GENERALIZED JOINT SIGNAL REPRESENTATIONS AND OPTIMUM DETECTION

Akbar M. Sayeed Douglas L. Jones

Coordinated Science Laboratory University of Illinois 1308 W. Main Street Urbana, IL 61801^∗

ABSTRACT

Generalized joint signal representations (JSRs) extend the scope of joint time-frequency representations (TFRs) to a richer class of nonstationary signals, but their use, just as in the case of TFRs, has been primarily limited to qualitative, exploratory data analysis. To exploit their potential more fully, JSR-based statistical signal processing techniques need to be developed that can be successfully applied in real-world problems. In this paper, we present an optimal detection framework based on arbitrary generalized quadratic JSRs, thereby making it applicable in a wide variety of detection scenarios involving nonstationary stochastic signals, noise and interference. For any given class of generalized JSRs, we characterize the corresponding class of detection scenarios for which such JSRs constitute canonical detectors, and derive the corresponding JSR-based detectors. Our formulation also yields a very useful subspace-based interpretation in terms of corresponding linear JSRs that we exploit to design optimal detectors based on only partial signal information.

1. INTRODUCTION

Nonstationarity is a salient characteristic in many important signal processing scenarios. Examples include radar, sonar, speech, biological, geophysical and machine fault signals. Classical methods based on stationary spectral analysis are inadequate in such applications; new tools are needed to successfully tackle such problems.

Joint time-frequency representations (TFRs) facilitate a time-varying spectral analysis and are widely used in nonstationary signal processing [1]. However, new TFRs have been developed primarily for exploratory data analysis: that is, by using TFRs to get a visual display of the timevarying spectral energy in the signal and using this qualitative information as a starting point for further analysis/processing. Recently though, the need for detection in nonstationary scenarios has spurred interest in the use of TFRs as detectors [2, 3, 4]. However, most of the proposed techniques are ad hoc and/or do not justify the use of TFRs as detectors. Some very recent results have put TFR-based detection theory on a firm footing [5], thereby extending the use of TFRs to more quantitative application.

∗This work was supported by the Office of Naval Research under Grant No. N00014-95-1-0674, and the Schlumberger Foundation.

Fundamental to the structure of TFRs is the concept of time-frequency shifts, and this very property limits their scope to a relatively small class of nonstationary signals; qualitatively, TFRs are “well-matched” to a special, narrow class of signals. In an attempt to develop nonstationary tools well-matched to a broader class of signals, recent research in time-frequency analysis has yielded rapid progress in the development of new joint signal representations (JSRs) that analyze signals in terms of variables other than time and frequency. An important example is the affine class of joint time-scale representations (TSRs). The development is finally culminating in a fairly comprehensive theory for generalized JSRs with respect to arbitrary variables [1, 6, 7, 8].

Despite the proliferation of generalized JSRs, their development has been limited primarily to qualitative, exploratory data analysis tools. To exploit their potential more fully, JSR-based statistical signal processing techniques need to be developed that can be successfully applied to real-world problems involving random signals, noise and interference. One promising framework is that of nonstationary signal detection in the presence of noise and interference, which has received substantial attention lately; for example, in applications such as radar/sonar, engine knock detection [4] and machine health monitoring [3, 2]. Owing to the rich variety of signals involved in such applications, techniques beyond TFR-based detection are desirable.

In this paper, we present a framework for optimum detection based on any arbitrary class of generalized quadratic JSRs, thereby making it applicable in a broad class of nonstationary detection scenarios. Since such JSR-based detectors are canonical for detecting signals that have undergone certain unitary transformations, a covariance-based theory^1 for generalized JSRs is the appropriate vehicle for characterizing such detectors. We adopt the development of [8] because of its simplicity^2 and provide a brief review in the next section. In Section 3, we describe the JSR-based detection theory: for any arbitrary class of covariance-based JSRs, we characterize the corresponding class of detection scenarios for which such JSRs form canonical detectors, and also explicitly characterize the JSR-based detectors. A useful

1Based on the covariance of JSRs to certain unitary transformations.

2We note that a covariance-based theory is also developed in [7] but it involves a complicated remapping of coordinates that is unnecessary from a detection viewpoint.

To appear in Proc. ICASSP-96, May 7-10, Atlanta, GA 1 © IEEE 1996 subspace-based interpretation of the detectors in described in Section 4, and concluding remarks are provided in Section 5.

2. COVARIANCE-BASED JSRS

Consider a parameter set G ⊂ IR^2 and a family of unitary operators {U_{(a,b)}}, (a, b) ∈ IR^2, defined on L^2(IR); that is, ⟨U_{(a,b)}s, U_{(a,b)}s⟩ = ⟨s, s⟩ for all s ∈ L^2(IR) and for all (a, b) ∈ IR^2. The two “coordinates” a and b represent the variables of interest, and, in a covariance-based approach, we are interested in all bilinear JSRs, with respect to the variables a and b, that are “covariant” to the unitary operator U_{(a,b)}. For example, TFRs from Cohen’s class are covariant to the time-frequency shift operator TμFν , where (Tμs)(t) = s(t − μ) and (Fνs)(t) = e^{−j2πνt}s(t), and the TSRs from the affine class are covariant to the time-scale shift operator TμDc, where (Dcs)(t) =^1√_c s(t/c). Under fairly natural assumptions, the family U_{(a,b)} must form a group under composition [8]; that is, the parameter set G is a group with the group operation • defined by [8]

U_{(a,b)}U_{(a}0_{,b}0_) = U_{(a,b)•(a}0_{,b}0_) (within a phase factor). (1)

The appropriate covariance relation, then, is the group operation; that is, the JSRs satisfy [8]

(PU_{(a}0_{,b}0_)s)(a, b) = (Ps)((a^′, b^′)^{−1} • (a, b)) , (2)

for all (a, b), (a^′, b^′) ∈ G, where the JSR is denoted by the operator P. All quadratic JSRs that satisfy (2) can be simply characterized as [8] (Ps)(a, b; Φ) = ⟨ΦU_{(a,b)}�1 s, U_{(a,b)}�1 s⟩, (a, b) ∈ G, (3) where Φ : L^2(IR) → L^2(IR) is a linear operator characterizing the JSRs from the class.

3. GENERALIZED JSR-BASED DETECTION

As we mentioned in the Introduction, a covariance-based approach to generalized JSRs is the appropriate vehicle for a JSR-based detection framework. With the above characterization of covariance-based JSRs, we are now in a position to describe the JSR-based detection theory.

Consider an arbitrary family {U_{(a,b)}} of unitary operators satisfying (1) for some group G, and the corresponding class C of covariant JSRs as characterized by (3). Such a family of unitary operators could possibly model the effect of a transmission medium that produces a nondissipative signal distortion. Our objective is to characterize the class of detection scenarios for which the JSRs from C constitute canonical detectors, and also to characterize the corresponding JSR-based detectors.

Signal detection is simply a binary hypothesis testing problem:

H0 : x(t) = n(t) H1 : x(t) = as(t) + n(t) (4)

where t ∈ T , the observation interval, x is the observed signal, s is the signal to be detected, n is additive noise and a is a positive parameter that may be unknown. Based on the observed signal x, it has to be decided whether the signal is present (H1) or not (H0). The optimal decision is made by comparing a real-valued function of data, L(x), called the test statistic, to a threshold.

A key observation regarding JSR-based detectors is that they can realize a different quadratic function of the observed signal, x, at each (a, b) location. Thus, for optimal JSR-based detection, we focus on scenarios in which the optimal detector is a quadratic function of the observations. And, in order to exploit the degrees of freedom in a JSR (a different detector at each (a, b) location) we resort to composite hypothesis testing scenarios, analogous to the approach in [5].

3.1. Quadratic Detection Scenarios It is well-known that for detecting a Gaussian signal in Gaussian noise, the optimal test statistic is quadratic. Thus, we focus attention on Gaussian detection^3 and assume that both n and s are zero-mean complex Gaussian processes, independent of each other, and characterized by their correlation functions Rn(t1, t2) = E[n(t1)n^∗(t2)] and Rs(t1, t2). To exploit the degrees of freedom in JSR-based detectors, we consider composite hypothesis testing scenarios in which, under H1, the signal, s, has two parameters (α, β) that may be unknown or random: H1 : x(t) = as(t; α, β) + n(t) . (5) The idea is to associate the parameters (α, β) with the variables (a, b) of the JSR. The dependence of s(t; α, β) on (α, β) is completely characterized by the signal correlation function, which we denote by R^{(α,β)}s . We consider three important detection scenarios:

1. Arbitrary Gaussian signal in white Gaussian noise.

2. Arbitrary Gaussian signal in arbitrary Gaussian noise (deflection optimal detector).

3. Small amplitude arbitrary Gaussian signal in arbitrary Gaussian noise (locally optimal detector).

The optimal detector in all cases has the form [5, 9]^4

L(x) = max_{(α,β)} L^{(α,β)}(x) = max_{(α,β)}[⟨Q^{(α,β)}x, x⟩ + F (α, β)] , (6)

with Q^{(α,β)} given by [9]

Q^{(α,β)} =

{_1

2N0 R^{(α,β)}s (R^{(α,β)}s + N0I)^{−1} Case 1 1 2 R^{−1}_n R^{(α,β)}s R^{−1}_n Cases 2 and 3 (7) 3Although some of the detectors are also optimal, with respect to the deflection criterion, for nonGaussian signals in Gaussian noise [5].

4For a fixed value of the parameters (α, β), the optimal detector is of the form ⟨Q^{(α,β)}x, x⟩, derived from the likelihood ratio (LR). For unknown or random parameters, a generalized LR test (GLRT) is used. For unknown parameters, maximum likelihood (ML) estimates of the parameters are used in the LR. For random parameters, the optimal detector does not admit a closed-form expression in general. In such cases, we propose MAP (maximum a posteriori probability) GLRT detectors in which MAP estimates of the parameters are used (see [5, 9] for details).

and the function F (α, β) depends on the joint pdf of (α, β) in the case of random parameters.^5

3.2. Signal Dependence on Parameters Since the first term in (6) is a quadratic form, if the parameters (α, β) could be identified as the variables (a, b) of a class of JSRs, the various detectors could be easily and efficiently realized using those JSRs. How should the signal s(t; α, β) depend on the parameters (α, β) so that the optimal detector (6) can be naturally realized using JSRs from C? Not surprisingly, the answer is intimately related to the family of unitary operators {U_{(a,b)}} defining the class C. By equating the quadratic form in (6) with (3), we find that for a given class of JSRs, characterized by the unitary operator U_{(a,b)} in (3), the test statistics can be naturally realized by the JSRs if and only if the operator Q^{(α,β)} in (6) is of the form ((α, β) ↔ (a, b)).

Q^{(a,b)} = U_{(a,b)}ϕU^{−1}_{(a,b)} (8)

for some nonnegative definite linear operator ϕ.^6 Using (7), it can be verified that the form for Q^{(a,b)} in (8) translates into the following signal model:

R^{(a,b)}_s = U_{(a,b)}R0U^{−1}_{(a,b)} ⇔ s(t; a, b) = U_{(a,b)}s^{(a,b)}(t) (9)

for some correlation function operator R0, where, for each (a, b), s^{(a,b)} is any zero-mean Gaussian signal with correlation function R0.^7 In particular, s(t; a, b) could be one particular Gaussian signal (with correlation function R0), say so, unitarily transformed by U_{(a,b)}; that is, s(t; a, b) = (U_{(a,b)}so)(t). 3.3. JSR-based Optimal Detectors Substituting (9) in (7) and comparing (6) with (3), we note that the optimal detectors in all the cases, corresponding to the signal model (9) in (5), can be naturally realized using JSRs from C as

L(x) = max_{(a,b)} [(Py)(a, b; Φ) + F (a, b)] , (10)

where y = { x Case 1 R^{−1}_n x Cases 2 and 3 , (11)

the operator Φ characterizing the JSR is given by Φ = { R0(R0 + N0I)^{−1} Case 1 1 2 R0 Cases 2 and 3 , (12)

N0 is the noise power in Case 1, and the function F (a, b) is given by

F (a, b)= 0 ML : Cases 1 and 2 1 2 Trace(R^{−1}_n R^{(a,b)}s ) ML : Case 3 log p(a, b) MAP : Cases 1 and 2 log p(a, b)+ 1 2 Trace(R^{−1}_n R^{(a,b)}s ) MAP : Case 3

(13)

5Trace(·) denotes the trace of an operator (sum of eigenvalues).

6Since the test statistics are nonnegative for all (a, b). 7The operator R corresponding to a correlation function R is defined as (Rs)(t) ≡ ∫ R(t, τ)s(τ)dτ.

Thus, an arbitrary family of unitary operators {U_{(a,b)}} satisfying (1) defines, on one hand, a class of JSRs covariant to U_{(a,b)} and, on the other, a corresponding class of signal detection problems for which such JSRs form canonical detectors. Essentially, any arbitrary second-order random signal that has been transformed by U_{(a,b)}, with the parameters unknown or random, can be optimally detected via (10) by means of JSRs from the class C. In addition to the simple structure of the JSR-based detectors, we note that the (a, b) location at which the maximum occurs in (10) is actually the ML or the MAP estimate of the signal parameters (unknown or random parameters, respectively).

3.4. Example Detection framework based on the hyperbolic class [10]. The hyperbolic class is covariant to “hyperbolic timeshifts” and scale changes: U_{(a,c)} = HaDc where the hyperbolic time-shift operator, Ha, is defined in the frequency domain as (HaFs)(f) = e^{−j2πa ln(f)}(Fs)(f). Thus, the TFRs from hyperbolic class form canonical detectors for random signals transformed by U_{(a,c)}; that is, the corresponding family of spectral correlation functions is characterized as

S^{(a,c)}_s = U_{(a,c)}S0U^{−1}_{(a,c)} ⇔ S^{(a,c)}_s (f1, f2) ≡ E{(Fs(a, c))(f1)(Fs(a, c))^∗(f2)} = ∑ k cμke^{−j2πa ln(f1)}Vk(cf1)e^{j2πa ln(f2)}V^∗_k (cf2) (14)

where the μk’s are the eigenvalues and the Vk’s are the eigenfunctions (in the spectral domain) of the spectral correlation function S0. This framework should be contrasted with that presented in [11] where the detection of fixed Gaussian signals (with no unknown parameters) is equivalently formulated using the hyperbolic class, and optimal detection of hyperbolic chirps with unknown parameters is discussed. Our formulation provides optimal detection of arbitrary nonstationary random signals with unknown (or random) scale and hyperbolic time-shift parameters.

4. SUBSPACE-BASED INTERPRETATION

For a given “window” function g, the unitary operator U_{(a,b)} defines a linear JSR T via (Ts)(a, b; g) ≡ ⟨U_{(a,b)}g, s⟩ (15) which is covariant to a-b shifts (the operator U_{(a,b)}) and analyzes the joint a-b content in the signal.^8 Moreover, T is the optimal matched filter for detecting the unitarily transformed deterministic signal, g_{(a,b)} = U_{(a,b)}g, in additive Gaussian noise. Expressing the JSRs in terms of the eigenexpansion of Φ yields a structure in terms of such linear transforms:

(Py)(a, b; Φ) = ∑ k μk |(Ts)(a, b; uk)|^2 , (16)

8Generalization of the short-time Fourier transform and the wavelet transform.

where the eigenfunctions (uk’s) of Φ are the same as those of R0 and the eigenvalues (μk’s) are given by μk = {_{λk} λk+N0 Case 1

λk Cases 2 and 3

, (17)

where the λk’s are the eigenvalues of R0. The quadratic JSR detector in (16) is thus simply a weighted sum of the magnitude-squared outputs of a bank of linear a-b transforms corresponding to the eigenfunctions. This yields a subspace-based interpretation: detection of any signal is accomplished by taking a weighted (nonlinear) projection onto the subspace spanned by the eigenfunctions of the signal correlation function. If the signal correlation function is rank-1,^9 then the quadratic detector is effectively reduced to the magnitude-squared output of a linear detector (matched filter). The effect of the unknown or random parameters (a, b) is taken into account by taking their ML or MAP estimates, and then using the optimal detector corresponding to the estimated parameters.

The nonstationary structure of the signal in (9) is effectively determined by the eigenfunctions of R0. Given a set of eigenfunctions, different sets of eigenvalues generate a whole class of random signals with a similar underlying nonstationary structure.^{10} Given knowledge of the eigenfunctions,^{11} we can exploit the subspace-based interpretation to design optimal detectors for a class of random signals with different (unknown) distribution of energy in the different eigenmodes. More precisely, ML estimates of the signal eigenvalues can be incorporated into the detector structure, which, for Case 1, are given by [5]

λ̂^{(a,b)}_k (x) = max{0, |(Tx)(a, b; u_k)|^2} . (18)

For Cases 2 and 3, an energy constraint must be imposed [5] Trace(R^{(a,b)}_s ) = Trace(R0) = ∑ k λk ≤ d , (19) for some bound d > 0, under which the ML estimates for the eigenvalues for Case 2 are given by [5]

λ̃_k = { d if k = arg maxi { |(TR^{−1}_n x)(a, b; ui)| } 0 else

(20)

and those for Case 3 are [5]

λ̆_k= d if k = arg maxi { Ai = |(TR^{−1}_n x)(a, b; ui)|^2 − ⟨U_{(a,b)}ui, R^{−1}_n U_{(a,b)}ui⟩ : Ai > 0 } 0 else

(21)

These eigenvalue estimates can then be used as the combining weights for the matched-filter banks in (16) (via (17)) to realize the various optimal detectors as described by (10).

9Only one term in the eigenexpansion.

10The eigenvalues correspond to the energy in the different natural (eigen) modes of the random signal.

11Which may, for example, be available from an estimate of the signal correlation function, or, from a model for the signal eigenfunctions (such as a wavelet basis [3]).

5. CONCLUSIONS

By developing an optimal detection framework based on arbitrary covariance-based JSRs, the results of this paper facilitate the design of optimal JSR-based detection procedures for a rich variety of nonstationary scenarios. Such JSR-based detectors can be used to detect (in the presence of noise/interference) arbitrary second-order random signals that have been transformed by certain unitary transforms that may model a wide variety of nondissipative (energy preserving) signal distortions. The structure of the detectors yields a very useful subspace-based formulation that can be exploited to design optimal detectors even in situations in which partial signal information about the eigenfunctions only may be available.

REFERENCES

[1] L. Cohen, Time-Frequency Analysis, Prentice Hall, 1995.

[2] R. Rohrbaugh, “Application of time-frequency analysis to machinery condition assessment”, in Proc. 27th Asil. Conf. on Signals, Systems, and Computers, November 1993.

[3] L. Heck, “Signal processing research in automatic tool wear monitoring”, in Proc. ICASSP ’93, 1993, pp. I– 55–I–58.

[4] B. Samimy and G. Rizzoni, “Time-frequency analysis for improved detection of internal combustion engine knock”, in Proc. IEEE Int’l Symp. Time-Frequency Time-Scale Analysis, 1994, pp. 178–181.

[5] A. Sayeed and D. Jones, “Optimal quadratic detection using bilinear time-frequency and time-scale representations”, IEEE Trans. Signal Processing, December 1995.

[6] R. Baraniuk, “Marginals vs. covariance in joint distribution theory”, in Proc. ICASSP ’95, 1995, vol. 2, pp. 1021–1024.

[7] F. Hlawatsch and H. Bölcskei, “Displacementcovariant time-frequency energy distributions”, in Proc. ICASSP ’95, 1995, pp. 1025–1028.

[8] A. Sayeed and D. Jones, “A canonical covariance-based method for generalized joint signal representations”, To appear in IEEE Signal Processing Letters, 1996.

[9] A. Sayeed and D. Jones, “Optimum quadratic detection and estimation using generalized joint signal representations”, Sub. to IEEE Trans. Signal Processing.

[10] A. Papandreou, F. Hlawatsch, and G. Boudreaux- Bartels, “The hyperbolic class of time-frequency representations part I”, IEEE Trans. Signal Processing, pp. 3425–3444, December 1993.

[11] A. Papandreou, S. Kay, and G. Boudreaux-Bartels, “The use of hyperbolic time-frequency representations for optimum detection and parameter estimation of hyperbolic chirps”, in Proc. IEEE Int’l Symp. on Time- Frequency and Time-Scale Analysis, 1994, pp. 369–372.