INTEGRAL TRANSFORMS COVARIANT TO UNITARY OPERATORS AND THEIR IMPLICATIONS FOR JOINT SIGNAL REPRESENTATIONS

Akbar M. Sayeed, Student Member, IEEE, and Douglas L. Jones, Member, IEEE^∗

Coordinated Science Laboratory University of Illinois at Urbana–Champaign 1308 West Main Street Urbana, IL 61801

akbar@csl.uiuc.edu, tel: (217) 244-6384 d-jones@csl.uiuc.edu, tel: (217) 244-6823

Fax: (217) 244-1642

To appear in the IEEE Transactions on Signal Processing, June 1996.

Abstract

Fundamental to the theory of joint signal representations is the idea of associating a variable, such as time or frequency, with an operator, a concept borrowed from quantum mechanics. Each variable can be associated with a Hermitian operator, or equivalently and consistently, as we show, with a parameterized unitary operator. It is well-known that the eigenfunctions of the unitary operator define a signal representation which is invariant to the effect of the unitary operator on the signal, and is hence useful when such changes in the signal are to be ignored. However, for detection or estimation of such changes, a signal representation covariant to them is needed. Using well-known results in functional analysis, we show that there always exists a translationally covariant representation; that is, an application of the operator produces a corresponding translation in the representation. This is a generalization of a recent result in which a transform covariant to dilations is presented.

Using Stone’s theorem, the “covariant” transform naturally leads to the definition of another, unique, dual parameterized unitary operator. This notion of duality, which we make precise, has important implications for joint distributions of arbitrary variables and their interpretation. In particular, joint distributions of dual variables are structurally equivalent to Cohen’s class of time-frequency representations, and our development shows that, for two variables, the Hermitian and unitary operator correspondences can be used consistently and interchangeably if and only if the variables are dual.

∗This work was supported by the National Science Foundation under Grant No. MIP 90-12747, the Joint Services Electronics Program under Grant No. N00014-90-J-1270, and the Schlumberger Foundation.

1 Introduction

Time-frequency analysis provides a very useful framework for the analysis and processing of signals whose characteristics change with time [1]. Time-frequency representations (TFRs), one of the main tools of timefrequency analysis, map the one-dimensional signal onto the two-dimensional time-frequency plane, and provide a measure of the signal energy at a particular time and frequency. Thus, in a sense, (bilinear) TFRs are a distribution of the signal energy as a function of time and frequency. However, the strict interpretation as distributions is not correct, since they are not always non-negative [1].

Many theoretical results in time-frequency analysis depend on associating an operator with a variable such as time or frequency, a concept borrowed from quantum mechanics. Traditionally, variables have been associated with Hermitian (self-adjoint) operators. For example, Cohen’s Class of TFRs [1, 2, 3] was derived using the “characteristic function operator” method, by associating time and frequency with the Hermitian operators T and F, respectively, defined as [1, 2]^1 (T s)(t) = ts(t) ↔ (T S)(f) = i 2π Ṡ(f) , (1) (Fs)(t) = − i 2π ṡ(t) ↔ (FS)(f) = fS(f) , (2) where ṡ(t) =^d_{dt} s(t) and S(f) is the Fourier transform of s. Cohen’s method uses the fact that the characteristic function of a TFR (distribution), being an average, can be directly computed from the signal, and then the TFR can be obtained from the characteristic function. More precisely, let P_s(t, f) be a TFR of the signal s. The characteristic function M_s(θ, τ) is defined as M_s(θ, τ) = ∫ ∫ P_s(t, f)e^{i2πθt}e^{i2πτ f} dtdf ; (3) that is, it is the average value of e^{i(2πθt+2πτ f )} as a function of (θ, τ). P_s can then be recovered as P_s(t, f) = ∫ ∫ M_s(θ, τ)e^{−i2πθt}e^{−i2πτ f} dθdτ . (4) The key observation is that M_s can be directly computed from s as [1, 3] M_s(θ, τ) = ∫ s^∗(t)(M(θ, τ)s)(t)dt , (5) where M(θ, τ) is a “characteristic function operator” [1, 3], an example being M(θ, τ) = e^{i2πθT +i2πτ F} , which is a function of the time and frequency operators corresponding to the function e^{i2πθt+i2πτ f} of time and frequency variables.^2 However, since the operators T and F do not commute, there are an infinitely many ways to associate an operator with the function e^{i2πθt+i2πτ f} [1]. Thus, correspondingly, infinitely many TFRs (Cohen’s class) can be obtained via (4), which were originally characterized in [3].

Recently, Cohen extended his method to joint distributions of arbitrary variables [1, 10, 11], spurred by interest in variables like scale that was inspired by the wavelet transform [12] and the affine class of time-scale representations [13].^3 Such generalized joint signal representations in terms of arbitrary variables

1Cohen originally used the (radian) frequency operator W = −id/dt.

2The procedure of associating functions of classical variables with operators, commonly referred to as “quantization” in physics, is fundamental to the distributional approach just described. An important quantization rule was first proposed by H. Weyl [4] for functions of position and momentum, which is essentially equivalent to associating the function e^{j2π(θt+τf)} with the operator e^{j2π(θT +τF)}. As one of the reviewers pointed out, the extension of Weyl correspondence to an arbitrary number of variables has been investigated extensively in mathematics and physics such as in [5, 6, 7, 8, 9].

3Cohen’s generalized method for two arbitrary variables, say a and b, uses the same recipe as outlined above for time and frequency [1]: replace T and F with the new operators A and B in (4) and (5).

extend the scope of time-frequency analysis to a richer class of nonstationary signals. Baraniuk proposed a distributional approach based on group theoretic arguments [14] that was shown to be equivalent to Cohen’s generalized method in [15]. Although other covariance-based generalizations have also been proposed recently [16, 17], our primary interest in this paper is in Cohen’s distributional approach [1, 10] (the results apply to Baraniuk’s approach [14] too, by virtue of the equivalence results of [15]; see also footnote 6).

The recent developments in the theory for joint distributions of arbitrary variables have raised many fundamental issues which need to be addressed in a general setting. For example, although variables have been associated with both Hermitian (Cohen’s method) and unitary (Baraniuk’s approach) operators, the relationship between the two correspondences, though of fundamental importance, has not been adequately addressed in existing treatments.^4 Similarly, the notion of covariance of joint distributions to certain unitary transformations is critical from the viewpoint of optimal signal detection based on joint distributions [19, 20, 21]. Although such properties are naturally characterized in covariance-based generalizations of joint signal representations [16, 17], they are neither guaranteed nor easily characterized in Cohen’s distributional method [1, 10]. Baraniuk’s approach [14] partly addresses such issues in a group theoretic setting and [15] relates them to Cohen’s method and bridges some of the gaps. Some related results are presented in [22] in the case when the variables belong to a 2d group. The lack of clear understanding of these issues from a time-frequency viewpoint has resulted in some confusion, as we will elaborate later in the paper. Using wellknown results in functional analysis and the theory of group representations, such issues can be addressed precisely and we do so in this paper. Starting with a brief background on operator correspondences, we now specifically discuss the issues addressed in this paper.

A fundamental and important property of the TFRs defined via (4) is that they are covariant to time and frequency shifts. That is, if we define the time-shift operator T_μ as

(T_μs)(t) = s(t − μ) , (6)

and the frequency-shift operator F_ν as

(F_ν s)(t) = e^{−i2πνt}s(t) , then (7) P_{TμFν s}(t, f) = P_{Fν Tμ s}(t, f) = P_s(t − μ, f + ν) . (8) Note that that there is no coupling between the two shifts; a time-shift in the signal results in a corresponding time-shift in the TFR, leaving the frequency dependence unchanged, and similarly for frequency-shifts. The shift operators T_μ and F_ν are actually related to T and F as [1]

T_μ = e^{−i2πμF} and F_ν = e^{−i2πνT} . (9)

Thus, the variables time and frequency are dual in the sense that the time-shift operator T_μ is an exponentiated version of the frequency operator F, and the frequency-shift operator F_ν is an exponentiated version of the time operator T . In Section 5, using well-known results in functional analysis, we will make this notion of duality precise for arbitrary variables.^5

As we will see, by Stone’s theorem [24], the Hermitian operators T and F can be recovered from the shift operators F_ν and T_μ, respectively. Thus, we can equivalently associate the variables of time and frequency with the families {T_μ} and {F_ν }, respectively, as was done in [25]. We will be more interested

4Operator-based formulations of joint distributions have also been discussed by other authors, for example [18] and [11], but they do not address the relationship between the two correspondences.

5Duality of operators is related to the notion of duality in the theory of groups [23, 15].

in this correspondence of variables with operators; that is, associating a variable with a corresponding (unitary) shift operator, because the parameter of the operator directly corresponds to a change in the value of the variable. For time, frequency and scale, the notion of the shift operators is self-evident because of our familiarity with the concepts, and many authors have explicitly or implicitly discussed it from a group theoretic perspective; see for example [26, 27, 28, 29, 30, 13, 31, 18]. However, it is not clear what “shift” means for an arbitrary variable. We will precisely define the concept of shift operators for arbitrary variables in Section 6, which is intimately related to the notion of duality (developed in Section 5).

To discuss some of the other issues addressed in this paper, consider a family of unitary operators {A_α} parameterized by α ∈ IR and satisfying^6

A_{α1+α2} = A_{α1} A_{α2} , A_0 = I , and A_α → A_{α1} as α → α_1 , (10)

where I is the identity operator, and convergence is understood with respect to an appropriate operator norm. It is well-known that the eigenfunctions of A_α (independent of α) define a unitary transformation S_A which is invariant to A_α in the sense that |(S_AA_αs)(a)| = |(S_As)(a)|; that is, it ignores the changes in the variable corresponding to A_α. We will refer to S_A as the A-invariant transform. On the other hand, if {A_α} corresponds to a variable we want to detect or estimate changes in, then a different transform is needed which is, in some sense, covariant to changes in α. In Section 3, we will show that, given a family {A_α}, there always exists a transform, say S_B , which satisfies (S_B A_αs)(b) = (S_B s)(b ± α); we will refer to it as the A-covariant transform. This is a generalization of the result presented in [31] in which a transform covariant to the scale changes (dilation operator) is presented.

Note that we have not assumed that {A_α} corresponds to some meaningful variable like time, frequency or scale. However, Stone’s theorem guarantees the existence of a unique Hermitian operator, say B, for which A_α and B are related just as T_μ and F are related in (9). Thus, in a mathematically consistent sense, {A_α} defines a variable b corresponding to the Hermitian operator B. Moreover, using the concept of duality, we will also show that there exists a unique variable a (and a corresponding Hermitian operator A) for which A_α is the shift operator. The question of whether the variables a and b have any physical correspondence is hard to answer in complete generality. Nevertheless, in some cases a meaningful signal transformation may lend itself to a description in terms of a unitary family like {A_α}, in which case the question of finding the associated variable is important.^7 For example, we will see that the family of unitary operators associated with scale in [25] is not consistent with the Hermitian operator associated with scale in [1, 10, 34]; this inconsistency is intimately related to the notion of duality developed in this paper, which helps to clarify it.

Using Stone’s theorem, the A-covariant transform naturally leads to the definition of another, unique, family of unitary operators, {B_β}, satisfying (10) and dual to {A_α}. Thus, the variables corresponding to {A_α} and {B_β }, say a and b, are dual variables just as time and frequency. This concept of duality has

6Thus, {Aα}α∈IR is a unitary representation of the group IR on L_2(IR) [24]. It can be easily verified that {Tμ} and {Fν } also satisfy the properties (10). We note at the outset that all the issues addressed in this paper can formulated in a more general setting where {Aα}_{α∈G} is a unitary representation of an arbitrary locally compact abelian (LCA) group G [23, 32, 15]. A method for joint distributions based on LCA groups was proposed in [14] and was shown to be equivalent to Cohen’s (to which this paper directly applies) in [15]; the equivalence is in fact simply via axis warping transformations [15]. Thus, from the viewpoint of joint distributions, the discussion in this paper based on IR suffices. Moreover, the transforms and distributions discussed in this paper, being based on the group IR, are intimately related to the Fourier transform, and thus provide a computationally efficient alternative for generating the transforms and distributions in Baraniuk’s method (based on the underlying group transform) via the simple pre- and post-processing (axis warping) determined in [15, 33]. A final motivation for basing the development on IR, in this paper, is that it is much more accessible since it does not require any group theoretic machinery. Some issues in the general setting are discussed in [15, 33].

7This is another reason for preferring a unitary operator correspondence rather than a Hermitian operator correspondence.

important implications for joint representations of arbitrary variables, which have received much attention lately [1, 25, 10, 35, 14, 34, 15, 16, 17]. For example, we will use it to characterize the exact relationship between Hermitian and unitary operator correspondences, an important issue which is not adequately addressed in existing treatments. Another important implication, as we will see in Section 6, is that the joint distributions of a and b share analogues of all the properties possessed by time-frequency distributions. This ties in intimately with the notion of unitary equivalence introduced in [25], and we will make that connection as well.

The outline of the rest of the paper is as follows. In the next section we review the necessary operator theoretic concepts to be used in the paper. Section 3 describes the A-invariant transform associated with {A_α}. In Section 4, we derive the A-covariant transform, and in Section 5 we develop the notion of duality in terms of the family of dual unitary operators {B_β } defined by the covariant transform. Section 6 discusses the implications of the results for joint distributions of arbitrary variables, and Section 7 concludes the paper with a summary and discussion of the results presented.

2 Preliminaries and Notation

We will denote signals in the time domain by lowercase letters and their Fourier transforms by the corresponding uppercase letters. That is, for example, s and S are related by

S(f) = (IFs)(f) = ∫ IR s(t)e^{−i2πf t}dt , (11) where IF denotes the Fourier transform operator. Throughout the paper, the default domain of signal representation is the time domain unless explicitly stated otherwise. We assume that all signals of interest belong to L_2(IR), the Hilbert space of square-integrable functions, equipped with the usual inner product ⟨·, ·⟩ , ⟨x, y⟩ = ∫ IR x(t)y^∗(t)dt , x, y ∈ L_2(IR) , (12) where the superscript^∗ denotes complex conjugation. In some cases, the signal space of interest will be a closed subspace of L_2(IR) of the form L_2(Θ), where Θ ⊆ IR is an interval. From now on, we will denote the signal space of interest by H_1. All the operators introduced so far are linear mappings, and we will only be dealing with linear operators in this paper; thus, henceforth, “operator” refers to a linear operator. An operator A is said to be self-adjoint if it satisfies A = A^†, where A^† is the adjoint operator of A defined by ⟨Ax, y⟩ = ⟨x, A^†y⟩ for all x, y ∈ H_1. The operators T and F are easily seen to be self-adjoint. An operator U is said to be unitary if it satisfies UU^† = U^†U = I and thus preserves inner products; that is, ⟨Ux, Uy⟩ = ⟨x, y⟩. It follows that a unitary operator maps the Hilbert space onto itself and is invertible, with the inverse being the adjoint operator. The shift operators T_μ and F_ν are easily verified to be unitary for all values of μ and ν.^8

An isometry is a distance preserving transformation between two Hilbert spaces; that is, if H_1 and H_2 are two Hilbert spaces (closed subspaces of L_2(IR) in our case), then S : H_1 → H_2 is an isometry if ⟨Sx, Sy⟩ = ⟨x, y⟩ rm for x, y ∈ H_1. If, in addition, the range space of S is the entire H_2, then we have SS^† = I_{H2} and S^†S = I_{H1} .

Let {A_α : H_1 → H_1} be a family of unitary operators satisfying (10). By Stone’s theorem [24], there

8Throughout the paper, we will use script letters to denote Hermitian operators and boldfaced letters to denote unitary operators.

exists a unique, generally unbounded, self-adjoint operator B, defined on H_1, such that

A_α = e^{−i2παB} = ∞∑ k=0 (−i2παB)^k k! (13) B = i 2π lim_{α→0}

A_α − I α , (14) where the limit is taken with respect to the usual linear operator norm on L_2(IR). It follows from (9) that T and F can be similarly recovered from the families {F_ν } and {T_μ}, respectively. Thus, the family {A_α} uniquely defines a variable b corresponding to the Hermitian operator B. In all cases of interest to us, the operator B will be an unbounded operator, and thus, being a Hermitian operator, it possesses a complete set of orthonormal (generalized) eigenfunctions {e_B(b, ·)} which satisfy^9 Be_B(b, ·) = be_B(b, ·) , b ∈ IR . (15) It follows from (13) that, for each α, A_α satisfies the eigenequation A_αe_B(b, ·) = e^{−i2παb}e_B(b, ·) , b ∈ IR . (16) That is, the family {A_α} possesses the common set of eigenfunctions {e_B(b, ·) : b ∈ IR} (independent of α) and the corresponding family of sets of eigenvalues {e^{−i2παb} : b ∈ IR}_α. From now on, since we will primarily be dealing with {A_α}, we will denote the set {e_B(b, ·)} by {e_A(b, ·)}, the two sets being identical.

The set of eigenfunctions {e_A(b, ·)} itself defines an isometry S_A : H_1 → L_2(IR) as

(S_As)(b) = ⟨s, e_A(b, ·)⟩ = ∫ s(t)e^∗_A(b, t)dt , b ∈ IR , (17) which is the representation of the signal with respect to the basis {e_A(b, ·)}. Note that the S_A and S_B transforms are identical. The inverse transform S^{−1}_A : L_2(IR) → H_1, is given by

(S^{−1}_A y)(t) = ⟨y, e^∗_A(·, t)⟩ = ∫ IR y(b)e_A(b, t)db . (18) This implies that s(t) = ⟨(S_As)(·), e^∗_A(·, t)⟩ = ∫ IR e_A(b, t)(S_As)(b)db , and (19)

(A_αs)(t) = ∫ IR e_A(b, t)e^{−i2παb}(S_As)(b)db , (20) with a similar spectral decomposition holding for B. Moreover, since {A_α} is a unitary family satisfying (10), we have, A^†_α = A^{−1}_α = A_{−α}. For simplicity of notation, we will denote the spectral decomposition of Hermitian and unitary operators more compactly as B = S^{−1}_B ΛS_B = S^{−1}_A ΛS_A (21) A_α = S^{−1}_A Λ_αS_A = S^{−1}_B Λ_αS_B (22) where the “diagonal” operators Λ and Λ_α are defined as (Λs)(a) = as(a) , a ∈ IR (23) (Λ_αs)(a) = (e^{−i2παΛ}s)(a) = e^{−i2παa}s(a) , a ∈ IR . (24) 9For simplicity of exposition, our discussion includes generalized eigenfunctions, like complex exponentials, which do not strictly belong to L_2(IR) but form a “continuous orthonormal basis” [36]. A rigorous approach is to use a spectral decomposition in terms of projection-valued measures [24].

Another useful operator is the translation operator, Γ_α, α ∈ IR, defined as

(Γ_αs)(a) = s(a − α) , a ∈ IR . (25)

Note that both Λ_α and Γ_α are unitary representations of IR on L_2(IR). It is well-known that Γ_α and Λ_α are related as [23, 32, 15]

IFΓ_α = Λ_αIF ⇔ IFΓ_αIF^{−1} = Λ_α , or (26) IF^{−1}Γ_α = Λ_{−α}IF^{−1} ⇔ IF^{−1}Γ_αIF = Λ_{−α} , (27)

which essentially states the shift property of the Fourier transform.^{10} These fundamental Fourier transform relationships, and the spectral representation (22) of unitary operators, will be used repeatedly throughout the paper. It is also worth noting that in the time-domain, T_μ is identical to Γ_α and F_ν is identical to Λ_α.

To illustrate the concepts with concrete examples, we will primarily use four specific families of unitary operators. Two of them are the familiar time and frequency shift operators {T_μ : L_2(IR) → L_2(IR)} and {F_ν : L_2(IR) → L_2(IR)}, defined in (6) and (7), respectively. The other two are the family of “dilation” operators {D_σ : L_2(IR_+) → L_2(IR_+)} (IR_+ = [0, ∞)), and the family of “exponentiated inverse frequency” operators {Q_κ : L_2(IR) → L_2(IR)}^{11} defined by

(D_σ s)(t) = e^{−σ/2}s(e^{−σ}t) , s ∈ L_2(IR_+) and (28) (Q_κS)(f) = e^{−i2πκfo /f} S(f) for some constant f_o ≠ 0 . (29)

Note that Q_κ is defined in the frequency domain. It can be readily verified that the eigenfunctions and the corresponding eigenvalues for the four families are:

{T_μ} : {e_T(f^′, t) = e^{i2πf 0 t} : (f^′, t) ∈ IR^2} , {e^{−i2πμf 0} : f^′ ∈ IR}_μ (30) {F_ν } : {e_F(t^′, t) = δ(t − t^′) : (t^′, t) ∈ IR^2} , {e^{−i2πνt0} : t^′ ∈ IR}_ν (31)

{D_σ} : {e_D(c, t) = e^{i2πc ln(t)} √ t : (c, t) ∈ IR × IR_+} , {e^{−i2πσc} : c ∈ IR}_σ (32)

{Q_κ} : {e_Q(r, t) = √ |f_o| |r| e^{i2π for t} : (r, t) ∈ IR\{0} × IR} , {e^{−i2πκr} : r ∈ IR\{0}}_κ (33) where it should be noted that the eigenfunctions of {D_σ } are defined on IR_+.

3 The Invariant Transform

Consider a family of unitary operators, {A_α : H_1 → H_1}, corresponding to a variable a; that is, the parameter α corresponds to a change in the variable a (this correspondence will be made precise in Section 6). Suppose that we are interested in a signal representation which is independent of changes in the signal corresponding to the changes in the variable a; that is, we want to ignore the effects of changes in the variable a. For example, in frequency estimation the phase (time-delay) is usually not of concern. In other words, we are interested in a signal representation which is invariant to the transformation of the signal by the operator A_α, for all α. It is well-known, and directly follows from (22) and (24), that the unitary transform S_A defined in (17), which is simply the signal representation with respect to the eigenfunctions of {A_α}, is invariant to the operator A_α in the following sense

(S_AA_αs)(b) = (Λ_αS_As)(b) = e^{−i2παb}(S_As)(b) . (34)

10The same relation holds for arbitrary LCA groups with Γα denoting group translation and Λα denoting multiplication by characters of the group, which are complex exponentials in the case of IR [23, 32, 15].

11The exponentiated version of the inverse frequency operator R defined in [1].

That is, the S_A transforms of s and A_αs have the same magnitude. Thus, if we want to suppress the effect of changes in the variable a, the ideal signal representation is |S_As|.

Examples. To start with, using (30) and (31), it can be easily seen that the S_T transform is the usual Fourier transform IF defined in (11), which is invariant to time-shifts, and the S_F transform is the identity transform I, which is invariant to frequency-shifts. Similarly, S_D : L_2(IR_+) → L_2(IR) is the Mellin transform [37, 38, 34] defined by

(S_Ds)(c) = M(c) = ∫ IR+ s(t) e^{−i2πc ln(t)} √ t dt (35)

which is invariant to dilations (D_σ ), and the S_Q transform is given by

(S_Qs)(r) = √ |f_o| |r| S(f_o/r) = √ |f_o| |r| (IFs)(f_o/r) , (36)

which is invariant to the Q_κ operator; that is, to changes in the parameter κ.

4 The Covariant Transform

In some cases, instead of ignoring changes in the variable a, we might be interested in detecting and/or estimating them, which is equivalent to estimating the value of the parameter α [20, 19, 21]. From (34) we note that the A-invariant transform, S_A, does contain information about α, buried in the phase of S_As, which is difficult to extract. Clearly, the S_A representation is not the right one. However, as shown next, using the spectral representation (22) and the fundamental relation (26) (or (27)), we can always find a unitary signal representation that is translationally covariant to changes in the variables a; that is, a change of α in the variable (transformation of the signal by A_α) corresponds to a translation in the signal representation by α.

Substituting the relation (26) in the spectral representation (22) for A_α we get

A_α = S^{−1}_A Λ_αS_A = S^{−1}_A IFΓ_αIF^{−1}S_A = S^{−1}_B Γ_αS_B (37)

where S_B : H_1 → L_2(IR) is another isometry given by^{12}

S_B = IF^{−1}S_A . (38)

From (37) it follows that S_BA_α = Γ_αS_B which, using (25), can be written more explicitly as

(S_BA_αs)(a) = (Γ_αS_Bs)(a) = (S_Bs)(a − α) . (39)

Thus, from (39) we see that the unitary transform S_B defined in (38) is precisely the required A-covariant transform.^{13} That is, a change of α in the variable a associated with {A_α} produces a corresponding translation in the S_B representation of the signal.

Similarly, if we use the relation (27), instead of (26), in (37), the covariant transform is given by

S_B = IFS_A (40)

with the covariance relation

(S_BA_αs)(a) = (Γ_{−α}S_Bs)(a) = (S_Bs)(a + α) . (41)

12Note that the subscript of SB is an operator; this notation is in anticipation of the family of operators that we will associate with SB in the next section.

13In the more general setting based on LCA groups, the covariant transform is again given by (38) with the Fourier transform IF replaced by the group Fourier transform [23, 15, 33].

Thus, the covariant transform is unique up to the sign of the translation.

Finally, from (38) we note that if we define another complete set of orthonormal basis functions {e_B(a, ·) : a ∈ IR} as e_B(a, t) = ∫ IR e_A(b, t)e^{−i2πba}db , a ∈ IR , (42) then the transform S_B can also be interpreted as the projection onto {e_B(a, ·) : a ∈ IR}; that is,

(S_Bs)(a) = ⟨s, e_B(a, ·)⟩ = ∫ s(t)e^∗_B(a, t)dt , (43) and a similar interpretation holds for the alternative definition (40). This interpretation yields a simple constructive procedure which is illustrated in the following examples.

We believe that this derivation of the covariant transform for arbitrary variables is new in the timefrequency literature and generalizes the results of [31] in which a transform covariant to dilations is derived.

Examples. As a first example, let {A_α} be the family of time-shift operators, {T_μ}. It can be easily verified that the set {e_B(a, ·)} is exactly the set {e_F(t^′, ·)} defined in (30), the set of eigenfunctions of the frequency-shift operators. In this case, the S_B = S_F = I transform is trivially covariant to the time-shift operator; (IT_μs)(t) = s(t − μ) = (Is)(t − μ).

Now consider the family {D_σ}. Denote the new set of basis functions by {e_C(d, ·)} which can be computed (using (42)) as

e_C(d, t) = ∫ IR e_D(c, t)e^{−i2πcd}dc = ∫ e^{i2πc ln(t)} √ t e^{−i2πcd}dc = δ(d − ln(t))/ √ t = e^{−d/2}δ(d − ln(t)) . (44)

The S_C : L_2(IR_+) → L_2(IR) transform then is

(S_Cs)(d) = e^{d/2}s(e^d) , (45)

which can be easily verified to be covariant to dilations as defined by the family {D_σ}; that is, (S_CD_σ s)(d) = (S_Cs)(d − σ). We note that S_C is exactly the transform covariant to scaling obtained in [31].

Finally, the covariant transform for {Q_κ}, which we denote by S_R, is given by

(S_Rs)(q) = (S_RS)(q) = ∫ IR S(f) √ |f_o| |f| e^{i2π fof q} df , (46) which is just the projection (in the frequency domain) onto the basis functions {e_R(q, f)}:

e_R(q, f) = ∫ IR e_Q(r, f)e^{−i2πrq} dr = ∫ IR √ |f_o| |r| δ(f − f_o/r)e^{−i2πrq} dr = √ |f_o| |f| e^{−i2π fof q} . (47) It can be easily verified that S_R is covariant to {Q_κ}; that is (S_RQ_κs)(q) = (S_Rs)(q − κ).

5 Dual Operators

We know that given a family of unitary operators {A_α}, the unitary transform S_A, based on the eigenfunctions of {A_α}, is A-invariant, and in the previous section we derived the unitary transform S_B which is A-covariant. A natural question, which addresses the essence of the notion of “duality”, is that whether or not there exists another family of unitary operators on H_1, say {B_β }, which satisfies (10), and for which S_B is the invariant transform, and S_A the covariant transform. In this section, we show that indeed such a family always exists and our development enables us to define the concept of duality in a precise manner.

Guided by the spectral representation of a unitary operator as dictated by Stone’s theorem (see (22)), the A-covariant transform S_B allows to us to naturally define another family of unitary operators on H_1. More precisely, consider a family of operators {B_β : H_1 → H_1}_β defined as B_β = S^{−1}_B Λ_βS_B . (48) It follows that the family {B_β } shares {e_B(a, ·)} as the common set of eigenfunctions, with {e^{−i2πβa}} as the corresponding set of eigenvalues, and satisfies the properties given in (10) for {A_α}. Thus, again by Stone’s theorem, {B_β} defines a new variable corresponding to the Hermitian operator, say A, defined by {B_β} (see (14)).

By definition, the transform S_B is B-invariant. As we mentioned earlier, a question that naturally arises is that, since the transform S_B is covariant to operators {A_α}, is the transform S_A covariant to {B_β }? It is indeed the case as is simply shown next. Substituting the covariant transform (38) in (48) we get B_β = S^{−1}_A IFΛ_βIF^{−1}S_A = S^{−1}_A Γ_{−β} S_A (49) where the last equality uses the fundamental relationship (27). It follows from (49) that (S_AB_β s)(b) = (Γ_{−β} S_As)(b) = (S_As)(b + β) , (50) for all s ∈ H_1, and thus the transform S_A is B-covariant. Similarly, if we use the definition (40) for the covariant transform, the covariance relationship becomes (S_AB_β s)(b) = (Γ_β S_As)(b) = (S_As)(b − β) . (51) Hence, if the eigenfunctions of the families {A_α} and {B_β} are related by (38) or (40), then the S_B transform is A-covariant and the S_A transform is B-covariant. In the appendix it is shown that the converse is also true; that is, if {A_α} and {B_β } satisfy such covariance relations, their eigenfunctions must necessarily be related by (38) (or (40)). We summarize the results in the following proposition. Proposition 1. Let {A_α : H_1 → H_1} and {B_β : H_1 → H_1} be two families of unitary operators satisfying (10), and admitting the formal spectral representations A_α = S^{−1}_A Λ_αS_A , and (52) B_β = S^{−1}_B Λ_βS_B . (53) Then, S_A is {A_α}-invariant and S_B is {B_β}-invariant; that is, |(S_AA_αs)(b)| = |(S_As)(b)| for all b, α ∈ IR , s ∈ H_1 and (54) |(S_BB_βs)(a)| = |(S_Bs)(a)| for all a, β ∈ IR , s ∈ H_1 . (55) Moreover, S_A is B-covariant and S_B is A-covariant; that is, for all s ∈ H_1 (S_BA_αs)(a) = (S_Bs)(a ∓ α) for all a, α ∈ IR , and (56) (S_AB_β s)(b) = (S_As)(b ± β) for all b, β ∈ IR , (57) if and only if the unitary transforms S_A and S_B are related as S_B = IF^{∓1}S_A , (58) which is equivalent to the eigenfunctions of {A_α} and {B_β} being related as

e_B(a, t) = ∫ IR e_A(b, t)e^{∓i2πba}db . (59) We are now in a position to define the notion of duality.

Definition: Duality. Two families of unitary operators, {A_α = e^{−i2παB}} and {B_β = e^{−i2πβA}}, both satisfying (10) and admitting spectral representations (52) and (53), respectively, are dual if and only if S_B is A-covariant and S_A is B-covariant (see (56) and (57)). The corresponding Hermitian operators, B and A, respectively, and the corresponding variables, are also dual. Finally, two complete orthonormal sets, {e_A(b, ·) : b ∈ IR} and {e_B(a, ·) : a ∈ IR}, are dual bases for H_1 if and only if they are related by (59).

Proposition 1 states that the families {A_α} and {B_β} are dual if and only if their corresponding eigenfunctions are dual bases for H_1. Moreover, Proposition 1 implies that given a family of unitary operators {A_α}, and the definition of covariance as in (56) and (57), there is a unique dual family {B_β} which can be obtained via (58) and (53).

Examples. We have already seen in Section 4 that the sets {e_T(f^′, ·)} and {e_F(t^′, ·)} are dual bases for L_2(IR) and S_F is covariant to {T_μ}. Moreover, it can be easily verified that the dual family defined via (53), with {e_F(t^′, ·)} as the basis functions, is precisely {F_ν }. Thus, {T_μ} and {F_ν } are dual families of unitary operators, the corresponding Hermitian operators F and T , respectively, are dual operators, and hence time and frequency are dual variables.

Now consider the operators {D_σ} with the basis {e_D(c, ·)}. From Section 4 we know that the dual basis is {e_C(d, ·)} defined in (44). Using (44) and (45), the corresponding dual family of unitary operators, {C_ρ : L_2(IR_+) → L_2(IR_+)}, is given by

(C_ρs)(t) = ∫ IR+ e_C(x, t)e^{−i2πρx}(S_Cs)(x)dx = ∫ IR+ e^{−x/2}δ(x − ln(t))e^{−i2πρx}e^{x/2}s(e^x)dx = e^{−i2π ln(t)ρ}s(t) , (60)

which is the family of “hyperbolic-modulation” operators [25, 39, 40]. It can be easily verified that the S_D (Mellin) transform defined in (35) is C-covariant; that is (S_DC_ρs)(c)=(S_Ds)(c+ρ). Thus, the family of hyperbolic-modulation operators {C_ρ} is the dual of dilation operators {D_σ }.

Finally, using (53) for the basis {e_R(q, ·)} defined in (47), the family of operators {R_ζ }, dual to {Q_κ}, can be easily computed to be

(R_ζ S)(f) = ∫ IR e_R(q, f)e^{−i2πqζ} (S_RS)(q)dq = |f_o| |f||^{fo}_f + ζ| S ( f_o f_o f + ζ ) , (61)

where it should be noted that the operator is represented in the frequency domain. It is readily verified that the S_Q transform defined in (36) is R-covariant; that is, (S_QR_ζ s)(r) = (S_Qs)(r + ζ).

6 Dual Operators and Joint Distributions

Suppose that {A_α} and {B_β} are dual families of unitary operators, as defined in the previous section and characterized in Proposition 1. In the context of joint distributions, a natural question is: what kind of properties do the joint distributions of the corresponding dual variables possess? In particular, we are interested in a shift-covariance property analogous to the one possessed by time-frequency representations (see (8)). Such a shift-covariance property is desirable because it enables simultaneous estimation of changes in the variables by estimating the corresponding shifts in the distribution. Moreover, such covariance properties are also crucial from the viewpoint of optimal signal detection based on joint signal representations [20, 19, 21]. Before we address this question, we need to make the concept of a shift operator precise. The concept of a time-, frequency- or scale-shift operator is evident because of our familiarity with time, frequency and scale changes, and as we mentioned in the Introduction, many authors have explicitly or implicitly discussed it from a group theoretic perspective [26, 27, 28, 29, 30, 12, 31, 18]. But what does shift in an arbitrary variable mean? More precisely, for a given variable, how do we define and find the family of shift operators? The answer is intimately tied to the concept of duality as explained next.

6.1 Shift operators

Let B and A be the Hermitian operators, defined on H_1, corresponding to the dual families {A_α} and {B_β }, respectively; that is

A_α = e^{−i2παB} , B_β = e^{−i2πβA} , and S_B = IF^{∓1}S_A , (62)

and let a and b be the variables associated with the Hermitian operators A and B, respectively. Recall that B and {A_α} share the same set of eigenfunctions {e_A(b, ·) = e_B(b, ·)}; that is,

Be_A(b, ·) = be_A(b, ·) and A_αe_A(b, ·) = e^{−i2παb}e_A(b, ·) , (63)

where b ∈ IR. As evident from the spectral representation (52), the operators B and A_α are “diagonal” in the S_A(=S_B) representation; that is,

(S_ABS^{−1}_A x)(b) = bx(b) and (64) (S_AA_αS^{−1}_A x)(b) = e^{−i2παb}x(b) . (65)

Thus, (S_As)(b) is the “natural” representation of the signal s in terms of the variable b; that is, (S_As)(b) = (S_Bs)(b) is the b-domain representation of s, just as (S_Ts)(f) = (S_F s)(f) = (IFs)(f) is the f-domain (frequency domain) representation of s. Similarly, (S_Bs)(a) = (S_As)(a) is the a-domain representation of s. These observations allows us to define the shift operator for a variable.

Definition: Shift operator. Corresponding to a variable a, associated with a Hermitian operator A, a shift operator G_ϵ, with the shift parameter ϵ, is one which produces a translation of ±ϵ in the a-domain representation, (S_As)(a), of s; that is, (S_AG_ϵs)(a) = (Γ_{±ϵ}S_As)(a) = (S_As)(a ∓ ϵ).^{14}

This definition is obviously consistent with the definition of time and frequency shift operators. Note that the definition implies that

G_ϵ = S^{−1}_A Γ_{±ϵ}S_A = S^{−1}_A IF^{−1}Λ_{±ϵ}IFS_A , or (66) G_ϵ = S^{−1}_A Γ_{±ϵ}S_A = S^{−1}_A IFΛ_{∓ϵ}IF^{−1}S_A (67)

where in (66) we used (26) and in (67) we used the companion relation (27). Clearly, G_ϵ is a unitary operator and, using our convention for the spectral representation of a unitary operator, we can associate the following two spectral representations with it:

G_ϵ = S^{−1}_A Γ_ϵS_A = S^{−1}_A IF^{−1}Λ_ϵIFS_A , or (68) G_ϵ = S^{−1}_A Γ_{−ϵ}S_A = S^{−1}_A IFΛ_ϵIF^{−1}S_A . (69)

14In the more general setting of LCA groups, the appropriate notion of a shift operator is related to the group translation operator which replaces Γϵ [23, 15].

Recalling (58) which relates the spectral representations of dual operators, we note from (68) and (69) that the concept of a shift operator is intimately related to the notion of duality: a shift operator for the variable a (operator A) is precisely the unitary operator associated, via Stone’s theorem, with the dual Hermitian operator (B). Note that operators T , F and the families {T_μ},{F_ν }, respectively, are related precisely in this sense. Moreover, by uniqueness of the spectral representation, the shift operator is unique up to the sign of the shift.

Thus, since A and B are assumed to be dual, we note from (62) that the family {A_α = e^{−ie2παB}} precisely fits the definition of shift operators for the variable a, with α as the shift parameter (recall that S_A = S_B is A-covariant). Similarly, (S_Bs)(b) = (S_As)(b) is the b-domain representation of s, and thus {B_β = e^{−i2πβA}} is a family of shift operators for the variable b, with β as the shift parameter, which is consistent with the fact that S_B = S_A is B-covariant. We will refer to {A_α} and {B_β} as the families of a-shift and b-shift operators, respectively.

Relationship between Hermitian and unitary operator correspondences. As we mentioned in the Introduction, variables have traditionally been associated with Hermitian operators [1]. More recently, variables have also been associated with families of unitary operators [25, 35, 17]. Stone’s theorem, which uniquely relates a Hermitian operator to a family of unitary operators, makes this correspondence of variables with the two types of operators possible. However, existing treatments exclusively consider one type of correspondence or the other, and do not address the relationship between the two. This has resulted in some confusion as demonstrated in the following examples. The concept of duality makes the relationship between the two correspondences precise. As far as associating variables with unitary operators is concerned, in order to be consistent with the unitary operator correspondence for time and frequency variables, a variable must be associated with the family of shift operators for that variable. Thus, if we start with two families {A_α} and {B_β}, and they necessarily have to be dual in order to be consistent with Hermitian operator correspondence, the family {A_α} should be associated (as shift operators) with precisely the variable corresponding to the Hermitian operator A defined by the dual family {B_β} via Stone’s theorem (14).

For the remaining sections, it is worth remembering that S_A = S_B and S_B = S_A; that is, the signal representation with respect to the eigenfunctions of a Hermitian operator is identical to the representation with respect to the eigenfunctions of its exponential operator (dual shift operator). We will be using the two representations interchangeably.

Examples. First consider the familiar example of time and frequency operators. The frequency operator F and the time-shift operators {T_μ} share the same set of eigenfunctions, the complex exponentials, as given in (30). Thus, the f-domain representation is the familiar Fourier transform, and the frequency-shift operator F_ν , as given by (9), is precisely the exponentiated dual Hermitian operator, the dual operator being time operator T in this case. Similarly, the time-shift operator T_μ is given by (9).

Now consider the dual families of dilation operators {D_σ} and hyperbolic modulation operators {C_ρ} defined in (28) and (60). Let C and D, respectively, be the corresponding Hermitian operators defined as in (14), and let c and d, respectively, be the variables associated with them. Then, by applying Stone’s theorem (14), C and D are given by [1] (Cs)(t) = − i 2π [s(t)/2 + tṡ(t)] = ([− i 4π I + T F]s)(t) , (70) (Ds)(t) = ln(t)s(t) = (ln(T )s)(t) . (71)

Note that C defined in (70) is precisely the “time scale” operator defined in [1, 10, 34]; that is, the variable c is defined to be the “scale” variable. Now C and {D_σ} share the same eigenfunctions {e_D(c, ·)} defined in

(32), and thus the natural c-domain representation is the Mellin transform (S_Ds)(c). Thus, the family of scale-shift (c-shift) operators is {C_ρ = e^{−i2πρD}}, the family of hyperbolic modulation operators [25, 39, 40], which is consistent with the fact that S_D, defined in (35), is C-covariant. Thus, if we start with the Hermitian operator correspondence for scale used in [1, 10, 34], then {C_ρ}, being the family of shift operators, should be assigned to the scale variable. This is in contrast with [25, 31] in which the family {D_σ}, instead of {C_ρ}, is associated with scale. In relation to the Hermitian correspondence used in [1, 10, 34], the family {D_σ = e^{i2πσC} } is precisely the family of shift operators for the dual variable d associated with the operator D (Recall that (S_Cs)(d) = (S_Ds)(d) is D-covariant). However, based on our intuition about scale, the family {D_σ} seems to be the more appropriate one (compared to {C_ρ}) to be associated with scale as is done (explicitly or implicitly) in [28, 29, 30, 31, 18]. With the family {D_σ} associated with scale, the corresponding Hermitian scale operator is D defined in (71), and the natural scale representation is the transform (S_Cs)(d) = (S_Ds)(d) = e^{d/2}s(e^d) defined in (45), which is precisely the transform covariant to scale changes derived in [31].

Finally, let R and Q be the dual Hermitian operators corresponding to {Q_κ} and {R_ζ }, respectively, and let r and q be the corresponding dual variables. Then, R and Q are given by (RS)(f) = f_o f S(f) = ( f_0 F S ) (f) , (72) (QS)(f) = if 2πf_o [S(f) − fṠ(f)] = 1 2πf_o ([iF − 2πF^2T ]S)(f) , (73)

where R is the same as the inverse frequency operator defined in [1]. The natural “inverse frequency”- domain representation is (S_Rs)(r) = (S_Qs)(r) defined in (36), and the “inverse frequency”-shift operators are precisely the exponentiated dual operators {R_ζ = e^{−i2πζQ}} defined in (61). Similarly, the q-domain representation is (S_Qs)(q) = (S_Rs)(q) defined in (46), and the q-shift operators are the exponentiated inverse frequency operators {Q_κ} defined in (29).

6.2 Joint Distributions of Dual Variables

Let a, b be two dual variables with A, B as the corresponding Hermitian operators, and {A_α}, {B_β } as the corresponding unitary (shift) operators, respectively, as given by (62). Because of duality, the operators A and B are structurally similar to the time and frequency operators T and F, and this similarity is precisely captured by the notion of unitary equivalence first introduced in the context of joint distributions in [25]. We next define unitary equivalence and characterize the structural similarity of dual operators to the time and frequency operators. By virtue of unitary equivalence, the joint distributions of dual variables can be simply characterized via the methodology developed in [25, 35] as an alternative to Cohen’s general method [1] mentioned in the Introduction.

Definition: Unitary Equivalence [25]. Two operators, A_1 and A_2, are unitarily equivalent if there exists a unitary transformation (or isometry) U such that

A_1 = UA_2U^{−1} . (74)

It readily follows that if A_1 and A_2 are related by (74) then their eigenfunctions are related by

S^{−1}_{A1} = US^{−1}_{A2} (75)

Using the spectral representation of operators, it is fairly straightforward to show that two operators are dual if and only if they are unitarily equivalent to the time and frequency operators. We demonstrate unitary equivalence of unitary operators only; the equivalence of corresponding Hermitian operators follows directly from the fact that A_1 = UA_2U^{−1} ⇔ e^{−i2πγA1} = Ue^{−i2πγA2} U^{−1} , (76)

which can be easily verified using (13) and (14).

We first note that in the time domain, the time-shift operator T_μ is identical to the translation operator Γ_α, and the frequency-shift operator F_ν is identical to the diagonal operator Λ_α. Now suppose that {A_α} and {B_β } are dual unitary operators with their eigenfunctions related by (38); that is S_B = IF^{−1}S_A. Then, using their spectral representations and the fundamental relation (26) we have

A_α = S^{−1}_A Λ_αS_A = S_AIFΓ_αIF^{−1}S_A = S^{−1}_B T_αS_B , and (77) B_β = S^{−1}_B Λ_β S_B = S^{−1}_B F_β S_B , (78)

and thus A_α and B_β are unitarily equivalent to T_μ and F_ν , respectively, via U = S^{−1}_B = S^{−1}_A IF. This situation is depicted in Figure 1(a). Similarly, if the eigenfunctions of A_α and B_β are related by (40), that is, S_B = IFS_A, then A_α and B_β are unitarily equivalent to F_ν and T_μ, respectively, via U = S^{−1}_A = S^{−1}_B IF. This situation is depicted in Figure 1(b).

Conversely, if A_α and B_β are unitarily equivalent to T_μ and F_ν , respectively, via U, then

A_α = UT_αU^{−1} = UΓ_αU^{−1} = UIF^{−1}Λ_αIFU^{−1} , and (79) B_β = UF_β U^{−1} = UΛ_β U^{−1} , (80)

and thus A_α and B_β are dual because S_B = U^{−1} = IF^{−1}S_A (Figure 1(a)). Similarly, if A_α and B_β are unitarily equivalent to F_ν and T_μ, respectively, then A_α and B_β are dual with S_B = IFS_A (Figure 1(b)). The following proposition summarizes the unitary equivalence between dual variables and time and frequency.

(a) (b)

Figure 1: Schematics depicting unitary equivalence. (a) {A, B} ⇔ {T , F}. (b) {A, B} ⇔ {F, T }.

Proposition 2. Let A and B be two Hermitian operators admitting the formal representations

A = S^{−1}_A ΛS_A and B = S^{−1}_B ΛS_B , (81)

and let {A_α} and {B_β} be two families of unitary operators defined as

A_α = e^{−i2παB} = S^{−1}_B Λ_αS_B and B_β = e^{−i2πβA} = S^{−1}_A Λ_β S_A . (82)

Then, A and B are dual operators with {A_α} and {B_β} as the corresponding dual families of unitary (shift) operators if and only if A and B ({A_α} and {B_β}) are unitarily equivalent to T and F ({T_μ} and {F_ν }), respectively, via U = S^{−1}_A , or to F and T ( {F_ν } and {T_μ}), respectively, via U = S^{−1}_B .

Examples. First consider the dual families of operators {D_σ } and {C_ρ} defined in (28) and (60), respectively, where the eigenfunctions are related by S_C = IF^{−1}S_D. Then, {D_σ } is unitarily equivalent to {T_μ}, and thus D is unitarily equivalent to T . The transformation U is given by U^{−1} = S_D = S_C as defined in (45). Thus, we have the relations

D_σ = S^{−1}_C T_σ S_C , D = S^{−1}_C T S_C and (83) C_ρ = S^{−1}_C F_ρS_C , C = S^{−1}_C FS_C , (84)

which can be easily verified.

Similarly, consider the dual operators R and Q defined in (72) and (73), respectively, where the eigenfunctions are related by S_R = IFS_Q. Since S_F = IFS_T , Q is unitarily equivalent to T with the unitary transform being U^{−1} = S_Q = S_R as defined in (46). Similarly, R = S^{−1}_R FS_R, R_ζ = S^{−1}_R F_ζ S_R, and Q_κ = S^{−1}_R T_κS_R.

Now consider joint distributions of a and b. Using Cohen’s method outlined in the Introduction, a joint a-b distribution, P_s(a, b), of a signal s, can be obtained as^{15} [1] P_s(a, b) = ∫ ∫ M_s(θ, τ)e^{−i2πθa}e^{−i2πτ b}dθdτ , (85) where the characteristic function M_s(θ, τ) can be computed as [1] M_s(θ, τ) = ∫ s^∗(t)(M(θ, τ)s)(t)dt = ∫ (S_Bs)^∗(b)(M(θ, τ)S_B s)(b)db (86) = ∫ (S_As)^∗(a)(M(θ, τ)S_As)(a)da , (87) since the “average” of a function can be computed in any representation [1]. Proposition 2 implies that all the pairs of dual operators {A, B} can be generated by choosing different unitary transformations U and transforming the operators T and F via (74). Thus, for generating joint distributions of dual variables we can use the simpler method described in [25, 35] for variables unitarily equivalent to time and frequency: all joint a-b representations can be generated by first transforming the signal s by the unitary transform S_A as in (87), or by the transform S_B as in (86), and then computing any member of Cohen’s class of time-frequency representations for the transformed signal (appropriately interpreting the transformed signal as being in the “time” or “frequency” domain [25, 35]). This is exactly the U-Cohen’s class in introduced in [25] with U = S_A. Note that in some cases, one of the transforms S_A or S_B may have a simpler form than the other, and thus may be preferred for transforming the signal. For example, for the dual operators {C, D}, the S_D transform given in (45) has a much simpler form than the S_C (Mellin) transform.

By virtue of unitary equivalence, in the a and b domains, the operators A and B behave exactly like the operators T and F, respectively, in the time and frequency domains [25, 35]. In particular, the joint a-b distributions are covariant to a-b shifts; that is P_{Aα Bβ s}(a, b) = P_{Bβ Aαs}(a, b) = P_s(a − α, b + β) , (88) 15We use the same symbols Ps(·, ·) and Ms(θ, τ) for joint distributions and characteristic functions of arbitrary variables; the variables will be clear from the context.

which also implies that there is no coupling between a and b shifts; that is, an a-shift in the signal will produce a corresponding shift in P_s(a, b), leaving the b variable unchanged, and similarly for b-shifts. This is a desirable property, particularly in scenarios where joint a-b representations are to be used in simultaneously estimating shifts in the variables a and b; for example, in nonstationary signal detection based on joint distributions of arbitrary variables [20, 19, 21]. The decoupled nature of shifts allows us to estimate the a-shift and the b-shift independently.

Moreover, since the commutator relation [1] between operators is independent of the domain of representation, A and B satisfy exactly the same commutator relation as T and F [1, 35]: [A, B] = AB − BA = iI 2π . (89)

It can be shown, using (85), (86) and (87), that the commutator relation (89) is sufficient to guarantee the decoupled shift-covariance property (88). On the other hand, if the joint distributions of any two variables, a and b, possess the shift-covariance property (88), it can be shown that the S_A transform is B-covariant and the S_B transform is A-covariant (within phase factors). This observation, in conjunction with the fact shown in the appendix, implies that if (88) holds then the two operators A and B are dual. It then follows from Proposition 2 that the covariance relation (88) implies the commutator relation (89). Thus, the commutator relation (89) and the decoupled shift-covariance relation (88) are equivalent.^{16}

Another aspect which highlights the intimate relationship between dual variables can be appreciated by considering the distributions of single variables. The a-distribution of a signal s is [1, 14]

P_s(a) = |(S_As)(a)|^2 = |⟨x, e_A(a, ·)⟩|^2 = |⟨x, e_B(a, ·)⟩|^2 . (90)

However, using the “characteristic function operator” approach [1], P_s(a) can also be obtained from its characteristic function, M_s(θ), which can be directly computed from the signal as M_s(θ) = ⟨e^{i2πθA}s, s⟩ = ⟨B_{−θ}s, s⟩ = ⟨S^{−1}_A Γ_θS_As, s⟩ (91) = ⟨Γ_θS_Bs, S_Bs⟩ = ∫ (S_Bs)^∗(b)(S_Bs)(b − θ)db . (92)

Thus, from (92), the characteristic function of P_s(a) can be interpreted as an autocorrelation of the signal in precisely the dual domain (b-domain).

6.3 Discussion

A very important implication of the notion of duality and shift operators is that, in order to be consistent with associating time and frequency variables with the unitary time-shift and frequency-shift operators, we can consistently and interchangeably use the Hermitian operator correspondence or the unitary operator correspondence if and only if the two variables (operators) are dual. If the variables are not dual, the exponential operator corresponding to a Hermitian operator will not be the shift operator for the other variable, corresponding to the other Hermitian operator. This is precisely the reason behind the inconsistency between the Hermitian operator correspondence for scale used in [34] and the unitary operator correspondence used in [25].

Proposition 2 gives us an alternate way of finding the covariant transform (see section 4) for a family of unitary operators {A_α}. By Proposition 2 there exists a unitary transform U which makes {A_α} and {T_μ} unitarily equivalent; that is, A_α = UT_αU^{−1} . (93)

16A related result is given in [35].

Then, by (74) and (75), the eigenfunctions of the dual family {B_β} are given by S^{−1}_B = US^{−1}_F = U, and thus the covariant transform is S_B = U^{−1}. This is precisely the way in which a transform covariant to scale changes is derived in [31] which is essentially the D-covariant transform S_C defined in (45). Thus, given a family {A_α}, our approach gives a direct approach for finding the A-covariant transform via Proposition 1 (see (59)), whereas the alternative approach based on unitary equivalence requires finding the unitary transform U in (93) as an intermediate step.

Finally, note that in most cases we used the time-domain representation as the default representation for the operators. However, we can immediately generate another pair of dual operators by changing the default representation. For example, the operators C and D were defined in (70) and (71) in terms of the time-domain representation. However, if we alternatively define them in the frequency-domain (for analytic signals); that is, (C_1S)(f) = − i 2π [S(f)/2 + fṠ(f)] and (D_1S)(f) = ln(f)S(f) , (94) then we get another pair of dual operators {C_1, D_1}. The pair {C, D} corresponds to joint representations of scale and hyperbolic-modulation [25, 1], whereas the pair {C_1, D_1} corresponds to joint representations of scale and hyperbolic time-shift [25, 39, 40]. As mentioned in [25], the joint distributions of {C, D} are analogous to the joint time-scale distributions derived in [10], whereas the joint representations of {C_1, D_1} are analogous to the joint frequency-scale distributions derived in [10]. However, there is one difference between the joint distributions of the pairs {C, D}, {C_1, D_1} and the joint time-scale and frequency-scale representations; the shift-covariance property (88) is not possessed by the joint time-scale or frequency-scale representations derived in [1, 10], the reason being that the operator pairs {T , C} and {F, C} are not dual.

7 Summary and Conclusions

Associating variables with operators, traditionally Hermitian operators, is fundamental to time-frequency analysis. More recently, variables have also been associated with parameterized unitary operators since, in some cases, meaningful signal transformations are best described as unitary operators [25, 35, 17]. Existing treatments exclusively adopt one type of correspondence or the other; the relationship between the two types of correspondences, though of fundamental importance, has not been adequately addressed. Stone’s theorem shows that for unitary operators satisfying (10), the two types of correspondences are indeed equivalent. Moreover, by developing the notions of duality and shift operators, we explicitly characterize the relationship between the two correspondences, yielding the interpretation of unitary operators as shift operators, consistent with the unitary operator correspondence for time and frequency.

One of the concepts underlying most of the results in this paper is that of a covariant transform. Projection onto the eigenfunctions of a parameterized unitary operator yields a transform which is invariant to the operator; it ignores the changes in the signal effected by the operator. A covariant transform is needed if such changes in the signal (or the variable) are to be detected or estimated. Using Stone’s theorem and fundamental Fourier transform properties, we show in this paper that, given a parameterized unitary operator satisfying (10), we can always find a unitary transform which is translationally covariant to the changes produced by the operator.

The covariant transform corresponding to a unitary operator naturally leads to the definition of another, unique, family of unitary operators. The two families of unitary operators define the notion of duality; the invariant transform for one is the covariant transform for the other and vice versa. This notion of duality has strong implications for joint representations of arbitrary variables. In particular, given a Hermitian operator corresponding to a variable, the appropriate corresponding unitary (shift) operator is precisely the “exponential” operator of the dual Hermitian operator as defined by Stone’s theorem. Thus, we can consistently and interchangeably use the Hermitian or unitary operator correspondence if and only if the two variables (operators) are dual.

Joint distributions of dual variables share analogues of all the characteristic properties of joint timefrequency representations. In particular, a translation in one variable produces a corresponding translation in the representation, leaving the dual variable unaffected. In fact, two variables (operators) are dual if and only if they are unitarily equivalent to time and frequency.

Finally, in this paper we restricted our discussion to unitary operators satisfying (10), which are unitary representations of the translation group IR [24], and which are pertinent to Cohen’s method for joint distributions of arbitrary variables [1]. What if the unitary operators of interest (representing a meaningful signal transformation, for instance) are representations of some other group?^{17} Such operators have been considered by Baraniuk in [14] in which joint distributions based on locally compact abelian (LCA) groups are proposed. In fact, all the issues discussed in this paper can be addressed in the more general setting of arbitrary LCA groups [24, 23, 32], and some of them have been addressed in [15, 33, 14]. As explained in footnote 6 in the Introduction, the motivation for restricting the discussion to IR in this paper comes from the equivalence results of [15, 33].

Appendix

Fact. Let {A_α : H_1 → H_1} and {B_β : H_1 → H_1} be two families of unitary operators satisfying (10) and admitting the formal spectral representations

A_α = S^{−1}_A Λ_αS_A and (95) B_β = S^{−1}_B Λ_β S_B , (96)

respectively. If the unitary transform S_A is B-covariant or S_B is A-covariant; that is,

(S_AB_β s)(b) = (S_As)(b + β) or (97) (S_BA_αs)(a) = (S_Bs)(a − α) , (98)

for all s ∈ H_1, then S_A and S_B are related as

S_B = IF^{−1}S_A (99)

Proof: Suppose that (98) holds. It follows that

A_α = S^{−1}_B Γ_αS_B , (100)

which, using the fundamental relationship (26), can be equivalently written as

A_α = S^{−1}_B IF^{−1}Λ_αIFS_B . (101)

Comparing (101) with (95) and using the uniqueness of the spectral representation [24], we find that S_A = IFS_B must hold which is equivalent to the relationship (99). Similarly, it can be shown easily that the covariance relation (97) implies (99). This completes the proof.

17Such unitary group representations are fundamental to covariance properties of joint distributions. Many authors have discussed such representations, particularly for the affine and Heisenberg groups, and in relation to time-frequency and timescale representations [26, 27, 28, 29, 30, 12, 22, 18, 17, 16].

References

[1] Leon Cohen, Time-Frequency Analysis, Prentice Hall, 1995.

[2] L. Cohen, “Time-frequency distributions — a review”, Proc. IEEE, vol. 77, no. 7, pp. 941–981, July 1989.

[3] L. Cohen, “Generalized phase-space distribution functions”, J. Math. Phys., vol. 7, pp. 781–786, 1966. [4] H. Weyl, The Theory of Groups and Quantum Mechanics, Dover, 1950.

[5] E. Nelson, “Operants: a functional calculus for non-commuting operators”, in Functional Analysis and Related Fields, F. E. Browder, Ed., Springer-Verlag, 1970, pp. 172–187.

[6] M. E. Taylor, “Functions of several self-adjoint operators”, Proc. Amer. Math. Soc., vol. 19, pp. 91–98, 1968.

[7] R. F. V. Anderson, “The Weyl functional calculus”, J. Funct. Anal., vol. 4, pp. 240–267, 1969. [8] R. F. V. Anderson, “On the Weyl functional calculus”, J. Funct. Anal., vol. 6, pp. 110–115, 1970. [9] R. F. V. Anderson, “The multiplicative Weyl functional calculus”, J. Funct. Anal., vol. 9, pp. 423–440, 1972.

[10] L. Cohen, “A general approach for obtaining joint representations in signal analysis and an application to scale”, in Proc. SPIE 1566, San Diego, July 1991.

[11] M. Scully and L. Cohen, “Quasi-probability distributions for arbitrary operators”, in The Physics of Phase Space, Springer Verlag, 1987, (Y.S. Kim and W.W. Zachary Eds.).

[12] O. Rioul and M. Vetterli, “Wavelets and signal processing”, IEEE Signal Processing Magazine, October 1991.

[13] O. Rioul and P. Flandrin, “Time-scale distributions: A general class extending the wavelet transform”, IEEE Trans. Signal Processing, vol. 46, pp. 1746–1757, May 1992.

[14] R. G. Baraniuk, “Beyond time-frequency analysis: energy densities in one and many dimensions”, in Proc. IEEE Int. Conf. on Acoust., Speech and Signal Proc. — ICASSP ’94, 1994.

[15] A. M. Sayeed and D. L. Jones, “On the equivalence of generalized joint signal representations”, in Proc. IEEE Int. Conf. on Acoust., Speech and Signal Proc. — ICASSP ’95, 1995, pp. 1533–1536.

[16] F. Hlawatsch and H. Bölcskei, “Displacement-covariant time-frequency energy distributions”, in Proc.

IEEE Int. Conf. on Acoust., Speech and Signal Proc. — ICASSP ’95, 1995, pp. 1025–1028. [17] A. M. Sayeed and D. L. Jones, “A canonical covariance-based method for generalized joint signal representations”, To appear in the IEEE Signal Processing Letters, 1995.

[18] R. G. Shenoy and T. W. Parks, “Wide-band ambiguity functions and affine Wigner distributions”, Signal Processing, vol. 41, no. 3, pp. 339–363, 1995.

[19] A. M. Sayeed and D. L. Jones, “Optimal quadratic detection using bilinear time-frequency and timescale representations”, in IEEE Int’l Symp. on Time-Frequency and Time-Scale Analysis, 1994, pp. 365–368.

[20] A. M. Sayeed and D. L. Jones, “Optimal detection using bilinear time-frequency and time-scale representations”, IEEE Trans. Signal Processing, December 1995.

[21] A. M. Sayeed and D. L. Jones, “Optimum quadratic detection and estimation using generalized joint signal representations”, Submitted to IEEE Trans. Signal Processing, August 1995.

[22] R. G. Baraniuk, “Marginals vs. covariance in joint distribution theory”, in Proc. IEEE Int. Conf. on Acoust., Speech and Signal Proc. — ICASSP ’95, 1995, vol. 2, pp. 1021–1024, vol. 2.

[23] W. Rudin, Fourier analysis on groups, Interscience Publishers, New York, 1962.

[24] F. Riesz and B. Sz.-Nagy, Functional Analysis, Dover, 1990.

[25] R. G. Baraniuk and D. L. Jones, “Unitary equivalence: A new twist on signal processing”, IEEE Trans.

Signal Processing, October 1995.

[26] L. Auslander and R. Tolimieri, “Radar ambiguity functions and group theory”, SIAM J. Math. Anal., vol. 16, pp. 577–601, May 1985.

[27] L. Auslander and R. Tolimieri, “Is computing with the finite Fourier transform pure or applied mathematics”, Bull. Amer. Math. Soc. (N.S.), vol. 1, pp. 847–897, November 1979.

[28] J. Bertrand and P. Bertrand, “Time-frequency representations of broad-band signals”, in Wavelets:

Time-frequency methods and phase space, J. M. Combes, A. Grossmann, and Ph. Tchamitchian, Eds., Springer-Verlag, 1989, pp. 164–171.

[29] J. Bertrand and P. Bertrand, “A relativistic Wigner function affiliated with the Weyl-Poincaré group”, in Wavelets: Time-frequency methods and phase space, J. M. Combes, A. Grossmann, and Ph. Tchamitchian, Eds., Springer-Verlag, 1989, pp. 232–238.

[30] J. Bertrand and P. Bertrand, “A class of affine Wigner distributions with extended covariance properties”, J. Math. Phys., vol. 33, no. 7, pp. 2515–2527, 1992.

[31] R. G. Baraniuk, “A signal transform covariant to scale changes”, Electronics Letters, vol. 29, no. 19, pp. 1675–1676, September 17, 1993.

[32] L. Auslander, “A factorization theorem for the Fourier transform of a separable locally compact Abelian group”, in Special Functions: Group Theoretical Aspects and Applications, R. A. Askey, T. H. Koornwinder, and W. Schempp, Eds., D. Reidel Publishing Company, 1984, pp. 261–269.

[33] A. M. Sayeed and D. L. Jones, “Equivalence of generalized joint signal representations of arbitrary variables”, Submitted to IEEE Trans. Signal Processing.

[34] L. Cohen, “The scale representation”, IEEE Trans. Signal Processing, vol. 41, December 1993.

[35] R. G. Baraniuk and L. Cohen, “On joint distributions of arbitrary variables”, IEEE Signal Processing Letters, vol. 2, no. 1, pp. 10–12, January 1995.

[36] G. B. Folland, Harmonic Analysis in Phase Space, Princeton University Press, Princeton, NJ, 1989.

[37] R. A. Altes, “The Fourier-Mellin transform and mammalian hearing”, J. Acoust. Soc. Am., vol. 63, pp. 174–183, January 1978.

[38] R. A. Altes, “Wide-band proportional-bandwidth Wigner-Ville analysis”, IEEE Trans. Acoust., Speech Signal Processing, vol. 38, pp. 1005–1012, June 1990.

[39] A. Papandreou, F. Hlawatsch, and G. F. Boudreaux-Bartels, “A unified framework for the Bertrand distribution and the Altes distribution: the new hyperbolic class of quadratic time-frequency distributions”, in Proc. IEEE Int’l Symposium on Time-Frequency and Time-Scale Analysis, Victoria, Canada, 1992.

[40] A. Papandreou, F. Hlawatsch, and G. F. Boudreaux-Bartels, “The hyperbolic class of time-frequency representations part I: Constant-Q warping, the hyperbolic paradigm, properties, and members”, IEEE Trans. Signal Processing, vol. 41, pp. 3425–3444, December 1993.