /ax P (gh - v)(u-v)(w - v)dS. »

We show that Problem 5.4 is well-posed by proving the coercivity of l;(, ).

Theorem 5.2
With the assumptions listed in [50, Theorem 5.7], and sufficiently large «, there exist
Ca, C3, G > 0 such that
; . 2 4 2 2
b(g,q) > collu s + CK(HE ||L2(QS) + P ||L2(QF))
1 112 9 112 . 2
e IV g+ o9 ey — ol 567

Vq := (u, E, P, o")T € €.

Proof 5.2 We let p = g, that is, w =u, H = E,Q = P and ¢ = ¢!, in (5.65), which
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yields

I;(q, q) = as(u,u)

1 0
2l V8 Lo + 1 sy 2 [ #°(78) w2

e E:(I‘:E)dQ—n/

Qg Qs

(Vu + rep(u)) : (I‘:E)dQ+/ (T: E) : re(u)dQ

Qs

+/ rer(uw) @ (T': Vu) dQ+/ (77 Vu—Vu - 7%) : rep(u) dQ
+ K| P ||ig(QF) — KJ/Q AV w4+ res(u) + ree(u)) P dS
+/ﬂ (P_|_ AV - 'u,) (TFs(U) +TFF(U)) a0 — /EFS P (ut - gh) [['u, . I/ﬂ d¥

2 2 2
+ a(HrSF(u) HL2(QS) + [[res(u) HL?(QF) + |Irer(w) HL2(QF)>'
(5.68)
We remark that a} yields the same coercivity result as as by following the same
procedure as proof of [50, Theorem 5.7].

We consider the terms containing @', namely, the second line of (5.68), which

yields

HL2(5<) — 87G||p"u ||i2()2)

Q/pO(V@l) udQ>——HV§51 569)
X 5.69

= 87rGqu51 728 = 87GCpolw 720

For the volume integration terms within €2g, obviously with Young’s inequality
k[ E:(T:E)dQ>kCr|E |70, (5.70)
—n/ (Vu+re(u)) : (T: E)dQ > (5.71)
Qs
o (1 2 1 2 Y 2
— KCr <5||VU Iz2(0g) + EHTSF(U) Iz2(0g) + §||E ||L2(Qs)>’

. KO
/QS(F tE) i ree(u)dQ > - Crp ( [7se () ||i2(Qs) + ?HE ||i2(QS)>:

(5.72)



’ ’ 26 ( S) f! ( S) )

(5.73)

/Q L7 Vu—Vu-7°) : re(u)dQ > (5.74)
S

1 2 6 2
7 e (5 17se (@) 20y + 51V [ )

For the volume integration terms within €2z, obviously with Young’s inequality

—m/ MY -+ res(w) + e () P dQ > (5.75)
Qp 9

ya! 2 )
— KkCy <5HV ‘U ||iQ(QF) + EHTFS(U) ||i2(QF) + EHTFF(U) ||i2(QF) + é”P Hi2(QF)>7
/ (P AV - ) (s ) + re(w) A >
Qp

(5.76)
1 1 K
— (Clres@) 12y + () gy + 5 1P Iy

% 1 2 1 2 o 2
- G5 <5HTFS(U) 2oy + 5 17ew (W) 2 + 51V - ”L2(9F>)'

For the surface integration terms on "5, we use trace inequality such that

, 1
- / g [ue ] 48 = Gy (dl1u xay + 5 Ira (@) ey (577)

Summarizing (5.69)—(5.77) yields

. 3 1 v
b(a. @) = dy(uu) > VO Lo + a2 ooy

+ H(Cp - 01(5)||E ||i2(QS) + K(% - C’25)||P HiQ(QF)
K 2 K 2
= (Cs5 + Cud) [Vt 20y = (Cs5 + CeD)|IV - w12y
K 1 1
+ (Oé — 07(5 + P + 5)) [7sr () Hi?(QS)
K 1
(0= G+ 1+ 5) (@) gy + () e )

Clearly, by taking sufficiently small §, x and correspondingly sufficiently large «, the

coercivity result holds.

(5.78)
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5.5 Numerical approximation using DG method with itera-
tive coupling

We conduct a domain partitioning for X UQ° into a finite element mesh, JQe, and
denote by €2 the elements in the solid regions, by €2¢, the elements in the fluid regions,
and by €2 the elements outside the physical domain of earth while inside the extended
ball B. We also denote by X, 3., X5, X5, 25, and X the facets located on solid-
solid, fluid-fluid, fluid-solid interfaces, Earth land 9X3, ocean surface dXF and the
boundary of the extended ball OB respectively. We further denote the union of €
and (2 by Q%, the union of g, 3¢ and X5 by 3¢, and the union of X3 and X,
by X¢. The summations over elements and facets mentioned above are implied in the
discretized formulations in this section.

We denote by VP(€) the space of polynomials in € with order less than or equal

to p. We introduce the following space of polynomial solutions in the finite elements,

3
)

no

) ) ulos € (HY(Q) NVP(Q)
Br=Que (X" i) o
ulog € (H™ (05, L(%5, UTS,)) N VR(05)

(5.79)
with inner product
('LL,’UJ)Eh = (u|Q§’w|Q§)H1(Q§) + <u‘9%7w|g%)Hdiv(Q}e«*) (580)
+ (u|2%FUE%b’ w’E%FUE%b)LQ(Z%FUZ%b) ‘
We denote by
T T
qh = (uhtha Ph7 (Dfll) and ph = (wh,Hl‘mQha Qph) (581)

the array of solutions and test functions in polynomial space, and by c‘:’f the polynomial
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solution space for g, which is a subspace of £ , as

& =By < () Vi) x (2@ nvpen) x (B @) ne)),
(5.82)

with the corresponding inner product

(n:Pn)g, =(wn, wn)p, + (En, Hp) p2gg) + (P, @n) p20g)
+(V d)i, vSOh)LQ(Qc) + (‘p;lm SOh)LQ(E%)a

T T 2
for all q, := (uh,Eh, Py, @i) and p,, = ('wh, Hh,Qh,goh) € k.
(5.83)

Based on the Weierstrass approzimation theorem, U;ozl c‘:’,f is dense in &.
We also introduce the following lemmas that can be directly obtained from the

discrete trace theorem with polynomials (see also [8, 170]).

Lemma 5.2
There exist linear continous maps g : L*(3g)* — Vi, 7« L*(E5)° = Vi,

reg s L3H(3eg)? — Vi, and 5 L2(3e,)? — Vi, for

Vi, ={ B e 120"

Vi ::{P e L2(Q)

such that

/ 'I‘;s(’Uh)3thQ:/e [on]] - {{v- H, Y} dx,

e
QS SS

/TSF(vh) thQ:/e
/ﬂ (01) Qn A2 = /E

FS

/Q r(vn) QndQ = / [wn - v ] {Qn 1} 5.

FF

N |

[vn-v](v-H} -v)dx,
(5.84)
[on-v]@Qy =,

N |+



186

The linear maps r¢ are also known as “lifting operators”. We mention the trace

inequality in finite elements as follows.

Lemma 5.3
With the linear continuous maps defined in Lemma 5.1, there exist a bounded constant

C, > 0 depending on polynomial order p, such that

I

[[V " Un ﬂ H;;2(28FS)’ (5.85)
|75 (wn) ”i?(mﬁ) < Cph_l” [V un ] HL?(E;S)’

I

with h the mesh size.

vy | Hi?(z;F)’

In the following subsection, we introduce the bilinear form I;h, which is E‘,’z coercive
with respect to LQ(X’ :p°), and based on that, give an error estimate for the semidis-

cretized DG scheme.

5.5.1 The DG method with penalty flux

We introduce a DG formulation with penalty flux, where a4, is a positive constant
penalty coefficiet, that yields a semi-discretized form derived from (5.62)—(5.64) as

follows.

Problem 5.5
Find q;, := (s, Ey, P, @i)T € E? such that

d 0 .- . 1
— . Q 20°(Q . Q—— by
o er wp, - wy d 4—/e P (2 X wy) - wpd G Jy, S(up) o d

(5.86)
+ bh(qh7ph) = /Q P fp, - wy, dQ,



187
for any py, := (wy, Hy, Qn, @h)T € EP, where

Z;h(qhuph) = Qh?z(“’hrEh:PFm @fll ) wh) +QAH?L(uh7Eh ) lS["i]<wh7Hh))

+§iﬁ2(uh7Eh>Ph7 45}11 ) wh) —FQAI]Z(’U,;“P}L ) ZF[K’](whth)) +®h(uh7 Qpi ) @h))
(5.87)

with the linear operators

¢ (wp, B, Pa, O) 5 wy,) :/ (T : E,) : Vw, dQ

Qe
)
Q5

+/Q &{un- (V- 7)(V - wy) — (s~ V7°) : Vay } 0

e
S

pov¢é-whd9+/ %(TO-Eh—Eh'TO)ZV’wth

Qg

+ / pOG{uh -Vgi - wy, + uy, - dev(Vwy,) ~gg} dQ
QC

s
o
Xt

w [ fr- @By Y[ as o [ ] [w]as,

e
Z:SS

s(v- (T Eh)+-V+P}L_)(V-wZ>dE+Oéh/ v -u,]](v-w)f)ds

e
ZFS

(5.88a)

WY (un, By, ; Hy) = Eh:thQ—/ (Vuy) : Hj, dQ
" " (5.88b)

[t w] e s e [ ] (v B s
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05 (wn, Ep, Py, O} ; wy) :/Q P, (V- w),) d
“
Q
-
-,
s,

[ AR Il as e [ (e [vow]) ds

e
F

povqs,{-wth—/

5 2p06{(uh gLV - 'wh)} a0

e
F

Pl gi)wngi) a2+ | &{0" (i g v} ds

e e
F EFS

(g0 - V) [["(wn - v)(wy - v) [ dE + / P°(go - v)(un - v)(w), - v)dY

e
ZFb

%(V_(F:Eh>+,y+ph)(y.fwh)dE—Oz/ [[y.uhﬂ(u.w}:)dz

%

e
FF

e
FS

(5.88¢)
Wi(un Frs @) = [ N PL@ud2 - [ (Vw) Quag
Qe QS
F v (5.88d)
[ Avwl@ias- [ [vew] o)
ks EF
. 1 1 1 0
D (wn, P, 5 @n) == G s (VOL) - (Viop) dQ+/ (P°up) - (V) dQ
c, ’ (5.88¢)
¥
t g, e [ o] Tn] e

) = /epouh' T, A0+ /E [T {{v - wn Y} T ds — /E P (v uy) TrdS,

b

(5.88f)

and ls, Iy defined in (5.47fg).

The scalar «ay in (5.88) is a constant penalty coefficient that depends on the
mesh size [139]. We remark that the linear functions 2'i(x,y) and 13(x,y) are
defined in (5.56), which satisfy far-field approximation when | — y| is sufficiently

large. Therefore, a low-rank approximation can be used in computing the integration
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within §. Details of the matrix formulation for computing (5.88f) can be found in

section 5.6.2. Clearly, by, can be equivalently written as

/

bnlan ) = an(wnw) + s [ (T (Vanans 2 [ (o] o] ds

Y
o s, ArG s,

_'_K/(;e (Eh — V’U,h) : (F : Hh) dQ+ /Qe(F : Eh) : (’I";S(wh) —|—T;F<wh)) dQ

S S
/Qg
+/€/
Qp

e
F FS

[n]] : [[wn]] dQ + / v - ] [[ - wn ]| 402

e
2FF

(’rgs(uh) + rgp(uh)) : (I‘: (/{Hh — Vw,,) — %(‘TO -Vw;, — Vw,, - TO)> dQ2

(Ph - )\h(V . uh)) Qh dQ) — \/Qe (T:S(’U,h) + T;F<’U,h)) /\(I{Qh -V wh) d€2

G{pof(uz -g5) [[wn - v]] } dy

(5.89)

where

an(un, wy) = /Q

o,
o3

+/Q G{uh A(V-1)(V-wp) — (uy - VTY) th} dQ

e
S

+ / pOG{uh -Vgi, - wy, + uy, - dev(Vwy,) - g{)} dQ
Qe

-, e {ta) wo}ar— [ g gh)an
S tul - ghawi )}t [ Pl v v v
[ o It ) P

(T : Vuy) : Vw dQ —i—/ AV - up)(V - wp) A2

e e
S QF

(Vun) : (3(r- Ve, = Ty - 7)) 4

F QF
+ /
> E%b

e
FS

(5.90)
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5.5.2 The convergence analysis of semi-discretized system

First of all, We show that the bilinear operator Z)h is £, coercive relative to LZ(X )

within fjﬁ X éﬁ by the following theorem.

Theorem 5.3
With the assumptions given in Theorem 5.2, for sufficiently large penalty coefficient

«, there exist ¢, &5, ¢, > 0 such that

~ R 9 R ) )
bh(qh7qh) Z C:XHuh ‘|Eh + C;(HE}Z HLQ(QE) + HPh HLQ(Q%))
1 1112 79 112 N 9
+ 87TG||V¢}L HLQ(QC) + 87{GH Qsh HLQ(Z%) - Cﬁ“’u/h ||L2(Q‘;~(;p0)7 (591)

Vg, = (un, By, Py, 9;)" € é}f-

Proof 5.3 Due to the same structure of by, with b, we can follow the same procedure

of proving Theorem 5.2 and obtain

~

1 v o
bu(qn, @n) = an(wn, wp) + %vapflz ”;me) + %” P, Hi?(z%) + %H [[45}11 ] ”i%ze)

~ 2 2 2 2
+ 2 (1B I20g) + 1P Doy ) — CO (I 2y + 1V - w2y )

2
e R e 1 A 1 N [
1
m(”"'gs(uh) ||i2(Qg) + (|75 (un) ||i2(§2§) + [[ris (un) Hi?(ﬂ%) + [[rie(un) ||i2(Qg)>a

(5.92)

with d(0) > 0 depends continuously on § > 0 and C' > 0 a constant. We remark
that aj, has the same coercivity as a;. We choose sufficiently small §, and based on

Lemma 5.3, choose o > %, thus Theorem 5.3 holds.

We also remark that by, is bounded within € x &€ by the following Lemma.
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Lemma 5.4

With the assumptions given in Theorem 5.2, there exist C' > 0 such that

bn(a.p)| < Cllallg, Ipllg,. Va.pe&. (5.93)

Proof of Lemma 5.4 can be obtained following [50, Lemmab.6], and by using Trace
inequality.
We can now prove the convergence of the discretized formulation in Problem 5.5

via a semi-group approach, following [50, section 5.3|. Define

) ) ) 9
b (@n: Ph) = bn(an, Pr) + s (wn, wi) 12, 500) — m(@iv Pn)r2(sg), (5.94)

Obviously both by, and b, are Hermitian. It is also clear from Theorem 5.3 that

5 . 2 . 2 2
by (@, ar) >¢,llun ||Eh + C;(HEh ||L2(Q§) + || Py ||L2(Q%))

9
i [ (5.95)

+ 167TGH

1
+ %HVé}lLHi?(QE)

~ 2
>Clay |z,
In other words, b), is a bounded sesquilinear form on & x & and is &, coercive. We

define the following product space
Hp=H x &; H=L*Q%, 00, (5.96)
equipped with the product (-, )3 defined by

U, w1
: = (ur,w1)m + (qa, Py, - (5.97)

q; Dy
Hn

We therefore rewrite (5.86) by
d, . - . Y
qu (Uh, 'wh)H + b%(‘lh’ph ) - Clg (’U/h, 'wh)H + R(@}w @h)Lz(E%)
1

+ 2(RQ : ’l:l'hu wh>H - R(&(uh>7 gph)LQ(ZeB) = (-fh’ wh)H'

(5.98)
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We consider the true solutions ¢ = (u, E, P, #))T € £ for Problem 5.5, and the
numerical solution g, = (uy, By, Py, ®})T € é’,f, and denote by 7 the H-orthogonal

projection onto (cj}z; . We define the following quantities of error:

Eu ' =U — Up, g =0 — B}, €q: =49~ dn
€ =(1—m)u, ep:=(1~- WZ)‘I’lv €g:=(1—m)q,
Mui=Up = Tu, o=, —mel, =g, -mq,

and remark that e, = €, — n,. By projection approximation, we have ||| <
Ch?*™!|q||. To simplify the discussion, we assume that the body source, prestress
and material coefficients are piecewise constant. The numerical error is orthogonal to

the polynomial basis, that is

d,. - . v
E(Ew wh)H + b%(squph) - 023(€u7 wh)H + m(€¢7 SOh)Lg(Z%)

1

+ Q(RQ ‘ Eu, wh)H - R(g(su)v SOh)Lz(E%) =0, (5-99)

vp, = (wy, Hy, Qn, on)" € é‘}f,

We let p;, = n,, which also implies that w;, = n,, and ¢, = 74, and use &, = €, —n,

in (5.99) to obtain

d/.. 5 % .
(i + 8 () + o 1m0 ) = (ear) )

v . 1 _ ) .
= o (645a UQS)LQ(Z%) + R(S(m), %)LQ(E%) + C,B (nu, nu)H (5.100)

. 1 . s :
+ Q(RQ ’ Gu,’f]u)H - R(S(Eu)’n¢>L2(2%) + bh(eqﬂ?q)’
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In the above, we use the skew symmetry of Rq, with (RQ Ny hu) 5 = 0. Integration

over the time interval [0, ¢] yields

~

- 7 v .
||T’u ||?—[ + b%(nqﬂ?q) + m”n(p ||§/2(2%) = (eu,'r]u>H —I— bh(eq”r’q)
1 /9
+ R(Z (Eé’né)LQ(Z%) + (S(nu)7n¢)L2(E%) - (S(Gu%n@)LQ(EeB))
1t ' |
o R 0 (Z (€¢>7I¢)L2(g%) + (Mnu)ﬂb)m@%) - (S(eu)anqs)LQ(E%)) ds

t
—|—/ <é,ﬁ(7]u7'r]u)H+2(RQeuanu)H_bh(eq’nQ)>dS
0
(5.101)

We remark that § : H — L*(0B) is a linear continuous map, thus with Cauchy-

Schwartz inequality followed by Young’s inequality,
1

Using Lemma 5.4 followed by Young’s inequality,

. Cap 12 2

brlg. )| = —llallg, +9lpllg,. (5.103)
Also, Rq is bounded, thus

/ 03 2 2
(Ra-w,w), < Collullyllwlly < 5wy +dllwlly. (5.104)

The constant d in (5.102)—(5.104) can be asigned with any positive value. Using

(5.95) and (5.102)—(5.104), (5.101) therefore yields

a2 . 2 Y 2 1. 2 0,. 2  C 2 2
170 15 + €' ||mg ||, + W“% ey = g5ll€a i + 51l + 5 lleq g, +0|ng ||,

1 Y 2 ¥ 2 2 2 2 2
+ G <§||6¢ HL2(Z%) + gH"?qﬁ ”LQ(E%) +0C |y ([ + 0C [|€w [ + 5”"7@ HL?(E%))

t
5 | (316 Py + 510 Basgy + Callna s + Cullew I + 2o sy )
' éZB 2 élﬁ . 2 -2 . 2 .2 2
[ (Zhma i+ 20+ 2Callwlly + 2y + kg, + g I, ) s
(5.105)
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Reorganizing (5.105) yields

oy, . Y 2 oC 1 9 2
(1= ) 1+ @ = 0) g 3, = 25 o 1+ o (2 = 2 gy

t A A
Ci ¢ .2 (U+16) 2 Cs 2 2
S/O ((R""?"‘z)”nu”f]"‘WH'U@HL?(Z%)"‘EH"MHH‘Fanth> ds
1

1. 2 Oy 2 v 2 2
bt + Llea 3, + 2 (Dles gy + 0w )

t
9 . 9 Ci . 2 -2 : 2
" / (speglee ey + Tgllew i + Calléq I3, +2Cs e I ) ds.
(5.106)

Remark that
2 2 2 2
loan 1 < llan I+ |92 1122 ) < Cllanl3,. for @, = (un, By, Pr, 2))"

with some constant C' > 0. Therefore by choosing sufficiently small § and correspond-
ingly sufficiently large ¥, (5.106) yields
2 2

/"711, ¢ n'u, . 2 2 ¢ . 2
. <o st s (w3 + llealy, + [ leq 3, ds).
0 0

n n
q oy q Hy

(5.107)
The error estimate is then obtained by applying a modified Gronwall’s lemma [169]

as
2
T <C e 2 e |12 ) d 5.108
=¢ [€u [l + ll€q [z, + 1I€q 15, ) ds. (5.108)

n
1 Hp,

5.6 The iterative coupling method for the overall system

Here we describe the numerical implementation of Problem 5.5. To simplify the
discussion, we use backward Euler scheme to discretize the time, which can be easily

extened to higher-ordered numerical algorithms such as implicit-explicit Runge-Kutta

(IMEXRK) method [125].
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5.6.1 Time discretization and the iterative coupling scheme

We introduce the notation v, := wuy, that denotes the particle velocity, and remark

v

that ( h) € Hp, with H;, defined in (5.96). We discretize the time interval [0, 7]
qp

uniformly by 6t = -L-, with ¢, = ndt. We use the superscript notation v to

Np
indicate a time dependent variable v corresponding to ¢,. We apply the backward
Euler scheme along with an iterative coupling method within each time step (see
also [178]), for iterations & = 1,2,---, with the notation v(™* standing for the k"

iteration of the time dependent variable v corresponding to t,,. We then rewrite the

overall Problem 5.5 as follows.

Problem, 5.6
(n—1)

(n,k—1) (n.k)
' v, v - v,
Given , € Hy, and f,”’ € H, find € Hp,, such that
qdy q;, q,

1 n n 7 n
5/9 PRI -whdm/ 20°(€2 x o) - w, dQ + HM (g py)

N 1 e
+ O (g py) ~ G /. () pp A3 (5.100)
B

1 e n
=— | v, 1)-whd9+/ PF - wy A,
5t Qe Qe

w™h) Z 5t Mk | g (m-1) (5.110)
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wp,

for any € Hy, with p;, = (wh, H;, Qn, on )T, where
by,
M (g D) = an(wn, wy) + —= | (V&) - (Vi) dD
4:7TG Qe
9
+/ P (V&) - wy dQ +/ (P°ur) - (Vipn) dQ + e P} o, dY
Q?{ Q*}( e DY

—i—&/
Q

(Eh—V'u,h):(I‘:Hh)dQ—l—/i/ (Ph—)\h(V-uh))thQ

- [ e{r it g wnv] }as,
h (5.111)
and
X (@) = s [ [#] o] a5+ /Q (T B - () 7 () A9

= )+ v wn)) M@ =V wi) a2+ [P () + 15y (1) 492

e
F QF

)+ [ a2+ [ [ ] v wi ]} a2
o [ -] -] a0,

(Tgs(uh) + rgF(uh)) : (I‘: (HHh — Vuwy,) — %(TO -Vw,, — Vwy, - T0)> dQ

(5.112)

At the beginning of each time step, the unknowns are assigned with the value of
the previous step, that is, 'vl(ln’o) = 'vﬁln_l) and qgl”’o) = q%n_l). The stop criterion of
the iteration is that no significant updates are applied to the solution. For example,

at k' iteration, with

Ivgn,k:) vgln,kfl)

- <e, (5.113)
n,k n,k—
i)\
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for € some small constant, the final solution of current time step is assigned by 'vl(ln) =

vﬁj‘”“) and qﬁj‘) = qgn’k). The stability of iterative coupling can be obtained by following
the same procedure in [178, section 5], in which the contraction of iteration can be

obtained with sufficiently small time step dt .

5.6.2 The matrix formulation of the coupled problem

To compute f, := §F(uy) as defined in (5.88f), we expand T;(y;x) and T5(y;x)
with regard to the first position variable y by a set of 3-D Lagrange basis {E;}Z].V:pl
in each €% € {Qe Qe} and by a set of 2-D Lagrange basis {fe} :” in each ¢ €

{2887 FF) FS,ZQ} that 1S

Ny

Tin(¥2)],eq #D Tii@)(y),  Tiile) = Ti(yis2),

=1

y; . the i** nodal point of Q5%

Ton(y; @)| . ZT; i(y), Ts,(x) = T(¥; =),

¥¢ . the i*" nodal point of X°.

We also write the polynomial expansion of pu;, in each Q5 and 3¢ as

e

W) un(y),co ~Zp?e (y), =005, a = u(y);

P () un(y)] ey fo’e Gy, A=), ag = ().
We can therefore write f;, = §(uy,) in nodal expansion as fh($)|weze = vaz”l fele(a),
B
with

ZZ My, p9° (@5 - T +ZZ [0 N{{w - s 1} 75, (25),

"]ml e jm=l1

(5.114)
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where M;; := [,. £5¢5dQ and ]\;[l] =[5 (Z@] d¥ are volume and surface mass matri-
X
ces.

We consider the array of unknown

q:= (’Uhaqhvfh)Ta

and therefore rewrite (5.109) in matrix form,

Aq™h = BqmE=D 1 cqnD 1 F, (5.115)
with
A A A
A=| Ay An 0 (5.116)
0 0 Ass
By B 0
B=| By By 0 (5.117)
By 0 0
Chn 0 O
c=| o ¢, 0 (5.118)
0 0 0
F =(£4,0,0)". (5.119)

In the above, A;; and Cj; are block diagonal matrices, By, B2, Ba1, By are sparse ma-
trices, and Bs; is a low-rank dense matrix. One can use the structured matrices tech-
niques (e.g., HSS matrices [173, 174]) to compress Bs;, and yield N5 (’)(log(Nf)f))
computation and storage costs, with NJ5 the degree of freedom on 9B, and N, C{if the
degree of freedom in X.

We write the procedure of solving Problem 5.6 in Figure 5.6.2.
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e R
Initiate data-structure Initiate v, g,
and factorize matrices L andsetn = 1

Set v(™0) = yn=1)

(n,0) (n—1)

q =4q

and k = 1

[ Compute S(ugn’k_l)) )

using FMM

Solve (5.115) for v{™"

and qé"’k) using HSS

L multi-frontal method )

Criterion

S

Leth = k+1 |

q' = g™k

[ Letn = n+1 } 0
lyes

[ Stop }

Figure 5.6.2 : Procedure of solving Problem 5.6.
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5.7 Conclusion

Based on the analysis of the linear equations of motion for a uniformly rotating, elastic
and self-gravitating earth model, we present the weak formulation that is well-posed,
and ready for numerical implementation. We repeat the proof for the coercivity of
the coupled system, allow it in an alternative space where boundary conditions are
not enfored on test functions. We introduce penalty terms for boundary jumps in the
bilinear form as a precurser to the implementation of the DG method, and ensure
that the coercivity property gets preserved. We apply the DG method together
with the iterative coupling scheme, which allows us to compute the wave motion
and the perturbation of the geophysical potential separately using distinct numerical
techniques such as the structured matrix factorization dealing with low-rank Poisson

matrices.
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Chapter 6

Deforming a tetrahedral mesh constrainted by
shape optimization of interior polyhedral
boundaries with physics-based regularization

6.1 Introduction

We consider the recovery of an unstructured tetrahedral mesh using vertices as the
data. We develop an iterative reconstruction method derived from Hausdorff warp-
ing. This problem is motivated by a recent result in the analysis of inverse boundary
problems for the Helmholtz equation. Let the wavespeed be piecewise constant on an
unknown (unstructured) tetrahedral mesh with the values of the wavespeeds belong-
ing to a known finite set. Then the tetrahedral mesh can be stably recovered from the
Dirichlet-to-Neumann map as the data [12]. Our primary application is full-waveform
inversion (FWI) in exploration and global seismology, representing the material prop-
erties of Earth’s interior, partitioned into a tetrahedral mesh, by piecewise constant
parameters. The key contribution of this chapter is the development of an automated
framework of techniques ensuring that, in the mesh updating the conditions on the
mesh for the above mentioned result to hold remain satisfied, and of procedures for
local multi-scale refinement. The techniques are adapted from ones used in computer
vision. Following a multi-level approach, the meshes enable sparse model representa-
tions, that is, effective hierarchical compression, which is an important component in

enlarging the radii of convergence of multi-level iterative schemes [50].
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Hale [71] introduced atomic meshing for reservoir modelling constrained by seis-
mic images. Kononov et al. [97] presented a 3D mesh generator designed for seismic
problems. Rueger and Hale [142] considered meshing of wavespeed models specifi-
cally for the purpose of seismic ray tracing. For sparse representations on tetrahedral
meshes using wavelets, see the work of Dahmen and Stevenson [42]. The approach of
updating a domain partition in FWI was introduced by Shin [152]. Hinz and Brad-
ford [76] used an adaptive mesh in Ground-Penetrating-Radar reflection attenuation
tomography. Unstructured meshing has also been developed in the GOCAD research
group; for recent results and applications in remote sensing, see Caumon and Collon-
Drouaillet [25]. Unstructured meshes adapt well to geotectonic features such as fault
planes, salt domes but also sedimentary layering are naturally captured as interior
boundaries, and their shapes are optimized in the process of mesh recovery. In earlier
work [70], we introduced a comprehensive segmentation procedure to obtain triangu-
lated interior boundaries from a seismic image (or data misfit gradient) which were
then used to generate a consistent unstructured tetrahedral mesh. This procedure
can guide us to obtain an initial mesh.

Techniques of mesh deformation appear widely in CFD problems, where interfaces
are driven by the physical laws of fluid dynamics (see, for example, Cristini et al.
[37]), and in biomedical imaging, where the surface shape is governed by cortical
surface data obtained from magnetic resonance imaging (as in Dassi et al. [44]). For
surface mesh deformation and quality control, we refer to the generalized Lagrangian
gradient flows on discretized surfaces developed by Eckstein et al. [57], which depend
on the choice of functional with multiple options of inner-product spaces. We also
mention surface meshing techniques, such as Delaunay triangulation, surface mesh

simplification [62, 78, 77, 119, 85, 44] and topology optimization [3].
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Variational approaches, to which our procedure belongs, include constrained De-
launay tetrahedralization [151], and advancing front methods [147]. The Delaunay
method reveals hidden deficiencies in tetrahedral meshes by generating flat sliver
tetrahedral elements with squeezed volumes [150]. A sliver removal technique can
be found in [33]. The advancing front methods conform with interfaces, but gener-
ate tetrahedra with quality depending on the shape [113]. Also, these methods face
challenges when a near-contact surface mesh appears, which occurs frequently in our
application. Furthermore, we mention the body-centered cubic meshing technique
based on level sets [159] as a candidate remeshing tool, with desired quality control
and boundary matching.

We study problems in which a target mesh, which we view as the “true” domain
partition, is given. This domain partition is typically sufficiently fine to capture the
structure of Earth’s subsurface. The shapes of the unstructured meshes are governed
by the relevant vertices, which are regarded as the “data” in the recovery. We start
the iterative reconstruction with an initial mesh. This mesh can be quite dissimilar
from the target mesh, and is not required to have either the same number of vertices,
or a similar number of facets. The initial mesh is typically coarse. The misfit or energy
functional is derived from an approximation of the Hausdorff distance [31]. Indeed,
the Hausdorff distance appears in the Lipschitz stability estimate for the inverse
boundary value problem mentioned above. We incorporate a multi-level approach
with local refinement facilitating a gradual growth of the number of tetrahedra. A
direct deformation for updating typically leads to the (unpredictable) generation of ill-
conditioned elements and hidden deficiencies such as an artificial change in topology.
To mitigate these complications, we constrain our mesh updating by updating a set

of interior boundaries. We invoke the following techniques: the non-uniform mesh
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refinement, the local mesh coarsening, the mesh warping, and the level set method.
The surrounding mesh deformation is then regularized based on elastic deformation.
Thus we preserve the mesh quality and above mentioned conditions.

The outline of this chapter is as follows. In Section 2, we introduce unstructured
tetrahedral meshes and polyhedral interior boundaries and state our key assumptions
which are essentially related to quality control. In Section 3 we introduce the pseudo-
Hausdorff distance, the energy functional and its Gateaux derivative. In Section 4
we introduce the constraining interior boundary shape optimization. We discuss the
multi-level, multi-scale refinement and the simplification approach for local element
modification in Section 5. The key components of our algorithm are given in Sec-
tion 6, namely the optimization of mesh quality metrics. We present computational

experiments in Section 7.

6.2 Unstructured tetrahedral mesh with interior polyhedral

boundaries

We consider a bounded domain € segmented and partitioned into subdomains {{;},

Q
Ny
J=1

which are connected sets of tetrahedra: Q; = |J 7;, where T denotes a tetrahedron.
We also define the following notation: 7 as a triangular facet or surface element, £
as an edge and V as a vertex (or its location). To ensure proper behaviors during

deformation, we make the following assumptions for a valid regular tetrahedral mesh:

e the boundary for each subdomain o0 is a triangulated two-dimensional mani-

fold;
e no tetrahedron may have all four vertices on the boundary; and

e no interior edge may connect two boundary nodes.
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Any two distinct tetrahedra in a regular volume mesh have one of four possible types
of relations. They are either isolated, or share a common vertex, a common edge
or a common facet. We distinguish the last relation as neighbouring (or adjacent)
tetrahedra.

We also denote the interior boundaries {fz}, each is a manifold containing all
P

triangle facets that belong to two distinct subdomains as I, = UN

;2 7. In other

words, an interior interface is the intersection of two adjacent subdomains Qil and
Qiz, that is IA“Z = Qil N QiQ. For each triangle 7; € f‘i, there exists exactly one pair of
tetrahedra 7;, € Q;, and T, € Q;, such that 7; = T;, N'T;,. Three types of relations
exist for two distinct triangles in each I, they are either isolated, or share a common
vertex or a common edge. In the last case, we will say the triangles are neighbouring
(or adjacent). We also say an edge is adjacent to a tetrahedron or a triangle if it is one
of its edges. To ensure a properly behaved surface, we propose the self-nonintersecting

assumptions:
e 1o triangles may intersect with each other in all boundaries {fz}, and

e no edge may be adjacent to more than two triangles in each boundary surface

Based on these assumptions, we immediately obtain the relationship between the
total number of triangles (NI7), the total number of edges (Ng ") and the number of

boundary edges (V. gf, which can be zero if I; is closed), as
3N = 2Ng* — NZ*. (6.1)

Violating this relation indicates that topological changes occur to I during mesh

evolution. We consider the inverse problem of recovery of a tetrahedral mesh with
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the vertices of the true mesh as the “data”. Our reconstruction scheme is derived
from Hausdorff warping. We begin with introducing an unstructured tetrahedral
mesh () = U, (); with interior boundaries I' = U, ;. We denote the set of vertices
contained in ) as {Vj}ﬁ}l. We describe the mesh deformation, that is, evolution in
the iterative reconstruction by the motion of vertices. This motion is represented by

a piecewise linear vector field, that is,  + tv(x). Such a vector field is defined by

b(@) =) v;¢;(x)
J
with linear interpolating basis functions ¢; satisfying >, ¢;(z) = 1. Thus
o(V;) = v;

and the motion at each vertex, V;, is given by V; +tv;, j =1,2,--- ,Nf}. We write

0
V= {vj}jy:"l. We obtain the inner product
(@, 9)g = UT MOV,
where M is the symmetric positive definite mass matrix

k_]3><3/¢j ¢k .’B, jakzluza'”7N§27 (62)

with I343 the three-by-three identity matrix. Note that M is sparse, but not diago-
nal. A classical approximation, simplifying computations considerably with limited
accuracy loss, is to use mass lumping which turns M 2 into a diagonal matrix M Q,
where M f; is the volume of j* Voronoi dual cell times I5.3. We define the analogous
deformation of polyhedral interior boundaries, with the vertices on each surface [ as

P e
{V; };-V:"l, and the corresponding lumped diagonal mass matrix denoted by M7,
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6.3 Energy functional derived from the Hausdorff distance

The energy functional to be minimized is a measure of dissimilarity between the evolv-
ing mesh and a target mesh. This measure is based on the Hausdorff distance. We
use a differentiable approximation of the well-known Hausdorff distance, as proposed

in Charpiat et al. (2005) [31].

6.3.1 Pseudo-Hausdorff distance and similarity measure

We consider a shape warping problem from a candidate tetrahedral mesh to a given
target mesh. We define the distance function from a spatial point « to a subset (or
shape) €; as

dg,(x) = inf |x —y| = inf d(z,y), Q #0 (6.3)

ye ye;

where d(z,y) is the [?(R3) distance between two spatial locations & and y. Concern-
ing the distance functions, these are Lipschitz continuous with a Lipschitz constant
equal to 1. Consequently, the distance functions are differentiable almost everywhere
and the magnitudes of their gradients, when they exist, are less than or equal to 1.
If we assume that 2, )5 are contained in a bounded set D, we can introduce the

similarity measure which is the C'(D) norm of the difference of distance functions,

oo = [lda, = do, [leq) = sup lda, (@) = dg, (@) (6.4)

This measure is defined on equivalence classes of sets. The corresponding topology
is equivalent to the one induced by the standard Hausdorff metric. In Equation (6.4)
one can replace the C'(D) norm by the W1?(D) norm defining a complete metric
structure, since the set of Cy(D) distance functions is closed in W2(D).

We now consider the Hausdorff distance betweeen two meshes Ql and Qg, which
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is given by Eckstein et al. (2007) [57]:

P (1, Q) = max (max min [|V; — Vi ||, max min [|V; — Vi || (6.5)

V; Q1 Vi €Qo VieQa Ve >

We introduce smooth approximations of the Hausdorff distance, between two meshes

1

NQl 2a

~ A A R _
(S0, ) = Y Z f + —Q ZM&Q g : (6.6)

NV Jj= NV k=1

In the above
;o
fi= Qs ZM&Z(d(VJaVk)Q‘FEQ) %
Ny? =1

ZMQl Vj, Vk)2 + 62)7047

with € > 0 small. To prove that the above expression converges to the Hausdorft
distance between the two meshes when the sampling of the two meshes increases and
a — 00, we can follow the continuous proof of Charpiat et al. (2005). Here, it is used

that

| o
L, (ﬁgf?) = EnS
The energy functional regarding the target mesh QT and evolving mesh Q is then
chosen to be
() = $om(Q, Q7). (6.8)
6.3.2 Gradient flow

In general, one models the space of admissible deformations as an inner product space

(F, (s,»)). If there exists a deformation field w € F such that

Yo e F : 6E[Q)(v) = (u,v)p,
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then w is called the gradient of £ relative to the inner product. Here, we let F' = L2.

We obtain the gradient
o€

N (-1 Ye
w(vy) = (%) 55 (69)
where
85 . A A 8p7.[
in which

Opu(Q,00) Mpma
’ — Q,Qf) +¢)t-2 § : MY (f:2 %), (6.11
v, (P (€2, Q1) + NQNST 2 ijvk 2a+2 My, (f;~ 4+ 9,7), (6.11)

with f; and g, defined in (6.7).

The complexity of computing the Hausdorff distance or its gradient is can be
prohibitive when using large datasets. In practice, we restrict the sums in f; and g; to
only the e-nearest neighbor pairs (found in constant time using a uniform partitioning
of the domain), without a noticeable loss of accuracy. The use of multi-resolution is
natural in the iterative reconstruction and also reduces the computational cost.

The L? gradient descent follows to be chosen along the negative gradient

dy;
th = —u(V))

- (1) 2. 9N G2

(6.12)

with which the vertices evolve in the steepest direction of reducing the energy.

6.3.3 Interior boundary only recovery

We consider here a single polyhedral interior boundary or interface ;. The velocity
v is then defined on ;. Again, we consider an energy derived from the Hausdorff

distance, replacing € by I';. We redefine the mass matrix as the inner product of
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basis functions ¢;(v), now on [; instead of 2, as
M = 13x3/ ¢j(@)pr(x) d,  j k=1,2,--- Ny, (6.13)
r;

and lumped to diagonal matrix MTi. The corresponding L? gradient descent has the

same form as in the case of volumetric meshes obtained in (6.12)

de ~ T t a R
—L = — (M) (0 TH 55, vy e T, (6.14)
dt Jj v,
in which
2a
pu(Ds, T N TZ kkzgk ; (6.15)
NV j=1 VZ k=1
rf
1 ~ft e o
Ji =55 D My (d(V;, V) + )7, (6.16)
Nvl k=1
E, Z AV, V)P + ), vy ey, Vel (6.17)
NV Jj=1
and

" tf

(D) _ o bty gz M SN Vim Vi e o
oy, P TIHO NPJJVJE*;d(v;,vl)za+2Mkk<fa‘ +9i7)- (6.18)

We interpolate the piecewise linear gradient flow as

Vi) =3 i) (6.19)

J

We write the linearized shape deformation scheme based on (6.14) as
Vi=V, —tV(V), j=12---,Ny, (6.20)

with ¢ some proper step size, which can be adaptively obtained using a backtracking

line search for each deformation step.
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6.4 Interior boundaries: topological optimization with regu-

larization

There are some practical challenges for minimizing the volume based Hausdorff dis-
tance or related objective functionals. The complexity for computing ﬁH(Q, QT) is
(’)(Ng X NST), which is significant for large scale 3D models or greatly refined models
in later iterations. Moreover, moving the vertices in the volume mesh directly with-
out proper regularization can result in a severely distorted tetrahedral mesh with a
large number of poor-quality elements. We alternatively conduct the interior bound-
ary recovery by deriving similar energy functionals and gradients based on interior
surfaces I', and use the level sets and finite element method based on physical laws

as regularization for the evolution of volume mesh.

6.4.1 Levels sets enabling repicking of interior boundaries

A level set is an implicit representation for a subdomain and its boundary (Sussman
et al. (1994) [156]). Since we have explicit representation of interior boundaries as
surface mesh, we do not need the level sets everywhere. We only adopt it for topo-
logical change problems, which can be challenging for purely mesh-based techniques,
while can be naturally dealt with by level set methods. We use more general level
sets rather than the standard signed distance function (eg. Osher & Fedkiw, (2003)
[122]), defined as piecewise linear distributions based on the tetrahedral mesh for each

subdomain 2; as

bi(x) = wavj)qﬁj(w), (6.21)
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where
1, xeQ
Yile) =49 -1, xeQ - (6.22)
0, T € 8@,

and the basis function ¢ is defined in Section 6.2. In our approach, the mesh defor-
mation is driven by the gradient flow on vertices and physics constraints. The level
set is not regarded as a motivator for mesh deformation any more, but a “domain
identifier” to determine whether each node is inside or outside the subdomain Qi, or
on the interior boundary. The update of the level sets follows the mesh evolution
by updating the values of ;(};) on some of the vertices V; in the neighbourhood of
interior boundary, and reinterpolating into the whole space by (6.21).

We describe the updating from 1;(V;) to the new level set ¢(V;) as follows. For
each tetrahedron 7, we denote the centeroid 7. We find the map from each facet 7
in the neighbourhood of interior boundary to two tetrahedra Ty, and 7y,. We then
let

VEV;) =0, forany V; € 1 = Tp, N Tg, if @/A)z(mnl)@/;z(mEQ) <0.

Otherwise,

~

Vi(V;) = sign(¢i(xr,)), for any V; € Ty.

Thus the updated level set
Pla) =) v V)s().
J

This process is conducted at the end of each deformation step for repick the interior
boundary surface from the deformed volume mesh. An example is demonstrated
in lower dimension in Fig. 6.4.1 where the piecewise linear level set is defined and

updated along with mesh deformation and modification. We discuss this “feed-back”
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2 4 6 8 10 2 4 6 8 10
(A) (B)
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4 0
2 -1
2 4 6 8 10

(©)

Figure 6.4.1 : Demonstration of polyhedra-based piecewise linear level sets in two-
dimension: (A) level sets based on mesh; (B) updated level sets after mesh deforma-
tion by vertex movement; (C) updated level sets after edge collapse, with contacting
topology change. The red lines highlight the subdomain boundaries.

mechanism from volume mesh to surface mesh in details for dealing with topological

change in Subsections 6.6.1 and 6.6.2.

6.4.2 Elastic-deformation based regularization

We outfit our mesh with a deformable model based on the finite element method. An
alternative method based on masses and springs is discussed in Teran et al. (2005)
[159]. The two techniques differ in how the external forces are computed, but both

have equilibrium positions that try to maintain high quality tetrahedra.
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We discretize the equations of continuum mechanics with the finite element method.
The equations of elasticity are a more natural and more flexible way of encoding a
quasi-material response to distortion. In discretized finite element form, they re-
sist the three-dimensional distortion of elements. A big advantage of finite element
techniques over mass spring networks is the versatility provided by the framework.

To discretize these constitutive models, we use finite elements with linear basis
functions in each tetrahedron. The displacement of material is a linear function of
the tetrahedron’s four nodes. From the nodal locations and velocities we obtain the
Jacobian of this linear mapping and its derivative, and use them to compute the
partical displacements on the nodes. A detailed matrix formulation of the finite
element method for the linear elasticity deformation problem is presented in 6.4.3.
When the displacement vector w; is obtianed from (6.28), we conduct a one-time

redistribution for the interior node locations via
V]t = Vj + UI(VJ').

This process provides necessary regularization on the deformation of interiors of each
subdomain and ensures that its volume mesh exactly conforms its deformed boundary.
One can obtain optimal redistribution of interior nodes via replacing the boundary
condition of (6.24) by Neumann (force) boundary condition (as in Teran et al. [159])
and apply an iterative scheme, which is not necessary and can be overwhelmed by

the mesh quality optimization presented in Section 6.6.

6.4.3 Energy of elastic volume deformation and elliptic BVP

We consider a bounded subdomain partitioned into tetrahedral elements, and we

denote its boundaries by [ for the interior boundary and BY) \ ' as the external
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boundary. The elastic material is represented by Lamé parameters A and p. We

denote the vector field u as the particle displacement, and let

e=1(Vu+Vu")

be the strain. Based on Hooke’s law, the elastic stress tensor is obtained as
o= ATr(e) + 2pue.

The energy of deformation is defined (see Fuchs et al. (2009) [60]):

E(u) = /Q (A(Z €i1)” + 24 Z e§k> do. (6.23)

jk=1
Since
o — l(a“i %)
=
J 2 awj 8:1:1 ’

we have the stationary equation

IE 0 [ /0
—A— y 2 = .,

8Ui 8IZ (]Zl 8”) * a ; (8@8 k)

0 2 Ou; LI 0%y,
=\ 7 ! = 0.
x; ( 0@) * ,uz ((%i * &Bi&vk) 0
j=1 k=1

The deformation only occurs on interior boundaries, and the external boundary re-

(6.24)

mains fixed. We obtain the boundary conditions from the gradient flow (6.19) over

the interior boundary surfaces, as a Dirichlet condition

Ulper =, Ulpepanr =0,

where

A

f=aV(x), xel,

following (6.20). We derive the weak form of Equation 6.24 by introducing a test

function w in L2(f2) and taking advantage of the homogeneous Dirichlet boundary
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condition of u,

3 3
— = 0. 2
AZ(axj’ﬁx)JrM;(@xi+6xk’8xk) ! (629

We discretize Eq. 6.25 into finite element space in 3D, obtaining the matrix formula-

tion:
LK1 + (Koo + Kss) MK + Ky AK13 4+ pKs Uy 0
MK + Ko LKoo + (K1 + Ks3) AKas 4 K30 up | =10
AK31 + K3 AK 3o + 11K o3 BEK 33+ p(K11 + Ka2) us 0
(6.26)

where M is the mass matrix defined in (6.2) for €,
Ky — /Q Vor(z) ® Vo, () da, (6.27)
and [ = X 4 2u is the P-wave modulus. We rewrite Eq. 6.26 as
Au = 0.

We note that that K;; = K,

thus the global matrix A is symmetric. We divide
u into w; and upg, which denote for the particle displacement of interior points and
points contained in 8(2, respectively. We split A correspondingly and include the

boundary condition described in Eq. 6.24 by Lagrange multiplier w), which yields

ABB ABI I up 0
AIB AII 0 Uy = 0 ) (628)
I 0 0 Uy g
where g = , and I is identity matrics.
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Figure 6.5.2 : Demonstration of triangulated surface refinement, with (A) the original
surface mesh, (B) the locally refined mesh, and (C) the globally refined mesh.

6.5 Multi-scale, multi-level refinement

A local/global refinement algorithm is crucial for the adaptive evolution of an un-
structured mesh. We propose a multi-level approach during mesh evolution. Within
each level, a local refining approach is applied for the purpose of mesh quality control.
When approaching the next level, a global mesh refinement is conducted in which all
edges are divided uniformly into two by adding new center nodes. Examples of local
and global refinement can be found in Fig. 6.5.2. We adaptively conduct the local and
global refinements on both the surface mesh and volume mesh, whenever an increase

of resolution is required.

6.5.1 Surface mesh refinement based on edge spliting

In terms of mesh refinements for both triangulated surface and tetrahedral volume
meshes, we define the notions of edge split following the work in Hoppe et al. (1993)
[77], as is shown in Fig. 6.5.3. A split operation on edge £(V;,V;) adds a new vertex
Vi on the center of the edge (V; + V;), and divides all the elements (triangles in

surface mesh, and tetrahedra in volume mesh) into smaller elements, and the per-
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> B &
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edge collapse original edge split | edge collapse original edge split

(A) (B)

Figure 6.5.3 : Illustration of edge split and collapse for (A) triangulated surface, and
(B) tetrahedral volume mesh.

Figure 6.5.4 : Three valid patterns for triangle refinement.

mutation of vertices for each new element remains the same as the original elements.
The adjacency graph of the mesh changes after each split or collapse operation. We
implement our refining and coarsening algorithm for both surface and volume mesh
based on these two primary operations. Our refinement approach is a one-time oper-
ation, that is, all edges that match the refining criterion will be picked out and split
simultaneously. A trivial penalty can be applied by placing an upper bound [2'** on
edge length in order to find low-sampled areas. The refinement over each triangle fol-
lows the three given patterns listed in Fig. 6.5.4, dividing the triangle into two, three
or four pieces. We note that the second division has a mirror symmetric pattern, and

the choice between the two is determined by the interior angles of the triangle.
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QDDA

Figure 6.5.5 : Five valid patterns for triangle refinement. The second type of division
is only allowed in joint refinement with interior boundary surfaces; the last one cor-
responds to the “red” refinement procedure and the remaining patterns are denoted
as “green” refinements by Teran et al. (2005) [159]

6.5.2 Non-uniform tetrahedra refinements

We propose a joint algorithm for refining the tetrahedral mesh coherently with the
interior boundary surfaces. Similar to the operation for the surface mesh, the refine-
ment over the volume mesh is conducted via edge splitting. We allow five types of
tetrahedral dividing patterns as is shown in Fig. 6.5.5. The second type of division
can only be conducted jointly with the interior boundary triangular element refine-
ment, as it can easily damage the topology by generating a non-conforming mesh (see
Fig. 6.5.6). The remaining four patterns correspond to the red and green hierarchical
refinements discribed in Teran et al. (2005) [159], which regularly (red) refines any
tetrahedron where more resolution is required, and then irregularly (green) refines
tetrahedra to restore the mesh to a valid simplicial complex. Instead of a one-time
operation as surface refinements, the volume mesh refining process may require several

iterations, depending on the complexity of adjacency graph of refinable tetrahedra.
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Figure 6.5.6 : Demonstration of topological change generated by non-conforming
refinement.

6.5.3 Local coarsening: counter-action to the refinement

The general mesh deformation procedure not only generates low-resolution areas that
require refinement, but also over-sampled regions where elements are squeezed with
tiny volumes or areas. These regions can be predicted by the result of finite-element
based regularization, as they usually come with large compression stress. A one-way
mesh refinement scheme can hardly remedy this problem. We introduce the counter-
action to the refinement as the local coarsening that simplifies the unstructured mesh
representation by removing undesired vertices. The operation is conducted by edge
collapse [77], as in Fig. 6.5.3, where the edge £(V;,V;) is removed by collapses V;
and V; into intermediate node Vj, with all elements connected to £(V;,V;) vanishing.
This operation can cause topological distortion such as inverted triangles (Fig. 6.5.7).
For a surface mesh the topology disordering can be quickly detected by Equation 6.1,
and we can fix the topology by removing the flipped triangle facets (e.g., T} in Fig.
6.5.7(B)). For the volume mesh we check the disordering of mesh topology using the

similar equation regarding the total number of tetrahedra NTQ, the total number of
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Figure 6.5.7 : Demonstration of inverted triangles generated by edge collapse, in
triangulated surface mesh from (A) to (B), and in tetrahedral volume mesh from (C)
to (D).

triangular facets NTQ and the number of boundary triangles Ng as

ANG = 2N® — N2 (6.29)

6.6 Optimization of mesh quality metrics

Considering the stability of mesh deformation iterations, the tetrahedra in a parti-
tioned domain are required to be non-degenerate. In particular, there exist positive

numbers e, 31, and r; such that for each tetrahedron in the mesh,

e the edge lengths are greater than ey,
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e the internal angles of triangular facets are greater than 3, and
e the insphere radius is greater than ry.

We also invoke a mesh quality estimate for the triangulated surface [’ with the exis-

tance of positive numbers d;, a;, and o; such that for each 7; in f,
e the length of edges are greater than dj,
e the internal angles are greater than oy, and
e the area is greater than a.

We note that the area of a triangle can be a negative value, determined by the per-
mutation of three vertices. As an additional step, alternating with physics-based
regularization, we directly optimize mesh quality metrics, based on the above as-
sumptions. The procedure is conducted via joint refinement-coarsening operations,
depending on the type of bad elements we are going to remove. The triangular sur-
face can be well regularized by penalizing the edges. We remove the edges with tiny
length or opposite to small interior angles. For a tetrahedral mesh we describe three
types of bad elements, based on edges’ length and facet interior angles, demonstrated

in Fig. 6.6.8. Each of them requires a different type of treatment:
e Type 1: tetrahedra with short edges are dealt with by edge collapse;

e Type 2: tetrahedra with no short edges but small inter-facet angles are refined

into two elements, both become Type 1 and are eliminated by edge collapse;

e Type 3: tetrahedra with no short edges or small inter-facet angles are refined
into four elements, all of which become Type 1 and are eliminated by edge

collapse.
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Type 1 Type 2 Type 3

Figure 6.6.8 : Demonstration of poor-quality tetrahedra with high circumscribed
radius / subscribed radius ratio, with: Type 1: one or more short edges; Type 2:
no short edges but small interior angles in facets; and Type 3: no short edges or
small inter-facet angles. The blue balls are inscribed shperes of the three tetrahedra.
The modified mesh after edge collapse is listed below each case, where poor-quality
tetrahedra become facets.

For the edge-collapse operation, removable short edges can be collapsed simultane-
ously as long as they are isolated from each other, that is, any two of they neither
share a common vertex, nor belong to the same tetrahedron. Such a simultaneous
operation is far more efficient than conducting each edge removal sequentially.

The mesh quality control coincides with topological corrections. Conventional

techniques usually have difficulty dealing with topological optimization problems in
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the absence of smoothness assumptions. We introduce a feed-back mechanism in
joint volume and surface mesh evolution, with the connection provided by level sets.
We discuss two particular types of topological change: subdomain contacting and

break-up.

6.6.1 Near-contacting prediction and topology correction

With the absence of smoothness or convexity assumptions in our study, we seek
reasonable alternative penalty conditions for the stability of mesh evolution. A non-
oscillating assumption is applied, which indicates that we can find a sufficiently large
lower bound for the dihedral angle of two adjacent facets, which, on the other hand,
provides a regularization for the quality of tetrahedral volume mesh. With this as-
sumption, we define “bad” edges as ones with small dihedral angles, which we aim
to remove. This approach is essential, and it is efficient to predict and prevent the
occurrence of artificial topological changes beforehand rather than fix them after they
appear. One such situation is a convexity artifact. When an actual local topology is
convex while the current mesh is locally non-convex, an intersection is likely to occur
in next deformation steps, especially with refinement. Meanwhile, we would like to
preserve the non-convexity for locally non-convex regions. The local convexity of the
current mesh can be determined by the dihedral angle between two adjacent facets,
and the true local convexity can be predicted by the direction of gradient flow. If
both the local mesh is non-convex and the out-going gradient flow occurs, we con-
duct a convexity fix as is demonstrated in Fig. 6.6.9, which is also defined as an edge
warping operation in [77]. Otherwise, an edge-removal approach will be conducted.
When an actual contacting comes with topological change, such as the formation

of a torus or a hole from a simply connected subdomain, we need to evolve the
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level sets and regenerate interior boundary surfaces. There are multiple ways of
detecting the intersection of facets [114], removing them and remeshing the hole [149]
in two-dimension manifolds. Unlike these conventional mesh optimization processes,
we evolve the surface coherently with volume mesh modification, incorporating the
piecewise linear level sets. The contacting of surfaces always comes with collapsed or
inverted volume elements. The effects that removing these poor-quality tetrahedra

might have upon the interior boundaries are listed as follows:

e the vertices” movement does not affect either the the number of triangles, or

connection of the adjacency graph;

e the local and global refinement changes the number of triangles, but does not

influence the connection of the adjacency graph;

e the local coarsening changes the number of triangles, and possibly modifies the

connection of the adjacency graph.

The third effect is considered as a feed-back of volume mesh correction to the interior
surface. As the volume elements between the two parts of approaching surface bound-
aries are squeezed and eliminated by the edge collapse operation, the basis functions
of the level set supported on these elements are also removed from the frame. New
connected facets are formed, connecting these two partial surfaces, and if the values
of the level set between the two sides of facets have the same sign, the facets are
removed from I'. This process creates a new connection between two partial surfaces,
which results in topological change in the subdomains. We repick I from the global
set of facets based on the value of the level set 1&, with its topological information if
the contaction occurs. A lower-dimentional example can be found in Fig. 6.4.1 (C),

where a surface mesh topology automatically updates after volume mesh evolution.
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(A) (B)

Figure 6.6.9 : Demonstration of convex surface restoration from original non-convex
surface (A) to convexity relaxed surface (B).

6.6.2 The break-up topology change

In break-up geometry, the triangular elements at the necking region of interior bound-
aries collapse into each other, which results in two or more sets of simply connected
triangulated surfaces, connected to each other by isolated vertices or edges. Regard-
ing the two sets of iso-surfaces connected by edges, one will violate the relation (6.1)
(See Fig. 6.6.10 as an example). When the situation described above happens, we im-
plement a marching scheme based on the adjacency graph, and distinguish triangles
in two distinct set of surfaces. In the iterations that follow, we consider the two sur-
faces separately for their deformations, as they characterize two isolated subdomains.
The break-up process also comes with the updating of level sets and the feed-back
between volume mesh and interior triangular surfaces. An artificial break-up geom-
etry automatically heals with mesh quality control in later iterations, and the valid
break-ups evolve to the actually isolated bodies (see Fig. 6.6.11).

We conclude our scheme for surface mesh evolution in Algorithm 2, and the joint

volume-surface mesh evolution in Algorithm 6.6.2.
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Algorithm 2 Surface mesh evolution
1: start with initial triangle isosurface

2: set initial [® and [2®

3: set initial stepsize

4: for level =1,2,3,--- do

5: for step =1,2,3,--- do

6: set refinement criterion as edges > [#** and call SurfRefine(nodes, trian-
gles, criterions)

7: set coarsening criterion as edges < [P and call SurfCoarsen(nodes, tri-

angles, criterions)

8: calculate gradient flow V' (V;) from (6.19)

9: Vi=V; +tV (V)

10: while not satisfying surface convexity penalty condition do

11: call SurfConvexity(nodes, triangles, V')

12: end while

13: end for

14: set refinement criterion as all edges selected and call proc(surface edge refine-
ment)

15: reduce [g"™* by factor 2

16: end for
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Figure 6.6.10 : Demonstration of an artificial topological change during surface mesh
deformation. Three simply connected triangulated surface are detected as the main
one in light blue, a collapsed one in dark gray and a closed one with only four triangles
in red.

Algorithm 3 volume mesh evolution with surface mesh
1: generate volume mesh based on initial triangle isosurface

2: for level = 1,2,3,--- do

3: for step =1,2,3,--- do

4: evolve the interior surface boundary

5: jointly refine and coarsen the tetrahedral mesh with surface mesh

6: solve the linear system (6.28) for u;

7: V; =V; +ur(V)

8: refine interior tetrahedral mesh inside each subdomain

9: simplify tetrahedral mesh inside each subdomain based on element quality

control

10: repick new interior surface boundary from piecewise linear level sets
11: end for
12: refine tetrahedral mesh along with surface edge refinement

13: end for
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Figure 6.6.11 : Demonstration of a single subdomain in (A) breaking up into two
isolated subdomains in (F). Intermediates (B) through (E) show the break-up process.
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Algorithm 4 Surface edge refinement
1: function SURFREFINE(nodes, triangles, criterions)

2: get edges information from triangles

3: find refinable edges based on refinement criterions

4: determine refinement type based on number of refinable edges within each
triangle

5: generate new nodes at the center of each refinable edge

6: pick out non-refinable triangles and save them in output triangle list

7 for refine type = 1,2,3 do

8: pick out the triangles of each refine type

9: permute the vertices and generate new triangles
10: save the new triangles in output triangle list

11: end for

12: return updated nodes and triangles

13: end function




231

Algorithm 5 Surface edge coarsening
1: function SURFCOARSEN(nodes, triangles, criterions)

2: get edges information from triangles and mark boundary vertices
3: while not satisfying termination criterions do
4: find collapsible edges based on coarsening criterion
5: pick a largest possible subset of collapsible edges, such that any two of
them are not connected to each other
6: if no collapsible edges found then
7 break the while loop
8: end if
9: for each removable edge £(V;, V) in the subset do
10: if V; is a boundary vertex while V is not then
11: replace Vj;, by V; in triangles and edges
12: else if V; is a boundary vertex while V; is not then
13: replace V; by Vj in triangles and edges
14: else
15: if both V; and Vj, are boundary vertices then
16: save V), into boundary update information
17: end if
18: change the coordinate of V; by the center point %(Vj + Vi)
19: replace Vj;, by V; in triangles and edges
20: end if
21: end for
22: update triangle and edge list
23: end while
24: return updated nodes, triangles, and boundary update information

25: end function
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Algorithm 6 Surface convexity correction

1: function SURFCONVEXITY (nodes, triangles, gradient flow V')

2: get edges information from triangles

3: initiate an empty list of irremovable edges

4: while not satisfying termination criterion do

5: find an edge £(V;, Vi) relevant to a non-convex dihedral angle while not in

the irremovable edge list

6: if no such edge found then

7: break the while loop

8: end if

9: backup the nodes and triangles

10: find the out-normal direction n of I at edge center Ve := TV + V)
11: if n(Ve)-V(Ve) < —TOL then conduct an edge warping
12: elsecollapse the edge £(V;, Vi)

13: end if

14: if topological artifact occurs then

15: restore the nodes and triangles before correction

16: add &£(V;, Vi) to irremovable edge list

17: end if

18: end while
19: refine the edges in the irremovable edge list
20: return updated nodes and triangles

21: end function
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6.7 Numerical examples

We verify our numerical scheme with two experiments. Both are relatively complex
and realistic geological models. The first one contains a single salt body with gen-
erally non-smooth shapes, and the second involves multiple subdomains and interior
boundaries interacting with each other, which require a joint deformation iterative

scheme.

6.7.1 Recovery of a single body

We use the SEG/EAGE 3D salt model as our test target. The model ranges 13.5 X
13.5 x 4.0km, and salt body is located at the center of the model and is roughly 6.0km
in diameter. We start with an ellipsoid whose center roughly overlays the center of
salt body, and run the shape optimizations for 20 iterations, in two levels with one
global refinement. We control the edge length of the surface mesh representing the
salt boundary with an upper bound of 0.6km and a lower bound of 0.06km. We
conduct a global refinement after 10 steps of deformation. The result is shown in Fig.
6.7.12. The deformation of the corresponding volume mesh is also demonstrated, in
the right column in Fig. 6.7.12, where most deformed elements are located close to
the salt body, while elements far away from the deforming surface stay unchanged.
We calculate the functional as the square of Hausdorftf distance. The decay of the

energy functional is plotted in Fig. 6.7.13.

6.7.2 Intersecting interfaces: recovery of a fault geometry

The immediate technical challenge of recovering a fault geometry is that we can
neither consider the intersecting interfaces as a single isorsurface, nor regard them

as isolated surfaces because they are governed by the intersecting line, which is as
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Figure 6.7.12 : Demonstration of SEG/EAGE 3D salt body deformation. Red color
on salt surface represents misfit to true shape.
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Figure 6.7.13 : The evolution of functional with defromation iterations for salt body.

crucial as a “boundary condition” in determing the shape. Here we present our joint
algorithm for the evolution of pairs of intersecting isosurfaces, which can properly
deal with this representational challenge and preserve the geometry.

For a particular fault geometry (see Fig. 6.7.14), we consider the intersection line
L as a separator dividing the segment layer A from the fault plane, and partitioning
the fault plane into two subplanes noted by B and C. In the joint algorithm, we
calculate the Hausdorff distance as well as the gradient flow respectively for L, A, B
and C, and update the location of their vertices separately. In the mesh modification
step, we first conduct the refinement-coarsening operation for L, and modify the
triangles attached to L in A, B and C correspondingly. Afterwards we can conduct
the refinement-coarsening for each of the subplanes by considering them separately
from each other. The previously developed edge split-collapse based algorithm can
be implemented thereafter, with the only modification that we preserve the boundary

vertices and edges for each subset of triangular surface. The volume mesh deformation
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algorithm does not change either. A numerical example is shown in Fig. 6.7.14 and

the decaying objective function in Fig. 6.7.15.

6.8 Discussion

We developed a framework for the iterative reconstruction of unstructured tetrahedral
meshes derived from Hausdorff warping. We constrain the reconstruction by shape
optimization of interior boundaries and invoke a physics based regularization. The
iterative reconstruction or evolution of the shape of interior boundaries makes, in part,
use of level sets. We choose to use elastic deformation as regularization. Alternatively,
we can connect the regularization to more general equations from geodynamics. Our
energy functional is derived from the Hausdorff distance. This distance appears in the
Lipschitz stability estimate for the recovery of a mesh representing a domain partition
for the wavespeed in the inverse boundary value problem for the Helmholtz equation.
The introduction of the associated Gateaux derivative, which is derived from the one
used in this chapter, will be part of future work. A key component of our work is
the development of procedures guaranteeing that the assumptions on the regularity

of the mesh remain satisfied during the iteration.



237

(F)

Figure 6.7.14 : Demonstration of fault geometry in (A) target shape and (B) starting
mesh. The intersecting line is denoted as L dividing the tri-intersecting subplanes A,
B and C. The evolving mesh at 10'" step and final step after 40 iterations are shown
in (C) and (D) respectively. The volume mesh of starting model and final iteration
is visualized in (E) and (F).
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Figure 6.7.15 : The evolution of functional with defromation iterations for fault
planes.
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