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Abstract

ey

The Fourier Coefficients of Siegel
Modular Forms of Degree Two

by
Rudolph Lolo Saldana

In this thesis, two conjectures concerning the
Fourier coefficients of Siegel modular forms of
degree two are presented. From these two conjectures,
which have a certain "naturality" and simplicity
within the framework of known results, are derived
formulae which completely determine the generator
of the graded ring of modular fbrms of even weight
through its Fourier coefficients. - Additionally;
to add credence to the conjeétures, one of three
known methods of generating Fourier coefficients
of modular forms is used to obtain a table of
coefficients with which to illﬁstrate the conjectures.
It may be mentioned that this set of Fourier coeffi-
cients, in itself, represents the firsf known table
of any iength for the Siegel modular forms of

degree two.
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Introduction

One of the main results of a paper by
H. Resnikoff [7] 1is that the graded ring (finite
sums) of Siegel modular forms of degree two is
generated by the Eisenstein series- 4 - Consequentlyﬁ
this has given rise to a new interest in the form
A and has, in fact, led the author to two conjectures
concerning the Fourier coefficients of these modular
forms. From these two conjectures can be derived
new formulae which will completely determine 4,
through its Fourier coefficients;

The purpose of this paper is to present these
two conjectures and the derived results. Additionally,
to add credence to the conjectures, we have chosen
one of three known methods of generating Fourier
coefficients of modular forms and have obtained a
table.of coefficients with which to illustrate the
conjectures. This set of Fourier coefficients, in
itself, repreéents the first known table of any

length for the Siegel modular forms of degree two.

Background: Investigations into the Fourier

coefficients of Siegel modular forms began with the

work of C. L. Siegel [9,10] in 1939 in which the



coefficients for the Eisenstein series of degreef
n were expressed in terms of p-adic densities.
His formula, by its generality, is extra-ordinarily
complex and proves to be unapplicable for extensi§e
calculations. In 1964 for the degfee two Eisenstein
series, H. Maass [6] expanded the p-adic densities
of Siegel's formula to obtain an exﬁlicit expression
for the Fourier coefficients associated with primi-
tive matrices. This formula is of course still
complicated.

What Maass needed to complete the evaluation
of the Eisenstein coefficients in the degree two
case was an equation for the imprimitive matrix
coefficients. Using an extention of the Hecke
operator‘theory, Maass [6] determined an identity
satisfied by the Eisenstein coefficients. He then at-
tempted to show that the identity could be simplified
to yield a recursive equation for the imprimitive
matrix coefficients and that the coefficients, aW(T),

t; ts 2
for T= were a function only of the two

parameters e(T)=g.c.d:(t1,t2,t3) and D(T)=|2T|/e2(T).
Unfortunately, we have found an error in his proof
([6])-Satz 2) which invalidates his simplified

recursive equation and leaves the dependence of

i1 ’



aw(T) on e(T) and D(T) an open question,

In Appendix I of this paper, we will be '
able to correct the error in Maass' proof to show
that the Hecke operator identity is indeed recursive
for the imprimitive matrix coefficients. However,
we will not be able to simplify the identity nor be
able to conclude that aw(T) is a funétion only
of e(T) and D(T). This being the case, we single
out this last statement as Maass' Conjecture.

_ In 1970 using certain Qifferential operators
which are independent of the modular group,
Resnikoff showed his result that ¢, generates
the graded ring of Siegel ﬁodular forms of even
weight. Later he pointed out the existence of
recursive equations for the Fourier coefficients of
the four algebraic generators of this same graded
ring which could be obtained from the differential
operator theory [87]. These equations while
complicated are not intertwined with the number
theoretic complexities of Siegel's and Maass'
formulae. Moreover, they demonstrate how one generates
other modular forms from the knowledge of the ¢4-
coefficients, For this'reason, we have chosen this

method for generating the table in this paper(p.79).

iii



The Conjectures: In this thesis, we state two

conjectures concerning the Fourier coefficients
of modular forms of degree two. It may be mentioned
that these two conjectures have a certain naturality
and simplicity within the framework of known results.
Moreover, for the large set of coefficients generated
by the method above, the conjectures are found to
hold. |
The first conjecture is an explicit expression

for the Fourier coefficients associated with imprimi-
tive matrices in terms of primitive matrix coefficients.
Thus once the primitive matrix coefficients are
determined, one also has the imprimitive matrix
coefficients. The equation of the conjecture has a
form similar to the known solution of the degree one
Eisenstein series coefficients, and appears to hold for
all modular forms of arbitrary weights. An immediate
consequence of the conjecturé is a trivial proof of
Maass' Conjecture. |

In contrast to this, the second conjecture
applies only to the Fourier coefficients of the
Eisenstein series of weight four. This conjecture
relates a sum of these degree two ¢4-coefficients

to the known coefficients of the classical (degree

iv



one) Eisenstein series of weight four. A geometric
similarity between this conjecture and an identiéy of:
E. Witt is readily noticed.

Finally, under the assumption of the second
conjecture, we prove recursive equations for the
¢4-coefficients of primitive matrices. Coupling
this with a special case of the first conjecture, we
have the formulae to completely determine By, - This
points out that if the conjectures are true, then
there still éxist some unknown fundamental relationships
between the classical modular forms and forms of

higher degree.

The first two chapters; éomprising the first
part of this paper, are devoted to development and
to the two conjectures. Chapter I considers some
general facts pertaining to modular forms in n-space;
while Chapter II contains the two conjectures and the
derived consequences. The last three chapters
(Part Two) take up the subject of generating a table
of Fourier coefficients. The recursive equations
and as much of the differential theory as 1is necessary
to derive them are given in Chapter III. Chapter IV

explores some aspects of evaluating the coefficients



by the equations and outlines an algorithm used
on a Control Data Corporation 3800 compﬁter. The
table of obtained coefficients is given in Chapter
V along with an extended table for the A coefficients
calculated by means of the equations derived from
the conjectures.

For comparisions, Siegel's genefating formula
as well as Maass' results are given in Aprendix I.
Also included is our proof of the recursive nature
of the Hecke operator identity mentioned above.
Appendix II contains the computer time and cost
requirements needed td complete the table in Part

Two of this paper.

vi



PART ONE

PRELIMINARIES AND THE TWO CONJECTURES



I. General Remarks

Prior to stating and deriving consequences of the
conjectures of this paper, it will be necessary to formal-
ize some of the concepts to be used. Since the conjectures
will relate modular forms of degrees 1 and 2, we have '
found it reasonable to present most of the material in
this chapter in its general setting for degree n. In-
cluded are results which we can call upon, as the occasions

arise, later in this paper.

A. Modular porms

Let H: denote the set of all symmetric complex
n-by-n matrices, Z = Z(n)= X+iY-= (sz) (1<k<t<n),
with positive definite imaginary part Y. In symbols,

T

this means Z = Z° and Y>0, where (‘)T indicates

matrix transpose and Y>0 indicates that the matrix Y

‘is positive definite. By definition, H; is the Siegel

Upper-Half Plane of degree n. The (homogenous) Modular
Group of degree n 1is the group M(Zn) consisting of
all 2n-by-2n matrices M satisfying the condition

(I-1) MIM =1; ™ =l (é‘.‘?). I “(-gg)



3

where A,B,C,D are integral square matrices of order
n and E = E(n) and 0 = O(n) are respectively the
identity and zero matrices of order n.
+ . - R o
M(Zn) has in H a dlscontlngous analytic

representation given by the mapping

Z - M <Z> = (AZ+B) . (Cz+D)~!

+

of Hn onto itself. Since the matrices M and -M

give the same mapping, we define the Siegel Modular Group

of degree n, T to be the factor group of M(Zn)

n’
by its normal subgroup {E(Zn),‘-E(zn)} - of order two.

Definition 1: A complex-valued function £(2Z)

on H; is said to be a Siegel mbdgiar form of degree n

and weight w (denoted briefly as fe(r,w)) if

(i) £(Z) 1is an holomorphic function of the

Bﬁgill complex varibles Zia (1skst<n) of Z in H: )

(I

_ [AB
(ii) For every M = CD) ,

f(M<z>) |Cz4D|™¥ = £(2)

where |.| indicates determinant.
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It has been shown by Koecher [3] ‘that for n>1 (1)

and (ii) together imply
(iii) £(Z) is bounded in H“;.

For n=1, however, (iii) should also be included in
the definition of modular form.
From this definition, we find that the product

nw must be an even integer. This follows since M = E

and -M = -E both represent the identity transformation
in T, yielding
= £(2)

f(-EZ)
and by (ii)

£(-EZ) = (-1YV £(2).

Hence we have proved that modular forms not vanishing

identically can exist only in the case nw=0 (mod 2).
Additionally, it is known that modular forms of

negative weight vanish identically and that modular forms

of weight zero are necessarily constants. The first
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statement follows directly form the boundedness property
of modular forms, while the latter requires more work

and is found in [4].

B. Existence of Modular Forms (Eisenstein Series)

To prove the existence of modular forms, we will
defineba set of functions called Eisenstein series and
show that they.are'indeed modular forms. We ﬁroceed by
making the following definition for two matrices P and
Q.

Definition 2: A pair of integral n-by-n matrices

P and Q will be called coprime (denoted by [P,Q]
if there exist integral matrices X and Y satisfying
the relation; PX + QY = E. Further, matrices P and

Q are said to form a symmetric pair if PQT = QPT.

The Eisenstein series of degree n and weight

w 1is then defined to be

(I-2) ¢w(z) =3 |cz+|™V
(C,D]
where the summation extends over all n-by-n coprime
symmetric matrix pairs [rC,D]. It can be proved that

such a series converges absolutely and uniformly for

all points ZeH: provided that w>n +1 [5].
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¢w(Z) is a modular form of weight w. For apply

successively the conditiojnsu oﬁ*,t?xe definition:

(i) That ¢W(Z) is holomorphic at all points
. +
Z € Hy is assured by the uniform convergence of the series

on compact subsets of .
H;AiBl

(ii) lLet Ml = (C ) €T, Consider L w(Zl),

101
with
' -1
Z1 = (AIZ+B1)(Clz+D1)
then
-1
|CZ,+D| = |C(A Z+B,) (C;Z+D,) ™ D]
c,z4. |71 |c 2
= [CyZ4D |7 [CyZ4D,|
where
C, = CAj#DC;, D, = CB,+DD;.
Hence

o (Z,) = |C,z+D,|¥Y .= |C,z4+D,|"V
w(21) = [C1Z+D, | [C,D]I 224D, |

To prove that ¢W(Zl) = |C]_Z+D1|W¢W(Z), it suffices to
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prove that as [C,D] runs over all coprime symmetric
pairs, so does (C,,D,].

First of all we have
(C,D,) = (CD)M;,  (CD) = (CZDZ)M;_]'

implying that [CZ,DZJ are coprime and distinct for

different [C,D]. Moveover by equation (I-1),

M M) = I, M1 lv=11 om-=1,
cp® - pct = (cp)1(cp)T = (cD)M; T; (cD) T

T T
CyDy - DoCy,

hence [CZ,DZ] is a symmetric pair if [C,D] 1is. The

result then follows.

(iii) The final condition for ¢ w(Z) to be a
modular form amounts to showing that the Eisenstein series
(I—2). can be expressed as a Fourier series at . The
proof is a consequence of a generalized Lipschitz formula
and can be found in [5].

Hence modular forms do exist, and we can give an



8 .
explicit formula for them in the case of Eisenstein |
series. The importance of these Eisenstein series
will become apparent as we .develope Chapter II,

C. Fourier Expansion of Modular Forms

1. Definition 3: A matrix A 1is called

properly (improperly) unimodular if and only if A

and A"l are both integral such that |A| = + 1(|A| = -1)

where |+| indicates determinant. Furthermore, a

unimodular matrix is a matrix that is either properly
unimodular or improperly unimodular.

For a matrix M1 in T_ of the form

T n |
M1 = (g ISJ-]) where S 1is an integral symmetric matrix
and U is a unimodular matrix, we can infer from
Definition 1 that f£f(Z+9 = £(Z) for fe(r,,w)
and U = E. In particular, this implies that

modular forms are periodic with period one in every

element Zre of Z;H:. Hence, we can develop the

Fourier series of a modular form,

(I-3)  £(2) = 5 aw(r)ezﬁiU(TZ)
o T

where the summation extends over all semi-integral
matrices T (i.e., the off-diagonal elements are

half-integers) and g(*) = trace (*).



Letting S = 0 1in the above matrix M1 and agéin

using Definition 1, we see that for fe(rn,w),

(I-4) £(z) = £(2[U])

where Z[U] = UTZU. Also by observing that the trace of
a matrix product is invariant under a cyclic permutation
in the succession of the factors(i.e., g(ABC) = ¢g(CAB)),

we have

T
£(2[U]) = za, (1)e?mio (TU20)

T
(I-5) = %aw(T)eznio(UTU z)

za, (T (U)1y)e?mio (12)
T

Therefore a comparison of the coefficients of (I-3) and
(I-5) by means of (I-4) allows us.to conclude by the

uniqueness of Fourier expansions that

T,-1
a (1) = a,(TL@WH) ™M)
where U is an arbitrary unimodular matrix. Replacing

(UT)'1 by U, we get

(1-6) aw(T) = aw(T[U]).
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We exploit this relationship in the following definition.

Definition 4: Two matrices A and B are said

to be unimodularly equivalent if for some unimodular

matrix U, we have B = A[U] where A[U] = UTAU. 1In

this case B 1is said to be a unimodular transformation
of A. |

This defines an equivalence relation on the set |
of semi-integral matrices} T. Relation (I-6) then
implies that the coefficient aw(T)_ depends only upon
the unimodular equivalence class (T) to which T
belongs. Here, of course, (T) denotes the equivalence
class for the matrix T.

Separating the‘semi-integral matrices into

classes (T) and letting

where

e(TIZ) = ezﬂiO(le), equation (I-3) becomes

£(2) = %T)aw(T)f(T)(Z)



11 .
summed over all the different clasées of semi-integrll
matrices.

It is known from the boundedness property of
modular forms that aw(T) = 0, ﬁnless .T20 (semi-
positive definite) [4]. As a consequence of this, we

write (I-7) as

(I-8) £(z) = (ngpaw(T)f(T)(Z)

We also define .Jn to be the set of all ﬁ-by-n semi-
integral, semi-positive definitg'matrices, and T = Tg.
2, For the applications we have in mind‘(namely
differential equations involving the Fourier Series of
modular forms - Part Two), we will need the expression
for the Fourier series of a modular forﬁ raised to the
k-th power. The result for fe(rn,w) expressed as in
equation (I-8) is
£z) = 3 I a ()08 o (2)
, @)=01 ¥ 1 D~ (D)

(1-9)

D=3yT

=™ R

i

: k
where CD = number of solutions of D = ¥ Ti and Tieg .
1 n
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This follows directly by ndting that

£0(2) £5(2) = = e[(T+5,)Z].
T, +5;
(I-10)

T,€(T), S1€(8)

Since the sum of two matrices in 3, 1s again in T

the equation
Ty+5; = Dy, T, and Toed,

holds for only a finite number of semi-integral matrices
T, and S,. Suppose it has in all Cp. solutions. Theﬁ,

-1
since

vlr, v +uTs,u = u'p, v, U unimodular,
the equation has the same number of solutions
for all matrices D4 unimodularly equivalent to D.
Hence every element of the class D appears in the sum
(I-10) the same number of times and equation (I-9) follows
by induction on k.

D. Siegel Operator

In this section we will define an operator, §,

which maps the modular forms of degree n>l
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to those of degree n-1 with the

same weight: i.e., @:(Fn,w)~(Fn_1,w). From the action
of this operator, we will be able to determine a relation
between some Fourier coefficients of degree n and those
of degree n-1.

Toward this end, it is a straightforward veri-
fication to show that if Z = (zl ) H' , then the matrix
Z1 obtained by cancelling the last row and column of
Z 1is an element of Hn 1+  Conversely, for every

IEH; 1> we have Z = (Q l;)eH: provided A>0. Then
for fe(r ,W), we have the following proposition defining
the Siegel Operator §[4].

Proposition 1: Let fe(I‘n,w) then 1lim f(z )

e

exists and is a modular form of degree n-' and weight
w. This 1limit function is denoted by & (£(2Z)).

Implicit in the proof of the proposition is

that the terms of £(Z) = (T?anW(T)f(T)(Z) €(T,w)

involving matrices T for which |T|#0 vanish in the
limit and only those terms for which |T| = 0 survive.

We then obtain

FE@) = T e, (TPEp )@)€y 1,0)

T1)20



where T1 is an n-1 by n-1 semi-integral matrix

and where by definition

T10 . 4 1
(I-11) aW(Tl) =a . \ool-

In the case that we restrict ourselves fo
Eisenstein series of degree 2, we can obtain an
explicit expression for the Fourier coefficients
associated with matrices of determinant zéro. indeed,
if we let T be a semi-integral matrix of order 2
such that |T| = 0, it is not Hard to see that there
exists a unimodular matrix U such that. | :

T[U] = zg) :®  integral, > 0.

(An explicit method for determining the U is given
in section F of this chapter.)

Now if for this T, aw(T) is a Fourier coefficient
of an Eisenstein series of degree 2, then by equation

(I-11)

aw(T) = aw(m)



where aw(m) = the Fourier coefficient for the ﬁisenstein

series of the classical modular group, n=1l. In this
case, the coefficients of ¢we(r1,w) are well known to

be

w/2,
(1-12) a (m) = (—12T2W 0,1 (@
where
ok(m) = dk (the elementary divisor function),
dim
d>0

and B, are the Bernoulli numbers, defined for instance

by
(113) - Bn22n22n
- Z cotZ =1 -nzl W

' w/2
For  reference we note that K:l%———gﬂ = 240, -504, -264,
w

and 54,600/691 for w = 4, 6, 10, and 12 respectively.
In concluding this present section, we distinguish
those modular forms fe(Pn,w) which have no terms in

T for which |T| = 0.



Definition 5: A function f£e(T ,w) 1s called

a cusp form if
$§(£(2)) =0 . ?

i.e., f 1is in the kernel of the Siegel & operator.

E. Witt's Identity

E. Witt [12] proved a thetrem'in 1939 from
which we will obtain an identity between a sum of degree
two Fourier coéfficients‘and a product of degree one
coefficients, The importanceiof-this identity (to our
paper) is that it bears some geometric similarity to the

second conjecture in Chapter II. Further, it provides

a check which we use when calculating degree two coefficients.

If f1 and fze(rn,w), then f = af1 + bf2 where
a,b are any complex constants is also a modular form
of the same weight. Therefore, the collection of modular
forms, (Fn,w), of fixed weight form'a vector space over
.the complex numbers. It is well known that this space
is finite dimensional. In particular, if we let p(w)
denote the number of linearly independent modular forms

in (Fl,w), we have
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(I-14) o (w) =3T2] » W =2 mod 12

[%2]+1, w # 2 mod 12

where [X] denotes the greatest integer <x.

Witt's theorem can be stated as follows:

Proposition 2 (Witt): For every modular form

fe(rn,w), we have the expansion

(ZIO') m n £ (28 ‘)
f = T r a,;.f.(Z,)g.(Z,)
0 ZZ i=1 j=1 i] 1 /=32

where the fi(lsism) and gj(lsjsn) are linearly
independent modular forms in (;wa) and (T, ,w)

respectively and n;+n, = n.
For fc(rz,w) and w= 2, 4, 6, 8, 10, equation
(I-14) yields p(w) = 1. Hence the theorem implies

the following expansion

z,0 -
£ oz, = 512 £

where

fle (Fl,W) .
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Expressing f and f1 by their Fourier series yields,

by uniqueness of Fourier expansions, the Witt identity:

ty tq/2
(I-15) aw(tl)aw(tZ) = Esaw tq/2 ty

for fixed t;, t,. The sum is taken over all |t3|52Jt1t2
and aw(ti) s 1 =1, 2, are the Fourier coéfficien;s for

the classical modular form fi.

F. Minkowski Reduced Doﬁains
| In concluding this present chépter of preiimiﬁafy

remarks, we will look a bit more closely at the'set 3
of all semi-integral matrices of order 2 such that
T20. It was shown in section B’that to completely specify
the Fourier series of a modular form, we need oﬁly
determine the coefficienté asséciated with classes of
'unimodularly equivalent matrices in 3. By appealing
to the classical quadratic.reduction theory of Mihkowski
and Gauss, we will be able to fix in each class a
typical representative satisfying certain extremal
properties which will be useful for our purposes.

Consider all real symmetric matrices A = <;/2 :/j)
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With each matrix A associate a point in 3-dimensional
real vector space with coordinates (a,c,b). For
simplicity of notation, we shall use this triplet
(a,c,b) to denote the matrix A. We also note that
the set of points corresponding to the matrices Tex
are a lattice in this real space.

Definition 6: A Minkowski reduced matrix is a

matrix T = (a,c,b)eT satisfying the condition
|b|sa<e  or,if a = ¢ then O<bsa .

The set of all Minkowski reducedvmatrices'will be denoted
by Ry. We have the following lemma cqncerning Ry [113.
Lemma 1l: No two Minkowski reduced matrices are
properly unimodulérly equivalent.
The next proposition tells us that for every
Te3 there exists a unique properly unimodular equivalent
matrix in RM'

Proposition 3 (Minkowski): Let T = (a,c,b)

be an arbitrary element of J with 3 = 4ac-b220, then
there exists a finite succession of proper unimodular
transformations which will reduce T to a unique element

of Ry (called the reduced matrix for T).



o ‘_'" ﬁ.-;f
N ‘:}q,fs 2

Proof: Clearly if T 1is already reduced, the
unimodular matrix E will work. Therefore, let
: 1l n,
0 -1
T@RM, S; = (0 11) , and W= (1 O‘> . For some

integer ng,
Tl = T[Sl] = (a, n%a+n1b-+c, 2n1a+b)
= (a]_: cl’ bl)

can be determined such that -a;<b;sa;.

Case I: aj<c; implies we are finished;since
we have chosen bl such that .-a1<b1531. |

Case Llﬁ a; = ¢y, but -a,<b4<0, theq
T2 = Tl[W] is reduced since the application of W
takes (gl,cl,bl)a(cl,al,-bl) = (aZ’CZ’bZ) implying

) ~

TzeRM.
Case III: cq<ap, then if T2 = Tl[W], we
have c,<a, by the action of W. If‘ -a2<bzsa, we're
through. If not, there exist an né:Z such that
T3 = TZ[SZJ has -a3<b3sa3. ;f T3 is not reduced,
apply W again and get T, = T3[W]; thus having repeated
the entire procedure over again. What remains to be

shown is that for some k, T, will be reduced, i.e.,
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after finitely many steps, this process leads to a matrix

T, eR

k="M*

. : 2_~ _ 2
To this end, notg that apzhy, = 4 akck-bk
implies a§-4akck+b§20 or ak22ck = 2ak_'_1 under the
action of W where —ak<bksak. Hence as long as
leai, ak22ak+1 so that we will always be considering
Case III at each repetition of the procedure. Further,
starting with some positive number for a, a finite
number of applications of S followed by W will
produce a number a§<z.

So suppose then that we are at the point such

that -
-a, <b, <a z\,>a2 c, <a
k~k™%k? k> k“k-*
Then on application of W, we have

Tietr = Tl = (aqpsCp415bpy1) = (Cgo 35 -by)

and on application of S,

_ _ ' _ 9
Teta = T4 (51 = (8495 €4495Ppqp) = (eysnTey-bynta,,2ne) -b, )
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where n 1is determined such that 'ak+2<bk+2sak+2°

Now if |n|22, we have ¢y ,2a o since

4a§(nzck-nbk+ak)+(n2b§+n2bi)

2
4ak

2 2
= a I\zg. -1 ~ F )
k 4ak

Cx+2

23, [0+4-%] = ap2c = ap ., ,
If |n| = 0,we have c; o>a, ., since

Ck+2 T ATk T k+2 o

Now |n| = 1, we cannot have Cr+2<3k42> since then we

would have

Crt2 = Sk Prta<Cy = a4

implying that ak<bk contrary to the assumption on

ay and b,. Hence in all cases, Cy 2280 and
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-8y 49<byosay . If Ty, is still not in Ry (which
may happen if a ., = ck+2)’ then Ty .4 = T}, [W]eRy.
Uniqueness of the reduced matrix for T follows
from Lemma 1. |
QED f
An immediate corollary is | A
Corollary 1: Let T be an arbitrary semi-positive

definite matrix and let TR be the Minkowski reduced

matrix for T. Then

0 (T)20(TR)

equality holding if and only if T = TR

The proposition along with the 1ehma assures us
that Ry contains only one representative from each
properly unimodular equivalence class (T). 1In addition,
in the proof of the proposition we are given an explicit
method for reducing a matrix TeJ to an element of RM
(énd hence to its associated equivalence class).

Recalling that coefficients of modular forms
are invariant under unimodular equivalences (I-6),

we find that the set RM is too large for our purposes.
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We are able to obtain a subset R of RM which will

be sufficient for our needs. Here, we get
R={T-= (a,c,b): Teg and Osbsasc }

This comes by identifying elements of Ry Dby the

10
0o -1/

Its action identifies matrices (a,c,b) with matrices

| (a,c,-b).

improper unimodular transformation U = (

We see that R contains.one representative
from each class of unimodularly equivalent positive
definite matrices which is Minkowski reduced and has
positive off-diagonal element. We shall call R the
éet of unimodularly reduced matrices in J;

2. A useful geometric interpretation of the
semi-positive, semi-integral matrices J 1is given in
the following [11].

Proposition 4: For 2-by-2 symmetric real matrices

A, let S = {A = A>0} containing the lattice J. Then
we have |

(a) The space S is a convex circular cone
with vertex at the origin in Euclidean three spaée,

(b) The lattice Ry 1is contained in a convex

pyramid with vertex at the origin.
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Noting that for matrices T = (a,c,b)=0, a and

¢ must be positive; we have pictorially,

+b

Definition 7: For a fixed number ¢, define

the g-trace plane to be Pa = {A:‘ A 1is real symmétric

and oc(A) = o} where o(A) denotes the trace of A. '
With respect to Figure 1,‘we see that the set

of all semi-positive definite matrices Tqu lie within

a closed disk of radius a, for if T = (a,c,b)20, then

ac -‘b%4 20
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so that

4ac + a2 + c2 > b2 + a2 + c2

’

or

(c2 - 2ac + az) + b2 < a2 + 2ac + c2

b

and so

(c-a)? + b% < (a+e)? = o(T) = a.

The first quadrant for a few of these trace
planes with coordinates y1 = c-a and Yo = b 1is given
-in figure 2. The lattice points in the figure represent
elements of Paog and the points within the triangles,
elements of PanR' Points outside the t;iangles have
been identified by the reduced matrices to which they
are equivalent. | |

The results of the.previous section tell us that
we need only evaluate the Fourier coefficients of modular
forms on the lattice points in the first quadrant of each

trace plane; and in particular on lattice points within

the closed reduced triangle in quadrant 1,
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Figure 2: Lattice Points by Trace Planes - P
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II. The Two Conjectures for Fourier Coefficients~

In this chapter and for the remainder of the
paper, we restrict ourselves to HZ and the Siegel
modular group T = Tp. It is the purpoée of this
chapter to present and derive consequencés of two
conjectures concerning the Fourier coefficients
aw(T) for fe(rz,w). We begin by formalizing the

definition of primitive and imprimitive matrices.
| Let 3 be the set of al} semi-integral,Aéemi-positive
‘matrices. | |

Definition 8: For T = (a,c,b)eq, we call

dezﬁ a divisor of T if.the matrix T/d defined
by T/d = (a/d, ¢/d, b/d) 1is an element of 3.
Definition 9: A matrix TeJ is called a’

~primitive matrix if the only divisor of T is 1;

otherwise T is called an imprimitive matrix.,.

A. Conjectured Equation for Imprimitive Matrices:

2
let T = (a,c,b)el with |T| = & = ac- 2% We

know by Appendix I (Proposition Al) that primitive
matrices with the same determinant have equal Fourier
coefficients in the expansion of an Eisenstein series.

With this in mind, we form %,c3 where m, = {all

A
primitive matrices in 7T with determinant= 5 },
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Also since 4pA=0(mod 4) for AeZﬁ- and 4A=3(mod A)
for a¢ Z-’; we choose the matrices (1,A,0) and
(l,éézl,l) as representatives for Ry dependent on
whether acz ' or -A¢Z+,. respectively.
For an arbitrary matrix TeJ with determinant

A, define

1,4,0 zt
a-D 0T, = EL%ﬁlfﬁf

Now with these preliminaries, we can state the first
conjec‘ture of this paper.

Conjecture I (Imprimitive matrix): Let Tex.

Then for fe(I‘z,w) with Fourier coefficients aw(T),

we have
‘1 T
(11-2) a¢m=ﬁTﬂ 2, ([3],)

where d is a divisor of T.
Remarks
(1) First of all, we should like to emphasize

that the conjecture as stated is an expression for all
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forms fe(ry,w) where w is arbitrary. In particular,
if application of (II-2) is made to the coefficients
of Table I (Part Two - Chapter V), we find the conjecture
holds. This table lists Fourier coefficients
for the two Eisenstein series 8y, and b6 and the two
cusp forms X10 and X12-

(2) In the case that aW(T) is thg Fourier
coefficient for an Eisenstein series in (Fz,w) and
T = (8 8)63, (II-2) yields the elementary divisor
solution as it should (Chapter I-Section D).

(3) Nb-information on the values of the Fourier
coefficients of primitive matrices is gotten from (II-2).
Consequently, to evaluate (II-2) one must know the
value of the coefficieﬁts on the primitive fepresentatives
(1,8,0) and (1,44 1),

| (4) As pointed out in the introduction to this
paper, both Siegel [10] and Maass [6] have obtained
equations for the Fourier coefficients of Eisenstein
series associated with imprimitive matrices (Appendix
I- equations (AI-1) and (AI-3), respectively). A |
glance at these equations gives the obvious conclusion
that they are more complex than (II-2). Moreover,

they hold only for Eisenstein series.
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(5) There is a closesimilarity in form .
- between equation (II-2) and equation (AI-3) of Appendix
I. This latter equation, which was derived from the
Hecke operator theory [6], does not appear to be a
consequence of (II-2) nor vice versa. Nevertheless,
this strongly suggests that a proof of this conjecture |
might lie within the Hecke operator theory of Maass
or an extention of this theory. |

(6) Let T = (tj,ty,t3)eT and define

e = e(T) = g.c.d(t],ty,t;) and D = D(T) = |2T|/e?.
Then if Conjecture I is true, Maass' Conjecture
(Appendix I) is true. That is, aw(T) is a function
only of the parameters e(T) and D(T); so that we'
can write aw(T) = aw(e,D). Mbreover, the qonjecture
yields the following explicit expression for the function
aw(-,o) in terms of aw(-,') evaluated on the primitive

matrices:

2
-1 e“D
a..(e,D) = % av (1(17)
Wt dle Wi g

This is a straight forward application of the definitions
of e and D and the fact that coefficients of primitive

matrices with the same determinant are equal.
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B. A Witt Type Conjecture for the ¢4(:oefficients:

In this section we will state a conjectured
identity between the Fourier coefficients of the
Eisenstein series by, of degree 2 and by, of degree
1. It will be seen that the conjecture bears a marked
geometric similarity to Witt's identity (I-15). More-
over, in the next section we will show that this conjecture
yields a recursive equation for the ¢4-coefficients
(of degree 2) associated wiﬁh primitive matrices TeT.
This is just what is needed to co;pletely determine the
¢4-coefficients in the degree 2 case by Conjecture I.

Withaut confusion, we will let aw(.) be the
Fourier coefficient for By, of degrees one and two.

In the former case, the argument of aw(') will be
an integer, and in the latter, an element of .
Also for fixed integers o and b, we define

~ e~ e ~

T = (T = (a,c,b)exzc(T)’= o« and b = b},
a,

Conjecture II (¢4-identitz): If o and b

are fixed integers satisfying «=z|b|z0, then
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(I1-3)  a,(a-b)a, (a+b) )

(II-4) a4(a-b)[a4(a+b)>a4(%3)l % =120 3

(11-5) a4(a+b)[a4(a+b)-a4(°i§3)]J

if (a-b)%l,B (moa A)A‘
if (a-b)=2 (mod 4)
if (a-b)=0 (mod 4), b odd

where a4(.) are Fhe Fourier coefficientsvfor By
Remarks:

(1) Unlike the first conjecture, this ohe,is
a statement about the ¢4-Fourier coefficients only,.
For the coefficients of Tables I and II (Part Two-
Chapter V), the conjecture is found to hold. |

(2) No immediate generalizations of these
equations to forms of other weights (if they exist)
are known at this time. Perhaps, since ¢, 1is
distinguished as the generator of the graded ring of
degree 2 modular forms [7] (and Part Two of this paper),

we cannot expect such a simple identity for other forms,
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(3) Equations (II-3) and (II-4) hold for b

both even and odd, whereas (II-5) holds only for b
. odd. The equation for (a-b)=0(mod 4) and b even
has eluded us and consequently none is known in this
case. Nevertheless, as we shall see in the next
section, equation (II-3) alone is sufficient to
generate all the ¢4-coefficients for primitive matrices,
and thus all. ¢4=coefficients.

(4) As meﬁtioned at the head of this sectidn,

- the conjecture bears a geometric similarity to Witt's
identity. 1In order to see this, we write Witt's identity
(I-15) for ¢4-coefficients as ‘

aé(a)a4(c) = éa(a,c,b), for fixed a,c.

z
- |b|=<2,/ac
We note that fixing a and ¢ in this equation amounts
to fixing the trace plane P_ with a = atc. In this
context the sum on the right is a sum of the coefficients
associated with all lattice points on a line segment

parallel to the Y, axis in the trace plane coordinates
y, = c-a and ¥, = b of figure 2.

In contrast to this, equations (II-3,4,5) are
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statements about the sum of coefficients associated
with all the lattice points on a line segment, '%,b’
parallel to the y; axis. Hence the geometric
similarity between Witt's identity and Conjecture II
lies in the geometry of the lattice points taken in
fheir respective sums. In addition, both of these sums
are equél to a sum of products of classical By~
coefficients.

Since the.equations'of the conjectﬁre do not
appear to be difect consequences of Witt's Theorem, the
comparison statements above are intended only to show
that Conjecture II has a certain "maturality" within

the framework of known results.

C. A Theorem for the primitive Matrix Coefficients

of ¢,:

—- If the first conjecture wereAtrue (II-2), then
all that remains to cdmpletely determine the.Fourier
coefficients of a modular form is to determine the
coefficients for the primitive representatives (1,5,0)
andv(l,ééil,l). In the case that the modular form is
the Eisenstein series of weight 4, By, We will show
that some rather simple recursive equations do exist

for these primitive ¢4-coefficients if Conjecture II
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is valid.
1. Toward this end, we prove a general lemma.
Lemma 2: Let aQ(-) be the Fourier coefficients
for fe(rz,w); If o« and b are fixed integers
satisfying a=|b|20 with b=m(mod 2) and o-b=n(mod 4),

then there exist® integers a>0 and c=- — such that

|5+§2m+n) 3-21)

(’a‘(ltc+(2m+n))

"T z aw(T)’
ESa’b

¢ m+n) ) - .2, . :
/A = 1741

0(mod 2)
1 (mod 2)

m+n
for

m+n
Proof: Let o and b be fixed integers satisfying

the hypothesis of the lemma. For every T = (a,c,b)c_a'OL b
b

we have o(T) = at+c = o; so that a = Q:é&;él and
c = giészﬂl. Using this, we get

Q [0 SN
) g aw(z—i,2+1,b)
04 -b 212
X aw(T) =
Tedy b -1, o+l
@ T a,(E5=—1,%5=+i,b)
2 5241 .2
‘LT—zi +1i
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(c-a)
(c-a)

O(mod 2)
1(mod 2).

for

Now since the unimodular transformation
U =(_i %) takes matrices (a,c,b) to matrices
(atc-b, a, 2a-b), and since the Fourier coefficients
of modular forms are invariant under unimodular trans-

formations, we rewrite the above equation as

aw(q~b,%-i,(q-b)-21)

(II-6)
> 12

TE .aw(T)=

<) )

eb 7 8 (a-b,%5% -1, (a-b)-2i-1)
2 .2 |

o -b=+1 S i2+i
(c-a) = 0 (mod 2)
for .

(c-a) = 1 (mod 2).

Next we note that for q-b=n (mod 4) and b=m (mod 2)
we have c-a=(n+m) (mod 2) and q+b=(2m+n) (mod 4). This

latter congruence implies that there exists an integer
& = a+b-(2m+n)
= 7 ]

Coupling this with the fact that
az|b|20 implies ¢&=- 22%5). Finally, we introduce the
other parameter & of the lemma by defining &=q-b=0.

This completes the proof, since substitution of the
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parameters ¥ and & in equation (II-6) yields the
desired result.

QED
With this lemma as preparation, we ﬁrove the
main result of this section. We recall that aw(T) = aw(m)
if T = 8 g)v(section D, Chapter I). Note that this .
is in agfeement with the convention that aw(') be used
for both degree 1 and 2 coefficients.

Theorem 1 (Primitive Matrix): Let c¢ be an

arbitrary integer. Then if Conjecture II is true, we

have

(I1-7)  a,(1,8,0) = a,(4a+l) - 5  a,(1,s-1%-1,0)

i+i<p
0<i
where A = c¢20, and
(11-8) 2, (1,4, 1) = 212, (40)- ,Z +1.a4(1,i,$+—1 -1%,1)
i <—£——

where A = ﬁ%:l and c=21.

Proof: Let Q = {(a,b):a,bezZ,na2b20 and n-b = 1},
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Now as the tuplets (a,b) range over Q, Lemma 2

and equation (II-3) of Conjecture II imply

(11-9) ax a, (1, c-14202 1 o5
cl2m+12]._2

a, (1)a, (4e+2mtl) = 120 A -,
‘ - z a4(1,c-i+%,~2i)

c mziz+i
7z
m = 1(mod 2)
for
m = 0{mod 2)

" holds for every integer c > - (g%il).

From (I-12) we have a4(1) = 240, and thus

from (II-9) we obtain for m = 0 and for every ¢=0,

2a, (4etl) = Z a,(l,c-i-21),
4 caiZ4 ¥ e
and for m = -1 and for every c=1,
2a,(4c-1) = T a,(l,c-i,1-2i).
4 ) 4
c>i

Next consider the unimodular transformation
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S, = (1 -rll) which takes a matrix A = (a,c,b) into
0 -

2

A[Sn] = (a,n"a+nb+c, -2na-b).

In particular, for the matrix Sh with n = i, we

have

(1,e-1,-21) [S;] = (1,c-i%-1,0)
and - |

(1,e-1,1-21) [S;] = (1,e-i2,1).

Since Fourier coefficients of modular forms
are invariant under unimodular transformations, we

have under the action of Si:

2a,(4ctl) = 3 a,(1l,c-12-1,0)
cziz+i

for every c20, and

2a4(4C-1) = I a4(l,c-iz,1)
c>i

for every c=z1.
The equations of the theorem follow directly

from these by noting the symmetry of 12 and 12+i
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about 0 and % respectively, and by defining A
appropriately.

QED

Remarks . | i

(1) It is evident that equations (II-7) and
(II-8) are recursive equations. Moreover, they ére
evaluated solely from the classical theory of modular
forms as we shall show below.

(2) Since ¢, generates the graded ring of
modular forms of degree two [7] it méy be too much to
hope for simple recursion relationships for the other
forms. | |

| (3) Comparing the equations of the theorem with
Maass' explicit formula for the primitive matrices
(AI-2) in Appendié I, we see that the former are indeed
much simpler to apply. .

(4) Using Cdnjecture I with w =4 and the
equation of the theorem, we can determine all the B4~
coefficients.

(5) Should one use the equations in (4) to
generate some ¢,-coefficients, several checks on the
data can be made from known identities. Some are used

in Part II of this paper to verify Table I and are given
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in Chapter IV, section D,

(6) Table II, Chapter V gives a list of 84"
coefficients generated by the equations in (4); see p.82.

2. Examples of applications of the theorem

(a) We will show that the equations of Theorem
1 can be written such that the degree 2, ¢4-coefficients
of primitive matrices are functions only of the degree
1, ¢,-coefficients. We give the results in the following
lemmas: |

Lemma 3: Let A be an arbitrary integer such

that A=0. Then if Conjecture II is true, we have

(11-10) a4(l,A,0)= T a(Zi)_a4(4A-81+1)
OSZisA
where
«(2i) = - £ «(2i-j2-3)
§2+i<2i
and
a(0) =1

Proof: The proof will follow by induction on

A. Clearly the conclusion is true for A = 0. Hence

inductively we will assume the conclusion holds for all
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nspA and prove it holds for A+L,

From equation (II-7), we have

a,(1,0+1,0) = a,(4+5) - . 5 a,(1,2+1-1%-1,0)

1241 a4
0<i

Further, it follows from the inductive hypothesis and

(II-10) that

ah(l,A+1,0) =.a4(4A+5) - ) » a(2j)

1245+ 0<2§<ptl-12-4
ot
: ) . .: iz-l-i'
","‘84(4A-8‘(J4~T—)+5)

' 2,. : _
and, by letting k = j+12i5. ' . .

a,(1,0+1,0) = a,(4e#+5) - 5 T o (2k-12-1)
1245 a1 0<2keptl
i>0

-a, (42-8k+5).

Then, by interchanging the summations, we obtain the
desired result for A+l.
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a,(1,5+1,0) = a, (4a+5) + £ [- 3 a(2k-i%-1)]
0s2ksatl .2

i+is2k
b 34 (4A-8k+5) .
QED
and
Lemma 4: Let A be an arbitrary positive real
4a+1
z ¢

number satisfying 4A=3 (mod 4) and define m =

Then if Conjecturé ITI is true, we have
. m ) : )
(11-11) a4(1,m,1)= .Zig(i)aa(4m-4i+3)
i= o

where -

(i) = -2 ¥ 8(i-j%)
jo<i
j>0
and

B(1) = 2

Proof: The proof will follow by induction on
m, First we note that as A ranges over the positive

real numbers satisfying 4aA=3(mod 4), m ranges over
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all the integers =21; and the induction is valid:
By [2], a,(1,1,1) = 27-3-5:7 and by (I-12),
a4(3) = 26'3'5'7, hence (II-11) 1is true for m = 1,
Now assume the conclusion holds for all ns<m, we will
prove it holds for m+l.

From equation (II-8), :

a,(1,m#,1) = 2[a, (4n-1)- 3 a,(1,m+l-i%,1)]

i2<m+1
i>0

From the inductive hypothesis and (II-11),

- mtl-i 2
a,(1,m+1,1) = 2[a, (4m-1)- r .z 8@)a,(4m-4(k"+j)+7)]
i2qmy 371
i>0
) 2.,
and, by letting k = i“+j.
' m+1 9
a4(1,m+1,1) = 2[a4(4m-1)- b) r B(k-i )a4(4m-4k+7)]
12amtl k=iZ+1
i>0

2

Also since i>0 and 0<i“+l<k<m+l, we have 2<ksm+l

2

and i“<k-1 or 12<k. Hence we can interchange the

sums in the last equation and get
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a,(1,m+1,1) = 2[a; (4m-1)+ 7 [- T B(k-12)1a4(4m-4k+7)1
= i2<k ‘ .
i>0

or equivalently,

a, (1,m+1,1)

where

For completeness, we tabulate a few of the ¢ (*) and

8 (1)

il

m+1
z
=1

8(<) coefficients.

i>0

[-2 % B(k—iz)]a4(4m-4k+7)
12k

QED

i

g=

SN L B LN O

a(21)

(L) || 1 a(2i)] e(i)
-- 7 -7 80
2 8 10 -128
-4 9 -13 200
8 10 16 -308
-16 11 -21 464
28 12 28 -688
-48 13 -35 1008
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(b) Another consequence of Conjecture IT is
an identity for degree 1 ¢4-coefficients and an identity
for the eleméntary divisor function 03(m) = dxmd3.
These come about by coupling Witt's identity (l-lS)
on the first column of the trace planes with the
equations of Lemmas 3 and 4. (Recall that a column
on a trace plane Pa is the set of all lattice points
T = (a,c,b)eT such that (atc) = a and O0sbs<2/ac;
we denote the first column as the column with a=1),.
First we reformulate Witt's identity on the

first column in the following lemma.

Lemma 5 (Witt's identity - lst column): Let
fe(FZ,w) with Fourier coefficients aw(T). Then the
Fourier coefficients for the first column of the trace

plane P+ are related by

o .2
aw(l)aw(m) = 3 aw(l,m-l ,0)
i“<m

2 ¥ a (1,m-1%-1,1)

124i<m
O<i

Proof: By definition, the first column of Pm+1
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consist of all matrices T = (l,m,b)eT where

|b|<2/m. Let T, = (l,m,bi,gez and let S, be the
unimodular matrix, S, = (0 1). The b's decompose
into two groups, b=0 (mod 2) and b=l (mod 2). Taking

each case separately, we get

Case 1: Let b=0 (mod 2). i.e., b = 2w, weZ
and choose n = =b/2. Then we can write T, as '
| by2 b2 b2
T84 1= (1,(-29 —§-+m,-b+b) = (13m'130)-
2
By the assumption on b, we get

e

) |
T (S-51 = (Lm-72 ,0) = (1,m-72,0)

and this must be true for all |b|s2/m, implying

taZ<hm or for all '@ such that w2<m.

Case 2: Let b=l (mod 2), i.e., b = 2w+l, WeZ
; . . . _ 1-b
For the unimodular matrix Sn above with n = 5

we have

T, 05; 5] = (L, A2 HERbm, (1-b)4b)

i
BT AR

2
= (1,m72 1)

By the assumption on b, we get
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—, 132
= (1’m_l:$%ﬂill ,1)

-2 -
= (l,m 1-4w i4w+_1:1)

"
o'

[
|

= (1,m-w2-w,1)

and this must be true for all |b|<2/m implying

45?+4§4ls4m or for all W such that ﬁ2+ﬁ3mf%<m.
The invariance of the Fourier coefficients

under unimodular transfofméiibn (I-6) givgs the

desired result.

Now the coupling Lemma 5 and Lemmas 3 and 4,
we get the following identity for the élaésical ¢4~
coefficients. Here, we recall that a4(m)=24003(m)
by (I-12). | | |

Lemna 6: Let a,(.) be the classical g,-

coefficients. Then if Conjecture II is true, we have

: 2m ‘
k=0

where (,g
2

22 a(k-17) , k=0 (mod 2)

1<k

- y(k) = ﬁ
by Za(k-12-1+1), k=1l (mod 2)
] 1%4is<k
k~ O<i
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Here «(:) and B8(.) are the functions defined'iﬁJJ- '

Lemmas 3 and 4, respectively,

Proof: By Lemma 5, we get

(11-12) . |
240 a4(m) = 3 a4(1,m-12,0)+2 22 a4(1,m-iz-i,i)
12em i“+i<m

O<i {

First term: Denoting the first term on the

right side of (II-12) by Fq and substituting the

results of Lemma 3, we get

Fj = % L a(2§)a, (4m-4[1%-25741)
. izsm 0<2j<m-i

where o(.) is defined by the Lemma 3.

12

Letting k = i2+2j implies 2j = k-i%, so that

Fj = = 5 a(k-iz)a4(4m-4k+1).

izsm izsksm
Interchanging the summations yields

m
=T St a (k-1%)a, (4m-41cHL)

g i“<k
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Second term: Letting FZ denote the second

term in (II-12), we get by substitution of the results

of Lemma 4,

Fyo=2 = £ 8()a,(m-a(i24i45-1)-1)
iz+i<m l<j<m-i“-1i
O<i

where 3(-) is defined by Lemma 4.

Letting k = iZ+i+j-1 implies j = k2-iZ-i+l,
so that '
F,=2 x5 p(k-i*-i+1)a, (4u-tk-1),
124i<m i2+igkem-1 |
O<i

Interchanging summations implies

m-l 2
F, =2 % vy g(k-i®-i+l)a, (4m-4k-1)
2 k=0 2 4
i“+ic<k
i=0

Combining the first and second terms, we get
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240 a4(m) =F, +F,

m _
= [ = a(k-iz)]a4(4m-4k+11
=V i<k
m-1 2
+ £ (2 ¢ gk-i"-i+1)Ja, (4m-4k-1)

k=0 ;2.;.x
i=0

Finally, noting that

4m-2 (2k+1)+1

4m-4k-1

and

bm-bktl = 4m-2(2k)+1

we get the results of the lemma.
QED

This lemma yields immediately the following

identity for the elementary divisor functions o3 =

2m
(II-13) 240 03(m) = k§0 y(k)03(4m-2k+1)

where +y(*) 1is the function defined by Lemma 6., Here
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again, we point out that (II-13) holds if Conjecture
IT is true. Investigations into Dickson's classic
reference [1] has not produced evidence that this
identity (if’it is true) is known. We tabulate a few

of the vy(.) coefficients.

i y(1) i v(1)

b ————— ———— -

0 7 -40
1 4 8 3
2 2 9 72
3 -8 10 2
4 -1 11 -128
5 20 120 -4
6

-2 13 220




PART TWO

TABLE OF FOURIER COEFFICIENTS
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III. The Differential Operators aﬁdhﬁéé&fsive Equations

In the first part of this paper, we have stated
two conjectures concerning the Fourier coefficients of
degree two modular forms. We are aware that new con-
jectures are often met with skepticism when introduced
withbut a sufficient base of examples to render tﬁem
credible. In order to try to mitigate-this, we have
generatéd a large set of Fourier coefficients for
selected modular forms with which to substantiate the
conjectures. This, admittedly, only adds credence
to the conjectures and can afford-no insighfs for proof.
It is the pgrpose'of this chapter apd the next two:to
present these coefficients and the method used in
- generating them. |

Igusa proved in his fundgmental structure
theorem [2] that the graded ring of modular forms of even
weight is generated by the Eisénstein series of weights
4, 6, 10, and 12, Following Igusa, the Eisenstein
series of weight 10 and 12 can be.replaced by the cusp

forms,

(ITI-1)  xyq = -43867 - 2712372 77 5371 (g, 95, )

and
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(III-2)

X1z = 131-593 + 2713 377,573,772, 33771 (3272345, 53,2

-691p,,).

Although éhe algebraically independent modular
" forms B4 Pg> X10° and X19 8enerate the graded ring;
H. Resnikoff [7] has shown that @y, and its image
under certain non-linegr differential dperators
generate the same ring. Therefore, the forms
®4>Pg2%10>X12 are not algebraically &ependeht, but
are differentiably dependent. That is, in the sense
that there is a non-trivial polynomial with complex
coefficients in the functions B> 96> X102 X122 and
their derivatives which vaniéhes. Moreover, the
conclusion states that complete information about the
graded :ing'of forms lies in A and hence in its
Fourier coefficients.

Our‘main concern in this chapter shall be to
show that from this same differential operator theory
recursive equations for the $4>%6s%10> and X12
coefficients can be derived. Then in Chapter IV, we

will develope an effective algorithm for evaluating

these equations. The resulting table of coefficients
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is given in Chapter V.
1. The differential operators are defined as

follows for fe(r,w):

3 3
2n+2-n n-2

DM =f W gV
‘ 7
where
a = _ai_—_% __.3_2___.
Z  ezdz;y 9218212

Furthermore, we have

Proposition 5: (1) D™: (T,w)~(T,n(2w+2))

(2) D" £ is a cusp form.

(7] shows that D"f can be expressed in the form

2n
(111-3) D"f = 3 A (w,n)£2"RlEN
k=1

where

N

-n

2 ( _.2

A (w,n) = i vli-j .
=0
itk

Applying the differential operators to the

generators of the graded ring of modular forms, we
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can state the results of [7].
Proposition 6.

(i) ol

6.2 2
B, = 2037571,

oyl a2 2
(i1) Dlgg = 2°:3%.7-110%,x,,
(1i1) dly o = 3%/2% 5% % x1s
. 2 6.2 b 22 b 2
- (iv) D%ygg=2"'3 -5°¢4xlo-3 -2 '5%X10X12)

It is easily seen that
ag ¢(TZ) = (2n1)27|T|Pe(12).

This and equation (I-9) lead to the following:

Lemma 7: For fe (T,w) with Fourier coefficients
aa(')’ k 2
(1) dpfepy(2) = (@) T|E 3y (2)

(i1) 22£%(z) = (2r1)? 3 lﬁaqunl“c:s (2)
Z (0)=0 1 D™ (D)
k
D=§Ti

. ' ‘ 2tk
(111) £12)apff(2)=2n1)® 5 1 a <T1)
(F)=0 1
- P
F= v T4
)+k

¢ l &""1 jl (F)(z)
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Proof: (i) 3,£.(2) = ag[Tlg(T)e(T1z>3

= % 3%e(mz)
T]_F(T) :

.\2n n
X (27i) T e(T,2)
T,€(T) " I 1

(2n1)??| T| "€ (7 (2)

(ii) agf(z)k = aQ[(D§ naw(ﬁ)cnf(D)(Z)]
k
" 030 1RO 0 @)

k ,
(2ri) “(D§20 gﬁ}ig)ln|nch(D)(z)

fe o k
(lll) f'{/(z)atzlf (z2) = [(D)ZO Hav;T )CDf(D)(Z)]

‘[(2ni)2n z ga (T,)|cl™c (2)]
G0 1w i’ ' G e

2 )Zn 1+k |;+kT |n (Z)'
= (2ni zna T, X .
F=0 1 (Tp) 241 J Crf ()
1+k
F=y T,
1 1

QED
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Hence equation (III-3) with this lemma becomes

Df = %ﬁA (w,n) [ (2mi)%" 5( ; a (D §'T |™)Cpf ey (Z) ]
k=1 k F=20 i=1 j=mj F~(F) _i

F-' ,I.'i
2
1

-z B (-')'zntr y 2 £, (2)
-—'FEOE m)= E A (w,n |j§m jl iglaw(Ii)]CF (F)

2n
F=3 T,
1 1
9 -.'.%-n. _
n —. o .
where Ak(w,m) = _1'[0( _kl;l)’ 4= 2n, and m = 2n-k+1,
. J= -

For the case n=1, we have

Lemma 8:
plf = A (w,1)f3f 1)3£2

- (D§20[(2ni)2(A1(w,1)!T2|+A2(w,1)|D|)aw(T1)aé(T2)]

D=T1+T2
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where A (w,1) = (§§$%) and A,(w,1) = (l§§§).

2. Resnikoff [8] péinted out that by substitution
of the Fourier expansion of B4 862%X102 and X12 into
the differential equations of Proposition 6 one could
produce non-linear recursion formulae for the coefficients
of these modular forms. . Using equations (III-4) and |
lemma 8 we record these recursion relationships in the

following propositions.

Proposition 7: Let a4(T) and clO(T) be
the Fourier coefficients of 4 and X10 respectively.

Then for every T=z0,

11 .2 .. _ - -
2°".3%.5-7¢, 4 (T) = T=%I¥T2{7|T|-30|T1|}aa(Tl)a4(T2).
(III-5) T;20

Proof: Using equation (i) of proposition with X10
expressed in its Fourier expansion and lemma 8 to

1 o ° o o
express D ¢, in its series expansions, we have by

uniqueness of Fourier expansions the result.

QED
Proposition 8: Let 34(T) and clO(T) be

the Fourier coefficients of By, and X10 respectively.
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Then for every T=0,

5 (2%.3%.41-61]7|2-2-3% 7. 61|T1+T2|
T=T, +T, 4T 44T,
T,>0 '
+2% 3% 7.41 |1 414142233 7-41061) T,
2,,3, 2 2,
4147, | 2423 32 7010 13% 211, | |74
(I1I-6) 22 3:7-11° 13'19'31|T1| |.T 5+, |
-2% 3.7 7111319 31| T #T, | | T, |
+2-7- 11 192 31|T1+T2||T +T4|}
¢10(T1)¢1o(Tz)élo(Ts.)clo(TA)
= 3 {22 32 5'59}34('1'0)010(Tl)clo(Tz)clo(T3)clocT4:
T=T +T+T,,+T +T
0tT11To T3,
Tozo,Ti>0
for i>0

Proof: Using equation (III-2) to expand D2X10 in
its Fourier series and equation (I-9) to express the

products of ¢4xioand (Xloylz)2 in series, equation
iv of Proposition 6 yields the conclusion of the

theorem,

QED
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Proposition 9: Let a6(T) and °12(T) be

the Fourier coefficients of 6 and X19 respectively

and let a4(T) and clO(T) be defined as above. Then

for every T=z0,

(I1I-7) 5 [{11|T|-46|T.,|}a, (T, )a, (T
T By LOALITI-46]Ty | dag (T))ag (T5)
172 o
TiZO
9, J4
=27¢37¢7<11 a4(T1)c10(T2)]=q

and (III-8)

.= [{19|T|-78]|T,|}c1n(T{)c,A(T,)

T-To4T, IT]-78]T;13e10(TIeqo(T,

= 3 c19(T1)eq5(T5)1=0

We remark that while the relationships of the
propositions are well defined, some further investi-
gation will be necessary to show that they recursively
determine the 4,,4¢,x1q and’x12 coefficients. This

is the purpbse of the next chapter.
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IV. Reduction of the Problem and the Algorithm“for '

Computation

The purpose of this chapter is to demonstrate
that an effective algorithﬁ exists for calculating the
coefficients for ¢4’¢6’X10 and y;, using the relation-
ships of the last chapter. |

A; Preliminary Remarks

(1) All the Fourier coefficients aw(T) of
the Eisenstein series,_¢w, for w=4,6,8,10 and
which satisfy (T)<2 have been calculated by Igusa

[(2]. For reference, we tabulate his results here.

" 2, D

4 . 2333 5.7

6 2433 5.7-11

8 2%.32.5.61
10 24.3% 5.7.11-19-277- 4386771
" 2,G D

4 274 32547

6 28.3% 7.11

8 28.3.5.7

10 26.37+11-19-809- 4386771
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(2) The action of the Siegel 0perator~(Chapter

I-D) gives us the formula for aw(T) when T=(g 8).

Rewriting fhe result here
(Iv-2) a(T) = a_(m) = aw(1>ow_1<m>.

a,(1)=240, -504, -264, ﬁg%‘iﬂ for w = 4,6,10 and 12.
ok(-) is the elementary divisor function.

(35 Using the known coefficients aw(é g)
for Bsys B > and %10 given by " (IV-1), and expanding
. X10 in its Fourier series, we can determine from
(III-1) that cm(1 9) = 5. wWitt's identity (I-15)
- then gives us clO(% %)— %.4 Thus all the X10
Fourier coefficients are known for o(T)<2. Further,
since y;q is a cusp form, ¢;4(T) = 0 for all .
Teg such that |T|=0 (Definition 5).

(4) From Chapter I-F, we know that we need only
evaluate the Fourier coefficients of modular forms
for lattice points in the reduced triangles of each

trace plane (fig. 2). That is, on the set
= {T=(a,c,b) = Teg and Osbs<asc].

Moreover, Proposition 3 gives us an algorithm for reducing
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any arbitrary matrix Te3 to an element of R,

B. Decompositions of Matrices

Even though the remarks of the previous
section tell us that we need only evaluate the co-
efficients for the lattice points of the triangles
of a given trace plane, the question still remains
as tb which trace plane and what lattice points
within the reduced triangle to.consider first. To
answer this question, we must look at the recursive.
equations to be solved. Namely the eqﬁations of
Propositions 7,8, and 9.

One first of all notices that the recursive
equations consist of terms of the Fourier coefficients
of matrices associated with a decomposition of a
positive definite matrix T. If we are ever going
to hope to solve for a particular coefficient of a
given matrix Ac3, this matrix T must contain A
as one of the terms in a decomposition of T. We
also see that the decompositions of T which we

will require have the general form,
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where Ti>O(Osism) and szO (0sjsn). Therefore, ’

if we define the augumented matrix of A to be

1% ., 00 |
T = Am(y ) + : |
we have most certainly forced the coefficient of A
to appear at least once in the evaluation of the
equation for T.
We prove the following lemma,

Lemma 193 Let T be a matrix of the form
- 1L, 00
(IV-3) T f A+m(% f) + n (0 O)

where A = (al,az,a3) >0 is an element of

3. Then for any decomposition of T of the form

m n
(IV-4) T= 5 T; + I8,
i=0 j=0 4

where

Ti=(til,t12,t13)>o . (OSism)

and Sj=(sj1,sj2,sj3)20 (0<j<n) ,
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we have .
(1) g(A)>o(Sj) for every Os<jsn ,
(ii) O(A)zg(Ti) for every Os<ism ,

and (iii) if c(A)=o(Ti) for some Osism,

then ti3za3.

Proof: Let T be an arbitrary positive definite
matrix defined by (IV-3). We recall that positive
definite matrices must have strictly positive
diagonal entries, and semi-positive definite matrices
must have either positive or zero entries on the
diagonal. Then for any decomposition of T defined
by equation (IV-4), we must have |

m n

aj-!-m= St.. + % S.

. ., §=1,2
j=old T gZo 1 T

where ajzl, ti.zl, and sijzo.

J
(i) Suppose that there exists an Os<isn such that

sijzajzl, j=1,2. Then for a decomposition we must

have

a.tmam+l+s; .>m+l+a,
J 1] J

which is absurd. Hence we get
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Sij<aj for every dsisn, j=1,2,

and therefore
o(Si) = Sil+Si2<a1+a2 = g(4)

for every Osis<n.
(ii) Suppose that there exists an O<i<m such that

.ti.>ajzl j=1,2. Then assuming the decomposition to

J
be valid, we get

.4m=>ts .+m>a.+m
ajmatigT>ey

which is impossible., Therefore we must have
t,6 =<a. for every O<ism, j=1,2.

From this we have

for every Os<ism.

(iii) Note that by argument similar to the above

g(A) = g(Ti) can hold only for one matrix Ti,Osism
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in which case, t:1=a; and ti,=a,. So assuming
g(A}=g(Ti), O<ism , we get tij=l for every O0<i(#i)<m;

and Sij=0 for every 0O<is<n, j=1,2. Hence for

t.
e o1t 1 ~i3
Ti>0(051(+1)sm), we must have |T|= —7|>0 implying

fi3 1
— 2
t§3<2 or that |ti3lsl. For §,(0s<isn), we must

0s. . . .2 _n
‘have , i3 lzo implying 31320 such that ‘813—0
°i3 0
=5
for every Os<is<n. 1In particular, Si equals the null
matrix for every Os<is<n. Now assume that (iii) is
not true, then tfq<a,. For the decomposition to be

valid (using the above conclusions),we must have
33+m=;13+...+ti3+...+tm3sti3fm<a3+m
a contradiction. Hence (iii).

QED

This lemma shows that by introducing a given
matrix A=(al,a2,a3)63 into the recursion equations

by means of (IV-3), we can obtain an equation in the
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Fourier coefficient associated with A. Further, if
the coefficients for all lattice points T = (tl,tz,t3)ex
with 4(T) = ¢(A) and tg>aq and for all lattice
points on previous trace planes are known, the resulting
equation can be solved for the A-coefficient. This
follows directly from the lemma since the matrices of
the decomposition of T,T; and Sj of equation (IV-4),
all occur on previous trace planes or on the same trace
plane as A with 't3za3.

In summary, the answer to the question at the
head of this section is that we may begin on any
trace plane with any lattice point A = (81’82’83)
where the coefficients associated with lattice points
T = (tl’tZ’tS) on previous trace planes and on the
same trace plane with tyza; are known. Further, we
know that lattice points outside the reduced triangle
are equivalent to lattice poiﬁts on previous trace
planes (Corollary 1). Hence with respect to figure
2, within each trace plane Pa we are at liberty to
begin with any lattice point A = (al,az,a3) with
(a1+a2).= a and alsaZSZJEIZ;, Once beginning on a
given column (defined by the set of all lattice points

T such that (al+a2) = q and Osa352Ja1a2, one must
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take the lattice points of that column in the reduced
triangle in descending order of asj.
C, The Computation

Using the above informatipn, we are now in a
position to see that with the possible exception of
finitely many matrices TeJ, the Fourier coefficients
of 94586 %X10° and X1p are computable from the
recursive equations.

The following procedure was used in evaluating
the coefficients a4(T) of by, and Glo(T) of X10
on a Control Data Corporation 3800 Computer. Time
requirements and costs necessary tolcomplete this task
are given in Appendix II.

1. For initialization of the recursion, we
assumed the values of a4(T) and clO(T) for g(T)<2
‘given by (IV-1) and by remark of section A, respectively.

2. We set all values of ¢10(T) =0 for
|T| = 0 by remark 3 of section A, and determined all
values of a4(T) for T = (3‘8) bytequation (1v-2).

3. Using the method summarized at the end
of section B, a matrix T,eR was selected on the
trace plane P;. Then the matrix T = T1+3(é %) was

formed to be decomposed as in (IV-4).
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4. An (unsophisticated) method of detérmifing
all decompositions of T énd‘evaluating equatiéﬁ (III-6)
for a4(T1) was mechanized.

5. Letting T = T; in equation (I11I-5) and
determiningvthe needed decompositions of T as in 4,
we evaluated (III-5) for clO(Tl)’

6. We proceeded calculating.the_coefficients
down columns of the reduced triangles in trace plane
3 with steps 3,4 and 5. At each determination of
the coefficient a4(T1), we used step 5 to determine
clO(Tl) for the same Tl‘

7. Observing the natural ordering of the trace
planes; we repeated step 6 to the other trace planes.

A similar medhénization waé made for the evaluation
of the B and X12 coefficients using equations
(III-7) and (III-8), respectively.

D. Checks on the Computations

The following checks we used to verify the
coefficients obtained from the computer program which
used the above procedure. The primary checks consist
of programming verification and Witt's identity; while
the secondary checks make use of the results of

Maass [6].
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Primary Checks:

1. Using the recursive relationships, some
initial unknown coefficients were calculated independent
of the computer program. A comparison of these
coefficients to the computer calculated coefficients
was made for program verification.

2. Since the recursive equations do not
depend on the invariance of the coefficients under
unimodular transformations, a few coefficients for
lattice points on trace plane thrée and four not in
R were calculated. Theée were then compared to the
coefficients in R.

3. Upon completion of eaéh column in a given
tréce plane, an application of Witt's identity (I-15)

was made.

Secondary Checks:

1. By appendix I, primitive matrices with
the same determinant have equal Fouriér coefficients.
All coefficients for primitive matrices were calculated
for ¢, and ..

2. Selected imprimitive matrices were sub-

stituted into equation (AI-3) of Appendix I. This
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resulted in an equation for the coefficients of.
these imprimitive matrices in terms of primitive
matrix coefficients. Then using the computer cal-
culated primifive matrix coefficients, the former
coefficients were evaluated. |
3. The congruence condition of equation
(AI-4) of Appendix I was applied to applicabie

lattice points.
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V. The Calculated Coefficients of 8586:X10 204 x19

1. Using the algorithm and checks of the
previous chapter, the B4 965 Y102 and X12 Fourier
coefficients were calculated and tabulated in Table
I. Since primitive matrices with equal determinants
have equal Fourier coefficients, the table includes
only the primitive representatives (1,4,0) and
(1,451 1), | |

The By, and X10 coefficients were calculated .
and verified for almost all matrices TeJ with ]T|s12
(Table I-a). These coefficients complete the know-
ledgé of the By, and X10 Fourier coefficients for
all 1attice points on trace planes qs<7 and parts
of trace planes 8 through 13V (figure 2). An inspection
of the time required to generate each of these
coefficients (Appendix II) indicates why no additional
coefficients were calculated. ,

Similarly, the %6 and X12 coefficients for
matrices TeJ with |T|<4 were calculated (Table 1-b).
These calculations used the recursive equations of
(III-7) and (III-8), respectively. Included are all

coefficients of trace planes qs<4 along with two
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coefficients of trace plane 5. 'As before, the table
has been limited only by the computation time required
for each coefficient.

It is important to note that the Fourier
coefficients of Table I represent the first known
table of any length for Siegel modular forms. More-
over, the two conjectures of Part One are found to be
true for the coefficients given in this table. This, of
course, adds a great deal of support to the conjectures.

2. Table II contains a set of conjectured 4"
coefficients. The primitive matrix coefficients were
calculated using the conjectured equations of Lemmas
3 and 4 (Chapter II), and the imprimitive matrix
coefficients by a special case of the Conjecture I.

The table extends Table I to lattice points on all

trace planes <10 and to parts of trace planes

11 through 26. This set includes matrices Tex such

that |T|<25. All applicable checks of Chapter IV-
section D have been applied to these additional coefficients

and have been found to hold.



‘Table T
Fourier Coefficients for ¢4’¢6’X10’ and X12
a. Coefficients of ¢, and XiO
% X10
47| T a, (T) be o (T)
3 (1,1,1) 13,440. -1.
4 (1,1,0) 30, 240. 2.
7 (1,2,1) 138, 240. 16.
8 1 (1,2,0) 181,440, -36.
11 (1,3,1) 362,880. -99,
12 (1,3,0) 497,280. 272.
12 (2,2,2) 604,800. -240.
15 (1,4,1) 967,680. 240.
16 (1,4,0) 997,920. ~1,056.
16 (2,2,0) 1,239,840. -32,
19 (1,5,1) 1,330, 560. 253.
20 (1,5,0) 1,814, 400. 1,800,
23 (1,6,1) 2,903,040. -2,736.
24, (1,6,0) 2,782,080. 1,464.
27 (1,7,1) 3,279, 360. 4,284,
27 (3,3,3) 3,642,240, 15, 399.
28 (1,7,0) 4,008, 960. -12, 544,

79
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4 X10
4|T| T aa(T) 4c10(T)
28 (2,4,2) 5,114, 880. -4,352.
31 (1,8,1) 5,806,080. 6,816.
32 (1,8,0) 5,987, 520. 19,008.
32 (2,4,0) 7,439,040, 576.
35 (1,9,1) 6,531,840, -27,270.
36 (1,9,0) 7,650,720, 4,554,
36 (3,3,0) 8,467,200. 43,920.
39 (1,10,1) 10, 644, 480. 6,864.
40 (1,10,0) 9,555, 840. -39,880.
43 (1,11,1) 10,039, 680. 66,013.
bt (1,11,0) 13,426,560 26,928.
bt (2,6,2) 16,329,600 -23,760.
47 (1,12,1) 17,418, 240. 44,064,
48 (4, 4,4) 20,818, 560. -135,424.
48 (1,12,0) 15,980, 160. -12, 544.
48 (2,6,0) 19,958, 400. -126,720.
51 (1,13,1) 16,208, 640. 108,102,
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Table I - (continued)

b. Coefficients of ¢, and yx;,

% | X12
4|1] T a(1)  12-c1,(D)
3 (1,1,1) 44,352, 1.
4 (1,1,0) 166,320.  10.
7 (1,2,1) 2,128,89. -88.
8 (1,2,0) 3,792,096. -132.
11 (1,3,1) 15,422,400, 1275,
12 (1,3,0) 23,462, 208. 736.
12 (2,2,2) 24,881,472, 2784,
15 (1,4,1) 65,995,776.
16 (1,4,0) 85,322,160.

16  (2,2,0) 90, 644,400,
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Conjectured Fourier Coefficients for By,

?
" 4|T| T a4%1‘)
52 (1,13,0) 18, 264, 960.
55 (1,14,1) 24,192,000,
56 (1,14,0) 23,950, 080.
59 (1,15,1) 24,312, 960.
60 (1,15,0) 28,062, 720.
60 2, 8,2) 35,804, 160.
60 (4, 4,1) 35,804, 160.
63 (1,16,1) 34,974,720,
63 (3, 6,3) 38,707, 200.
64 (1,16,0) 31,963, 680.
64 (2, 8,0) 39,947, 040.
64 (4, &,0) 41,882,400.
67 (1,17,1) 30, 360, 960.
68 (1,17,0) 38, 465, 280.
71 (1,18,1) 49,351, 680.
72 (1,18,0) 42,638,400,
72 (3, 6,0) 47,537, 280.
75 (1,19,1) 42,349,440,
75 (5, 5,5) 44,029, 440.
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8

4|T| T a4?T)

76 (1,19,0) 49,230,720.
76 (2,10,1) 59,875, 200.
79 (1,20,1) 59,996, 160.
80 (1,20,0) 59,875, 200.
80 (2,10,0) 74,390, 400.
80 (4, 6,4) 74,390,400.
83 (1,21,1) 56,246,400,
84 (1,21,0) 63,624, 960.
87 (1,22,1) ' 78,382, 080.
88 (1,22,0) 67,616, 640.
91 (1,23,1) 66,528, 000.
92 (1,23,0) 84,188, 160.
92 (2,12,2) 107,412, 480.
92 (4, 6,2) 107,412, 480.
95 (1,24,1) 101,606,400,
96 (1,24,0) 91,808,640,
96 (2,12,0) 114,065, 280.
96 (4, 6,0) 114,065, 280.
99 (1,25,1) 85,276,800.
99 (3, 9,3) 95,074, 560.
100 (1,25,0) 93,774,240,
100 (5, 5,0) 97,554,240,



84

Appendix I: Siegel's and Maass' Results

1. In [10], C. L. Siegel proved the following
equation for the Fourier coefficients, aw(T), of the
general Eisenstein series of degree n and weight

w. For T>0,

nw n-1n-1 w-k
AI-1) o (M=(-1)Z 2@ 1 Z
w k=0 ]."(W-'2')

“|T]- 7 nSp(D)

P

where p ranges through the prime numbers, and

s,M= z e MRy )
Rp mod 1

is the p-adic density. Here the sum is over a
complete system (mod 1) of different n-rowed
symmetric rational matriées Rp which have a power
of p as a denominator. V(RP) equals the product
of the divisors of Rp (Definition 8).
In order to calculate the coefficients using
this formula, one has to calculate the p-adic densities
for all p including p=2. In some cases, the Siegel

operator identity (I-11) may be used to go around
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these tedious calculations. For n=2, this was the
method used by J. Igusa in [2] to calculate a few
of the coefficients. His table in reproduced in
Chapter IV, section A of this paper.

| 2. For the degree two Eisenstein series,
H. Maass ([6]-Satz 1) expanded the p-adic densities
in (AI-1) to obtain an expression for the coefficients
associated with primitive matrices (Definition 9).
Letting By be an Eisenstein series in (rz,w) with
Fourier coefficients aw(T), Maass' result is stated

as follows.

Proposition Al (Primitive Matrix): For w=>2

and T(>0) primitive,

=bw | 1 |d]-1

d
(AI-2) aw('r)=-BW P ldT’qfl Q@

+(a+|d|B) b (T)

with

)= (2T [ yw-3/2 1 (dy 1-w
b, (=G5 p12|2T|{< St

c 3 u(3-2w)
LZoP v +(%_)zp(j+1)(3+2w)}
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Here d=d(T)= the discriminant of the imaginary
quadratic field associated with JTTETl,C;) is
the Legendre symbol, pb is the highest power of
p dividing |2T|, and

_ Ehil], p>2
(252),  p=2

(greatest integer). The polynominal ('xi--]?,)w'1 is
evaluated by the identification of B' with B -

the v Bernoulli number (defined by equation

(1-13)).

We note; as did Maass, that for a primitive
matrix T,_equation (AI-2) yields a Qalue for aw(T)
which is dependent only on the determinant of T.
Hence we conclude that every primitive matrix with
the same determinant has the same Fourier coefficient,

3. (a) From the Hecke operator theory applied
to Eisenstein series of degree 2, Maass obtained the
following identity for aw(T) ([6]-equation 28).

For T(>0) imprimitive and . w22,
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(AI-3) & (D= (Lp¥ 1) (14" 2)a (3 )-p2 30 (Ep)

where p is an arbitrary prime number dividing T.
Terms in the equation are included with the convention
that the argument of aw(@) must be an element of |
J={semi-integral, semi-positive definite matrices}.

In the same paper ([6j-Satz 2),Maass attempted
to show that a simplified version of equation (AI-3)
was recursive for the imprimitive matrix coefficients
and that aw(T) fdr T=(t1,t2,t3). was a function
only of the parameters e(T)=g.c.d. (tl’tZ’t3) and
D(T)=|2T|/e2(T). Unfortunately, we have found an error
in his paper which invalidates his simplified recursive
equation and leaves the dependence of aW(T) on e(T)
and D(T) an open question.

In what.follows, we will be able to partly
correct the work of Maass by concluding that equation
(AI-3) 1is a recursive equation for the imprimitive

matrix coefficients in terms of primitive matrix
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coefficients. However, we will not be able to

simplify equation (AI-3) nor be able t§ obtain the
conclusion that aW(T) is a function only of e(T)
and D(T). Nevertheless we still believe this last

statement to be correct and single it out as

Maass' Conjecture: For degree two Eisenstein

series with Fourier coefficients a w(T), we have
(AL-4) a,(T)=a (e (T),D(T))

where aw(°,') .is a function only of e(T) and D(T).

(b) Before proving the assertion about equation
(AI-3), we note that for Tey, e(T) has a standard

prime factorization as

Vq
e(T)=1 q
‘ q=2

where Ve~ ordinal of e(T) at q. For this prime
factorization of e(T), we let Ee(T)={q:Vq#0} and
he(T)=qu. We also make the following definition.

Definition AI-1: The e?(T) factorization of

D(T) is the prime factorization of D(T) as the following

2w u
D(T)=4" 1 q 9 q9
q=2 q=2
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where

(o, apeny
“Th, s,

WosVes

and wq=vq, if uqzz. Here vq is the ordinal of

e(T) at q.

Letting hD(T)=Ew , we see that hD(T)she(T)

q
since wq=0 for every q¢Ee(T).

Now let peEe(T) and recall that aW(T) is
invariant under unimodular transformations, T-T[U].
‘Then, every T=(t1,t2,t3)53 can be normalized such
that (tie(T)°1,p)=1 and t320. To see this, let
ti=mie(T). The second condition can always be met
. 10 ,
if t3<0 by u=(0_1):(tl,tz,tB)a(tl,tz;t3). If
(ml,p)>1 and (m2,p)=1, then u=(jig):(t1,t2,-t3)
“(tZ’tl’tB) works, Similarly, if (ml,p)>1 and

11
(mz,p)>1, u=(3 0): (tl, ty, t3)—o(t1+t2+t3, ty, 2t1+t3)

works,

Proposition A2(Imprimitive Matrix): For

w22 and T(>0) imprimitive, equation (AI-3) is
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a recursive equation for the imprimitive matrix .
coefficients aW(T) in terms of the primitive
matrix coefficients.

Proof: 1In equation (AI-3) we may assume
that the imprimitive matrix T=(ti,t2,t3)eg is
normalized as above. The proof will then follow
by induction on the number of prime elements composipg-
e(T), namely he(T). First of all for a fixed |
imprimitive matrix TeJ, we examine the types of
matrice S, thét'will occur on the right hand side
of equation (AI-3). Here S 1is of the form |
S=(s1,sz,s3)es. Fixing peE;(T) and defining
e=e(T) and D=D(T), we have the following results.

(i) 1If S=§e3, then e($)=p-1e(T) and
D(s)=|25|e 2(s)=|2T|e 2(T)=D(T).

(ii) 1If S=Izes, then the same arguments
yield e(S)=p-2e(T) pand D(S)=D(T).

(iii) If s=}2T[% g]es, then sy=p’t,,

P
8,=t,, and s3=p'1t3. So that, 'e(S)=p'2e(T)
D(5)=|25|e2(s)=p?D(T). |

(iv) If Osusp-1, t;=m;e, and S=§2T[? 8153,
then Sl=p'2(m1u2+m3u+m2)e, 82=p'1(2mlu+m3)e, and
Sq=mje; so that |ZS|=p'2|2T|. We then have three

cases.
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A. e(S)=p'1e (T), D(S)=D(T) iff p| (mlé_2+m3u+m2)
and [pzl(mlu2+m3u+m2) or p](2m1u+m3)]._
B. e(S)=p 2e(T), D(S5)=p>D(T) iff p1(m1u2+m3
C. e(S)=e(T), D(S)=p-2D(T) iff p2|(m1u2+m3u+m2)
and p|(2m1u+m3). '

u+m2).

With the cases (i-iv) enumerated for a fixed
Tey and peEe(T), define A(T,p)={Sz3: S occurs on
the right hand side of (AI-3)}. Also define
A(T;e',D')=A(T,p)n{SeT:e(S)=e' and D(S)=D'}. 1In

particular, we see that

'A(T,p)=A(T;p'1e,5)UA(T;p'2e,D)‘

2

UA(T;p e,p2D)UA(T;e,p D)

so that (AI-3) may be written as

4
(AI-3') a (T)= 1 I my(S)a (S),
i=1 SeAi
where the m;(S)eZ The convention of equation
(AI-3) 1is also interpreted to mean that in the sets
A1=A(T;ei,Di), e; and D; must be integers; otherwise
Ai=¢}
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With these statements as preliminaries, we
begin the induction proof. Suppose f is an
arbitrary (normalized) imprimitive matrix in 3
such that he(T)=1 and let 'peEe(T). Then
hD(T)=O or 1 (since @D(T)she(T)). hD(e)=0 implies
A contains only primitive matrices and A;=¢,2<ish.
Hence the proposition holds. Similarly, hD(T)=1
implies A1 contains only primitive matrices,
AyjAy=¢, and A,=¢ or Afg. If A,=¢, the pro-
position holds as before. If' Aﬁ¢¢’ then every
3€A4 can be normalized and substitgted.for T in
equation (AI-3) determining the sets A{,lsis4.
.Since hD(S)=hD(T)-1=0 , the arguments above applied
to the Ai determine that gw(S) for S¢5A.4 are
functions only of primitive matrix coefficients.
Hence we conclude that this proposition is true
for T:s and h, (T)=1.

' Now suppose that the proposition holds for
every imprimitive Te3 with he(T)=n. We will show
that the proposition holds for every Teg with
he(T)=n+1. To this end, let T (normalized)e¢y such
that he(T)=n+1. Since the terms of (AI-3') with
SeA;,A9, and A5 all have he(S)sn, we can write them

in terms of primitive matrix coefficients by the
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inductive hypothesis. As befofe A=¢ or Aa#¢:
If A4=¢, we are through. If A4#¢, every 51€A4
may be normalized and substituted for T in equation
(AI-3) determining the sets. Aj, l<i<4. Again the
sets Ai,lsisB cause no problem by the inductive
hypothesis and A&#é or AA=¢. If AA=¢, we are
through. If A£#¢, we repeat the process again for
SZEAi' The process will terminate since at each
stage he(Si)=n+1, butA hD(Si)shD(T)'if Thus the
proof is complete.
QED
We note that equations (AI-2) and (AI-3)
give a method for generating all the coefficients
of degree two Eisenstein series. Eqﬁation (AI-2)
solves the problem for all primitive matrices TeJ
and equation (AI-3) reduces imprimitive matrix
calculations down to primitive mafrix célculations.
4, No effort has been made to ultilize the
results above for computations of the coefficients in
this paper. However, the following congruence
relationship for the Eisenstéin coefficients of
degree 2 and weight w24 has been used as a check in

Chapter 1IV.
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(AI"4) aw(T)EO(mod gW(W-]. )
w 2w-2

where BQ are the Bernoulli numbers ( Chapter I-
equation (I-13). ‘Equation (AI-4) holds for all
T>0 where d the discriminant ié not equal to
-4 or -p, a prime number. Reference for (AI-4)

is Maass' paper [6].
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Appendix II: Computer Time and Cost - Requirements

The recursive equations for the ¢, and x,, Fouriér
coefficients (Chapter III - equafions ITII-3 and III-4)
were mechanized on an available ControlvData Corporation
3800 computer. This task was divided into three
distinct programming and verification phases with a
fourth phaée added for actual computations. These
are described as follows:

(1) Mechanization of the algorithm for
determining the reduced matriﬁ of an atbitrary
matrix Tex (Chapter I-section F).

(2) Mechanization of a method for determining
all decompositions (in the form of equation IV-4)
for the augmented matrix of Teg kChapter IV-section
B). |

(3) Mechanization of the recursive equations
for the 84 and X10 Fourier coefficiénts given by
Propositions (7) and (8). (The method employed here
was outlined in Chapter IV-section D and used the
results of (1) and (2) above.)

(4) Computation of the ¢, and X190 Fourier
coefficients given in Table I (Chapter V).

Since all of these phases were performed on a
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time permitting and computer availability schedule
over a three month period, we have found it extremely
difficult to estimate the total time and cost required
to perform the entire task. However, for the 8y,
and y;, coefficients actually tabulated in Table
I (Chapter V), a very accurate account was kept and
shﬁwed tha; 17.3 hours of computer time at $550/hr.
(total = $9,515) was needed. This, of course, does
not give a total account for phase (4); since there
wére numerous runs aborted for one reason or another
(computef priorities, computer tape drive failufe,
etc.). Also, it must be mentioned that, wifh the
exception of upgrading the method used in (2), very
little effort was spent in optimizing the computer
prograﬁ. :

Table AII-1 gives a breakdown of
the time mentioned above. Here the computational
time needed for each ¢, and y;, coefficient is
tabulated versus the matrix of the coefficient. Since
it was found that the computations in (2) required the
most time, it is obvious from the table why we had
to revamp the method used for determining the
decompositions. We do not look upon this change

as a big sophistication of the program; however, with
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the change a substantial decrease in time required
was achieved. This change gave a more predictable
rate of growth to the time required.

To conclude this appendix, we have tabulated
in Table AII-2 the number of decompositions, (Cq))yof
a matrix T used in the recursive equations (III-3)
and (III-4). From these values, it is seen that the
growth rate of time required (after the change above)A
is very similar to the growth rate of the number of
tefms in the recursive equations used. This, of

course, is as it should be.



98

Table AII-1

Computation Time for the

by and X10 Coefficients

T Computation T Computation

time-minutes , time-minutes*
(1,2,1) 2.1 (3,3,3) 9.9
(1,2,0) 1.2 (3,3,2) 11.7
(1,3,1) 6.4 (3,3,1) 14.7
(1,3,0) 2.3 (3,3,0) 17.4
(2,2,2) 23.1 (1,6,1) 4.8
(2,2,1) 11.7 (1,6,0) 6.4
(2,2,0) 3.5 (2,5,2) 19.8
(1,4,1) 15.0 (2,5,1) 24.3
(1,4,0) 4.9 (2,5,0) 28.8
(2,3,2) 68.4 (3,4,3) 2.4
(2,3,1) 24.9 (3,4,2) 30.6
(2,3,0) 10.8 (3,4,1) 38.6
**%(1,5,1) 2.2 (3,4,0) 58.3
(1,5,0) 3.6 (1,7,1) 9.3
(2,4,2) 4.2 (1,7,0) 11.2
(2,4,1) 7.0 (2,6,2) 34.5
(2,4,0) 10.3 (2,6,1) 39.7

* Sum of the computation time for the By, and X10
coefficients.

%% Reprogrammed at this point.



Table AII-1 (continued)

T Computation
time-minutes

(2,6,0) 44,8
(3,5,3) 74.1
(3,5,2) 81.7
(3,5,1) 98.3
(3,5,0) 117.3
(4,4,4) 119.7
(1,8,1) 12.5
(1,8,0) 14.7
(2,7,1) 83.8
(1,9,1) 28.9
(1,9,0) 32.7
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Table AITI-2

Number of Terms in the Recursive Equations
(III-3) and (III-4)

Left Hand Right Hand Right Hand

Side of Side of Side of
: M HEre W
(1,2, 1) 16 - 17 4
(1,2, 0) | 40 : 44 6
(1,3, 1) 100 117 16
(1,3, 0) 176 220 8
(2,2, 2) 64 - 77 9
(2,2, 1) 160 : 207 10
2,2, 0) 284 394 13
(1,4, 1) 332 449 8
(1,4, 0) 516 736 10
(2,3, 2) 400 573 14
(2,3, 1) 728 1,147 16
(2,3, 0) 1,112 1,863 20
(1,5, 1) 853 1,302 10
(1,5, 0) 1,212 1,948 12
(2,4, 2) 1,384 2,429 21
(2,4, 1) 2,212 4,187 24

(2,4, 0) 3,072 6,172 27
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 Table AII-2- (Continued)

Left Hand Right Hand Right Hand

Side of Side of Side of
: Equation Equation Equation
T TII-4 TII-4 I1I-3
(3,3, 3) 1,000 1,635 . 22
(3,3,2) 1,856 3,411 26
(3,3,1) 2,924 5,826 28
(3,3,0) 4,016 8,534 32
(1,6,1) . 1,840 3,142 12
(1,6, 0) 2,480 4,428 14
2,5,2) 3,676 7,637 30
(2,5,1) 5,344 11,939 32
(2,5,0) 7,032 16,528 34
(3,4,3) 3,556 7,443 34
(3,4,2) 5,781 13,313 40
(3,4,1) 8,272 20, 538 42
(3,4,0) 10, 764 28,184 44
(1,7,1) 3,542 6,684 14
(1,7,0) 4,596 9,024 16
(2,6,2) 8,128 19,734 39
(2,6, 1) 11,168 28,871 40
(2,6,0) 14,112 38,215 43

(3,5,3) 9,69 24,873 50
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Table AII-2- (Continued)

Left Hand Right Hand Right Hand
Side of Side of Side of
Equation Equation " Equation
T III-4 : III-4 III-3
(3,5,2) : 14,320 40,142 - 56
(3’59 1) . == == =
(395’ 0) == == =
(4,4,4) 6,920 16,763 47
(l28,1) 6,280 12,964 16
(1,8,0) 7,896 16,920 18
(2,7,1) 15,976 - 44,494 ' 48
(1,9,1) 10,435 23,399 18

(1,9, 0) 12,800 29,720 20
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