Achievable Rates for Arbitrary Network Topologies with ‘Cheap’ Nodes

Mohammad Ali Khojastepour, Ashutosh Sabharwal, and Behnaam Aazhang Department of Electrical and Computer Engineering, Rice University 6100 Main St., MS-366, Houston, TX 77005 E-mail: {amir, ashu, aaz}@rice.edu

Abstract — In this paper, we derive achievable rates for arbitrary network topologies consisting of ‘cheap’ nodes. A node is labeled ‘cheap’ if its radio can only operate in TDD mode when transmitting and receiving in the same frequency band. Two main results are shown. The first result provides an achievable rate for the channel with either continuous alphabet or discrete channel. The second result provides the achievable rate for the Gaussian channel with average power constraint. The two results are applied to the case of Gaussian relay channel and concatenated channel with cheap nodes.

I. Introduction

Most radios used in commercial wireless systems operate in TDD mode when the transmitting and receiving frequencies are the same. Although it is possible to build the RF radios that are able to send and receive in the same frequency band, design of such radios needs precise and expensive components. Thus, we assume that the nodes of the network can either send or receive at a given time or use of the network. We label such a node radio as a cheap radio and the corresponding node of the network as a cheap node. We introduced the problem of ‘cheap’ networks in our prior work [5, 6], and addressed the capacity for the relay and concatenated channels. In this paper, we extend our results to the networks with arbitrary topologies.

In this paper, we first derive achievable rates (lower bound on the capacity) for the networks when the channel probability function is known (Theorem 1), and for the Gaussian channel networks with power constraint (Theorem 2). Then, we present applications of the results for two cases, the Gaussian cheap relay channel and multihop network with cheap nodes.

The relay channel was first defined and studied by Van der Mullen [9] for the case of three terminals (or nodes) and later considered by Cover [1, 3]. Several authors have recently considered a more complex version of relay channel [4, 11, 13] but all of the results assume the use of ‘expensive’ radios, which can send and receive at the same time in the same frequency band. This assumption is the key difference between the previous works and the results presented in this paper.

Rest of the paper is organized as follows: In section II, we derive achievable rate for the networks with arbitrary topologies. In section III, we present the application of both Theorems 1 and 2 for the Gaussian cheap relay channel considering two different cases for the power constraints. In section IV we show an application of the results in a more involved case of the multi-hop relay network with cheap nodes. Finally, we conclude with some remarks in section V.

II. General Results We consider a general multi-terminal network of senders and receivers. The network can be considered as a directed graph where each node of the network represents a potential sender or receiver (or both), and each link represents existence of a (one-way) channel between two nodes.

In accordance with the term channel use in a single discrete memoryless channel, we define network use which corresponds to the simultaneous one time use of each existing nodes of the network either as a sender or receiver. Also, in each network use, set of active links is defined as all links which are exiting from the set of sender nodes. With this definition, the above mentioned practical constraint translates to the fact that in each network use there is no active link that enters at a sender node.

We define operating state of the network as a valid partitioning of the nodes of the network into two sets of ‘sender nodes’ and ‘receiver nodes’ such that there is no active link that enters at a sender node. It is obvious that if the number of nodes in the network is finite then the number of operating states of the network of cheap nodes are finite.

Assume that there are N nodes and for every node i, X^{(i)} is the transmitted variable and Y^{(i)} is the received variable. Following the notation of [12] , the whole network channel is represented by the channel transition function or channel probability function (c.p.f.) as: P (y^{(1)}, y^{(2)}, . . . , y^{(N)}| x^{(1)}, x^{(2)}, . . . , x^{(N)}|m) which is the conditional probability density function (or mass function in the case of discrete alphabet) in state m. The input symbol X^{(i)}_k which is the transmitted signal from node i in time k (or k’th channel use) depends on W^{(ij)} ∀jϵ{1, 2, . . . , N} which is the intended message from node i to node j, and also the past values of the received signal Y^{(i)}, i.e. Y^{(i)}_1 , Y^{(i)}_2 , . . . , Y^{(i)}_{k−1}.

Without loss of generality, we assume that node 1 is the source node and node N is the final destination node. Now suppose that state of the network is a deterministic function for every network use k as mk, mkϵ{1, 2, . . . , M}, where M is the number of possible states assuming finite number of states. For any state m, define nm(k) as the number of states which is equal to m in the first k network uses. Let tm = limk−→0 nm(k)/k define the portion of the time that network have been used in state m as the total number of network use goes to infinity. Then, the following can be shown:

Theorem 1 Consider a general network with finite number of states, M, for which the sequence mk of the states of the network is known a priori to all nodes. If set of the information rates {R^m_{ij} , i, j ∈ {1, 2, . . . , N}} from node i to node j are achievable in state m given previous sequence of the states, then the rate R given by: R ≤ N∑ j=2 M∑ m=1 δ^m_{ij} R^m_{ij} (1)

is achievable from node 1 to node N, provided that: N∑ j=1,(j≠i) M∑ m=1 tmδ^m_{ji} R^m_{ji} ≤ N∑ j=1,(j≠i) M∑ m=1 tmδ^m_{ij} R^m_{ij} (2)

for all the nodes i ∈ {2, 3, . . . , N − 1}, where δ^m_{ij} = 1 iff link from node i to node j is active in the state m, otherwise δ^m_{ij} = 0.

Proof See [8].

Theorem 1 provides a general framework to find an achievable rate between a single source-destination pair of interest in an arbitrary cheap relay network. It can be used wherever the channel transition probability of the network is fixed given the state of the network as defined earlier. Thus, it is applicable to the network with continuous input alphabet (e.g. Gaussian) as well as the network with discrete input alphabet as long as the channel is memoryless and the channel transition probability is fixed for each state. In other words, it is applicable in the case of the Gaussian channel network or block fading channel network with perfect CSIT and CSIR when the average power constraint is given for each nodes per state. On the other hand the following theorem extends the result to the case where the average power constraint is given for the whole block of transmission, which is of more interest for the Gaussian channel network.

Theorem 2 Consider a Gaussian channel network with arbitrary topology and finite number of states, M, for which the sequence mk of the states of the network is known a priori to all nodes. Suppose that the average power constraint per node is given as P0, P1, . . . , PN−1 for the nodes 1, 2, . . . , N − 1. If set of the information rates {R^m_{ij} , i, j ∈ {1, 2, . . . , N}} from node i to node j are achievable in state m given previous sequence of the states, then the following rate is achievable from node 1 to node N R ≤ N∑ j=2 M∑ m=1 δ^m_{ij} R^m_{ij} (3)

provided that: N∑ j=1,(j≠i) M∑ m=1 tmδ^m_{ji} R^m_{ji} ≤ N∑ j=1,(j≠i) M∑ m=1 tmδ^m_{ij} R^m_{ij} (4)

for all the nodes i ∈ {2, 3, . . . , N − 1}, where δ^m_{ij} = 1 iff link from node i to node j is active in the state m, and

Pi = N∑ j=1,(j≠i) M∑ m=1 tmδ^m_{ij} P^m_{ij} (5)

for all the nodes i ∈ {1, 2, . . . , N − 1}, where P^m_i = ∑_N

j=1,(j≠i) P m ij is the average power constraint of node i in the state m.

Proof See [8].

Maximal achievable rate of the Theorem 1 is achieved using the optimum sequence of the network states and the corresponding values of the time sharing parameters t1, t2, . . . , tM . On the other hand, the maximal achievable rate in the Theorem 2 is achieved using joint optimization of the same parameters and power allocations P^m_{ij} for all possible values of i, j, and m.

Although results of the Theorems 1 and 2 do not provide the best possible achievable rate in general and it is sometimes possible to find a better achievable rate for some specific network topology, these results provide a lower bound for the capacity of the single sourcedestination pair in the network. It is worth mentioning that for some special cases, the derived lower bound is the exact capacity of the network. In [6], capacity of the cascaded single link channels (multi-hop) has been derived. Although it is not shown in this paper, it can be easily verified that the achievable rate of the Theorem 1 is in fact the capacity of cascaded channels.

On the other hand, apart from a very few specific cases, the problem of finding the capacity or even better achievable rate is intractable and the derived achievable rate of the Theorems 1 and 2 are the best known results. In the following sections we discuss two cases: (i) the Gaussian cheap relay channel, where a better achievable rate has been derived by means of very sophisticated coding techniques which have allowed us to fully characterize the corresponding capacity, and (ii) the Multi-hop cheap relay network, where the capacity is hard to find while Theorem 2 can give a reasonably good achievable rate in this case.

It is interesting to note that the assumption of the fluid model for the information flow in the network is not right. At the first look, the linear combination of the rates in the statement of the Theorems 1, 2 may give the impression of treating the information as such. But, close examination of the achievable rates in the each states reveals that the partial shared knowledge of the information between the nodes due to the previous transmission provide the basis of the cooperation between the nodes in the next states. In other words, the cooperation among the relay nodes results in better rates across some cut-set of the network which is contradicting the fluid model for information flow. This point would become more clear in the next section where we give more specific examples.

III. Gaussian Cheap Relay Channel Consider Gaussian relay channel of Figure 1, in which source node S wants to transmit information to the destination node D by using direct link between the node pair (S, D) as well as help of another relay node R (if it improves the achievable rate of transmission) by using link pairs (S, R) and (R, D). Furthermore assume that relay node R is a ‘cheap’ node and thus it cannot transmit and receive at the same time.

A cheap relay channel, Figure 1, consists of an input x1, a relay output y1, a relay sender x2 (which depends only on the past values of y1), and a channel output y. The channel is assumed to be memoryless. With the assumption of cheap relay node, there are two possible

Figure 1: Gaussian Relay Channel

states of operation for the cheap relay channel. The dependency of the outputs on the inputs are as follows: In state m1, relay node R acts as a receiver and thus the channel output is given by y = h1x1 + z, and the relay output is given by y1 = h0x1 +z1. In state m2, relay node functions as a transmitter and the channel output is given by y = h1x1 + h2x2 + z, where h0, h1, and h2 are channel losses and assumed to be constant, and z ∼ N(0, N) and z1 ∼ N(0, N1) are independent Gaussian noises. Suppose that we can arbitrarily choose between the states m1 and m2 in order to maximize the rate of information transfer between the source node S and destination node D. Suppose that in a total of n channel uses, the channel is used k times in the state m1, and n − k times in the state m2. We assume the following three power constraints:(i) 1 k ∑_k

i=1 x^2_{1i|m1} ≤ P0, (ii)^1_{n−k}

∑_{n−k} i=1 x^2_{1i|m2} ≤ P1, and (iii) 1 n−k ∑_{n−k}

i=1 x^2_{i|m2} ≤ P2, where x_{ji|mk} is the i’th transmitted signal from node j while the channel is used in state mk. The problem is to find the capacity of the channel between the sender S and receiver D.

Using Theorem 1 gives the following achievable rate for the channel if the channel is degraded:

R = max

0≤t,α,β≤1

t(R11 + R01) + (1 − t)R12 (6)

where (1 − t)R22 ≤ tR01, and

R11 = 1 2 log(1 + γ1(1 − α)P0 1 + γ1αP0 ) R01 = 1 2 log(1 + γ0αP0)

R12 ≤ 1 2 log(1 + γ1(1 − β)P1)

R12 + R22 ≤ 1 2 log(1 + γ1P1 + γ2P2 + 2 √ γ1γ2βP1P2)

and γi’s, i = 0, 1, 2 are defined as: γ0 =^{|h0|2}_{N1} , γ1 =^{|h1|2}_N ,

and γ2 =^{|h2|2}_N . The rates R01 and R11 are the achievable rate region of the broadcast channel in state m1 and the rate R12 and R22 are the achievable rate region of the multiple access channel in state m2.

The multiple access channel has been extensively studied and the achievable rate regions for the case of the independent sources, the correlated sources [2] and the hierarchical sources [10] have been derived. Also, the converse has been established for the independent message sources which results in the derivation of the capacity in this case. A result which may be of independent interest is that by proving the converse, we have shown that the rates R12 and R22 are the exact capacity region of multiple access channel where the node S knows the information of the node R (hierarchical case).

It is also well known that for the Gaussian degraded channel the rates R01 and R11 are exactly the capacity region. However, the capacity of the degraded Gaussian cheap relay channel is not given by the Equation (6), although the capacity region is known for both of the states. In fact, by using a more sophisticated coding technique we have shown that a higher rate than (6) is achievable for the Gaussian cheap relay channel [7] which allows us to fully determine the capacity of the degraded Gaussian cheap relay channel. Using the same notation and defined variables we have:

Theorem 3 [7] Capacity of the Gaussian degraded cheap relay channel is given by:

C = max

t,ρ, 0≤t,ρ≤1

min{t log(1 + γ0P0)+

(1 − t) log(1 + (1 − ρ^2)γ1P1), t log(1 + γ1P0)+

(1 − t) log(1 + γ1P1 + γ2P2 + 2ρ √ γ1γ2P1P2)} (7)

The reason for achieving higher rate in the Theorem 3 is that the received signal in the state m1 contains some extra information which can be deduced using joint decoding of all received signals.

In the case of the total average power constraint per nodes as E[x^2_1] ≤ P^′_1 and E[x^2] ≤ P^′_2 we can use the Theorem 2 and solve explicitly for t, which gives the achievable rate as:

R = max

0≤α,β≤1

R11R22 + R01R22 + R12R01 R22 + R01 (8) where the maximization is now subject to these power constraints:

P^′_1 =

R22P0 + R01P1 R22 + R01 (9) P^′_2 =

R01P2 R22 + R01

(10)

IV. Multi-hop Gaussian Cheap Relay Channel Consider the multi-hop Gaussian relay channel of Figure 2, in which source node S wants to transmit information to the destination node D with the help of two cheap relay nodes P and Q. It consists of an input x0, two relay outputs y1 and y2, two relay sender x1 and x2 (which depends only on the past values of y1 and y2), and a channel output y. The channel is assumed to be memoryless. Since the relay nodes are cheap, there are three possible states of operation for this network. The dependency of the outputs on the inputs are as follows: In state m1, both relay nodes P and Q act as a receiver and thus the output at node P is given by y1 = h0x0 +z1, and the relay Q output is given by y2 = h1x0 + z2. In state m2, relay node P functions as a transmitter and the other relay works as a receiver, and the received signal is given by y2 = h1x0 + h2x1 + z2. In state m3, relay node Q functions as a transmitter and the other relay works as a receiver. Then the received signal at node P

Figure 2: Multi-hop Gaussian Relay Channel

is given by y1 = h0x0 + z1, and the channel output y is given by y = h3x2 + z, where h0, h1, h2, and h3 are channel losses and assumed to be constant, and z ∼ N(0, N), z1 ∼ N(0, N1) and z2 ∼ N(0, N2) are independent Gaussian noises. Again, we suppose that we can arbitrarily choose between the states m1, m2, and m3 in order to maximize the rate of information transfer between the source node S and destination node D. Let t1, t2, and t3 represent the time proportion of being in the states m1, m2, and m3, respectively.

In the case of the total average power constraint per nodes as E[x^2_0] ≤ P1, E[x^2_1] ≤ P1, and E[x^2] ≤ P2, we can use the Theorem 2 to derive the following achievable rate for the channel, if N2 ≤ N1:

R = max

0≤t1,t2,t3,β≤1

t1(R11 + R01) + t2R12 + t3R03 (11)

Subject to three sets of constraints: (i) t3R33 ≤ t1R11 + t2(R12 + R22) t2R22 ≤ t1R01 + t3R03

(ii)

R11 = 1 2 log(1 + γ1P11 1 + γ1P01 ) R01 = 1 2 log(1 + γ0P01)

R12 ≤ 1 2 log(1 + γ1(1 − β)P12)

R12 + R22 ≤ 1 2 log(1 + γ1P12 + γ2P22 + 2 √ γ1γ2βP12P22)

R03 = 1 2 log(1 + γ0P03)

R33 = 1 2 log(1 + γ3P33)

(iii)

P1 = t1(P01 + P11) + t2P12 + t3P03 P2 = t2P22 P3 = t3P33

where γi’s, i = 0, 1, 2 are defined as: γ0 =^{|h0|2}_{N1} , γ1 =

|h1|2

N , and γ2 =^{|h2|2}_N .

The rates R01 and R11 are the achievable rate region of the broadcast channel in state m1 and the rate R12 and R22 are the achievable rate region of the multiple access channel in state m2 with hierarchical source structure and the rate R03 and R33 are the corresponding single link capacities.

V. Concluding Remarks We presented achievable rates for arbitrary network topologies with cheap nodes. Since the actual capacity is known for very limited set of network topologies, the results presented in this paper are important to obtain useful lower bounds to actual capacity for many cases of practical interest. Application of the new results were presented in the context of relay and multi-hop relay channels. It is also possible to show that the achievable rate in the Theorem 1 is good enough to find the capacity of multi-hop network with cheap nodes [6, 8].

References

[1] Thomas M. Cover, Abbas S. El Gamal: Capacity Theorems for the Relay Channel. IEEE Transactions on Information Theory, Vol-25, No.5, pp. 572–584, September. (1979) [2] Thomas M. Cover, Abbas S. El Gamal, Masoud Salehi:

Multiple Access Channel with Arbitrarily Correlated Sources, IEEE Transactions on Information Theory, Vol- 26, No.6, pp. 648–657, November. (1980) [3] Thomas M. Cover, Joy A Thomas: Elements of Information Theory. John Wiley and Sons, Inc., New York (1991) [4] Michael Gastpar, Martin Vetterli: On the Capacity of Wireless Networks: The Relay Case. (2002) [5] M.A. Khojastepour, A. Sabharwal, B. Aazhang: Bounds on Achievable Rates for General Multi-terminal Networks with Practical Constraints, 2nd International Workshop on Information Processing in Sensor Networks (IPSA ’03), Pale Alto, California, USA, April (2003) [6] M.A. Khojastepour, A. Sabharwal, B. Aazhang: On the Capacity of ‘Cheap’ Relay Networks. 37th Annual Conference on Information Sciences and Systems, Baltimore, Maryland, March 12-14 (2003) [7] M.A. Khojastepour, A. Sabharwal, B. Aazhang: On Capacity of Gaussian ‘Cheap’ Relay Channel. Submitted to IEEE 2003 Global Communications Conference (Globecom-2003), December 1-5, San Francisco, CA, (2003) [8] M.A. Khojastepour, A. Sabharwal, B. Aazhang: Wireless Networks with ‘Cheap’ Nodes: Achievable Rates and Capacity Theorems. To be submitted to the IEEE Trans. on Information Theory [9] E. C. van der Meulen: Three-terminal communication channels, In: Adv. Appl. Prob., vol. 3, pp. 120-154, (197l) [10] V. Prelov: Transmission Over a Multiple-Access Channel with a Special Source Hierarchy. Problems of Information Transmission, Vol 20, pp 3-10, (1984) [11] A. Reznik, S.R. Kulkarni, S. Verdu: Capacity and Optimal Resource Allocation in the Degraded Gaussian Relay Channel with Multiple Relays, In: 40th Allerton Conference on Communication, Control, and Computing, September (2002) [12] Jacob Wolfowitz : Coding Theorems of Information Theory. 3rd edn. Springer-Verlog, Berlin Heidelberg New York (1978) [13] L. Xie, P.R. Kumar: A network information Theory for Wireless Communication: Scaling Laws and Optimal Operation, Submitted to the IEEE Trans. on Information Theory, April (2002)