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Abstract—We propose a new framework for multiuser detec-
tion in fast-fading channels that are encountered in many mobile
communication scenarios. Existing multiuser RAKE receivers,
developed to combat multipath fading and multiuser interference
in slow fading, suffer substantial degradation in performance
under fast fading due to errors in channel state estimation. The
detectors proposed in this paper employ a novel receiver structure
based on time-frequency (TF) processing that is dictated by a
canonical representation of the wide-sense stationary uncorre-
lated scatterer (WSSUS) channel model. The workhorse of the
framework is a TF generalization of the RAKE receiver that ex-
ploits joint multipath-Doppler diversity. Analytical and simulated
results based on realistic fast-fading assumptions demonstrate
that the proposed multiuser detectors promise substantially im-
proved performance compared to existing systems due to the
inherently higher level of diversity afforded by multipath-Doppler
processing.

Index Terms—Doppler, fast fading, multipath, multiuser de-
tection, RAKE receiver.

I. INTRODUCTION

CODE division multiple access (CDMA) has emerged
as one of the most promising systems for multiuser

wireless communication. The need for accommodating the
growing number of users and for communication in diverse
environments has posed unique technological challenges in
system design. Two of the most significant factors limiting the
performance of existing mobile wireless CDMA systems are
multipath fading and multiple access interference. Multipath
fading is due to the channel dynamics produced by the multiple
mobile scatterers encountered in transmission. Multiple access
interference, on the other hand, is caused by the multiple
users simultaneously using the channel. The RAKE receiver
structure is used in practice to combat fading [1], [2] and
various multiuser detection schemes have been proposed [3]
to overcome multiple access interference. Recently, multiuser
RAKE receivers have been proposed to combat multiple
access interference in fading channels [4], [5]. Such schemes,
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however, are applicable only in slow fading scenarios in which
the channel characteristics change slowly over time.

Fast fading encountered in many mobile communication
scenarios significantly degrades the performance of the RAKE
receiver due to less reliable channel estimation [6]–[8]. In fact,
existing systems exhibit a limiting bit-error probability floor
that cannot be improved by increasing the transmitted power
[6], [8]. Recently, a single-user spread-spectrum communica-
tion scheme has been proposed for fast-fading channels that
exploits temporal channel variations to provide another means
for diversity—Doppler diversity—to counter such degradation
in performance [9]–[11]. The methodology uses joint time-
frequency (TF) processing which is a powerful approach to
time-varying signal processing [12]. At the heart of the ap-
proach is a fundamental time-frequency-based channel decom-
position derived from a sampling of the wide-sense stationary
uncorrelated scatterer (WSSUS) model. The channel represen-
tation naturally leads to a time-frequency generalization of the
RAKE receiver that exploits joint multipath-Doppler diversity.
The TF RAKE receiver can deliver substantially improved
performance compared to existing systems by achieving an
inherently higher level of diversity [9]–[11].

In this paper, we leverage the TF formulation to propose
a new multiuser detection framework, within the context of
CDMA systems, to combat multiple access interference in fast-
fading multipath channels [13]. Our development is based on
the TF RAKE receiver, and includes TF generalizations of the
decorrelating [14] and minimum-mean-squared error (MMSE)
[15] multiuser receivers. Analytical and simulation results
show that the relatively modest Doppler spreads1 (100–200
Hz) encountered in practical fast-fading scenarios can be
transformed into significant joint multipath-Doppler diversity
gains by the multiuser receivers proposed in this paper.

In the next section, we develop the relevant TF-based chan-
nel and signal models for fast-fading CDMA environments.
Section III develops our multiuser detection framework based
on the TF RAKE receiver. Analytical and simulated results
on the performance of the proposed receivers are provided in
Section IV. Section V contains some concluding remarks and
directions for future research.

II. TF-BASED CHANNEL AND SIGNAL MODELS

In this section, we provide a brief description of the canoni-
cal TF decomposition of the WSSUS [9], [10] in the context of

1Sufficient to degrade the performance of existing systems due to errors in
channel state estimation [6], [8].
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Fig. 1. Mobile wireless channel: a linear time-varying system.

multiuser CDMA systems. The channel representation serves
as the backbone of the multiuser detection framework devel-
oped in this paper.

A. Single-User Channel Representation

As depicted in Fig. 1, the complex baseband signal at
the output of the channel is related to the transmitted complex
baseband signal by

(1)

where is the time-varying impulse response of the
channel [1]. An equivalent representation is in terms of the
channelspreading function [1], [16]

(2)

(3)

The channel produces time and frequency shifts in the signal
and the output signal is a linear combination of TF-
shifted copies of . In (2), is the multipath spreadof
the channel and denotes the maximum delay produced by the
channel. Similarly, is theDoppler spreadand denotes the
maximum (one-sided) Doppler shift introduced by the channel.
Fast-fading channels encountered in practice exhibit Doppler
spreads on the order of 100–200 Hz due to relative motions
of the users [6], [8].

The dynamics of the channel are best described statis-
tically, and the WSSUS model assumes that is a
two-dimensional uncorrelated Gaussian process [1], [16]

(4)

where denotes the Dirac delta function. The function
is called thescattering function[1], [16]. The

multipath spread is the maximum (essential) support of
in the direction, and the Doppler spread is its

maximum (one-sided) support in thedirection.
For a spread-spectrum signal of duration and chip in-

terval , the WSSUS channel admits the following canonical
finite-dimensional decomposition [9]–[11]:

(5)
with and

(6)

where is a TF-smoothed version of

(7)

The channel samples are approximately uncorrelated

(8)

where and the waveforms
are approximately orthogonal [9], [10]

(9)

where denotes the Kronecker delta function.
The representation (5) is a Karhunen–Loève-like expansion

of the received signal in terms of the uncorrelated random
variables ’s, and the orthogonal waveforms ’s. In
(5), denotes the number of multipath components andthe
number of Doppler components that are contributing signifi-
cant energy to the channel [10].2 We note that similar sampled
representations for the WSSUS channel have been developed
in [16] based on time and bandwidth constraints. However, our
formulation and interpretation in terms of diversity signaling
is quite different.

The power of the channel representation (5) comes from
the fact that it facilitates full exploitation of the inherent
channel diversity. The uncorrelated channel
samples , corresponding to the TF shifted signal copies

, serve as independent fading channels to
provide a substantially higher level of diversity as compared
to conventional systems.3 In particular, resolving the first

Doppler components yields -level joint
multipath-Doppler diversity, which is three times higher than
the -level multipath diversity attained by existing
systems. As we will see, the TF RAKE receiver provides
the mechanism for exploiting joint multipath-Doppler diversity
by computing the correlator outputs corresponding to the
waveforms .

We note that values of , produced by
commonly encountered Doppler spreads, significantly degrade
the performance of the RAKE receiver due to errors in
channel state estimation [6], [8]. More importantly, at modestly
larger (0.2–0.6) values of , significant multipath-Doppler
diversity gains can be achieved via appropriate signal pro-
cessing [10], [17]. There are several approaches for exploiting
multipath-Doppler diversity by attaining larger values of
[9]–[11], [17] (more discussion in Section III-C).

B. Multiuser Signal Model

For a CDMA system with users and employing syn-
chronous coherent binary phase-shift keying (BPSK) signaling,
such as may be encountered in the downlink of a mobile
communication system [2], [18], the signal at the input of
the receiver is given by

(10)

2The approximation in (5) can be made arbitrarily close by including more
summation terms and sufficiently finer sampling in multipath. However, most
of the energy is captured by the(L+ 1)(2M + 1) terms in (5) [10].

3An arbitrarily high level of diversity can be achieved by decreasingTc
(increasing bandwidth; finer multipath resolution) and/or increasingT (finer
Doppler resolution). Exploiting Doppler diversity corresponds to the latter.
Note that the two resolutions are not constrained by the uncertainty principle.
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where is the th bit of the th user, is
the unmodulated received baseband signal for theth bit of
the th user, is the size of the detection window, and is
the complex baseband additive white Gaussian noise (AWGN)
with power spectral density . In terms of the representation
(5), the signal can be expressed as

(11)

where is the spreading waveform of theth user and
are the channel coefficients corresponding to theth

bit of the th user.4 Note that we have absorbed the signal
powers and the carrier phases for the different users in the
channel coefficients .5

For simplicity of exposition, we introduce a vector notation
for the signals. Let us start by defining

(12)

and let denote the vector

(13)

where the vectors are given by

(14)

in terms of the vectors

(15)

Similarly, as with and define the
vectors in terms of the vectors ,

which are in turn defined in terms of . Finally, define
the channel matrix for theth symbol as

...
...

.. .
...

(16)

and the vector for the th bits as

(17)

In terms of the above notation, the received signal can
be expressed as

(18)

Thus, the received signal is a linear combination of the TF-
shifted signals , which also define the front-end TF

4For simplicity of notation, we use the sameL andM for all the users.
Our discussion, however, can be extended straightforwardly to incorporate
different values ofL andM for different users.

5Note that for the downlink (mobile-to-user) the receiver sees identical
channels for the different users;Hml

k
= H

ml for all k. However, in the
uplink (user-to-mobile) the channels are typically distinct.

correlators (TF RAKE receiver) for realizing the sufficient
statistics for detecting the bits of different users.

For negligible intersymbol interference (ISI) ,
the output of the TF correlators for theth bit is given by the

vector

(19)

where

...
...

...
...

(20)

(21)

and

(22)

is a zero-mean complex Gaussian noise vector with
. It follows that in the absence of ISI,

the one-shot detector suffices in which the decision about
the th bit is based on the received waveform for the
corresponding bit only. Thus, in subsequent sections we
suppress the bit index and, without loss of generality, focus
on the th bit: .

Recall that the th component of
consists of the TF correlator outputs for theth user

(23)
In fact, the front-end TF correlators are a generalization of the
RAKE receiver and can be efficiently implemented via a bank
of RAKE receivers [9]–[11]. This is the reason for referring
to the proposed receiver structures for joint multipath-Doppler
processing as TF RAKE receivers.

III. M ULTIUSER DETECTORS FORFAST-FADING CHANNELS

In this section we develop a multiuser detection framework
that incorporates the fundamental multipath-Doppler channel
model of Section II to deliver near–far resistant receiver struc-
tures for fast-fading channels. The TF RAKE receiver plays a
central role in our development, and we start our discussion
with the computationally intensive optimal multiuser detector
which is an extension of the synchronous receiver derived
in [19]. The structure of the optimal detector inspires a
unified formulation of a class of suboptimal, near–far resistant
receiver structures that are computationally tractable. The
resulting multiuser TF RAKE receivers include generalizations
of the decorrelating [14] and MMSE [15] multiuser detectors.
Restricted to slow-fading scenarios [ in (5)], our
treatment also serves as a unified formulation of the multiuser
RAKE receivers proposed in [4], [5], and [20].
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A. Minimum Probability of Error Receiver

Recall the definition of in (19). In
the absence of multiple access interference, corresponding to
the single-user case, the optimal receiver for each user is the
TF RAKE receiver with maximal-ratio-combining (MRC) [9],
[10]

(24)

which coherently combines the different multipath-Doppler-
shifted signal components to achieve -order
diversity.6 Note that MRC requires the knowledge of the chan-
nel coefficients which, for example, may be estimated
through a pilot transmission.7 The signal component of

in this case is where
resulting in as the real-valued signal component
of the test statistic in (24). Of course, in the presence of other
users the detector in (24) is not near–far resistant since it
ignores multiple access interference.

It is instructive to study the structure of the optimal mul-
tiuser detector which essentially augments the single-user
receiver (24) by suppressing multiple access interference.
Following the approach in [19], it can be shown that the
minimum probability of error reception is achieved by the
maximum likelihood (ML) receiver given by

(25)

where the last equality is equivalent to

(26)

where is the th column of . Note that the effects
of fast fading are incorporated in the above formulation via
the multipath-Doppler channel coefficient matrix. The first
term corresponds to the single-user TF RAKE receiver and the
second term eliminates the multiple access interference. Given
the knowledge of channel coefficients, the optimal decision
requires a search over possibilities for , which can be
efficiently executed with Viterbi sequence decoding [19]. Due
to the exponential computational complexity (in the number
of users) of the optimal receiver, however, lower complexity,

6The conventional single-user RAKE receiver corresponds toM = 0 in
(24).

7Reliable estimation ofHml

k
is affected by the rate of temporal variations

of Hml

k
. We note that noncoherent techniques, which rely less on channel

estimation, are also possible in our framework [21]. Though important,
channel estimation issues are beyond the scope of this paper.

suboptimal approaches are sought in practice. Next, we discuss
an approach for designing suboptimal near–far-resistant TF
RAKE receivers that are computationally tractable.

B. A Class of Suboptimal Near–Far-Resistant Receivers

The structure of the suboptimal receivers that we derive is
motivated by the optimal single-user MRC detector (24). As
evident from (24), the MRC detector makes the decision by
coherently combining the TF correlator outputscorrespond-
ing to each user. As mentioned before, in the absence of other
users, the signal component of is

(27)

In our suboptimal approach, the basic idea is to obtain an
estimate of the noise-free correlator outputs, and then to
coherently combine them as in (24) to obtain the bit estimates
for each user. The estimation procedure for should be
such that the resulting detector is near–far resistant. In terms
of the users, we seek a near–far resistant estimate of

(28)

The nature of the estimate ofdetermines the structure of the
receivers. For computational efficiency both the receiver struc-
tures that we propose employ a linear estimate. Generically,
the estimate of takes the form

(29)

where with

...
...

...
...

(30)

The matrix is chosen to yield a near–far resistant estimate
of . Following the application of , MRC is applied to the
different multipath-Doppler components of each user ,
analogous to (24). Since the noise in the estimateis
correlated, however, a prewhitening operation is needed. The
general form of the overall multiuser TF RAKE receiver
becomes

(31)

where the block-diagonal matrix

...
...

.. .
...

(32)

performs the prewhitening and the matrix performs MRC.
A schematic of the overall receiver structure is depicted in
Fig. 2. In the following subsections we discuss two special
cases of the receiver structure (31), based on the choice of the
estimator matrix .
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Fig. 2. Generic structure of the proposed multiuser TF RAKE receivers.

1) ML Estimation—Decorrelating Receiver:If the ML es-
timate of is employed, the resulting receiver is linear
and constitutes a generalization of the decorrelating receiver
[14], [4]. The estimator matrix in this case is

(33)

since

(34)

Note that the correlation matrix of the transformed noise vector
is . From (31) it follows that the resulting
decorrelating TF RAKE receiver takes the form

(35)

where is defined as in (32), with . The decor-
relating TF RAKE receiver in (35) combats fast multipath
fading by exploiting joint multipath-Doppler diversity, and
attains near–far resistance via the ML estimate in (34).

2) MMSE Receiver:If a linear MMSE estimate of
is employed, a generalization of the MMSE detector proposed
in [15], [5] is obtained. In this case, the estimator matrix
solves

(36)

and, as shown in the Appendix, it takes the form

(37)

where

(38)

The resulting MMSE TF RAKE receiver is given by

(39)

where is defined as in (32) and the transformed noise
correlation matrix is

(40)

Note that is a function of the powers of different users,
and the second-order channel statistics of the corresponding
users. Specifically, for the WSSUS channel modelhas the
following diagonal structure

...
...

...
...

(41)

where is a diagonal matrix [due to (8)], corresponding
to the powers in the different multipath-Doppler channel
coefficients of the th user.8

C. Discussion

The proposed framework for multiuser detection over fast-
fading channels promises improved performance on two
counts: 1) the underlying TF RAKE receiver is optimally
matched to the fast-fading WSSUS channel and 2) the resulting

8Note that for the downlink the channel statistics are identical for all the
users;	k =	. For the uplink, in general, the	k are distinct.
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systems achieve an inherently higher level of diversity due to
joint multipath-Doppler processing.

As mentioned before, even the relatively small Doppler
spreads encountered in practice can be leveraged into signif-
icant diversity gains via appropriate signal processing [10],
[17]. This is due to the fact that a large fraction of the
maximum diversity gain due to additional (Doppler) diversity
components is attained at relatively small fractions (5–10 )
of total power in those components [10], [17]. Such perfor-
mance gains are inherited by the multiuser receivers proposed
in this paper, as demonstrated in the next section.

Several system modalities that can benefit from joint
multipath-Doppler diversity are identified in [9]–[11]. One
particularly promising technique is the use of time-selective
signaling and reception to achieve sufficiently large (0.2)
values of [17], [11]. The basic idea is to use signaling
waveforms that are longer than the intersymbol period, thereby
introducing overlap between successive symbol waveforms.
For example, for a data rate of 10 kHz, carrier
frequency of 1.8 GHz, and maximum vehicle speed of 50
mi/h. Spreading codes that are about 16 times longer than the
conventional symbol yield , facilitating significant
joint multipath-Doppler diversity gains (3–6 dB) [17]. Clearly,
the overlap between successive symbols introduces ISI. Initial
studies, however, in the single-user case indicate that the
excellent autocorrelation properties of pseudorandom codes
result in virtually negligible ISI [17]. Integrating time-selective
signaling into the multiuser formulation developed in this
paper warrants further research. We note, however, that the
interference-suppression-based formulation adopted in this
paper will automatically account for the additional multiple
access ISI introduced by time-selective signaling.

Finally, we note that the concept of exploiting Doppler
diversity in a multiuser CDMA framework based on time-
selective signaling is similar in spirit to the ideas proposed in
[22] and [23]. In fact, the concept of Doppler diversity can
be integrated into the formulation in [22] and [23] to provide
an alternative interpretation of the results. For a more detailed
comparison of the two approaches, we refer the reader to [17].

IV. PERFORMANCE ANALYSIS

The main objective of this section is to quantify the joint
multipath-Doppler diversity gains attainable by the multiuser
TF RAKE receivers in practical fast-fading scenarios. To
provide a reference, we compare the performance of the
proposed receivers under realistic fast fading, with that of the
conventional multiuser RAKE receiver operating under ideal
slow fading conditions. Our results demonstrate that even the
relatively small Doppler spreads encountered in practice can
yield significant gains via joint multipath-Doppler processing.

Of the two multiuser detectors proposed in the last section,
only the decorrelating receiver lends itself to tractable perfor-
mance analysis. Proceeding in a manner analogous to that of
the standard performance analysis for the decorrelating detec-
tor [14], [4], we first derive an expression for the probability
of bit error for the decorrelating receiver, and then provide

simulated results for both the decorrelating and MMSE TF
RAKE receivers.

Recall from (35) that the decorrelating receiver is of the
form

(42)

where the test statistic is given by

(43)

It follows that the test statistic corresponding to the th
user is

(44)

where is the component of the vector corresponding
to the th user. It can be readily verified that

. Thus, the probability of bit error for theth user,
conditioned on the knowledge of the channel coefficients,
is [1]

(45)

where . Note that since consists
of independent complex Gaussian random variables

(46)

where the ’s are the eigenvalues of and the ’s
are independent random variables each with two degrees
of freedom, and . The unconditional probability
of bit error can be obtained by averaging with respect
to the probability density function of and is given
by [1, pp. 801–802]

(47)

where

(48)

Note that the eigenvalues ’s include the dependence on the
signal powers and .

All the numerical results presented next are based on
coherent BPSK signaling with perfect channel knowledge, and
employ -sequences of length as the
spreading codes. Moreover, in slow fading, we assume that
two-level multipath diversity is achievable with a
uniform multipath power profile. For simulating practical fast-
fading scenarios we assume that in addition to the multipath
components the , Doppler components contribute
about 10 of the total power in the channel, corresponding
to six-level joint multipath-Doppler diversity with a (0.05,
0.9, 0.05) Doppler power profile for . As noted
earlier, such a Doppler profile may be achieved in practice
by employing appropriate signal processing, such as time-
selective signaling and reception [10], [11], [17].
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Fig. 3. Comparison between the analytical performance of the TF and conventional decorrelating RAKE receivers for two and four users.

A. Numerical Results: Decorrelating TF RAKE Receiver

First, we calculate the analytical probability of bit error
based on (47) for the decorrelating TF RAKE receiver and
the conventional decorrelating RAKE receiver , as
a function of signal-to-noise ratio (SNR). Fig. 3 shows the
results for and users. Evidently, by exploiting joint
multipath-Doppler diversity corresponding to only 10of the
total power in the two Doppler components, the multiuser
TF RAKE receiver significantly outperforms the conventional
multiuser RAKE receiver. For example, for users,
the TF receiver achieves a 5-dB SNR gain at .
Moreover, as expected, as the number of users increases, a
higher SNR is needed to achieve a prescribed value of, due
to increased interference. As illustrated in Fig. 4, however, the
loss in performance for higher number of users is reduced for
longer spreading codes due to improved correlation properties
(and, hence, reduced interference). Moreover, the performance
gains of the TF RAKE receiver increase monotonically with
increasing SNR (decreasing ).

Fig. 5 shows the performance results based on the Monte
Carlo simulation. Evidently, analytical and simulated results
agree closely. Analytical results are slightly optimistic for

users.

B. Numerical Results: MMSE TF RAKE Receiver

Fig. 6 compares the simulated performance of the multiuser
MMSE receivers. The results are similar to those obtained for
the decorrelating receiver, demonstrating superior performance
of the TF RAKE receiver due to joint multipath-Doppler
diversity.

Fig. 7 demonstrates the near–far resistance of the proposed
MMSE TF RAKE receiver by plotting the for the first
(desired) user (at dB) as a function of the SNR
of the second user, relative to that of the first user. Based on

similar performance of the two multiuser receivers, we expect
similar behavior for the decorrelating receiver.

Finally, Fig. 8 illustrates the effect of the choice of spread-
ing codes on the performance of the proposed receivers.
Comparison is made between-sequences, which have well-
known characteristics, with randomly generated sequences.
The results, based on the MMSE receivers, indicate that
the choice of spreading codes has no significant effect on
performance.

V. CONCLUSION

Multipath fading and multiple access interference are two
of the most significant factors limiting the performance of
existing mobile wireless CDMA systems. Receiver structures
that combine multiuser detection and multipath diversity pro-
cessing have been developed recently to address the two
problems. However, the performance of existing multiuser
RAKE receivers degrades significantly in fast fading encoun-
tered in many mobile communication scenarios. In particular,
systems based on the conventional RAKE receiver exhibit
limiting bit error rates that cannot be improved by increasing
the transmitted power. In practice, additional diversity is
needed for improved performance.

In this paper, we have proposed a novel framework for
multiuser detection that achieves an inherently higher level of
diversity via joint multipath-Doppler processing. At the heart
of our approach is a TF RAKE receiver, derived from a canoni-
cal TF decomposition of the fast-fading channel, that facilitates
joint multipath-Doppler diversity. The proposed multiuser TF
RAKE receiver structures are near–far resistant and include
generalizations of the conventional decorrelating and MMSE
receivers. Analytical and simulated results demonstrate that the
relatively modest Doppler spreads encountered in practice can
be transformed into significant diversity gains by the proposed
multiuser systems.
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(a)

(b)

Fig. 4. Analytical performance of the decorrelating RAKE receivers for longer spreading codes: (a)N = 127and (b) N = 255. The difference in
performance for two and four users is smaller for longer codes.

The multiuser TF RAKE receivers proposed in this paper es-
pouse the paradigm of first removing multiple access interfer-
ence, followed by MRC of the multipath-Doppler components.
However, receiver structures that employ diversity combining
first are also possible. According to a study of multiuser
RAKE receivers [24], first employing diversity combining
yields better performance with perfect knowledge of channel
parameters, whereas executing interference suppression first,
as in our approach, may be more robust if channel estimates
are used. Investigation of the two approaches in the context of
fast fading warrants further investigation.

From a diversity viewpoint, we note that an arbitrarily
high level of diversity can be achieved in the proposed
systems by employing time-selective signaling and reception

based on spreading codes that are substantially longer than
the intersymbol duration [10], [11], [17]. For long codes,
in addition to improved performance, the system is also
less affected by the number of users, as indicated by our
analysis. Moreover, such systems effectively transform the
fading channel into an AWGN channel (in the limit) [17],
thereby facilitating the use of powerful coding techniques
developed for the AWGN channel.

Finally, we note that even though we restricted our discus-
sion to the synchronous case, for clarity of exposition, the
results of this paper can be readily extended to asynchronous
scenarios. Moreover, the multipath-Doppler diversity frame-
work can also be leveraged to develop powerful techniques for
noncoherent detection and multiuser timing acquisition [21].
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Fig. 5. Comparison between the simulated performance of the TF and conventional decorrelating RAKE receivers for two and four users.

Fig. 6. Comparison between the simulated performance of the TF and conventional MMSE RAKE receivers for two and four users.

APPENDIX

Recall that

(49)

where solves

(50)

The MSE functional can be expanded as

(51)
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Fig. 7. Near–far resistance of the MMSE RAKE receivers (simulation results).

Fig. 8. Effect of the choice of spreading codes on performance of MMSE TF RAKE receiver.

where denotes the trace of a matrix. Using
we get

(52)

where and we have used the fact that
. Similarly,

(53)

Differentiating in (51) with respect to , we
have

(54)

where we have used the following identities:

(55)

(56)

Setting the gradient in (54) equal to zero yields the optimal

(57)

where we have used (52) and (53).
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