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ABSTRACT

Quantum criticality of strongly correlated systems

by

Chia-Chuan Liu

Quantum criticality has been an active research topic in condensed matter physics,
with major efforts being devoted to the heavy fermion material in which local moments
are coupled with itinerant electrons through an antiferromagnetic Kondo coupling.
The competition between the Kondo coupling and antiferromagnetic Ruderman—
Kittel-Kasuya—Yosida(RKKY) interaction between local moments leads to a rich
global phase diagram for these systems. It is a fundamentally important but chal-
lenging problem to develop a unified theoretical approach to understand this global
phase diagram.

We approach this issue from the magnetically ordered side by using a quantum
non-linear sigma model (QNLoM) to represent the local moments. We firstly study
the consequence of skyrmion defects of antiferromagnetism on a honeycomb lattice.
We solve the low energy effective Dirac Hamiltonian in the skyrmion background, and
then identify the singlet orders through an enhanced correlations in the corresponding
channels. In addition, we perform a renormalization group (RG) analysis of the
QNLoM with a Kondo coupling by treating both bosonic and fermionic degrees of
freedom on an equal footing. These results shed new insight into the global phase

diagram of the heavy fermion systems.

Recent evidence of two consecutive Kondo destruction quantum critical points(QCPs)



in CesPdySig also provides an interesting extension of the global phase diagram.
Motivated by this development, we study a spin-orbital coupled Bose-Fermi Kondo
model. By performing a Coulomb-gas based RG calculation of this model with Ising
anisotropy, we show that a generic trajectory in the parameter space contains two
QCPs associated with the destruction of the orbital and spin Kondo effects, respec-
tively.

Not only the heavy fermion systems, iron pnictides also provide a platform to study
quantum criticality. The new ingredient here is that the quantum critical singularities
in the nematic and magnetic channels are concurrent, and their relationship has yet
to be clarified. Here we study this problem within an effective Ginzburg-Landau
theory for both channels in the presence of a small external uniaxial potential that
breaks the lattice Cy symmetry. We establish an identity that connects the spin
excitation anisotropy, which is the difference of the dynamical spin susceptibilities at
two ordering wave vectors Q; = (m,0) and Qs = (0, 7), with the dynamical magnetic
susceptibility and static nematic susceptibility. Using this identity, we introduce a
scaling procedure to determine the dynamical nematic susceptibility in the quantum
critical regime, and illustrate the procedure in the case of the optimally Ni-doped

BaFe,As,.
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Chapter 1

Overview

Critical phenomenon occurs when a physical system undergoes a continuous phase
transition. Such phenomenon is ubiquitous in natural world, which is one of the
reasons why the physics of critical phenomena is an important area at the crossroads
of many different fields. The quest to understand it in a general and organized way
has motived physicists to develop lots of universal concepts and techniques[15].

There are many reasons that make the physics of critical phenomena as an im-
portant and interesting subject. One of them is its elegance. At a critical point, the
correlation length is divergent; there is then no characteristic length scale. Therefore,
the system is scale invariant, and in turn physical quantities exhibit power law behav-
ior. Moreover, the critical exponents of these power law functions near a critical point
depend only on overall properties, such as the dimensionality and the symmetry, but
not the microscopic details of the system, which means that many systems that look
very different in detail actually share the same critical exponents. Such concept is
called the universality[16, 17].

Another reason for the importance of the critical phenomena as a subject is that
it is relevant to the understanding of other kinds of physical phenomena. Near a
critical point, the system undergoes severe fluctuation. These critical fluctuations can
interplay with other ingredients of the system, and cause some dramatic consequences
in the end.

Depending on the nature of the fluctuations that drive the phase transition, one



can classify the critical phenomena into two classes: the classical and quantum crit-
icality, driven by thermal and quantum fluctuations, respectively. Quantum phase
transition arises between two different quantum phases at zero temperature[18, 19].
As we will see in chapter 2, near a quantum critical point(QCP), there is a region
with non-zero temperature where both the quantum and thermal fluctuations are im-
portant. Within this region, the conventional quasiparticle description of low energy
excitations of system fails, while many physical properties still exhibit some kinds of
universal behavior that are hard to be explained within the conventional quasiparticle
picture[20].

In recent years, quantum criticality in strongly correlated system has become an
active research topic[21, 22, 23]. In such systems, the electron-electron interactions
are large compared to the width of the relevant electronic band(s), the interaction
could change the ground state, as well as the nature of the low-energy excitations.
Finding unifying principles for how the electrons are organized in these systems, is a
challenging but promising research topic. Empirically, quantum criticality appears to
be important to many of such strongly correlated systems. Theoretically, there are a
variety of correlated electron and quantum spin models in which quantum criticality
can be examined. Therefore, studying quantum criticality in strongly correlated
systems promises to lead us to some central unifying or guiding principles of strongly
correlated systems and beyond.

The first successful unifying paradigm of interacting fermions is Landau Fermi lig-
uid theory[24], where the interaction is regarded as “weak”, in the sense that there is a
one-to-one correspondence between the elementary excitations of the interacting sys-
tem and a non-interacting one. The momentum distribution ng, at low temperature

still shows a sudden jump at the Fermi momentum kg, and the spectral function still



retains a sharp peak. All of these suggest that the concepts of Fermi surface and the
quasiparticle are still well-defined. What interaction does is only renormalizing the
parameters that characterrize the quasiparticles, such as the effective mass. Following
the Fermi liquid theory, one can easily derive the leading temperature dependences
of the electrical resistivity p ~ T2 and specific heat C' ~ T.

However, as the interaction grows stronger, at some point the ground state would
suddenly change to a completely different one. In other words, a the quantum phase
transition happens, and thus the one-to-one correspondence between the spectrum of
interacting and non-interacting system could fail. One famous example is the Mott
transition[25], where the strong on-site Colomb repulsion can change the system from
a metal into a insulator. Other examples are unconventional superconductors, where
the term “unconventional” means that their superconductivity can not be explained
by the conventional BCS theory.

In cuprate materials, the parent state is an antiferromagnetic Mott insulator.
Upon doping with hole or electron, the antiferromagnetism is suppressed, while the su-
perconductivity with high critical temperature emerges. Besides antiferromagnetism,
other exotic phase, such as a pseudogap phase where the Fermi surface possesses
a partial energy gap, also arises in the phase diagram of the cuprates. Since the
quantum critical points of antiferromagnetic and pseudogap phases seem to lie close
to or within the superconducting dome[26], it is reasonable to ask if the quantum
critical fluctuations associated with these QCPs help develop the unconventional su-
perconductivity. Moreover, above the optimal doping in the phase diagram there is
a quantum critical region, in which the resistivity exhibits non-Fermi liquid(NFL)
but universal temperature dependence p = py + AT[27]. Remarkably, other kinds of

unconventional superconductors, like heavy fermions|28| or iron-based materials[29],



also possess pretty similar overall phase diagrams. The schematic phase diagram of
various strongly correlated systems are summarized in Fig. 1.1. These features sug-
gest that quantum criticality is a candidate unifying concept in the understanding
of the strongly correlated systems. This thesis is dedicated to deepening our under-
standing of this topic. In chapter 2, we will introduce the basic preliminary knowledge

for the research presented in this thesis.

Temperature

LY
L4

QCP(?) Control Parameter

Figure 1.1 : Schematic phase diagram of various strongly correlated systems. Black
and blue solid lines denote the antiferromagnetic(AF) and superconducting(SC) tran-
sitions, respectively. The blue dot is the presumable quantum critical point inside
the SC dome, and above it there is a quantum critical regime in which the resistivity
exhibits universal non-Fermi liquid(NFL) behavior.

Due to their high-tunability, heavy fermion compounds have been prototypical
systems to study the quantum criticality. In these systems, the local moments are

coupled with itinerant electrons through a Kondo coupling, which competes with



an antiferromagnetic Ruderman-Kittel-Kasuya—Yosida (RKKY) interaction between
the local moments. When Kondo coupling is small, the local moments are decoupled
from conduction electrons, and the RKKY interaction drives the system into antifer-
romagnetism. On the other hand, in the strong Kondo coupling regime, the ground
state is a paramagnetic Kondo-screened phase where the Kondo singlets between the
conduction electrons and f-electrons of local moments are formed, and the Fermi sur-
face is enlarged due to the contribution from the f-electrons. In addition, strong
frustration in the interactions between the local moments can also lead to another
kind of paramagnetic state where the Kondo entanglement is absent and the Fermi
surface remains small[l, 2, 30]. The competition between antiferromagnetism and a
variety of proximate paramagnetic spin-singlet states is a common feature for many
heavy fermion compounds, and has been discussed in the proposed global phase dia-
gram as shown in Fig. 1.2.

From a theoretical perspective, the intricate interplay between different kinds of
degrees of freedom makes it challenging to develop a unified framework for the quan-
tum criticality of heavy fermion systems, even though it is fundamentally important.
Most of previous studies only focused on single phase transition path by taking some
specific theoretical approaches. In chapter 3, we approach this problem from the
magnetically ordered side by using a quantum non-linear sigma model(QNLoM) to
represent the local moments. We consider the consequence of skyrmion defects of an-
tiferromagnetism. These topological defects are known to induce singlet orders based
on a perturbative gradient expansion[31, 32]. By starting from antiferromagnetic
Kondo honeycomb lattice model, we are able to solve the low energy effective Dirac
Hamiltonian in the skyrmion background, and then identify the singlet orders non-

perturbatively through an enhanced correlations in the corresponding channels[33].
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Figure 1.2 : Proposed global phase diagram for heavy fermion materials, where G
is the degree of magnetic frustration and Jg is the Kondo coupling. Here, P and
AF denote paramagnetic and antiferromagnetic phases, respectively. In the Kondo-
screened phases where Kondo singlets are formed, the f-electron will also contribute to
the Fermi surface so that the Fermi volume will be enlarged. The sub-indices S and L,
which means small and large Fermi surfaces, respectively, mark the Kondo-destroyed
and Kondo-screened phases, respectively. There are three types of transition between
P and AF. The green line is a Hertz’s type spin density wave transition, in which
the Kondo destruction is inside the ordered part of the phase diagram. The blue line
corresponds to the transition caused by Kondo destruction, while the red line denotes
the transition caused by magnetic fluctuations alone. Adapted from Refs.[1, 2]



In the Kondo lattice model, we find two leading singlet channels, one in the spin
Peierls and the other in the Kondo singlet. The relative stability of the Kondo singlet
and spin Peierls channels is tuned by varying the Kondo coupling.

Motivated by the recent experimental result in geometrically frustrated heavy
fermion metal CePdAl[34], in chapter 4, we study the RG calculation of QNLoM
with a Kondo coupling. By treating both bosonic and fermionic degree in a equal
footing, we perform a RG analysis of this model. Our RG analysis shows that Kondo
coupling is irrelevant around the QCP of QNLSM. As a result, the phase transition
between antiferromagnetism and paramagnetism should be stable against weak Kondo
coupling. According to our calculation of the electronic self-energy induced by Kondo
coupling around the QCP, we conclude that the Fermi surface also remains small
against Kondo coupling. Together with chapter 3, our results shed new light on the
global phase diagram of the heavy fermion systems.

Recent experimental results in Ce3PdsySig also provides an exciting extension
of the global phase diagram to the heavy fermion materials with local multipolar
levels[13]. In this coupound, the ground state of the local levels has a four-fold de-
generacy, containing not only dipolar magnetic moments but also multipolar moments
such as quadruple. Such four-fold dgeneracy can be expressed in therm of spin and
orbital degree of freedom. This compound shows evidence of two consecutive Fermi
surface collapsing QCPs as it is tuned from a paramagnetic to an antiferroquadrupo-
lar and then to an antiferromagnetic state [13]. A theory was advanced[13] for a
sequential destruction of Kondo entanglement in an spin-orbital-coupled Bose-Fermi
Kondo(BFK) model, an effective model for a multipolar Kondo lattice. In chapter
5 we report an analytical renormalization group calculation of this spin-orbital BFK

model with Ising anisotropy on bosonic bath, using a Coulomb-gas representation. We



show that a generic trajectory in the parameter space contains two QCPs associated
with the destruction of the orbital and spin Kondo effects, respectively. Our work
establishes a firm theoretical ground for the notion of sequential Kondo destruction.

Not only the heavy fermion systems, iron pnictides also provide a platform to study
quantum criticality. The new ingredient here is that the quantum critical singularities
in the nematic and magnetic channels are concurrent, and their relationship has yet to
be clarified. In chapter 6, we study this problem within an effective Ginzburg-Landau
theory for both channels in the presence of a small external uniaxial potential that
breaks the lattice C)y symmetry. We establish an identity that connects the spin
excitation anisotropy, which is the difference of the dynamical spin susceptibilities at
two ordering wave vectors Q; = (m,0) and Qs = (0, 7), with the dynamical magnetic
susceptibility and static nematic susceptibility[35]. Using this identity, we introduce a
scaling procedure to determine the dynamical nematic susceptibility in the quantum
critical regime, and illustrate the procedure in the case of the optimally Ni-doped
BaFeyAss[14]. Our analysis suggests that the singular energy dependences of spin
excitation anisotropy and dynamical magnetic susceptibility observed in the optimally
Ni-doped BaFeyAs, leads to the existence of non-trivial dynamical term |w|/¢? in

nematic susceptibility.



Chapter 2

Introduction

2.1 Landau-Ginzburg theory of classical phase transition

In the conventional Landau theory of phase transition, a phase of matter is related
to a global symmetry and its spontaneous breaking. For instance, ferromagnetism
breaks rotational symmetry, while paramagnetism preserves it, which is why the two
represent distinct phases of matter. In the ordered phase the order parameter is
non-vanishing and the symmetry is broken, while in the disordered phase, the order
parameter vanishes and the symmetry is preserved. Phase transition happens when
the system transforms between the ordered and disordered phases.

The basic idea of Landau-Ginzburg theory is that the free energy of the system can
be expressed in terms of the order parameter and its fluctuations. We use a magnetic
transition as an example, where the free energy functional F' can be expressed in

terms of the magnetic order parameter field ¢ (z):

P [P |36 @)+ K (Vo) + ot (@)~ hoo)

= [ @0 (5 + K22) o)

(2.1)
+ % deldDPQde:sdDMCb (p1) @ (p2) @ (p3) & (p4) 0 (p1 + P2 + p3 + pa)
+ho(p=0)

which is also called ¢* theory, where u > 0 to ensure stability. The partition function
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is:

7 = / DgeF (2.2)

where D¢ = limpy_, Hfil d¢ (z;) is the measure of the path integral functional.
Without considering the spatial fluctuation and the external magnetic field, that
is, K = 0 and h = 0, we can derive the mean-field solution of order parameter ¢ from

the requirement that the solution minimizes the free energy functional F':

oF u
EE N <t+—2):0 2.3
55 0= o(t+ 5o 2.3
One can check that when ¢t < 0, the solution is ¢ = + —%, that is, the ordered
phase. On the other hand, when ¢ > 0 one get solution ¢ = 0 corresponding to the
disordered phase. At t = 0, the phase transition happens continuously.
Therefore, the parameter ¢ measures the distance from the critical point. Without

loss of generality, one can absorb the prefactor so that t = T;TC, where T, is crit-

ical temperature. Near a critical point, many physical quantities exhibit power-law

behavior. The associated critical exponents are defined as:

C (t) o< t0? flpo ~ |t|*
¢ (t) o< O flnzo ~ [t|”
X (t) o< O fln=o ~ ||

¢ (h) o< On fli=o ~ (h)
where f = —%an is the free energy density, C' is the specific heat, and y is the

=

susceptibility. One can verify that the saddle point mean-field solution of Landau-

Ginzberg model gives « =0, §=1/2, v =1, and § = 3.
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Fisher v(2—m)=~
Rushbrooke a+20+v=2
Widom B(6—1)=7

Josephson 2—a=vD

Table 2.1 : Scaling relations for critical exponents

On the other hand, if the fluctuation effect is incorporated, then there are two

other critical exponents associated with the correlation function:

P €
G (z) = (¢ () ¢ (0)) ~ (2.5)

exp (—%), x> &
where 7 is called anomalous dimension, and £ is the correlation length, which diverges

in a power law manner near a critical point:

§~ e (2.6)

One of the most incredible thing about critical phenomena is that these critical
exponents actually are universal, in the sense that they are actually independent to
the microscopic details of the model, but only dependent on the macroscopic prop-
erties, such as dimensionality and symmetry of the model, which means that many
models that are different microscopically can in fact belong to the same universal-
ity class with the same critical exponents. Moreover, critical exponents are actually
not independent of each other. They are satisfied the so-called scaling relations, as
summarized in the table (2.1).

Since there are six critical exponents, while we have four constraints, the number
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of real independent parameters should only be two. These scaling relations can be
understood by scaling hypothesis[36]. The spirit is that near a critical point, the
correlation length £ is the only length scale and is divergent at a critical point, and
hence the system should exhibit some sort of self-similarity and scale invariance.
Under the rescale of length scale £ — b€, parameters t and h rescale as t — b¥t, and

h — b¥rh, and the free energy density f satisfies the scaling form:

f(t,h) =b=Pf(tb’, hb¥n) (2.7)

for every b. Once we choose tb¥ = 1, then

f(t,h):tif( h ) (2.8)

tyn/yt
Following this form and the definition of critical exponents in Eq. (2.4), (2.5) and

(2.6), one can check that:

D D —yp 2yp — D
05:2__7 5: ) [ —
Yt Yt Yt (29)

5= , 1/:1, n=2+D — 2y,
D —yp Yt

We see that the two independent parameters 3, and y, define the six critical
exponents, and more remarkably, the Eq. (2.9) indeed satisfy the scaling relations in
Table. (2.1). As a result, by deriving scaling factors 3, and y; we can derive other
critical exponents.

The success of applying scaling theory to understand the critical phenomena help
to the development of renormalization group(RG). By performing RG calculation,
one can not only identify different phases or critical points hidden in a model but also

derive the critical exponents from the first principle. The procedure of RG consists

of the following steps[37]:
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1.Coarse-Grain: The first step of the RG is to decrease the resolution of the length
scale. For the ¢* theory (2.1) as an example, this is usually achieved by divided the

fields ¢ (q) into fast and slow modes:

¢<(q), O 2
¢ (q) = ), 0l (2.10)

¢-(q), 5 <lad<A

where b > 1 and A is the momentum cut-off of the model, and then integrate out the
fast-mode ¢-.
2. Rescale After integrate out the fast modes, we need to restore the length scale

to the original one, which is achieved by rescaling the position:

2 (2.11)
b
or equivalently, in the momentum space:
p— bp (2.12)

and the fields also need to be rescaled so that the leading term that governs the

behavior of free theory(in this case, the K (V¢)?) should be invariant:

¢ (g) = b™¢ (2.13)

3. Renromalize:
In the end, the action retains its original form, but with a different set of param-

eters:

Fe [ [—'w (@) + K (Vo @) + 46" () ~ Wo (2 (2.14)
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Let G = {g.} denotes the set of parameters of the model g,. In this case, G =

(t,u, h). After a RG procedure R, it transform to G’ = {¢.,}:

G'=R(G) (2.15)
where the operation R (G) describes the effects of the RG procedure of the system.
Iterate the RG procedure can generate the flow of parameters along with each RG
procedure, which is also called RG flow. By setting the parameter [ = Inb and taking
it as infinitesimal value, one can derive the RG flow:

aG
- = PG) (2.16)

where 3 (G) = limy_,q[™* <R (G) — G) is called g functions.

For the ¢* theory, up to the second order, the 3 functions are:

dt o u? B tu

dl 1672 1672

du 3u?

au 2.17
a YT 1602 (2.17)
dh 6—¢€

- = h

dl 2

where e =4 — D.
As we discussed, a characteristic of a critical point is the self-similarity. Any self-

similar configurations must correspond to a fixed point G* satisfying G* = R (G*),

that is:

dG

@ =BE=0 (2.18)

The RG flow near the vicinity of a fixed point can be further explored by linearizing

the £ functions:
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dG
a =0(G) =W (G -G (2.19)
where Wy, = gg . e One can diagonalize matrix W and identify its left eigenvec-

tors ¢, with associated eigenvalues \,:

GaW = Aty (2.20)

and then the RG flow near the vicinity of fixed point G* can be expressed in a more

suitable basis set {v,}:

Vo = OL (G — G¥) (2.21)
It is easy to check that:

dv,
dl

= AaUa — Vg (1) = exp (I\,) (2.22)

Therefore, for A, > 0, the trajectory of RG procedure flows away from the critical
point G*, while for A\, < 0 it flows toward G*. The associated scaling field for the
former case is said to be relevant, in the sense that it forcefully drives the system
away from the critical point, and for the latter case irrelevant. For the case A\, = 0,
we call the associated fields marginal.

A Stable fixed point is a point where all associated scaling fields are all irrelevant or
exactly marginal. In RG language, these points correspond to a “phases of matter”,
since when one start initial parameters somewhere in the parameter space surrounding
any of these attractors, the RG trajectory will flow towards one of these points and

eventually arrive it, i.e. it is not only self-similar but also stable against any small

perturbation, and thus genuinely represents what we call a state of matter.
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On the other hand, a critical point is a fixed point where there are both relevant
and irrelevant scaling fields. These points correspond to a continuous phase transi-
tions, since tuning a relevant parameter around it can change the final destination of
the RG flow trajectory, and thus change the state of matter.

For the ¢* theory (2.1), one can identify the critical points from its 8 functions

(2.17):
1672

1
(5, ul, hY) = (0,0,0),  (t5,ub, h*) = (—ge, TG,O) (2.23)

where the first one is called the Gaussian fixed point, and the second one is called
the Wilson-Fisher fixed point.

The Wilson-Fisher fixed point only exists at € > 0, that is, D < 4, since u must be
positive. However, since it has less relevant operator than the Gaussian fixed point,
at D < 4 it should be the fixed point that control the critical behaviors. On the other
hand, at D > 4 the critical phenomenon of ¢* theory is described by the Gaussian
fixed point. To understand the full RG flow diagram at D < 4, one can linearize the
f functions (2.17) around the Gaussian and the Wilson-Fisher fixed point. Denoting
the linearized mappings by Wi and W, for the Gaussian and the Wilson-Fisher fixed

point, respectively, we have:

2 = O 2—%€ o= O
Wi=10 ¢ 0|, We= 0 — 0 (2.24)
0 0 &= 0 0 &=

by which the associated critical exponents can be derived:

1. For the Gaussian fixed point, y; = 2 and ¥y, = 6; =1+ % Compare these
with Eq. (2.9), we have:
D D+2
a=2——,f=—4+—,v=1,60= + v=1,n=0 (2.25)
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2. For the Wilson-Fisher fixed point, 3, = 2 — %e and y, = % =1+ %, and hence

the critical exponents are:

Wilson-Fisher

| PM |

F)M | ¢

Gaussian

Figure 2.1 : The RG flow of ¢* theory (2.1) at D < 4 obtained from the e-expansion,
where the FM and PM denote paramagnetic and ferromagnetic phase, respectively.

2.2 Quantum phase transition

The quantum phase transition is driven by quantum fluctuations. In the classical
phase transition driven by thermal fluctuations, the spatial and temporal fluctuations

are essentially decoupled. On the other hand, for quantum phase transitions, they
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are generically intertwined[18, 19]. Therefore, the correlation time &, is related to the

correlation length &:

£~ e (2:27)
where z is called dynamical exponent.

The energy scale of quantum fluctuation can be estimated through hw., where
We ~ 5% is the characteristic frequency of the system. Since near a thermal-driven

transition with critical temperature T, the correlation length scales as & ~ [t|7,

where t = %, the energy scale of quantum fluctuation hence is:

he. o |t (2.28)

On the other hand, the energy scale of thermal fluctuations is k7', where kp
is the Boltzmann constant. The quantum fluctuations will be important as long as
their energy scale is larger than the thermal one, that is, hw. > kgT. However,
from Eq. (2.28), we see that if T # 0, then at a temperature close enough to the
critical temperature 7., one must have hw. < kgT'. In other words, it is always the
thermal fluctuations that dominate the critical behaviors of phase transition in the
end. Following this simple estimation, one can conclude that the quantum phase
transition can only happen at zero temperature.

Therefore, a quantum critical point(QCP) must be approached by a non-thermal
tuning variable r. Near a QCP, the interplay of quantum and thermal fluctuations
leads to a very rich phase diagram. Depending on the strength of quantum and
thermal fluctuations, the phase diagram can be divided into different regions. To
elucidate it, again we rely on the comparison between the energy scale of quantum

and thermal fluctuations. Suppose a quantum phase transition takes place at r = r,,
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then similar as thermal-driven phase transition Eq.(2.28), we have & ~ |r —r.|™" and:

hwe o< |r —r " = A (2.29)

where we define A = |r — r.|"*. As shown in Fig. 2.2, the regions where kgT < A
corresponds to quantum ordered or disordered phases, and the conventional quasipar-
ticle paradigm is applicable. On the other hand, within kgT > A, the thermal and
quantum fluctuations interplay with each other, and drastically influence the thermal

excitation of the system. The quasiparticle paradigm thus becomes invalid.

s‘\ "'
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e thermal = *, quantum critical .’
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= kpT <A % ; kT <A
j

r
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Figure 2.2 : A schematic overall phase diagram of quantum phase transition.

Similar to the classical critical point, near a QCP, lots of physical quantities

also obey scaling behavior. The quantum scaling hypothesis assumes that under the



20

rescale of parameters, the free energy density satisfies the scaling form:
fr—re,T,h) = b= P+ f (b (r — 1), b°T, b h) (2.30)

Compare it with the scaling hypothesis of classical phase transition (2.7), we can see
that it implies that the effective dimension of a quantum phase transition Deg = D+ 2.

There are many interesting models exhibiting quantum phase transition. In the
following, we would like to introduce two essential toy models describing different

kinds of magnetic phase transitions.

2.2.1 Hertz-Millis theory

Hertz-Millis theory aims to study the itinerant magnetic phase transition, where the
magnetism is mainly induced by the Fermi surface instability of itinerant electron|[38,

39]. The starting microscopic Hamiltonian is the Hubbard model[40]:

H=- Z tz‘jC;rUCjU + U Z U (231)
(ij)o i
1

where ¢, and ¢;, creates and destroys a electron on site ¢ with spin o, respectively,
and n;, = cZTUcZ-U is the number of electron on site ¢ with spin o.

The on-site Coulomb interaction can be expressed as nyn;, = 1/4 [(ni +ny)? +
(na —ny i)Q}. Since we aim to study the magnetic phase transition, we ignore the
charge density fluctuation (n; + nu)Q. By using the Hubbard-Stratonovich trans-
formation with the field ¢ conjugating with spin density fluctuation n; — n;j, the
Hubbard interaction can be decoupled. After integrating out the fermionic degree of

freedom, and express the effective action in terms of the power series of ¢ field, the

resulting Hertz-Millis model is:
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s=% (e o2 stwar+d faeapemar e

; L
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The Hertz-Millis theory (2.32) can be regarded as a quantum generalization of the
classical ¢? theory (2.1). The difference is that, in the Hertz-Millis theory, the tem-
poral fluctuations also interplay with spacial fluctuations, and influence the critical
behaviors. Note that in the quadratic term of the action (2.32), there is a non-trivial
dynamical term v|w,|/q* called Landau damping, which results from the particle-
hole polarization of electron near Fermi surface, and a = 1(a = 0) for spin density
wave(ferromagnetic) transition. Therefore, to assure that the action (2.32) is invari-

ant under rescaling ¢ — bq, w — b*w, we must have:
z2=2+4a (2.33)

and hence the effective dimension of Hetz-Millis theory is Deg = D 4+ 2= D + 2+ a.
After performing RG procedure up to one-loop level, the 8 functions of the Hertz-

Millis theory (2.32) are:

dr

E—ZT

%: 2r +u?fy (T, 7) (2.34)
d

d—?:(4—D—z)u—u2f4(T,T)

As we said, the Herz-Millis model is like a generalization of ¢* theory but only with
effective dimension D.gz = D+ z modified due to the temporal fluctuation. Therefore,
at Deg = D + z > 4, coupling constant u should be irrelevant, and hence the QCP
should correspond to a Gaussian fixed point. After solving these  functions, one

can even derive the RG flow and the scaling behaviors. In the end, according to the
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scaling behaviors, the whole phase diagram can be divided into different regions, as

summarized in Fig. 2.3.

T‘
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\ quantum critical
/
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r

Figure 2.3 : The schematic phase diagram of the Hertz-Millis theory. Regime I is a
magnetic disorederd Fermi liquid. II and III are quatum critical regime, with different
scaling behavior of correlation length. IV is a Non-Gausssian classical crtical regime.
V is a magnetic ordered phase. Figure adapted from reference [3].

Note that in the derivation of action (2.32) from the Hubbard model, we actu-
ally assume that except the quadratic term from fermionic particle-hole polarization,
other higher-order terms resulting from integrating out fermionic modes is constant
and independent of the external momentum and frequency. This assumption, how-
ever, can actually fail, and it turns out dramatically changing the nature of itinerant
magnetic phase transition[41, 42, 43]. Nonetheless, due to its simplicity and ability
to demonstrate lots of general features of the quantum criticality, the Hertz-Millis
model is still regarded as one of the most important prototype to study quantum

phase transitions.
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2.2.2 Quantum Non-Linear Sigma model

The Hertz-Millis theory addresses the quantum criticality of itinerant magnetism.
Its microscopic origin is the Hubbard model (2.31). At the strong on-site Coulomb
interaction limit U — oo, since any double occupancy of electrons at each site cost
much more energy, the electrons would like to avoid this circumstance and tend to stay
at each site. Therefore, the electrons are localized, and the picture of the itinerant
electrons is no longer a good starting point. The transition from itinerant metal to
localized insulator due to strong Coulomb interaction is called the Mott transition[25].
This kind of insulator is also called the Mott insulator and is different from the
conventional band insulator which can be understood within the non-interacting band
theory.

For the single band Hubbard model at half-filling case, each site is occupied by
a localized single electron. Because of the hopping term ¢, these localized electrons
can still interact with each other through the super-exchange mechanism[44], and the
final effective Hamiltonian is:

H=JyY S8 (2.35)
]
where Jy ~ t?/U, and §Z is the local moment spin operator of a localized electron on
site 1.

The model (2.35) is also called the Heisenberg model, which is a quantum general-
ization of the classical Ising model. Even though it is hard to derive the exact solution
of the Heisenberg model, some of progress can still be made. By starting from an anti-
ferromagnetic(AF) ordered phase, D. Haldane developed a way to semi-classically ap-
proximate the Heisenberg model (2.35) into a continuum field theory[45, 46], in which

the local moment operator S, is represented by the non-linear sigma field 77 (%, 7) char-
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actering the classical Neel order of AF ordered phase, and the canting field L (@, 1)

describing the fluctuation around the non-linear sigma field 7 (Z, 7):

= = - 2 -
25, = ¢ (7, 7) \/ 1 <2aDL (Z, T)) +24PL (7, 7) (2.36)

where Q is the ordering wave vector, & labels the position, a is the lattice constant,

—

n(z,7)- L(Z,7) =0, and |7 (Z,7)| = 1. For the sake of simplicity, in the following,
we take the square lattice with ordering wave vector Cj = (g, g) as an example. All
of the results can be easily generalized in other cases.

After putting (2.36) into the Heisenberg model (2.35), and taking the continuum

limit, one will end up with a continuum field theory Sg:

Sy =5,+SB
2.37)
1 1 (
S, = % drdPz (0_2 (0,7)% + (Vﬁ)z)
where g = ag—jﬁ, ¢ = 2aSJ1VD ‘71;—12‘]2((]1 and J, is the nearest-neighbor and

next-nearest-neighbor interaction, respectively). The topological term Sp results from
the Berry phase effect of path integral, and is vanishing inside the AF ordered phase.

Because of the non-linear constraint |7 (Z,7)| = 1, the QNLoM (2.37) actually
contains infinite number of local interaction. However, due to the O (V) symmetry,
the QNLoM (2.37) is still renormalizable[47, 48, 49]. The RG flow of the temperature

T and the coupling constant g can be explored through the following /3 functions[50]:

dt - Kp_- g

& (D—2)i+(N—2) “Lgicoth [ L

dl 2 2t

o . N (2.38)
g ~ D -2 g

== N-—2)=2 h{ <

yr €g+ ( ) 5 I cot (2t>

wheree =D +2—2=D —1, j =cAP g, and t = AP~2¢T.
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Figure 2.4 : RG flow diagram of the quantum non-linear sigma model for 1 < D <
2(Up) and D > 2(Down). At D > 1, there is a QCP § = §* separating the quantum
ordered and disordered phase. Thick lines are the phase boundary. At 1 < D < 2,
such ordered phase only exists at zero temperature.
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From these § functions (2.38), one can see that at D = 1, the coupling constant g
is relevant, which indicates that the ground state should be AF disordered. Large-N
mean-field solution also predicts that there is a massive gap dynamically generated
due to quantum fluctuation[51]. The whole RG flow at D > 1 are plotted in Fig. 2.4.
At T = 0, there is a QCP separating the AF ordered and disordered phase.

Until now, we have not yet considered the influence of the topological term Sp. It
is vanishing inside the AF ordered phase. However, at D = 1, the coupling constant is
relevant and flows to the AF disordered fixed point. The influence of the topological

term Sp should also be incorporated[45]. Such topological term has a local expression:
1S

Sg (1) 5

/ drdai - (0,7 x 0,7) = 2irSQ (2.39)

where @ is an integer since the non-linear sigma field 7 is a mapping from S? to S?
if we assign ﬁ( 2+ 72 = oo) = 1, and the homotopy group I, (S?) = Z. The
configurations of 77 that give non-vanishing @ is called skyrmion. Fig. (2.5) shows
the profile of a skyrmion with @ = —1.

From the relation (2.39), we see that if S is an integer, then the influence of the
topological term should be irrelevant since e = 1. However, if S is a half-integer,
then this term %8 = (—1)Q depends on the integer (). Following all of these analyses,
Haldane conjectured that D = 1 spin chain should be an gapped AF disordered phase
and gapless ordered phase if S is an integer and half-integer, respectively[45].

At D = 2, as we have seen, there is a QCP separating AF ordered and disordered
phase, and the topological term is vanishing inside the ordered phase. However, it is
still useful to consider the consequence of topological defects, since by which one can
infer the physics on the disordered side. At D = 2, it turns out that the skyrmion
defects do not contribute to the partition function[52]. However, aother kind of defect

called hedgehog, which can be regarded as a skyrmion number changing event in the
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Figure 2.5 : Profile of a skyrmion with () = —1.

space-time(see Fig. 2.6), can still dramatically changes the nature of the QCP and
the ground state of the AF disordered phase. As a result, once they proliferate, these
defects can cause some exotic phase transitions that are forbidden in the Landa-

Ginzburg paradigm [53, 54, 55, 56].

2.3 Heavy Fermions

We have introduced two prototypical models for different kinds of magnetic quantum
criticality. One is Herz-Millis model that aims to address itinerant spin density wave
or ferromagnetic quantum phase transitions, and the other is quantum non-linear
sigma model that comes from localized magnetism. The itinerant and localized picture
seems to be quite opposite and hard to be reconciled. One way to make progress is
to consider the interplay of these two seeming opposite pictures. Heavy fermion

materials is an ideal system for such study.
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Figure 2.6 : Profile of a hedgehog defect in the space-time.

Heavy fermion systems refer to the intermetallic compounds that involve rare-
earth or actinide elements, which contribute 4f or 5f electrons. The on-site Coulomb
interaction is strong in the f-orbitals so that the f-electrons are highly localized and
form local moments on each site. These local moments interact with itinerant con-
duction electrons through the antiferromagnetic Kondo coupling, and also interact
with each other through the so called Ruderman—Kittel-Kasuya—Yosida(RKKY) in-
teraction mediated by conduction electrons[57, 58, 59]. The effective Hamiltonian

describing heavy fermion systems is Kondo lattice model H:
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Hyg = H,+ Hy + Hy

H.= Z EECL“JCEU
ko
L (2.40)
Hy=> Jui;Si- S
]

Hyg = Z Jk S; - Sei
where 5.; = ) 5 c}a@cw is the spin of conduction electron on site 1.

Since the RKKY interaction is generated by coupling with conduction electron, its
strength depends on the Kondo coupling as Jy;; < poJ%. On the other hand, below
the Kondo temperature scale Tx o exp (—1/ (poJk)), the conduction electrons and
f-electrons should form singlets called Kondo singlet. These two energy scale compete
with each other. At weak Kondo coupling Jx — 0, the RKKY coupling Jg;; > Tk.
Therefore, the conduction electrons and the local moments are essentially decoupled,
and the magnetism of the is dominant by the RKKY interaction Hy, which usually
prefer AF ordered phase formed by local moments.

On the other hand, at strong Kondo coupling limit Jx — 0o, we have Jy ;; < Tk.
Consequently, it should be the Kondo coupling that dominates, and thus the Kondo
singlets between conduction and f-electrons are formed, which breaks the antiferro-
magnetic orders formed between the local moments and lead the system into param-

agnetism. To explore the nature of the ground state in this case, we use the pseudo-

fermion representation to represent the local moment operator 5;[60]:

- 1 a,
o E P Zaf e 2.41
SZ 2 v f’LOé 2 flﬂ ( . )

with the constraint ) f;‘, fic = 1, which is usually satisfied at the mean-field level
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by introducing new variable \;

SN (ffa - 1) (242)

16

into the action.
By using this pseudo-fermion representation, one can decouple the Kondo coupling

into Kondo hybridization channel through Hubbard-Stratonovich transformation:

Z Ji S - Sei— Z <Vicggfig + h.c) + Z HJ/f (2.43)

When Kondo coupling dominates and Kondo singlet is formed, both V; and \;
will acquire non-vanishing static expectation value. Therefore, we can replace these
dynamical variables with their static saddle-point value V; — V and A\; — A\ , and

the resulting mean-field Kondo lattice model Hgpsp is:

Hiarp = ; €xChy Cro + A Za (fifia—=1)+V ZU (el fir + c) + Z %
(2.44)
This mean-field Kondo lattice model (2.44) can be diagonalized. Because of the
Kondo hybridization V', the elementary quasi-particle consists of both conduction
electron and f-electron. As a result, under the global U (1) gauge transformation,
not only the conduction electron but also f-electron will also transform, and hence
the f-electron should also contribute to the electronic transport properties so that the
Fermi surface become much larger. This feature can been seen in the band structure
of quasi-particle plotted in Fig. 2.7, where there are two bands separated by a gap
called hybridization gap. The lower band is drastically flatten, so that the effective

mass of quasi-particle and the Fermi surface become much larger if the Fermi energy
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lies around the lower band, which is why these systems are called heavy fermion.

E(k)

Heavy fermion
"hole" Fermi surface

k

Figure 2.7 : Band structure of the mean-field Kondo lattice model (2.44). Thin solid
lines denote the conduction electron band and the local f electron levels before the
hybridization. Thick solid lines are the renormalized band of the heavy-quasiparticles
composed of conduction electrons and f-electrons. Figure adapted from reference [4].

For these paramagnetic heavy quasi-particle systems, the conventional Fermi lig-
uid theory is sufficient to explain lots of physical properties. In the Fermi liquid
theory, the interactions only dress up the quasi-particles and change their parame-
ters such as effective mass m*, but do not break them. From quasi-particles picture
one can derive the temperature T" dependences of the specific heat C' ~ 7T, the resis-
tivity p ~ po + AT?, and the static spin susceptibility y ~ Const at low temperature,
where v ~ m*, A ~ (m*)?, and x ~ m*. The Wilson ratio W = x/7[61] and Kad-
owaki Woods ratio axy = A/~%[62] in Fermi liquid theory should thus independent
of effective mass m*. Fig. 2.8 are the plots of for v versus y and A versus 72 of many
heavy fermion compounds. The fact that they almost fit in with linear relations is
a proof that the Fermi liquid description works pretty well for these heavy fermion

systems.
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Figure 2.8 : Wilson ratio x/7v(Left) and Kadowaki Woods ratio A/~*(Right) for a
wide range of heavy fermion systems with different effective mass. Figures adapted
from references [5](Left) and [6](Right).

Now we have explored the Kondo lattice model (2.40) in weak and strong Kondo
limits Jx — 0 and Jx — oo, and found that it corresponds to a antiferromagnetic
Kondo-destroyed phase with small Fermi surface and paramagnetic Kondo-screened
phase with large Fermi surface, respectively. As a result, there must be a phase
transition between these two phases. In conventional Hert-Millis theory, the Kondo
singlet destruction and the magnetic phase transition are treated as separated issues.
However, experimental discoveries of w/T scaling of spin suceptibility in CeCug_,Au,
at © = x. ~ 0.1[63] and YbRh,Sis[64] imply the inapplicability of Hertz-Millis the-
ory to this transition, and it is believed that the Kondo singlet destruction and the
magnetic phase transition take place simultaneously at such critical point.

A new concept called local quantum criticality has been proven successful to un-

derstand the w/T scaling of spin suceptibility[65, 66]. In the local quantum criticality,
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the breakdown of Kondo singlet is concurrent with the magnetic phase transition si-
multaneously. Since the breakdown of the Kondo singlet involves both the spin and
charge degree of freedom, in the local quantum criticality scenerio, not only the the
spin fluctuations but also the charge fluctuations should be singular around the mag-
netic quantum critical point[67, 68, 69, 70]. The correspondent w/T scaling of optical
conductivity has been already observed in the YbRhySis[71].

Because the Kondo destruction is local in space, a QCP like this violates the con-
ventional Landau-Ginzburg paradigm. To demonstrate the local quantum criticality
in Kondo lattice model (2.40), the extended dynamical mean field theory(EDMF) is
used to self-consistently map the Kondo lattice model (2.40) to the Bose-Fermi Kondo
model Hppg[65]:

Hprx = Ho+ Hp + Hg

_ T o7
Ho =) epcp cip+ ) way 0g
q

-

v ! (2.45)
Hp =gS - Z <¢Z~+ ¢—zi>
q
Hyg = JkS -3,

where q; is a vector bosonic field, and the fermioninc and bosonic dispersion €; and wg
are determined self-consistently. The Bose-Fermi Kondo model Hgpr (2.45) describe
a local impurity with spin S couples with itinerant electron c;_ and dissipative bosonic
bath gg, as shown in Fig. 2.9. This impurity model is related to the original Kondo

lattice model through the self-consistent condition:



34

fluctuating
magnetic
field

fermion Jy Jd
bath

Figure 2.9 : Schematic diagram of Bose-Fermi Kondo model (2.45).

. . 1
G (1) = 326 (Rrn) =3 55— 1
g g ' (2.46)
Xloc,o (Zyn) = Z X (q_: Zl/n) = Z m
7 g 1 "

where G, </§, @'wn> and x (¢, iv,) is fermionic Green’s function and spin susceptibility
on lattice, respectively.

For Bose-Fermi Kondo models Hprg with various different spin symmetries, lo-
cal quantum critical points have been identified by both numerical[72, 73, 74] and
analytical[75, 76, 77] way. For spin SU (2) symmetry case, one can perform a con-
trollable e-expansion RG calculation of the Bose-Fermi Kondo model Hgpg (2.45),
where € = 1 — s and s is the exponent of bosonic spectral function p, o w? with

s < 1[75]. The resulting /5 functions are:

dJ J;
— = Jk (JK—gz——K+g4>

dl 2
, (2.47)
@ — £ 2 k + gt
AU

Fig. 2.10 shows the RG flow diagram of these § functions. The w/T scaling

around the local quantum critical point of spin SU (V) symmetric Bose-Fermi Kondo
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Figure 2.10 : The RG flow diagram for the Bose-Fermi Kondo model (2.45), where
the blue dot C' denotes the quantum critical point of the local quantum criticality,
and red dot L is the local moment fixed point for a Kondo-destroyed phase. At large
Kondo coupling, the RG trajectory flows toward the strong coupling Kondo-screened
fixe point K.

model (2.45) has also been verified by dynamical large-N method[67], where N is the

number of spin indices of conduction electron.

2.4 Iron Pnictides

The discovery of high-temperature superconductivity in iron-based materials has
brought lots of surprises to physicist[78, 79]. The parent state of these materials
are antiferromagnetism. For the iron pnictides, many evidences of bad-metal be-
havior have been found. One of them is from the Mott-loffe-Regel criterion, which
compares the electron mean free path [ with the Fermi wavelength 1/kr. For a good

metal, their ratio kgl, which is dimensionless, is much larger than unity. The fact



36

that, at room temperature, krl =~ 1 for the iron pnictides indicates that they are
bad metals. Other evidences for the bad metal behavior, from optical conductivity

measurement, are summarized in Fig. 2.12.

B LaFePO @ Vo,
oy(w) [ BaFe,As, O v,0,
P La,Cu0, & Sr,Ru0,
A La; ,5r,Cul, (x=01) O SrRuQ,
‘ La;._ySr,Cul, (x = 0.15) \C: CrQ,
¥ la, ,5r,Cu0, (x=0.2) ®C
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Figure 2.11 : Left: The optical conductivity o (w) versus frequency w for the
interacting(U # 0) and non-interacting(U = 0) case. Kexp and Kpana is the mea-
sured Drude weight of o (w) for interacting and non-interacting case, respectively.
Adapted from Ref. [7]. Right: The ratio of Keyp t0 Kpana for various superconduc-
tors, including cuprate and iron pnictides. Adapted from Ref. [8].

Motivated by these evidences of bad metal behavior, it has been proposed that the
electronic correlation in the parent state of iron pnictides is strong enough that the
parent state can be regarded as “incipient Mott state”[80, 9]. In other words, they are
metallic state but very close to the edge of the Mott transition. The electron spectral
function versus energy is illustrated in Fig. 2.12, where the middle peak at the Fermi
energy Fr is the coherent part which is responsible for the metallic behavior, and the
other two peaks are the incoherent parts that are precursors of Hubbard bands in a
Mott insulator. The ratio of the coherent part to the whole spectral weight is denoted

as w, which is 0 for a Mott insulator since, here, there is no coherent part. For an
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incipient Mott state, w should be very small. By using it as a control parameter, one
can derive, at the zeroth order in w, the effective magnetic Hamiltonian so-called the
J1-J2 model[81]:

H=71> 8-8i+5h> S5 (2.48)
(ig) ((ig))
where J; and J; is the nearest-neighbor and next-nearest-neighbor coupling, respec-

tively.

DOS

Figure 2.12 : Single-electron spectral function versus energy. Adapted from Ref.[9]

For the iron pnictides, the first-principle calculation suggests that J; ~ 2J5[82]
and both are antiferromagnetic[83]. When J; < 2.J5, the ground state of the classical
limit of the J;-J; model (2.48) is known to have the O (3) x O (3) symmetry consisting
of two interpenetrating Neel lattices with independent Neel order parameter 14, and
mpg, as shown in Fig. 2.13, and the ground state energy is independent of the relative
angle ¢ between my4 and mp. Such a huge degeneracy of the ground state can be
broken by the quantum or thermal fluctuations, which pick the ¢ = 0 or ¢ = 7 as

the true ground state. As a result, the ground state possess not only the magnetic
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order M g - map # 0 but also the Ising-nematic order ni4 - mp # 0[84]. At higher
temperatures, there is a window within which the magnetic order is vanishing, but
the Ising-nematic order is still non-vanishing[85, 86]. Such a phase is called a nematic

phase, and is related to the structural transition observed in the iron pnictides[87, 88].
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Figure 2.13 : Illustration of the J;-J5 model on a square lattice. The staggered
magnetizations m 4 and mp are defined on two interpenetrating Neel square lattices.
Adapted from Ref.[10].

In order to understand the phase diagram of the system that starts at the w°
order with the Ji-J; model (2.48), one then study the Ginzburg-Landau description

that incorporates the w-expansion (2.48)[80, 9] :

So =S+ 54
S2= 2. (G (@) (fia (a) 1+ s () ) + v (a2 = @2) 7ia (a) - 72 (=)

5
Sy = / dT/dzx [ul (7% + 711%) " — ug (4 - 175)” — uz (173 — m%ﬂ
0
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where uy, us, uy are all positive, and:
Gyt (G iwn) = 7 (w) + w2 + cd® + v|w| (2.50)

with r (w) = ro + wAgz. We choose rg < 0 so that at w = 0 the system is at the
AF phase. Critical point can be reached by tuning w at critical value w, such that
r:r0+wcA@:O.

Because of the Landau damping term ~y|w|, which comes from the particle-hole
polarization of the high energy itinerant electrons, the dynamical exponent z = 2.
Consequently, the system (2.49) is at the critical dimension Doz = D + z = 4, and
the Ising-nematic coupling —u; < 0 is a marginally relevant operator. Therefore,
there are two relevant operators, one is the magnetic mass term r and the other
is the Ising-nematic coupling —u;. From the RG perspective, it suggests that the
magnetic and the Ising-nematic phase transitions should be either concurrent in a
first-order manner, or split into two continuous transitions. Either effect is expected
weak because of the marginal nature of the coupling —uy, so that there must be a
large parameter range in which the critical phenomenon can be observed. According
to this RG argument, we have the schematic phase diagram in Fig. 2.14, which has
been supported theoretically by the large-N calculation[10] and experimentally by
the P for As doped BaFeyAss[89, 90, 91]. The quantum critical regime with strange
metal behavior has also been observed in the P for As doped BaFeyAs[92], as shown

in Fig. 2.15.
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Figure 2.14 : Schematic phase diagram of iron-pnictides, where solid and dashed
blure line denote antiferromagnetic and Ising-nematic phase transition, respectively.
Adapted from Ref.[9].
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Figure 2.15 : Phase diagram for BaFey(As;_,P,)s. The color shading represents
the value of the resistivity exponent in the relation p = pg + AT*. The inverted
triangles, black dots and squares denote the structural, magnetic (gray region) and
superconducting (brown region) transitions, respectively. Adapted from Ref. [9].
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Chapter 3

Skyrmion defects of antiferromagnet and
competing singlet orders of a Kondo-Heisenberg
model on honeycomb lattice

3.1 Introduction

Competing orders and quantum criticality are two generic features of the rich phase
diagrams displayed by several strongly correlated materials, including heavy fermion
systems [66, 77, 93, 3, 2]. Of particular significance are the antiferromagnetic phase
and competing spin-singlet phases such as charge and bond density waves and un-
conventional pairings. Therefore, for a comprehensive understanding of the global
phase diagrams of many strongly correlated materials, it is essential to gain insights
into the relationship among different competing orders, which spontaneously break
distinct global symmetries. Within the conventional theme of Landau theory of local
order parameters, describing smooth fluctuations or collective modes, order param-
eters breaking distinct symmetries do not seem to bear any specific relationship.
However, the nonperturbative topological defects of order parameters such as do-
main walls, vortices, skyrmions and hedgehogs can support competing orders as fluc-
tuating objects and thereby contain information about apparently distinct ordered
states[b5, 56, 94, 31, 32, 95, 96, 97, 98, 99]. In addition, the interaction between
fermions and topological defects can be important in strongly correlated electronic

systems such as heavy fermion compounds, generically described by effective Kondo-
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Heisenberg models. The strong competition among antiferromagnetism and Kondo
singlet formation in addition to spin-singlet superconductivity are essential features
of many heavy fermion compounds, and a global phase diagram has been theoreti-
cally proposed [2] which features the transitions between an antiferromagnetic order
and a variety of spin-singlet paramagnetic phases. This global phase diagram has
been studied in the Kondo-Heisenberg models using various microscopic methods
[100], and has motivated experimental investigations in a number of heavy fermion
materials[34, 101, 102, 103, 104]. However, it remains a theoretical challenge to con-
cretely access the spin-singlet orders (e.g., the heavy fermi liquid phase due to static
Kondo singlets) of the paramagnetic phases starting from the antiferromagnetically
ordered side. In this work, we are interested in addressing the fluctuating spin-singlet
orders supported by gapped skyrmion excitations inside an antiferromagnetically or-
dered phase of a Kondo-Heisenberg model. We are also interested in identifying the
most dominant singlet orders which can be nucleated when the antiferromagnet order
is destroyed by quantum fluctuations, causing the collapse of skyrmion excitation gap
inside the paramagnetic phase.

The general problem of interaction between fermions and topological defects is of-
ten intractable. But valuable insights can be gained by studying specific toy models
where fermionic degrees of freedom are modeled by Dirac fermions. In this regard,
a Kondo-Heisenberg model defined on the honeycomb lattice plays a very instructive
role, as the coupling between Dirac fermions and antiferromagnetic order parameter
can be addressed employing diverse analytical and numerical methods. Some previous
works have addressed the interaction between Dirac fermions and topologically non-
trivial skyrmion configuration of antiferromagnetic order parameter, by employing

perturbative gradient expansion scheme[31, 32]. Within such scheme the calculations
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of triangle diagram for Goldstone-Wilczek current are controlled by the inverse of
Dirac mass (caused by uniform amplitude of antiferromagnetic order) and rely upon

adiabatic principle.

3.1.1 Competition between spin Peierls and antiferromagnetic orders

The simplest situation involves a doublet (two inequivalent valleys or nodes) of spinful
Dirac fermions coupled to antiferromagnetic order that simultaneously breaks time
reversal and spatial inversion symmetries. The corresponding low energy theory can

be described by the effective action

Sy = /dzxdTl/_}huau + gwﬂ ®n- 11]77/), (31)

where 9 is a eight-component spinor (incorporating two sublattice, two nodal and
two spin degrees of freedom), 7, are three mutually anticommuting 4 x 4 Hermi-
tian matrices operating on sublattice and valley indices, 1 is 4 x 4 identity matrix
that operates on sublattice and valley indices, and Pauli matrices n act on spin com-
ponents. The coupling between fermion and the O(3) vector order parameter n is
denoted by g,. Inside the antiferromagnetically ordered phase Dirac fermions possess
excitation or mass gap 2gy (Y1 ® ;- np). The gradient expansion analysis (con-
trolled by the mass gap) shows that a skyrmion acquires an induced chiral charge
Qs = (Vy0751) = 2Q10p, Where Qy,, is the topological invariant or Pontryagin index
for skyrmion configuratio[105, 106, 107, 108, 109]. Within the continuum descrip-
tion, the chiral charge acts as the generator of translational symmetry (an emergent
U(1) symmetry when higher gradient kinetic terms are ignored). Inside the antiferro-
magnetically ordered phase, the skyrmion number and consequently the chiral charge

Qs act as conserved quantities, thus freely mixing two bilinears ¥ M1 and ¥ Mysi),
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where [M,~;] = 0, which cause hybridization between two inequivalent nodes. Con-
sequently, skyrmion core supports translational symmetry breaking orders &M 1 and
’(/SM v51 as fluctuating quantities. The specific choice M =1 corresponds to spin
Peierls order, while other choices for M represent charge and current density wave
orders. All of these singlet orders mix two valleys, and naturally break chiral or

translational symmetry [31, 32].

3.1.2 Competition between Kondo singlets, spin Peierls and antiferro-

magnetic orders

For the Kondo-Heisenberg model defined on the honeycomb lattice, we have to ac-
count for two species of eight-component fermions corresponding to conduction and
f-electrons. Inside the antiferromagnetically ordered phase the low energy theory can

be qualitatively understood in terms of the effective action

Sy = / dzdri[,0, + gp1 @ - ]y + / d*xdrX[7,0, + 91 ® 1 - n]x,

where 1 and x capture two distinct eight-component Dirac fermions [32, 99]. Cru-
cially, the antiferrormagnetic sign of Kondo coupling is described by the condition
Gupgy < 0 (same sign would represent Hund’s coupling and describe spin-1 system).
For simplicity all additional couplings between two species of fermions (residual quar-
tic interactions) are being ignored. Both species of fermions give rise to induced
chiral charges, while their sum vanishes. Interestingly, the difference between two
types of induced chiral charge equals 4Qy,p, i.e., Qs+ = (UyV5%) + (XV05X) = 0
and Qs = (Vy075%) — (X10Y5X) = 4Qy0p- It has been shown that the relative chiral
charge @5 (hence the skyrmion number) causes free rotation among several transla-

tional symmetry preserving Kondo singlet operators (mixing 1) and y at same valley)
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in addition to conventional translational symmetry breaking density wave operators.
Therefore gradient expansion scheme provided important insight that the skyrmion
texture supports several competing Kondo singlet operators, spin Peierls (bond den-
sity) as well as charge and current density wave orders inside the antiferromagnetic

insulating phase [32].

3.1.3 One dimensional Kondo-Heisenberg model

A similar issue of interaction between Dirac fermions and topological defects of anti-
ferromagnetic order has also been emphasized in one spatial dimension [110, 111]. In
one dimension the relevant topological defects are instantons or tunneling events for
O(3) quantum nonlinear sigma model. However these instantons in two-dimensional
Euclidean space, and static skyrmions of (2+1)-dimensional model have identical
forms. By employing different field theoretic methods (direct gradient expansion
and chiral anomaly), it has been found that the instanton number is directly related
to the expectation value of bilinear ¢ys) (which represents translational symmetry
breaking, Ising spin-Peierls order). In the presence of Kondo coupling, one finds
the competition between Kondo singlet formation and spin-Peierls order[111]. This

picture is also qualitatively supported by bosonization analysis.

3.1.4 Accomplishments of the present work

However, the gradient expansion scheme only employs scattered states of Dirac fermions,
while completely ignoring the effects of low energy bound states. How do these non-
perturbative eigenstates affect the predictions of gradient expansion? Which are the
most dominant singlet orders which can be nucleated after the antiferromagnetic or-

der is destroyed by quantum fluctuations, causing a collapse of skyrmion excitation
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gap? In the present work we answer these important physical and technical questions.
We first solve for the exact fermion eigenfunctions in the presence of topologically
nontrivial skyrmion background to establish the induced chiral charge of skyrmion
texture. Subsequently by employing these nonperturbative eigenstates, we evaluate
the susceptibilities of different competing orders. Based on the susceptibilities, we
demonstrate spin Peierls to be the most dominant translational symmetry breaking
singlet order, which strongly competes against the static Kondo singlet formation.
We also substantiate our results obtained in the continuum limit by calculations
performed with lattice regularizations. Intriguingly, we find remarkable agreement
between the analysis of this work and the predictions of perturbative field theory[32]
and more recent nonperturbative analysis of hedgehog-fermion interactions inside the
paramagnetic phase[99].

Since the two dimensional skyrmion texture describes the instanton or tunnel-
ing event of nonlinear sigma model in one spatial dimension, our methodology can
be directly applied to the one dimensional problem (14 1-dimensional space-time)
for computing the fermion determinant in the presence of topologically nontrivial dy-
namic background (it is equivalent to solving a fictitious two dimensional Hamiltonian
defined in Euclidean space). Therefore, we can also extract the dynamic information
regarding destruction of algebraic spin liquid in favor of competing Kondo singlet
and spin Peierls phases for one dimensional Kondo-Heisenberg chain. Similarly, our
methodology can be applied for many two and also three dimensional systems, sup-

porting competition between spin-triplet and spin-singlet orders.
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3.2 Kondo lattice model on honeycomb lattice

The Hamiltonian for Kondo-Heisenberg model on a honeycomb lattice is given by

3
H = Z Z [—te Cl,a (7:) cp.a (ri + 8;) + hoc+ Jg Sa(r;) - Sp (7 + ;)

r€A j=1
i (70 T (1) S (1) 4 55 el (i 8) T (4 6,) - St (4],
(3.2)
where CTA IB.o/8 is the conduction electron creation operator, and A, B denote two
interpenetrating triangular sublattices, and Pauli matrices  operate on spin indices
a and 3, and d; are three coordination vectors connecting two sublattices, as shown
in Fig. 3.1. The explicit form of these vectors are d; = (—%, @), d2 = (a,0) and
03 = (—%, —@), where a is the lattice spacing. The local moments on sublattice A
and B are represented by Sy (r;) and Sg (r; + 6;), respectively. The RKKY coupling
between local moment is modeled by nearest neighbor Heisenberg interaction with
strength Jy, and Jk is the Kondo coupling between conduction electron and local

moment. We will consider both Jg and Jx to be antiferromagnetic, i.e., Jg > 0 and

Jr > 0.

Figure 3.1 : The structure of honeycomb lattice, where the red and the black circles,
respectively, denote two interpenetrating triangular sublattices A and B. Coordinate
vectors 9; are shown as solid line with arrows.
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After linearizing the dispersion relation for fermions around two inequivalent nodal
points of the hexagonal Brillouin zone (located at K1) and analytically continuing
real time to imaginary time by setting 7 = t, the low energy effective physics of free

conduction electron can be described by the imaginary time action:

So = /d.’L‘QdTJOK (’Yo 0y 7]0875 + vy Y 7708]') Ya, (33)

V3tea : : : T _
¥=e2 s the Fermi velocity, spinor ¢, = (¢4 Aa:Ct.BiarC— B, C— Aa);

where v, =
1), = a0, £ is index for two valleys K., and « is spin index. The gamma matrices

are defined as:

0 o9 . 0 o
Yo =T1 Q09 = Vg = 1T ® 05 = ;
(oy) 0 —0j 0
(3.4)
go 0
V5 =T3Q 00 =
0 —0yp

where the Pauli matrices o, 7 respectively operate on the sublattice and valley indices.
Inside the antiferromagnetically ordered phase, the low energy physics of local

moments can be described by QNLoM [45, 46]:

S, = % xdr [ (9,m) + (9,m)%] +iSp [n] (3.5)

The coupling constant g has the dimension of length, and the antiferromagnetically
ordered phase exists for g smaller than a critical strength ¢.[50]. The last term Sp [n]
corresponds to Berry phase, which vanishes inside the ordered phase. The Berry
phase can be finite inside the paramagnetic phase, but it does not possess a simple
continuum limit in (2+1) dimensions[52, 54].

Now we incorporate the Kondo coupling, which captures the scattering between

conduction electron spinor ¢ and the QNLoM field n representing the local moment:

Sk = gk / Padr P, 5m - Tass (3.6)
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Therefore, the low energy theory of antiferromagnetic phase for the Kondo-Heisenberg
model can be described by:
S =S50+ 85, + Sk (3.7)

The lack of continuum representation for Berry’s phase in (2+41)-dimensions makes
it hard to analyze its consequence inside the paramagnetic phase based on the coarse
grained representation. However, this can be circumvented by introducing auxiliary
f-fermions for describing the local moments [32]. We assume that the auxiliary f-
fermions only hop to the nearest neighbor sites like the conduction fermions, with
a hopping strength ¢;. At low energies, these f-fermions can also be described by
the Dirac equation with a new spinor X2 = (f1 a0, f+.B.as f-Ba, f—.Aa). Thus, the

resulting low energy effective action for f-fermion inside AF phase is:

Sy = /dIQdTYQ [0 ® N0 + vyY; ® Mo0; + gy V3T - M5 X6 (3.8)

where v, = @ In fact, after integrating out the f-fermion degrees of freedom,
this action will return to the same form of QNLoM of Eq. (3.5) [112, 113, 106]. We
again remind the reader that the Berry phase vanishes inside the antiferromagnetically
ordered phase and only becomes important for addressing the nature of paramagnetic

phase. The Hamiltonian operator from Eq. (3.6) involving only f-electrons would be:
Hf = T3 [—i?]x (0'181 —+ 0'282) + gy - 7’]0’3] . (39)

Usually the introduction of auxiliary fermion description requires the introduction
of Lagrange multiplier or constraint gauge fields. Since in this work we would be
dealing with confined phases of matter such as antiferromagnet, spin Peierls or Kondo
singlets, the constraint gauge field does not affect any of our conclusions regarding the

competing order. For this reason we follow Ref.[114] and use an alternative method
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that avoids introduction of any constraint gauge fields. Within this method one
considers actual f electrons in the presence of sufficiently strong Hubbard interaction,
which gives rise to an antiferromagnetic phase. The relevant steps are described in
the Appendix A.1.

Therefore, the Hamiltonian operator for the combined problem described by S =

So + S¢ + Sk is given by

Hy = 13 [—ivy (0101 + 020) — tv_ (0101 + 0202) p3 + g4m - Nos + g-n - nosps] ,
(3.10)

Wthh Operates on the Spinor \Ij - (¢7 X) - (CAC!+7 CBa+5CBa—5 CAa—, an—l-) fBa—H fBOé—u an—)

vcivf
2

+ . . .
and g4 = ¥ 29", and new Pauli matrices p; act on the flavor index

where v =
representing conduction and f-electrons, (¢, x). Inside AF phase, we expect that the
staggered magnetic moments of conduction electron ¢ and f-electron y anti-align to

each other. Therefore, we have gxg, < 0 [32] .

3.3 Skyrmion, induced chiral charge and competing orders:

perturbative argument

The static nonsingular topological defect of QNLoM in 2 4+ 1 dimensions is called
skyrmion, which satisfies the boundary condition m (r — c0) = mn° where r =
\/m and n° is a constant unit vector. Therefore, the two-dimensional space
is compactified onto a two sphere S? and the skyrmion configurations are defined
by an integer topological charge also known as skyrmion number, since the homo-
topy group I, (S?) = Z. The skyrmion with topological charge Q. € Z can have
arbitrary profile function, provided it satisfies the boundary condition and the re-

quirement that 5= [ d?zm - 91m X dyn = Qyp. Fig. 3.2 illustrates a real space profile
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for single skyrmion with Q0 = 1.

Figure 3.2 : Illustration of single skyrmion. The red dot denotes the origin of skyrmion
core, and blue arrow is the direction of staggered magnetization or antiferromagnetic
order parameter n.

It is well known, when Dirac fermions are coupled to QNLoM, the skyrmion tex-
tures will acquire induced fermion number [108, 109, 115, 116, 106]. For Hamiltonian
of Eq. (3.9), due to the overall matrix 73 (appearing odd number of times) operating
on two inequivalent valleys, the total induced fermionic charge vanishes. But the
chiral charge, defined as the difference of fermion densities at two valleys, will be

proportional to the topological charge of skyrmion:
Qi = [ dalflf) = sion (6,) Qo
@s= [ atadm) = [ @ ((rL e - 617). (3.11)
= 2 Sign (gx) Qtopa

)+ are the charges for 4 valleys, and :: denotes normal ordering operation. These re-
g Y g

lations can be proven by gradient expansion method [106], and the detailed derivation

is provided in Appendix A.2. We can also verify this result numerically by solving
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for the spectral flow during adiabatic formation of skyrmion, as shown in Fig. 3.3.
We can simulate the formation of single (anti)skyrmion without loss of generality by
assuming

n (7,t) = (sintf (r)cos@,sintf (r)sinf, costf (r)), (3.12)

where f (r) = me"%. One can easily verify that Quop = 0 at t = 0 and Qup = —1
at t = 1, and the definition of (anti)skyrmion does not depend on the precise form
of profile function. For + valley, as shown in Fig. 3.3, we find there is precisely one
state that crosses zero energy (flowing out of negative energy states or filled Dirac
sea) during the formation of skyrmion. Therefore, the induced charge is —1, just as
Eq. (3.11) suggests*. The relation among the induced fermionic chiral charge of the
system, the spectrum flow, and the topological charge of skyrmion, is a consequence
of index theorem [117, 118].

Since gxg, < 0, the induced chiral charges for conduction and f-electrons have
opposite signs [electron Qs = 2sign (gx ) Qrop and f-electron Qs , = 2sign (gy) Qop)-
This means if one state for conduction fermion sinks into the Dirac sea, there will
be a state for f-electrons which will emerge out of the Dirac sea. Therefore, the net
chiral charge of two species vanishes. Nonetheless, the difference between two chiral

charges is quantized:

Q-w = /d2$<5‘1ﬁp373\1’1> = Qs,p — Qs,x = 4sign (gx) Qrop (3.13)

*Note that in the intermediate stage of the skyrmion formation (3.12) 0 < ¢ < 1, there is a
discontinuity of the skyrmion profile at the origin. The derivate near the orign is huge and thus
the gradient expansion and Eq. (3.11) might no longer be valid. Nonetheless, at ¢ = 0,1, the
discontinuity is absent and, correspondingly, the gradient expansion and the Eq. (3.11) are well-

defined.
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Figure 3.3 : The spectral flow for 4+ valley during the adiabatic formation of skyrmion.
Here we choose coupling constant g, = 2
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Inside the AF ordered phase, the tunneling events described by singular hedge-
hog and antihedgehog configurations (space-time singularities) are linearly confined,
leading to the conservation of skyrmion number. When the AF order is gradually
suppressed by quantum fluctuations, the spin stiffness of the sigma model and the
skyrmion energy cost decrease. On the paramagnetic side, the skyrmions excita-
tion energy vanishes, and all topologically distinct skyrmion configurations become
energetically degenerate. Hence, the tunneling events between different skyrmion con-
figurations become important for determining how ground state degeneracy is lifted.
Since ()5 and @)_ g are proportional to the topological charge @, [as in Eq. (3.11)
and Eq. (3.13)], @5 and @)_ g would also be changed via tunneling events. Thus @5
and Q)_ ¢ would act as fast variables inside paramagnetic phase, and their conjugate
operators will serve as the appropriate slow variables or competing order parame-

ters [31, 32].
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Competing order Matrix form M | anticommute with Hy?
Valence bond solid T, To Yes
Charge density wave T101, T102 No
Current density wave || 103 No

Table 3.1 : Competing orders for one species of fermion coupled to antiferromagnetic
order parameter.

Based on this argument, for one species of Dirac fermions [e.g., for Hamiltonian
Hy of Eq. (3.9)], the corresponding spin-singlet competing orders in the particle-hole
channel are found to be

Qu = X My (3.14)

Here M is a 4 x 4 matrix operating on sublattice and valley indices, and there are
five distinct order parameters O);, which are conjugate to chiral charge operator
Qs = xImx | e, |:Q5,0M] x XTMei(g+¢)T3x, as indicated in TABLE 3.1. The
first two correspond to components of the valence bond solid(VBS), which is also
called Kekule bond density wave order or spin Peierls order breaking the translation
symmetry unlike the usual AKLT state resulting from spin-1 model, and the final
three correspond to different kinds of charge or current density wave orders [31, 32].
However, only the components of VBS order anticommute with the whole Hamiltonian
operator H; of Eq. (3.9), thus maximizing the energy gap inside the skyrmion core.
Therefore, from a weak coupling perspective, the VBS order should be the most
dominant competing order of antiferromagnetism.

For the Kondo-Heisenberg model with two species of eight component Dirac
fermions [see Eq. (3.10)], @_ v is proportional to the skyrmion number. Therefore,

the conjugate operators of ()_ ¢ would serve as competing orders in the presence of
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Competing order Matrix form M anticommute with Hg?
Valence bond solid T, To Yes

Charge density wave T101, T109 No

Current density wave || 103 No

Kondo singlet P1, P2, T3P1, T3P2 Yes iff v, =0 and g, =0
Kondo singlet 03p1,03pP2, T303p1, T303p2 | Yes iff v =0 and g, =0

Table 3.2 : Competing spin-singlet orders in the presence of Kondo coupling

antiferromagnetic Kondo coupling, and they are listed in TABLE 3.2. Besides VBS,
charge and current density orders already found in TABLE 3.1, the presence of p3 in
Q_7¢ gives rise to additional competing orders involving p; or ps, corresponding to
hybridization of two species or Kondo singlet formation [32]. While the VBS orders
(with 79, 79) always anticommute with the combined Hamiltonian, the Kondo singlet
operators do not generically anticommute with the combined Hamiltonian. Hence
from the weak coupling perspective, they may not be dominant competing orders
inside the skyrmion core. Only for some special choice of parameters, some Kondo
singlet operators can anticommute with the effective Hamiltonian. Therefore, the
gradient-expansion based results may not always predict the correct competing or-
ders. In the following section, we circumvent this shortcoming of gradient-expansion

scheme, by evaluating the exact eigenstates of Dirac Hamiltonian and subsequently

computing the susceptibilities of different competing orders.
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3.4 Beyond pertubative argument

The eigenstates of Dirac fermions in the presence of skyrmion configurations of O(3)
nonlinear sigma model have been previously discussed in Ref. [116]. The main goal
was to establish the induced fermion number due to spectral flow. But, the physical
role of fermion doublers (present for any lattice model) and competing orders has not
been addressed. By contrast, we would deal with fermion doublers arising from the
underlying lattice model, and focus on identifying dominant competing orders residing
in the skyrmion core. Therefore, we would compute susceptibilities of competing spin
singlet order parameters, by using the exact eigenstates of Dirac fermions. This is
a new development for the problem of interaction between Dirac fermions and O(3)

skyrmion configurations.

3.4.1 Without Kondo coupling

To calculate the local susceptibility of predicted competing orders in TABLE 3.1, we
solve

(Hf + AM) x = Ex (3.15)

on a finite disk of radius R by performing exact diagonalization. We denote the
Hamiltonian Eq. (3.9) with or without single skyrmion as Hy g and H, respectively.

For single skyrmion, we choose the profile function of skyrmion n as

n = (sin f (r) cos O, sin f (r) sin 6, cos f (r)) (3.16)

>3

where f(r) = me™x and A is the length scale for skyrmion. One can easily verify
that in this case we have & [d?zn - dn x dyn = —1.

The eigenstates of Hy constitute a suitable basis for performing exact diagonal-
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ization. We choose the background field n = (0,0, 1), such that:
Hf,O = T3 [UX (0'1]?1 + 0'2]{72) + gXT]30'3] . (317)

Since Hamiltonian Hy, commutes with grand spin operator M; = —idy + 2+ 5,
Hyp and M5 can be simultaneoulsy diagonalized. The solutions for Hyox = Ex with
fixed grand spin m consist of the following linearly independent states:
Uy km,j —i0
Cy=1 Y o—— Jm—1 (km 7)™
X+7m7j7n,"7:1 (/r7 9) = elme /L.Onzl‘]m (kmy.]T)

06x1

02x1

Uy Kkm,j '
Xt mgma—1(r,0) = €™ Cﬂ:flﬁjﬂl (Fm.j7)
M0, 1=— )

iCn:—l Jm+1 (k;m,jr) €+i9

L 04><1 i
i - (3.18)
O4><1
Oy s g () €7
X*,m,j,nm:l (71, 6) = €Zm0 n nEm j—gx ]
iCp1Jm, (km ;1)
L 02x1 ]
06X1
__ _im#B Ok,
X_jm,jmm:_l(r’ 9) = Cﬁz—lme (k:m,jr)
iCye 1Tt (K gr) €7
where the fist index 4+ means the £ valley, index n = +1 denotes the solution

with energy £F,, ; , and 7 is the spin index. We have chosen the boundary condition

Im (km,jR) = 0, with index j denoting the j-th zero of Bessel function J, (r) , so that

the momentum k,, ; and energy E,,; = (/v2k2, ; + g2 are quantized. The coefficient
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Figure 3.4 : The local susceptibility of VBS order M = 7, 7, versus radial distance.
The blue line and red line corresponds to the presence and the absence of skyrmion
on origin, respectively. Once the skyrmion is present, the susceptibility of VBS order
will gain obvious enhancement near the core of skyrmion defect.

C,, is determined by the normalization condition || X+ m jnnll* = [ P2 (X+LmjnnlXt£mjmn) =
1.

We then solve the equation Eq. (3.15) by diagonalizing the matrix with elements
[ 22X jng| Hy+ AM | Xt jr o ) Besides the real space cut-off (i.e, the radius of
disk R), we also impose a large momentum cut-off A, and the large grand spin cut-off
M. We choose our basis set spanning from grand spin —M to M. For M= Ty, To, T103,
the Hamiltonian Hy + AM commutes with the grand spin M;. Therefore, we can
diagonalize the matrix in diagonal block with fixed value of grand spin m. While
for M = 7101, T109 (which do not commute with Mg), we have block off-diagonal
elements and need to diagonalize the whole matrix at once.

After finding the solutions for Eq. (3.15), we compute the local susceptibility for
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Figure 3.5 : The local susceptibility of charge density wave order M = 7101, T109 ver-
sus radial distance. Now the presence of skyrmion can still enhance the susceptibility,
but the amount is smaller than VBS order.

each candidate competing order by using
(3.19)

The local susceptibility diverges with momentum cut-off A in two dimensions, but
once we choose a finite momentum cut-off A, it converges with radius of disk R and
the maximum of grand spin M. In this paper, we choose R =8, A =8, M = 30, the

length scale of skyrmion A = 2, and the coupling constant g, = 2.
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We have found that the local susceptibilities for VBS orders M =1 orn gain
expected enhancement near the core of skyrmion, as shown in Fig. 3.4 . On the
other hand, for other candidate competing orders like charge density wave (with 70y
and 7y03), the enhancement is less prominent, as shown in Fig. 3.5. Moreover, for
current density wave 7,03, the presence of skyrmion even suppresses the susceptibility,
like Fig. 3.6. The suppression of the susceptibility for current density wave 703
demonstrates that the pertubative arguments of gradient-expansion scheme are not

always sufficient.

t Actually, local susceptibility of 7 and 75 are exactly the same, since 7, and 75 can be transformed
to each other by transforming the basis and the Hamiltonian Eq. (3.15) is invariant under such basis
transformation. The same conclusion holds for the charge density wave orders 707 and 109, and

different Kondo singlet orders in next section.

1.2 T T
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Figure 3.6 : The local susceptibility of current density wave order M = 7103 versus
radial distance. Instead of enhancement, the presence of skyrmion now suppresses
the susceptibility of M = 703 near the core of skyrmion.
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3.4.2 With Kondo coupling

In the presence of Kondo coupling, we have to account two types of fermion fields
1 and Y, and the pertubative argument predicts that the VBS and Kondo singlet
orders are important competing orders of antiferromagnetism [see TABLE 3.2]. We
want to establish the validity of this prediction by using exact eigenstates of Dirac
Hamiltonian. This is particularly important, since Kondo singlet operators do not
generically anticommute with the Hamiltonian, and within the weak coupling picture
fully anticommuting VBS would seem to be the dominant competing order. Whether
the Kondo singlet orders can be favored over fully anticommuting VBS over a wide
range of microscopic parameter regime is not clear from the weak coupling arguments.
By contrast, our physical intuition suggests that the Kondo singlets should be sta-
bilized over a finite parameter region [2]. Here we address this issue by solving the
eigenstates of

Hy+AM)U = EV, (3.20)
( )

for each M identified in TABLE 3.2, and then computing the local susceptibility by

employing

(M

o () = lim F (3.21)

For diagonalizing this Hamiltonian we use the basis set: Wy 1, 50 = (Vi mojnm Xtmojmn)s
where X4 m jn,’s have been already defined in Eq. (3.18) and 4, jn,’s are defined

as:
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Vykm,j 2 —if

Uy mjmm—1(r, 0) = €™ iDy— Ty (K j7)
06><1

02x1

k .
‘ Dy i (ke o)
Vi jngei (1, 0) = €™ n=—lnE] gi UM AT
il)ﬂ=44ﬁLn+l(km%jT)e+”9

04><1

L 4 (3.22)

04x1

D, —wkmi_ g (k) €=
' "=inE,, i—gk m,j
w—,m,j,nm:l(r, 9) = elme nEm,] 9K

?:Dnzl Jm (k’mJT’)

02x1

06><1

w—,m,]}”ﬂ?:—l <T7 6) = ezme D MJm (kmvj,r)

n=-1 nE;, i+9K

iDn:_1Jm+1 (l{?md‘?") €+i0
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Figure 3.7 : The local susceptibility of Kondo singlet orders M = P1, P2, T3P1, T302
(M = o3p1, 03p2, 03T3p1, 03T3p2) With vy =1, v, =-1, gy =2, and g, = =3 (Uw =1,
vy =1, gy = 2, and g, = —3). The enhancement of susceptibility of these Kondo
singlet order by skyrmion can still sustain obviously, even with parameters beyond
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Here E}, ; = \/vik2, ; + g5 and the coefficient D, is obtained from the normalization
condition ||y mjnnll> = [ Pt mjnn|Vsmjng) = 1. We diagonalize the matrix
with elements (Vg 0y Hp + AM\\IJi,m/J/’n/my

As shown in Fig. 3.7, we have found that the enhancement of these Kondo singlet
orders by skyrmion is comparable with the enhancement of VBS orders. Moreover,
the enhancement of Kondo singlets is also sustained over a broad parameter space,
including the regime where perturbative arguments may not be applicable. Therefore,
we conclude that the Kondo singlet and VBS orders act as the dominant competing
orders inside a skyrmion core. Therefore, the paramagnetic phase in the global phase

diagram can support both of these competing singlet orders.

Figure 3.8 : The difference of Kondo singlet order (p;) between the presence and
the absence of the skyrmion on origin for different fluctuation strength 6. We choose
vy =1, v, = —1, g, = 2, and g, = —3 and Q = 0 here. A|(¥Tp,¥)| is defined
as A|(UTp, W) = (UTp W) |1 — [(UTp1 U)o, where [(UTp,U)|; and |(¥Tp, U]y means
|(¥Tp,W)| calculated in the background with and without single skyrmion, respec-
tively.
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3.4.3 Crossover between VBS and Kondo order

The Hamiltonian of Eq. (3.10) is only useful for describing low energy physics in-
side the antiferromagnetic phase. In the vicinity of a magnet to paramagnet phase
transition, such description is not sufficient to capture all features of the Kondo lat-
tice model, since the fluctuations for competing channels and residual interactions
in those channels can become important. The effective Hamiltonian describing the
competition among VBS, Kondo singlet, and AF phases for a Kondo lattice model

can be postulated to have the form

HZH\IJ+b01+QﬁpO;p3> (3.23)

where b and () capture the fluctuations for Kondo and VBS channels and increase with

Jr, Jg respectively [97, 100]. The presence of 2 0;” 3 reflects that the VBS order in a

Kondo lattice model can only be generated through the frustrated RKKY interactions
between local moments.

From the perspective of AF Hamiltonian Hy, the fluctuations of VBS and Kondo
channels serve as external perturbation, and thus induce the corresponding order

parameters approximately as:

<XTT1X> = Qxvas (1)

<‘IJTP1‘I’> = bXKondo (7')

(3.24)

where xvps () and X xondo (1) are the local susceptibilities of VBS and Kondo orders,
respectively.

Since we have already observed that the skyrmion defect of AF order can en-
hance the susceptibility of VBS and Kondo order inside AF phase, we expect that
the VBS and Kondo order parameters induced by these fluctuations will also be en-

hanced by skyrmion. Moreover, once the Ji(Jg) is enlarged, that is, the fluctuation
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into Kondo(VBS) channel is larger, from Eq. (3.24), the resulting enhancement of
Kondo(VBS) order parameter by skyrmion should also be enlarged.

This behavior actually is also manifested by solving the Hamiltonian of Eq. (3.23)
directly and computing the resulting order parameters, as shown in Fig. 3.8. There-
fore, once we increase the Kondo coupling in microscopic Kondo lattice model, the
skyrmion will eventually favor Kondo order over the VBS order, causing the tran-
sition from VBS to Kondo phases. This result gives us a unifying point of view to
understand the crossover between VBS and Kondo orders in a Kondo lattice model,

beginning from the antiferromagnetic phase.

3.5 Justification by lattice models

So far, the model we relied on are different kinds of low energy effective Dirac-type
Hamiltonian. In these models, the presence of large momentum cut-off is practically
inevitable, even though all of our conclusions hold regardless of cut-offs. In order to
further justify these results, we have also solved the lattices models in the presence
of skyrmion defect (whose low energy effective theory is equivalent to Hy + AM for
different candidate competing orders in TABLE 3.1 and Table 3.2) through exact
diagonalization. For example, the VBS order M = 7, can be generated through the

lattice model:

—0.B= n-n),
H = Z [_tffztafj,a — tCCZaCj’a + ]’LC] + Z [JH (—]_)A—07B_1 fita%fi’ﬁ
(ij)a a3
—1.B= n-n),
+ Jg (—1)* 7P Cz,a—< 277) ﬁcz’,ﬁ}
(3.25)

if we replace t; — ty+0t, 15, and t. — to+ 0ty ,1s,, where 0,1, = Aeif+5i eié'F/?) +

h.cand G = K, — K_, as Fig. 3.9. The resulting low energy effective Hamiltonian
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of this model is exactly the same as Hy + A [119]. By assigning the skyrmion
configuration for local moment field n, we can explore its influence on VBS order pa-
rameter in a lattice model. The presence of skyrmion in the lattice model also causes
spectral flow events as in Fig. 3.10, which is consistent with the low energy contin-
uum theory. The VBS order parameter in lattice model can be extracted through the
nearest-neighbor hopping amplitude. After solving the lattice model, we can see that
the presence of skyrmion enhances the VBS order parameter as shown in Fig. 3.11(a).
Similar results for other competing orders are presented in Fig. 3.11. All of the results

are consistent with our previous findings based on low energy Dirac theory.

Figure 3.9 : The VBS pattern with 0t,, 5, = Aeiﬁ+'§ieié'F/3 + h.c . The blue

thick(black thin) lines indicate hopping amplitude is increased(decreased) by %*(%).

3.6 Discussion

In the field theory literature, the nonperturbative eigenstates of Dirac fermions have
been already employed for computation of induced fermion numbers [120, 121, 122,
123, 108, 124, 99]. Some famous examples are the induced chiral charge of a domain
wall in one dimension, and baryon number of O(4) skyrmions in three dimensions. A

similar analysis has also been performed for O(3) skyrmions in two spatial dimensions.
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Figure 3.10 : The spectrum flow during the formation of skyrmion for lat-
tice Hamiltonian 3.25 involving f-electron only. We choose coupling constant
Jg = 5, ty = 10 and simulate the formation of skyrmion by n (7}, t) =

(sintf (r;) cos @, sintf (r;)sind, costf (r;)), where f (r;) = me~ 2 and r; is the radial
position of the site i. There is one state flowing from negative state to positive state,
and precisely one state flowing oppositely. This is just a reflection of relation 3.11,
since the spectrum here consists of + and - valley.

However, the physical issue of competing orders and the determination of dominant
fluctuating order based on nonperturbative eigenbasis are new aspects of the present
work. To the best of our knowledge previous analysis along this direction has been
restricted to competing orders in a vortex core (defects of Abelian theory).

Since we are explicitly solving for the eigenstates of the Dirac Hamiltonian, we can
also employ these states for computing the competing orders away from half-filling.
Not much is known for such a situation from perturbative field theory. Th chiral

charge also acts as the generators for translational symmetry breaking paired states



68

20 20

> 0 > 0
—10! -10
2% -10 0 10 20 2% -10 0 10 20
X X
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Figure 3.11 : The difference between distinct order parameters in the presence and
absence of a skyrmion at the origin. Here we solve the lattice Hamiltonian whose
low energy effective model is Hyg + AM. The blue circle means the difference is
positive, and the bigger circle indicates the difference is larger. We can see obviously
that VBS, charge density wave, and Kondo singlet order gain enhancement near the
core of skyrmion, while the current density wave is suppressed due to the presence of
skyrmion, which is consistent with the results from low energy Hamiltonian in last
section. Similar conclusions hold for other order parameters listed in TABLE 3.1 and
3.2.

(FFLO states). At half-filling they do not produce fully gapped states and are less
favorable compared to spin-Peierls order (causing Dirac mass gap). However, when

we move away from the special case of half-filling, the paired states are more effective
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in gap formation. Therefore, we expect FFLO phases to become more important in
the generic situation of finite carrier density. Even current and charge density wave
orders which were earlier disfavored compared to spin-Peierls order can become more
important (as none of them are able to effectively gap out the Fermi surface). Such
intriguing competition among particle-hole and particle-particle channel condensates
are germane to understanding the generic global phase diagrams of correlated metals,
and will be elucidated in a future publication.

Our methodology can be easily adapted for both higher and lower dimensional
problems. Specifically, the computed energy-eigenstates for two dimensional model
in the presence of skyrmion configuration can be directly taken over as the complete
eigenbasis for evaluating the fermion determinant in one dimension in the presence
of dynamic instanton background. Such calculations can again be performed both at
and away from half-filled limit to unveil the competition among spin-Peierls, Kondo
singlets and paired states, which have been suggested by different perturbative cal-

culations as well as some density matrix renormalization group analysis.

3.7 Conclusion

We addressed the nonperturbative aspects of interaction between topological defects
and fermions, and how it can give rise to competition among different order param-
eters. Specifically, we considered the interaction between topologically nontrivial
skyrmion configurations of antiferromagnetic phase and fermionic quasiparticles in
two spatial dimensions. To make progress we have modeled the fermionic excita-
tions by Dirac fermions. Beginning with a half-filled Kondo-Heisenberg model on
a honeycomb lattice, we investigated fluctuating orders that can be supported by

skyrmion core inside the antiferromagnetically ordered insulating phase. Inside this
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ordered state, we have considered the coupling between conduction and f-electrons
to the collective mode, described in terms of an O(3) quantum nonlinear sigma
model(QNLoM). By employing perturbative field theory, exact numerical and analyt-
ical solutions for eigenfunctions of Dirac fermions in the presence of a single skyrmion
we have established the competition between magnetism, Kondo singlet formation
and spin Peierls order. Our specific goal was to establish a framework for finding
dominant order parameter, which can be adapted for many other problems involving
the interaction between fermion and topological defects. The perturbative field theory
calculation of Goldstone-Wilczek current for our model suggests the presence of sev-
eral translational symmetry breaking orders such as charge, bond and current density
waves as well as translational symmetry preserving Kondo singlet formation. How-
ever, this method does not clearly specify the dominant incipient order. Therefore, we
have explicitly computed the susceptibilities for all possible local Dirac bilinears by
using nonperturbatively determined eigenfunctions. Our analysis thus provides strong
evidence that the global phase diagram of Kondo-Heisenberg can support a variety
of competing singlet orders from skyrmion condensation (violation of skyrmion num-
ber) on the paramagnetic side. All of our results from continuum model have been
consistently justified by analysis performed on suitable lattice model. This general
strategy for identifying dominant competing orders mediated by topological defects

can be useful in both one and three spatial dimensions.
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Chapter 4

Quantum criticality of a quantum nonlinear sigma
model with Kondo coupling: A renormalization
group study

4.1 Introduction

Quantum criticality is ubiquitous in many strongly correlated systems, and believed
to play an essential role in the electronic or magnetic properties of these systems[21, 3].
For a long time, the paradigmatic Hertz-Millis theory of magnetic quantum criticality
had only focused on the fluctuations of the order parameter alone[38, 39]. In recent
years, both experimental and theoretical works have challenged such paradigm[65,
81, 55, 56].

Some of the important progress comes from the heavy fermion systems. As we
have introduced in Chapter 2, the Hertz-Millis paradigm fails to explain the w/T
scaling in CeCug_,Au, at © = z. ~ 0.1[63] and YbRh,Sis[64].

Moreover, in heavy fermion systems, not only the Kondo coupling but also the
frustration of the local moments could cause the AF phase into another kind of
paramagnetism|[1, 30, 2]. Since the Kondo singlet formation is absent in such tran-
sition, the Fermi surface of this paramagnetism should still remain small, and thus
such paramagnetism is usually denoted as Pg. The proposed global phase was summa-
rized in Fig. (1.2). Recent experimental result in the geometrically frustrated heavy

fermion metal CePdAl has demonstrated that such frustration-driven transition is
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realistically possible in heavy fermion systems[34].

Motivated by these developments, in this work, we start from an AF ordered
Kondo lattice model. Because of the Kondo coupling, the AF order parameter,
which should be a bosonic degree of freedom, also couples with the conduction elec-
trons. From the theoretical point of view, the interplay between the bosonic degree
of freedom and the itinerant fermion with the Fermi surface pose a difficulty for
the theorist to deal with. Even though some progress has been made in the last
decade[125, 126, 127, 128], how to deal with the Kondo lattice model and the local
moment physics still remains a challenge.

Here, we show that by using a quantum non-linear sigma model to represent
the local moments, some progress can still be made. The validity of the QNLoM
representation to the AF Kondo lattice model has been established in the previous
work[129]. However, previous studies of similar models either follow the spirit of
conventional Hertz-Millis theory by integrating out the conduction electrons[130], or
only focus on the role of the Kondo coupling inside the AF ordered phase[129].

In this work, we treat the bosonic and fermionic degree of equal footing, and
perform a renormalization group calculation beyond the AF ordered phase. Without
the Kondo coupling, such QNLoM is known to have a quantum phase transition from
AFs to Pg at D > 1[50]. We are especially interested in the influence of the Kondo
coupling to this QCP, and whether the small Fermi surface nature would be destroyed

by the Kondo coupling or not.
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4.2 Model

The Kondo lattice model is:
H=Y e uo+Juy Si-Si+Jx Y S5 (4.1)
ko (i) i
where 571 and §; = Zaﬁ w;a%wiﬁ is the spin operator of the local moment and
conduction electron, respectively, and both the RKKY Jgy the Kondo coupling Jg
are positive.
Here, we start from the antiferromagnetic(AF) region, i.e. Jx < Jy < W, where
W is the bandwidth of the electron spectrum. Inside the AF phase, the local mo-
ments and the conduction electrons are essentially decoupled, the quantum non-linear
sigma model(QNLSM) representation of the local moments thus is applicable[129],
where the local moment S; can be approximated by the non-linear sigma field 7 (¥, 7)
charactering the Neel order of the AF phase [129, 45, 46, 131], and the canting field

—

L (Z,7) describing the fluctuation around the non-linear sigma field 7 (%, 7):

- =, - 2 =
25, — 95 (2, 7) \/ 1- (2aDL (, T)) +2aPL (%, 7) (4.2)

where Q is the ordering wave vector, & labels the position, nz = +1 on even and odd

sites, a is the lattice constant, 77 (Z,7)- L (#,7) = 0, and |7 (&, 7) | = 1. For the sake of

simplicity, in the following, in the following we take the square lattice with ordering

n T
a’a

wave vector C} = ( ) as an example. All of the results can be easily generalized in
other lattice structures.

Even though such QNLSM description of quantum magnetism was originally in-
vented inside the AF ordered phase, its power to infer some properties of critical

point or even the physics of the AF disordered side have been demonstrated in lots

of different works[55, 56, 50, 132, 133]. Now we are going to incorporate the Kondo
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coupling. We focus on the case in which there is no Fermi surface nesting and hence
no hot-spots. The linear coupling 7 - 5. thus cannot connect any two points on the
Fermi surface and is unimportant for the low energy physics. The Kondo coupling is
thus replaced by L-5.. After integrating out the fluctuating canting field L (@, 1),

the resulting QNLoM representation of the Kondo lattice model (4.1) is[129]:
S =5+ 5,+ Sk
Sp=>_ / dPKdWh, (i~ eg) bz,
Sy = / drd®s <i (0.7)" + (vm?)
2¢ c?
Sk = Ak / drdPz (5, - (7 x i0.7))

(4.3)

_aP2 I
where g = ‘T

, ¢ = 2aSLVD %, Ag = 4,57[#. We ignore the Berry

phase term in action (4.1) since our analysis starts from an AF ordered phase, in
which the the Berry phase term vanishes.

To impose the non-linear constraint |77 (Z,7)| = 1, we introduce 7 = (7, 7_) to
represent the NLS field 77 as:

—

n= (7o) (4.4)

where 7 = (7, 7_) is a two components vector, and o = /1 — 72 = 1—% (712F + 7&) +

-« -. Therefore,

g

- . . _7'7-+7T+ - 7'1'_7'('_
o,n= |7y, m_,

Q=

(—fr_ — Ty Ty + Ty i) (4.5)

Si
X
&
St
|

1 . . .
(T + Ty — T_T_Ty)
7:('_7T+ — 7T_7.T+

To simplify the later RG analysis, in the following part, we rescale the fields 7 — /g7.
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Consequently, the propagator of the 7 fields is:

1
S

G (p,iw) = (4.6)

Because of the non-linear constraint |7i (Z,7)| = 1, the model (4.3) actually pos-
sesses infinite numbers of local interaction. To our concern in this paper, we only
need to consider some leading orders of them, and the relevant Feynman rules are

shown in Fig. (4.1).

V3
)
%1 - Vo %1 -4 V2
g 2 92 2 2
5(77 OuT) ?T_[" (7 0,7)
v
17
v
gk (romy — 7pm_) 87 g% Aic (sl — 7_s?)

Figure 4.1 : The Feynman rules of the action (4.3) after rescaling @ — /g7, where

Oy = <%8T,5). The solid arrow line and the curve line are the propagator of the
fermionic and bosonic field, respectively. The bar on the bosonic propagator denotes
both the time and space derivatives, while the dot on the bosonic propagator refer to

the time derivative merely.
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4.3 Renormalization group with Fermi surface

Our next step is to carry out the renormalization group(RG) analysis of the action
(4.3) by the € expansion, where ¢ = D — 1 and D is the spatial dimensions. Our
analysis involves the combination of both the bosonic and fermionic degree of freedom.
In this section, we firstly derive the beta functions at the tree level, which can be done
by simple dimensional counting.

For the bosonic degree of freedom with the propagator (4.6), if we count the

dimension by assigning [p] = 1, [w] = 1, then the scaling dimension of the bosonic
field 7 is:
D+3
= -2F3 @)

which means after the rescaling ¢ — bq, w — bw, the bosonic field rescales as 7 —
b= in order to keep the the propagator (4.6) invariant. By the scaling dimension

(4.7), one can easily check that:

[g] = —e=—(D—1) (4.8)

However, for the fermionic part, things become subtle. It has been recognized
that the presence of the Fermi surface can influence the RG analysis in a dramatic
manner[134]. To demonstrate that, let us firstly linearize the dispersion ez = vpk,
where k = |l? | — KF is the momentum relative to the Fermi momentum K, and vp

is the Fermi velocity. Therefore, the fermionic propagator is:

1

Gy (f? m) = ok (4.9)

Since the fermionic excitations lie within the vicinity of Fermi surface, after in-

tegrating out the fast modes whose momentum lying within [%,A], where A is the
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momentum cut-off, the integral [ A dP K becomes:
A/s Kpth
/ d°K = /leﬁﬁ/ T KPUK (4.10)
Kp—2

However, one can easily see that no simple rescaling of K can restore the integral
back to the original form. This difficulty results from the constraint that the momen-
tum of the original fermionic theory is defined within the vicinity shell of the Fermi
surface, so that simple rescaling of K would break this momentum constraint. To
overcome this difficulty, it was pointed out that only the momentum perpendicular

to Fermi surface should be rescaled[134], since

A/s Kp+2
/ d’K = /dD‘lﬁk/ KP YK
Kp—2

A
- /dD‘l(ZR/SA (k+ Kp)" ' dk (4.11)

A
= K?l/dD_IQR/Z dk

Therefore, we have [dD K } = [dk] = 1, and the scaling dimension of the fermionic

field ¢ thus is:

3
W] = -2 (4.12)
2
where we count [k] = 1, [Q)] = 2z = 1, and the dynamical exponent z = 1 since

there is no Fermi surface nesting, and hence no extra damping effect. Following these
manners, one can easily count the dimension of the the unrescaled Kondo coupling

Ak Use the Ising Kondo vertex A = gAx in Fig.(4.2) as an example, since*

*Reader might note that there are different choices to label the momentum, and the dimension
of the coupling constant A naively seems to depend on the choice. However , in order for the boson-
fermion coupling term to satisfy momentum conservation, it turns out the relative angle (which does

not appear in the measure) between the incoming fermion K and outgoing fermion K +p+q must also
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[dP KdQ0dP pdwd® gdvwr i, ]

D
:1+1+D+1+D+1+1+2<—g)+2<—T+3) (4.13)
=D-1
we thus have:
N =[g k] = —e=—(D—1)= \g] =0 (4.14)
+ 7+ w+v

Figure 4.2 : Ising component of Kondo coupling A = gA\gk.

That is, the Kondo coupling Ak is marginal at the tree level and any dimension.
As we have seen, this is closely related to the momentum constraint due to the
presence of the Fermi surface discussed above. Such momentum constraint actually
causes much more dramatic consequence. As discussed by S. Yamamoto and Q. Si in
Ref.[129], inside the AF ordered phase, the Kondo coupling Ak is exactly marginal

because of the huge constraint on the momentum phase space. Take Fig. (4.3)

need to scale, otherwise the momentum of bosonic fields can not be rescaled homogeneously[129].
Consequently, our choice of labelling here in Fig. (4.2) is the most convenient one to count the

dimension of coupling constants.
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as an example. Because of the momentum constraint, the phase space of the loop
correction is severely limited, and hence this loop correction does not contribute to
the Beta function of Ag. As a result, the Kondo coupling Ay is exactly marginal

inside AF ordered phase.

Figure 4.3 : One loop correction to A = gAk inside the AF phase.

4.4 Renormalization group analysis of Kondo coupling at the
critical point

The previous conclusion that the Kondo coupling A\ is exactly marginal holds only
inside the AF ordered phase. In this work, we want to study the influence of the
Kondo coupling outside the AF ordered phase through the renormalization group(RG)
analysis, as shown in the schematic diagram in Fig. (4.4). As we will see, beyond the
AF ordered phase, other loop corrections which are vanishing inside the AF ordered
phase, can make contribution to the Beta function of Ax. We are especially interested
in the role of the Kondo coupling to the original quantum critical point(QCP) of the

QNLSMI50]. Such QCP describes a phase transition between the AF ordered phase
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and and a paramagnetic phase. It is interesting to see whether the presence of a

Kondo coupling would modify such paradigm.

g.

r

ge :

AK

Figure 4.4 : The schematic RG flow diagram. The red dot is the QCP of QNLSM,
and the RG flow in the question mark region is what we would like to explore in this
work.

4.4.1 Beta functions of Kondo coupling

We perform the RG calculation in the momentum shell scheme[129, 50, 49, 135]. The
first step is to decompose both the bosonic and fermionic fields into fast and slow

modes as:

7Tl/,< (iw7®7 O < ‘ﬂ < A
7, (iw, §) = ’ (4.15)

7TV7>(iw7®7 %<|Cﬂ<A
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and

w <Q [?) 1/]a,< <ZQ,E>a 0<||E|_KF|<% (416)
o | 184, = .
Vo (I0.K), 4 < IIR] = Krl <A

where b > 1.

After integrating out the fast modes 7, (¢) and ¥, ~ (I? ), in order to restore the
resulting action back to its original form, one also needs to do the rescaling ¢ — bq,
w—bw, T — I r, and Y — 61211,&. The loop correction to the bosonic propagator

shown in Fig. 4.5(a) gives:

D—-1
1= (1 + %@ 20+ (4.17)
&

and the loop correction to the coupling g and A = gAg in Fig. 4.5(b) and 4.5(c)

respectively give:

SKpAP-1 Y\
d=g (1 + DQ—Cg) £-4p30+9) (4.18)
and
K AD—l
N =\ (1 + DTg> &, 26,700 0) (4.19)

Here we calculate the renormalization of the coupling constant g by considering the
loop correction to the vertex 2 (7 - 8u7?)2, which involves numerous Feynman diagrams
as listed in Fig. (4.5)(b). Actually, there is a much less tedious way to do so. Conven-
tionally, the renormalization g of the QNLSM part S, is derived by adding a magnetic
field term Sy, = & [drdPzo =2 [drdPzy1—72 =2 [drd”z (1 - 37° +---) to S,
and then require that after intergrating out the fast mode, the whole form of S}, still
preserve but with a renormalzied overall factor Z—: [47, 48]. The validity of this method
relies on the fact that the QNLSM S, preserves the O (3) symmetry. Even with the

presence of a non-vanishing Kondo coupling Ax, one can still use this method to

derive the coupling constant g, since under the O (3) rotation, 7 — R7i, and thus
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7l X 0.1 — R (7l x i0,1), which can be compensated by a suitable SU (2) transform
U on the fermionic field v — U. As the result, the action (4.3) still preserves the
O (3) symmetry even with the Kondo coupling Ax.

In Fig. 4.5(c) , we ignore the one-loop correction shown in Fig. (4.3), since as
discussed in the last section, it does not contribute to the Beta function. Moreover,
the one-loop diagrams in Fig. 4.5(d) are vanishing, since the two conduction electron
poles are located on the same side of the real axis[134].

Finally, as we have seen in last section, since [¢)] = —% the rescaling factor &, is:

N

£y =b (4.20)

By Eq. (4.17)-(4.20), we can derive the Beta functions up to one-loop level:

B(g)=—eg+g

B(A) = —eA

(4.21)
where we have made a harmless rescaling g — %CD_I g.
From the Beta function 3 (g), one can see that there is indeed a critical point at
g =¢g" = ¢ when D > 1. Also note that even though the Beta function 5 (\) seems
to be only at tree-level, we actually perform the calculation up to the order of g\ as
indicated in the Eq. (4.17), and find the coefficient of this order in the 8 (\) actually
gets cancelled in the end. Since in this work, we mainly concern about the role of
Kondo coupling near the QCP of the QNLSM ¢ = g* = ¢, other higher-order terms
are unnecessary for such purpose.
Now we are at the stage to analyse the role of the Kondo coupling Ax near the

QCP g = g* = €. Since the rescaled Kondo coupling A = g\, one has:

BN = 9B (k) + AxB(9) (4.22)
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(d)

Figure 4.5 : (a) One-loop correction diagrams for the bosonic propagator (b) for the
coupling constant g. (c) for the Ising Kondo coupling. (d) Diagrams involve the
electronic particle-hole polarization are vanishing.
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By combining this relation and the Beta functions (4.21) , one can derive the Beta

function of the original unrescaled Kondo coupling A\g:

B (Ak) = —gAk (4.23)

In the Eq. (4.23), we derive the Beta function of the Kondo coupling A\ from
the Ising Kondo vertex in Fig. (4.1). As we have proven, since the action (4.3) is
invariant under O (3) rotation, one should be able to derive the consistent result of the
Beta function of the Kondo coupling Ax from both the Ising and XY Kondo vertices.

We demonstrate how to derive such consistent result from XY Kondo vertices in the

Appendix (B.1).

g
2.0} Ps
1.5}
10l @
0.5}
0.0}
AFg
0.0 0.2 0.4 0.6 0.8 1.0

Ak
Figure 4.6 : RG flow of g and Ag, where the red dot denotes the QCP of QNLSM

g=9 =e¢

We see from Eq. (4.22) that at the AF fixed point g = 0, the Kondo coupling Ax
is indeed marginal. On the other hand, around the QCP of the QNLSM g = ¢* = ¢,

Ak is irrelevant. Moreover, Eq. (4.22) also implies that at AF disordered phase
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g > g* = ¢, the Kondo coupling should be irrelevant, at least in the weak-coupling
region. As a result, the AF to Pg transition should be stable against a weak Kondo

coupling. The RG flow is shown in Fig. (4.6).

4.4.2 Electronic self-energy around the QCP

To verify explicitly that the Fermi surface indeed remains small even beyond the AF
ordered phase, we turn to a large N generalization of the action (4.3). The N — oo
limit is taken with the spin symmetry of the conduction electrons enlarged from
SU (2) to SU (N), and the symmetry of the bosonic field 7 from O (2) to O (N? — 2).
The Kondo coupling is rescaled to Mg /v/N. As shown in Fig. (4.7), the leading order

correction to the electronic self-energy is:

Figure 4.7 : Electronic self-energy induced by Kondo coupling, where double curve
line is the bosonic propagator at QCP

5 (K’LQ) _ QTK / 4P qdww? G, (G, iw) Gy (K 470+ iw) (4.24)
At the QCP of the QNLSM ¢ = ¢*, since there is an anomalous dimension of the

7 field, the bosonic propagator thus takes the form:

_ (4.25)
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where 7 = % is the anomalous dimension of 7 field at the QCP[49, 47, 48].

To calculate the electronic self-energy X (K : ZQ) (4.24), it is more convenient to

use the spectral representation for the bosonic propagator G . (7, iw):

: A (p,w')
Gon (Priw) = [ do/ ) 4.26
ci) = [t (4.26)
where the spectral function A (p,w’) = Im G (p,iw’ — w +i07) is
Au)=0C—" 2 (4.27)

(£ —p2)*

Following these, one can do the calculation and then derive[129, 136] that
by (I?F, w) = aw + ibjw|PT" (4.28)

Since the imaginary part Im X ([? F,w) ~ |w|PT at D > 2 the Fermi surface is

thus still robust and small around the QCP of the QNLSM.

4.5 Discussion and Conclusion

In this section, we study the quantum non-linear sigma model with a Kondo coupling,
which describes the antiferromagnetic Kodno lattice model. By treating both the
bosonic and fermionic degrees on an equal footing, we perform an RG analysis of this
model. Our RG analysis shows that the Kondo coupling is irrelevant around the QCP
of the QNLoM. Therefore, the phase transition between the antiferromagnetism and
the paramagnetism is stable against the weak Kondo coupling. By calculating the
electronic self-energy induced by the Kondo coupling around the QCP, we conclude
that the Fermi surface also remains small across the phase transition.

As a result, we are able to access and establish the transition between AFg and Pg

phases in the proposed global phase diagram of heavy fermion systems. The precise



87

nature of the small Fermi surface paramagnetic phase Pg requires further analysis.
However, as we have discussed and demonstrated in chapter 3, if one also considers
the influence of the topological defects and the Berry phase term, the small Fermi
surface paramagnetic phase Pg for typical types of lattices should be the valence bond
solid(VBS)[31, 32, 33, 53, 54, 55, 56]. The results in chapter 3 and 4 thus provide a
firm theoretical basis to the understanding of the proposed global phase diagram of

heavy fermion systems.
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Chapter 5

Quantum Criticality from Sequential Destruction
of SU(4) Spin-Orbital-coupled Kondo Effect

5.1 Introduction

In the previous chapters, we have considered the standard Kondo lattice model, in
which the f-electrons form local dipolar moments and couple with the spin of a conduc-
tion electron band through the Kondo coupling. As the Kondo coupling dominates,
the Kondo singlets are formed and the local moments are completely quenched. Re-
cent experimental results in the cubic Ce3PdsySig provide an interesting extension
of this paradigm to a multipolar Kondo lattice system, in which the f-electrons form
local “levels” that possess much richer structure than the spin degree of freedom, and
thus could allow for new types of phases and phase transitions.

In CesPdySig, every Ce3T ion contributes one localized 4f electron. Because of the
strong spin-orbit coupling, the spin and orbital degree of freedom of the 4f electron
are coupled to each other, and thus are combined into a total angular momentum
J = 5/2 state. Each local level of such J = 5/2 system has six-fold degeneracy, and
hence supports not only dipole moment but also higher-order multipolar moments.
Such six-fold degeneracy is split into a I's quartet and a ['; doublet due to the crystal
field effect[137]. The analysis of temperature dependent inelastic neutron scattering
and entropy data also revealed that the I's quartet is the true ground state for the

local levels[138]. As shown in Fig. 5.1, since the I's quartet has four-fold degeneracy,
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Figure 5.1 : Schematic diagrammatic representation of the 4-fold degeneracy of the
I's ground state.

one can use the pseudo-spin ¢ and pseudo-orbital 7 to represent the ground state of

local level as:
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The I's systems comprise dipoles, quadrupoles, and octupoles, all of which are irre-
ducible representations of the Oy, group of the cubic lattice. Both dipolar (magnetic)
and quadrupolar order (and likely even octupolar order) may arise via the RKKY in-
teraction between the local multipolar moments[137]. At zero external field, neutron
scattering experiments [139] show that the quadrupolar moments first order into an
antiferroquadrupolar (AFQ) phase at T ~ 0.4 K, and with further decreasing tem-
perature, the dipolar (magnetic) moments develop antiferromagnetic (AFM) order at
T ~ 0.25 K.

Once the external field is applied, the antiferromagnetic transition temperature is

firstly suppressed and then goes to zero at some critical field By. Unlike AFM order,
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AFQ order is sensitive to field orientations. Along [00 1] direction, the AFQ phase
can be suppressed at a relatively small magnetic field [11]. The temperature-magnetic
field phase diagram versus the applied magnetic field along this direction is shown
in Fig. 5.2. We see that the AFM phase (phase III) is suppressed at By ~ 0.8T,
whereas the AFQ phase (phase II) is suppressed at a slightly larger field Bg ~ 2T.
Both transitions have been found to be continuous from experiments [139, 11, 12],
and thus there are two QCPs. The strange-metal behaviors associated with each
QCP were also observed as shown in Fig. 5.3. More astonishing, across both By and
Bq, the measurements of magnetotransport revealed jumps of the Hall coefficient and
magetoresistance in the zero-temperature, which implicates sudden reconstruction of
Fermi surface for both QCPs. These results are summarized in the phase diagram
Fig. 5.4[140, 13].

Since the concurrence of the Fermi surface reconstruction and the phase transition
is a key signature of a Kondo destruction QCP, by combining all experimental data,
we conclude that tuning the external field in the CesPdspSig can induce sequential
Kondo destruction QCPs. Such consecutive Kondo destruction should be related to
the multipolar nature of the local levels in CesPdygSig. With the multipolar degree
of freedom, in principle the Kondo entanglement between the local levels and the
conduction electrons could break just partially at different stages. In the following,
we are going to provide a firm theoretical ground for the notion of such sequential

Kondo destruction in a multipolar heavy fermion system.
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Figure 5.2 : Ordered phases in a temperature-magnetic field phase diagram for fields
applied along [001], as identified from specific heat data by Ono et al. [11], and
magnetostriction and thermal expansion data in Ref. [12]. The paramagnetic phase
is denoted as phase I, the AFQ phase as phase II, and the AFM phase as phase III.
The microscopic origin of phase II’ remains to be identified.
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Figure 5.3 : Contour plot of the resistivity exponent a of p = pg+ A" - T in the
temperature-magnetic field phase diagram. The transition points at By and Bq are
marked by red square and red stars on the horizontal axis. From Ref. [13].



92

pc: sc: y y
10F o T(p) ¢ T & of®
° T * T *
08}
B[ [001] o y,
< 06 g 8 S
O F @
= 8" 7 T f
.. S o .O. a’'m
@' ) L}
04y o 4 oo Xy © ~A-..
L o o f * %
o
02} ¢ o, op Xe o
4 :
00 .I n " .% n n 1 n n 1
0 1 3 4
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two consecutive QCPs, marked by the red square (at By) and the red star (at Bg),
respectively. From Ref. [13].
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5.2 Model

To understand how multiple stages of Kondo destruction can arise without fine-tuning
the parameters, we consider a multipolar Kondo lattice model that contains a lattice
of local levels with a four-fold degeneracy which can be expressed in term of spin &

and orbital 7 operators:

Hyp = H, + Hy + Hg. (5.2)

The first part H. = ), echLaTckW defines the kinetic energy of the conduction
electrons, and the second part Hy describes the RKKY interaction among the I's local

levels. For the purpose of convenience and demonstration, we choose Hy as the Ising

type:
Hy =Y [I5o70; + Ijrim; + 1]} (07 @ 77) (0] @ 77)] (5.3)
(]
where, &, 7, and 6 ® T express the spin and orbital operators and their tensor product,
respectively, and 7, IT, I/} are the corresponding coupling constant. The Hamilto-
nian is essentially the Ising anisotropic version of the Kugel-Khomskii model.

The final part Hg is the Kondo coupling between the local levels and their

conduction-electron counterparts:
Hi =Y JoGi - Giot D JoTi Tict Y 4Dy (6i @ 7) - (Gie ® Tic) (5.4)

where the Kondo coupling J, with x = o, 7, M, respectively, describe the interaction

of the local levels &, 7, and ¢ ® 7 with the conduction-electron counterparts.
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The different components of the conduction electrons are defined as

by s
Oic = 5 CisrSoo’Cio' T

oo’

1 o
= § T
Tic = 5 CithTT/CiUT/ (55)

o, 71’

]_ T —
Oic X Tie = Z E CivrSoo’ X tTT’CZ'o"T’

where 3, and t,.. are Pauli matrices in the spin and orbital subspaces, respectively,
and cgﬂ creates a conduction electron at site ¢ and with spin component o and orbital
component 7.

The Kondo Hamiltonian Hy (5.4) in general case respects the SU(2)®SU(2) sym-
metry but breaks the SU(4) symmetry, which is restored only when J, = J. = Jy.
Without incorporating the RKKY interaction (5.3), it has been known that the RG
flow trajectories of the Kondo Hamiltonian (5.4) flow toward the SU(4) strong Kondo
coupling fixed point regardless of the initial parameters[141, 142]. In other words,
there is no other phase and phase transition. In the following, we are going to
demonstrate that with the RKKY interaction (5.3), the thing becomes dramatically
different, and the sequential Kondo destruction phase transition is possible.

To do so, we use the scheme of extended dynamical mean field theory [143, 144],
to map the multipolar Kondo lattice model Hgj, into a spin-orbital coupled Bose-

Fermi Kondo model(BFK) describing an single impurity model coupling with self-

consistently determined fermionic and bosonic baths as illustrated in Fig. 5.5:
HBFK:HO+HK+HBK . (56)

Here, Hy = H. + Hpo is the non-interacting part for the conduction electron
and the bosonic baths, and is given by Heo = >, _, >, €x,qCh oCrq and Hpy =

> rmor 2aq Wﬁ,q¢27q¢ﬁ,q, respectively. Hpg describes the local level at a single site
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Figure 5.5 : schematic diagram of the spin-orbital coupled Bose-Fermi Kondo model
(5.6).

0 being Kondo-coupled to the conduction electrons. In addition, Hpgg describes the
Bose-Kondo coupling between the local impurity and the bosonic baths, with coupling

constants g,.,. It is given by

HBK = gazgz¢0z + gTZTZ¢TZ (57)

with ¢, = Zq (qu’q + gbm_q) for kK = o,7. The sign of g, is immaterial and, for
definiteness, each will be chosen to be positive. The coupling to bosonic baths reflects
the magnetic fluctuation on site 0 induced by the inter-site RKKY interactions.

For the model (5.6) at J, = J, = Jy, the phase diagram of the correspondent
multipolar Bose-Fermi Anderson model, where the Hy is replaced by the hybridization
of a localized two-orbital spin-1/2 f electron to theconduction electrons, has been
studied through a numerical Quantum Monte Carlo(QMC) method[13]. The phase
diagram is shown in Fig. 5.6, from which one can see that the sequential breakdown

of Kondo entanglement is indeed generally possible.
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Figure 5.6 : Phase diagram (at 7" = 0) of the multipolar Bose Fermi Kondo model in
the g1—g2 plane by a QMC study[13]. Here Kondo denotes Kondo-screened, and KD
refer to Kondo-destroyed. Red squares and stars mark the spin and orbital Kondo
destruction QCPs, respectively. The thick black arrow represents a generic trajectory
in the parameter space. The orange triangle represents the special case g, = 0, where
Jr» = go» and the two transitions occur simultaneously. Adapted from Ref. [13]

5.3 RG analysis and the generic phase diagram

Now the concept of the sequential Kondo destruction transition in a multipolar Kondo
lattice model has been proven possible through a numerical QMC calculation. How-
ever, even the numerical results have their own value, any good combination of the
analytical demonstrations is always necessary and can extend the understanding of
the problem to a deeper level. Especially, the QMC calculation only scanned the
whole phase diagram at the parameter case where the Kondo Hamiltonian Hy is
SU(4) symmetric, and instead of solving the Bose-Fermi Kondo model, it solved a
correspondent Bose-Fermi Anderson model. In this regard, in this section, we are

going to perform an RG calculation of the spin-orbital coupled Bose-Fermi Kondo

model (5.6):
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Hprx = Hy+ Hx + Hpk (5.8)

Note that since the BFK model is a local impurity model, there is no site depen-
dence. For the latter convenience, now we change the spin indices into Greek letters
like o, and orbital indices into English letters such as i. One should not mix up with
the site indices in the previous multipolar Kondo lattice model Hgy, (5.2). Our next
step is to use the pseudo-fermion representation for the spin and orbital operators of

the local impurity:

1
=3 § fiaGaplip

i,a3
— 1 —
T=3 > L Ffia (5.9)
17,0
I
oRT = Z ;a)fiagaﬁ X Tijfjﬁ
ij,a

and the constraint term ) . A f;a fia is also imposed into the action. As a result, the
non-interacting part Hy is:
Ho =Y "M+ et iatria + S W, (5; IR @’q) (5.10)
ia piic q
In order to perform a controllable RG calculation, we also need to introduce a
control parameter ¢ which is defined through the bosonic spectral function:

SO0 (w—wp) + 6 (w+w,)] = (%) W] sgnw (5.11)

P
with

0<y=1l—-e<1 (5.12)

for |w| < A.
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On the other hand, the coupling between the local impurity and the bosonic baths
again is given by:

HBK = gazgz¢az + gTsz¢Tz (513)

and the Kondo coupling at the SU(2)®SU(2) symmetric case is:
Hyg = JoGi-Giot Y L7 Trot Y 4Ty (G @) - (Fie @ Tic) (5.14)

The spin and orbital Ising-type couplings in Hpg (5.13) actually cause some
difficulties for the RG calculation. Firstly, unlike the Bose-Fermi Kondo model with
an SU(2) spin rotational symmetry, in which the RG calculation can be done in a
standard way[75], for the Ising case some extra effort is required[75]. One way to
proceed is to use a so-called bosonization approach to map the BFK model (5.8) into
a Colomb-gas type model, from which a controlled RG calculation is possible[75, 145].

Moreover, because the Ising couplings of Hpxk (5.13) break not only the SU(4)
symmetry but also the smaller SU(2)xSU(2) symmetry, in order to perform the RG
calculation of the Kondo couplings in Hx which respect the SU(2)xSU(2) symme-
try, one actually needs to reduce the symmetry of Hy, and thus inevitably need to
introduce more Kondo couplings. It turns out that one needs to consider five types
of Kondo couplings. Together with the spin and orbital Ising couplings ¢,. and g,
of Hpk (5.13), the total number of coupling constants is seven.

We leave the full RG calculation and the detailed analysis in appendix C. Instead,
here we summarize the results directly, and then illustrate how these results come
about. The phase diagram based on the RG analysis is summarized in Fig 5.7, where
the spin and orbital Kondo-destroyed(KD) phase can transit to the spin or orbital

Kondo-screened (KS) phase, or to the SU(4) KS phase.
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Figure 5.7 : The generic phase diagram based on the RG analysis, where KD and KS
refer to Kondo-destroyed and Kondo-screened phases, respectively.
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5.3.1 Transition to the SU(4) Kondo-screened phase

Now we briefly illustrate the transition from the spin and orbital KD phase to the
SU(4) KS phase. We scan the RG flow structure by taking ¢,, = ¢.. = ¢, which

corresponds to the trajectory denoted as the dashed arrow in Fig. 5.8*.

gO-ZI\

7 KS
oKD o, 7 KD

Jr=

Figure 5.8 : Phase diagram trajectory of g,, = ¢,, = g is denoted by the dashed
aArrow.

As we have mentioned, generally the total number of coupling constants is seven.
However, under the trajectory ¢,. = ¢,. = g, some of the coupling constants are
irrelevant, or can be combined due to the symmetry constraint, and thus the numbers

of relevant RG equations (the § functions) can be substantially reduced. We leave

*One can verify from the RG equations (the § functions) that any small deviation from this

trajectory actually is irrelevant in the RG sense.
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Figure 5.9 : RG flow diagram of the reduced § functions (5.15).

the details in appendix C.2.2, and only show the final reduced g functions:

d

= (1-2M)y+ 2

d

d_:?:(l_M)y‘{'ley (5.15)
dM

where y = J,, = J,, flips either spin or orbital indices, M o g2, = ¢2, = ¢?, and
y = Jan is the part of the Kondo coupling Jy, that flips both the spin and orbital
indices. Note that we can set J,, = J,| since we choose to scan phase diagram in a
path that preserves the symmetry o < 7.

By these reduced g functions (5.15), one identifies a critical point (yf,y*, M*) =
<§, 0, %) separating the spin and orbital KD phase (y; — 0,y — 0, M — o00) from
the SU(4) KS phase (v, — 00,y — 0o, M — 0). The RG flow structure of the reduced
B functions (5.15) is plotted in Fig. 5.9. Consequently, we establish the transition

between the spin and orbital KD phase and the SU(4) KS phase in the phase diagram
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Fig. 5.8.

5.3.2 Transition to spin or orbital Kondo-screened phase

Our next step is to illustrate the transition between the spin and orbital KD phase and
the o or 7 KS phase. We scan the RG flow structure by either taking g,, — oo and
varying the g,,, or taking g,, — oo and varying ¢,,. The corresponding trajectories

in phase diagram are denoted as the dashed arrow lines in Fig. 5.107.
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Figure 5.10 : Phase diagram trajectory of varying ¢,.(¢..), and taking g, (g,.) — oo,
is denoted as either of the two dashed arrows.

Without loss of generality, here we choose to take g,, — oo. In this case, the final

tAgain, from the /8 functions, one can check that any small deviation from these trajectories

actually is also irrelevant in the RG sense.
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reduced [ functions are:

dy -

d_;:(l_M)?h - 16
dM? 9 (5.16)
i :(e—4y2)M"

where y, = J, flips only the orbital indices, and M7 o g2.. Again, we leave the
derivation details in appendix C.2.3.

The RG flow of the reduced § functions (5.16) is plotted in Fig. 5.11. One can find
a critical point (y5, M7*) = (%, 1> separating the spin KS phase (y, — 0o, M7 — 0)
from the spin and orbital KD phase (y2 — 0, M7 — oo). Therefore, based on this
RG structure, we establish the transition between the spin and orbital KD phase and
the spin KS phase. For the other trajectory, the analysis is precisely parallel, and
the transition between the spin and orbital KD phase and the orbital KS phase can

likewise be established.

KS
JO'J_" g KD

X

Figure 5.11 : RG flow diagram of the reduced g functions (5.16) on the J,, — g,.
plane.
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5.4 Conclusion: Phase diagram and the sequential Kondo

destruction

Up to now, we have shown that a spin and orbital KD phase can transit into different
types of strong Kondo coupling fixed points corresponding to the spin, orbital, and
SU(4) KS phases without fine-tuning the parameters. Consequently, there must be
a phase transition between the spin or orbital KS phase and the SU(4) KS phase, as
indicated in Fig. 5.12. The whole phase diagram in Fig. 5.7, then, is established.
For this phase diagram, the sequential Kondo destruction is robust, in the sense
that there is no need to fine-tune the parameters in order to reach the quantum
phase transitions that involve two-stages of Kondo destruction. These results provide
a firm theoretical basis for the earlier numerical QMC results in a related Kondo
model, and to the understanding of the quantum criticality in spin-orbital-coupled
heavy fermion systems. Furthur comparison of the phase diagram based on our
RG analysis, with those from the earlier numerical QMC result[13] and from the
experimental measurements in the heavy fermion metal Ce3PdsSig[13] is summarized

in Fig. 5.13.
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Figure 5.12 : The generic phase diagram based on our RG analysis. Solid arrows
denote the phase transitions that we have established from our analysis. Since the
spin and orbital KD phase can transit to the three distinct KS phases, there must be
phase transitions between these KS phases, which are denoted by the dashed arrows.
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earlier numerical QMC result in Fig 5.6, and (c) the experimental phase diagram of
CezPdgSig in Fig. 5.4. The solid arrows in (a) correspond to trajectories for the
quantum phase transitions of the sequential Kondo destruction.
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Chapter 6

Quantum critical nematic fluctuations and spin
excitation anisotropy in iron pnictides

6.1 Introduction

As described earlier, quantum criticality also operates in other classes of strongly cor-
related electron systems. Iron-based superconductors have presented many intriguing
and often puzzling properties [78, 79, 146, 147, 29, 148]. Among these is the onset
of the tetragonal-to-orthorhombic structural phase transition at a temperature just
above or at the antiferromagnetic (AF) phase transition [87]. When they are split, the
region between the two transitions is called a nematic phase, where the Cy tetragonal
symmetry is broken while the O (3) spin rotational symmetry is preserved. It has been
well established that the nematic transition is driven by electron correlations, with
B, anisotropies in electronic, orbital and magnetic properties [149, 150, 151]. Several
channels are entwined in the nematic correlations, including spin [80, 85, 86, 152],
electronic [153, 154] and orbital[155, 156] degrees of freedom.

One way to make progress is to consider the quantum critical regime, where the
criticality singularities can be isolated from regular contributions. This facilitates the
study of the relationship between the responses in the nematic and other channels.
Our strategy in this paper is to assume that the magnetic fluctuations drive nematic
correlations, establish a precise relationship between the singular responses in the

magnetic and nematic sectors, and uses this relationship to assess the underlying
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assumption and determine the critical properties. The parent ground state of the
iron-pnictide superconductors is an AF state with the ordering wave vector @1 =
(7,0) or @y = (0,7). Their spatial patterns are shown in Fig. 6.1(a) and 6.1(b).
The AF state breaks not only the usual O (3) spin rotational symmetry, but also a
Zy symmetry between the Ql and @2 magnetic state. In iron pnictides, the bad-
metal behavior [81, 8] motivated a theoretical proposal for the electronic excitations
into coherent and incoherent parts. The tuning of the coherent electron weight was
proposed to give rise to concurrent quantum criticality in both the (7,0) AF and
Ising-nematic channels* [80]. The existence of quantum criticality has been most
extensively evidenced by experiments in BaFe;As, with P-for-As doping to the regime
of optimal superconductivity [89, 159, 92, 90, 160].

A defining characteristic of quantum criticality is the inherent mixing of statics
and dynamics. Singular magnetic responses in the quantum critical regime have been
observed through dynamical measurements at both the optimally P-for-As- and Ni-
for-Fe-doped BaFeyAs, [161, 14]. Singular nematic responses in the quantum critical
regime have also been observed over a variety of optimally doped iron pnictides [91],
albeit in DC measurements. The comparison already demonstrates the concurrent

nature of the quantum criticality in the magnetic and nematic channels f. However,

*In the theoretical analysis, the magnetic and nematic quantum phase transitions are concurrent
and very weakly first-order, with a jump of both order parameters that are nonzero but very small.
The first order nature is driven by a relevant coupling; its weakness is dictated by the marginal
nature of this coupling [80, 10], and has been confirmed in experiments [157]. The weakness of
the first order transition dictates that there is an extended dynamical range over which criticality

operates [158]

"While this is certainly true over an extended range of temperatures, we caution that quantum

criticality may not extend all the way to zero temperature, and this was already indicated in the
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to elucidate the relationship between the singular nematic and magnetic responses, it
would be desirable to determine the dynamical nematic susceptibility in the quantum
critical regime. In general, the low-energy dynamical nematic susceptibility in the
quantum critical regime is not readily accessible experimentally.

In this work, we elucidate the relation between the singular dynamical magnetic
and nematic responses by exploiting the relationship between the dynamical nematic
susceptibility and spin excitation anisotropy. The latter, defined as the difference of
the dynamical spin susceptibilities at Q; = (m,0) and Qy = (0,7), under a uniaxial
strain that breaks the Cy symmetry in B, channel, has been measured by inelastic
neutron scattering experiments in the optimally doped iron pnictides [14, 151, 163].
We analyze the singular part of the dynamical responses in both the O(3) AF and
Zs Ising-nematic sectors. Within an effective Ginzburg-Landau theory involving both
the AF and nematic degrees of freedom, we establish a general identity [Eq. (6.6)]
among the spin excitation anisotropy, the dynamical magnetic susceptibility, and the
nematic susceptibility. Based on a scaling analysis, we further show how this identity
can be used to explore the properties of a quantum critical point (QCP), where both
the magnetic and nematic channels are concurrently critical. Through the scaling
procedure, we extract the dynamical nematic susceptibility from the spin excitation
anisotropy, and also determine the dynamic exponent z and the scaling dimension
of the nematic order parameter da. The procedure is illustrated in the context of
the inelastic neutron scattering results for the optimally Ni-doped BakFe,Sis under an

external stress [14], which are summarized in Figs. 6.2(a) and 6.2(b).

P-doped BaFepAs, [90, 160]. In addition, further studies are needed to determine whether he zero-

temperature phase transitions are concurrent in all the doped iron pnictides [162].
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6.2 Effective model

We start from an effective field theory for the magnetism of iron pnictides [80, 9]

S(] - 52 + S4
S = 3 {6 @ (171 @ + s (@) ) (6.)

s | " r [ i (4 3)° i -
0
where m 4 and mp are the Neel order parameter fields on the sublattices A and B,
respectively, and Gy (@, iw,) = r + w? + ¢q® + v|w,| with the mass term r and Lan-
dau damping term ~y|w,| resulting from the coherent electronic excitations [80]. For
convenience, we neglect the interaction —usy (Mm% — 77_”223)2 and the spatial anisotropy
term v (qg — qi) ma (q) - mp (—q), which do not affect our scaling analysis.

We consider the problem in the presence of an external uniaxial stress, and focus
on the effect of the induced strain in the B, channel, which couples linearly to the
quantity m4 - mp. Absorbing this coupling into a Hubbard-Stratonovich transforma-
tion, it leads to a coupling Sy A = A foﬁ dr [ d*xzA after integrating the strain degree
of freedom, where A is the strength of the external stress. Leaving details to the
Supplementary Material (SM) (where additional terms that do not affect our scaling

analysis are also described), we arrive at the following effective action:

S=S84+85+...4Sa

Se=3" {xa" @ (17a @) + i (@) )

q=qyiwn

+ A (@) x5 (@) (—a) } (6.2)

S3 = / dT/d2x2AmA mp
SA,A :)\/ dT/d2IA
0
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where we have absorbed the mass term into the field conjugate to m? + % (see SM)
so that now x5! (7, iw,) = Go' (7, iw,) — r = w2 + cq® + y|w|, and x1' (¢, iw,) is the
bare magnetic and nematic propagator, respectively. The ellipsis denotes the terms
that are not essential to our scaling analysis (see SM).

The spin excitation anisotropy x4 (w) and the dynamical magnetic susceptibility
Xs (w) are defined as the difference and summation of the dynamical spin suscepti-

bility x (¢, w) between the two ordering wave vector Q, = (m,0) and Qs = (0,7),

respectively:
@ = x(Gnw)+x (@w) (6.3)
Xa(w) = X(@l,w) —X<C§2,w> (6.4)
My mpg

(a) Qi = (m,0) (b) @2 = (0,7)

Figure 6.1 : (a) The spin configurations of the ground state of the parent iron-based
superconductors with ordering wave vector Q; = (m,0) or (b) Qy = (0,7). The
blue and red arrows denote the spins forming the staggered magnetizations on the
sublattices A and B, respectively.
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6.3 Connecting the spin excitation anisotropy to nematic sus-
ceptibility

On symmetry grounds, the spin excitation anisotropy x4 (w) should be related to
the Ising-nematic fluctuations, since it measures the degree of the asymmetry of the

magnetic fluctuations between the two wave vectors @1 and @2. However, the precise
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Figure 6.2 : The energy dependences of (a) the imaginary part of the spin excitation

anisotropy x7 = x” (@1> —x” <@2) vs. energy and (b) the dynamical magnetic sus-
ceptibility x” = x” (@1> +x” (QQ> in BaFe,_,Ni, As, measured by inelastic neutron

scattering experiments at T = 5K < Tg[14] near the optimal doping = = =, ~ 0.1;
the former(latter) is fit in the power law form E~%(E~?) with the exponent a = 1.0

(B2 0.5).
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relation has not been considered before. A detailed analysis, given in SM, shows that:

Xs (W) = X <Ql,w> +x (@z,w) = Xm (0,w) + O (N?) (6.5)

and
Xd (W) = x (Ql7w> - X <Q2,w>

= AV (0,w) X%, (0,w) X (0,0) + O (3?)

(6.6)

where X,, (¢,w) = X, (¢,w) = X, (¢, w) is the magnetic propagator, X (¢, w) is the
nematic propagator, and V is the irreducible vertex function involving two external
magnetic order parameter fields m4 and mpg and one nematic order parameter field
A. For both of the Eq.(6.5) and Eq.(6.6), we use the symmetry mi4 <> nmp respected
by the action (6.2), as discuss in the SM.

The identity, Eq. (6.6), will play a central role in the following analysis. The

diagrammatic representation of this identity is shown in Fig. 6.3.

i——— s
Xm —
-

Figure 6.3 : The diagrammatic representation of the identity Eq. (6.6). The double
black line and double cyan dashed line denote the renormalized magnetic propagator
X and nematic propagator Y, respectively. The blue circle is the vertex function
V, and the red cross small circle is the external Cy symmetry breaking potential.
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6.4 Scaling analysis

We now apply the identity, Eq. (6.6), to extract the nematic susceptibility from the
spin excitation anisotropy. Our focus is on the singular parts of these quantities in
the quantum critical regime.

Due to the scale invariance in the quantum critical regime, the irreducible two-
point correlation function ¥,, (0, w) and the irreducible vertex function V (0, w) should
obey a power law form with specific exponents Therefore, we expect the spin excita-
tion anisotropy x4 (w) to also obey the power law form with a specific exponent.

To derive these exponents, we carry out a scaling analysis of the irreducible vertex

functions, using the generating functional ' (m, A) [164, 165]:

rma) N nm'nA /{q} {r} /{w} {v} (H mlHA > e ek ek )

N, , M =1 J=1
(6.7)

where we define f{ Vo) = = [Tl dPa [T32, dPp;o (Z?m ¢+ pj> and f{w},{u}
ST dew; 1152, dvjo (Z?m wi + 08 Vj), with D being the spatial dimensionality.

In addition, we have introduced I'"™"™2 to represent an irreducible vertex function
with n,, and na external magnetic and nematic order parameter fields, respectively.

In the quantum critical regime, under the rescaling ¢ — e~'q, w — e *w, the
magnetic and nematic order parameter fields transform according to m — e~%m!im,
A — e 9!A where d,,, and da are their respective scaling dimensions. Since I' (m, A)
is a dimensionless quantity, the irreducible vertex function '™ must satisfy [165,

166, 126]:

e (g, w) = 68)

6fdpl1—mm,nA (qeil, wele)

where dp = ny, (dy + D+ 2) + na(da+ D+ 2) — (D + z), and z is the dynamic



115

exponent?.
From the action, Eq. 6.2, it is straightforward to specify the scaling dimension 5

of the magnetic order parameter m:

D+z+2—-n

dp, =
2

(6.9)

Because 7, the anomalous dimension, is typically small, we will carry out our analysis
assuming 1 = 0; what happens when 7 # 0 is shown in the SM. It then follows from

Eq. (6.8) that:

[rmns (g, w) = (6.10)

e[nman (dA+D+Z)*(D+Z)(nTmfl)]lI‘nmvnA (

qe—l’ W6_Zl)

The magnetic propagator is determined by a two-point irreducible vertex function:

Tl (g.0) = T2 (g,) = O (ge ™)

(6.11)
=X (Lwg™)
where in the last step we choose [ such that ge™' = 1. This, in turn, implies:

The function V appearing in Eq. (6.6) (and Fig. 6.3) is a three-point irreducible
vertex function. The scaling procedure leads to:
V(q,w) = Imm=2na=1 (g )
— l2—da-(D+2)NY7 (ge!, we™) (6.13)

_ q(27dA*(D+Z))V (17 wqu)

iNote that in Eqs. (Here, the scaling analysis is carried out in the quantum critical regime.

SNote that in Eqs. (6.8) and (6.9), we choose to count the dimension from the momentum space

action.
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In turn, this gives rise to the following frequency dependence:

2—dp —(D+2)

V(O,w) ~w =z (614)

Collecting all these, we can now determine from Eq. (6.6) the scaling form for the

spin excitation anisotropy:

—2—da—(D+z2)

Xa(w)~w™ 5 (6.15)

Conversely, by measuring the singular parts in the energy dependence of the spin
excitation anisotropy x4 (w) and dynamical magnetic susceptibility x; (w) in the quan-
tum critical regime, we can determine the dynamical exponent z and the scaling

dimension of the nematic order parameter da through the following relations:

-2 Olny, (w)
2 dlhw (6.16)
—da —(D+2)—2  Olnxg(w)

z  Ohw

The above determine da and z for a given spatial dimensionality D. In turn, we can
determine the singular dynamical properties of the nematic degree of freedom, which

we now turn to.

6.4.1 Dynamical nematic susceptibility

We now turn to the analysis of the dynamical nematic susceptibility, X (0,w), a
task that seems impossible given that the identity Eq. (6.6) involves only the static
nematic susceptibility X (0,0). The key point is that the irreducible vertex function
V (0,w) couples the nematic and magnetic order parameter fields, and captures the
critical singularity in the dynamical nematic correlations.

To make this point clear, we note that, according to the scaling analysis, the

critical part of the dynamical nematic susceptibility X (¢,w) obeys the following
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form:

Xa' (g.) = 0772 g 0)
_ 67[2dA+(D+Z)]lYZ1 (qeflywele> (617>
I (1)

This, in turn, implies the following result for the dynamical nematic susceptibility

YA (07 w):

(2dp+(D+2))

Xa(0w) ~vw = (6.18)

6.4.2 The case of quantum criticality in BaFe;As, with optimal Ni-doping

In the Ni-doped BaFe,_,Ni,As,, the singular energy dependences of the spin excita-
tion anisotropy and magnetic susceptibility were observed near the optimal doping
x = x. ~ 0.1 by inelastic neutron scattering experiments [14] as shown in the Figs.
6.2(a) and 6.2(b) (where T' = 5K < Tg only affects the results at the lowest mea-
sured frequencies). The experimental data suggest that the spin excitation anisotropy
Xa (w) and dynamical magnetic susceptibility ys (w) are best-fitted in power laws with

different exponents o and 3, respectively:
(6.19)

with a = 1.0 and 8 = 0.50.
While there can be different physical reasons that could alter the values of the

exponents « and f3, it is intriguing that
a=203. (6.20)

We demonstrate that the identity Eq. (6.6) we established earlier serves as a natural

way to explore the physics behind the relation (6.20).
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By the identity Eq. (6.6), we see that the relation (6.20) implies:

Xa (W) 0

V(0,w) ~ Z 0w~ (6.21)

Following the scaling analysis of the irreducible vertex function, Eq. (6.14), we con-
clude that these power law forms are associated with an underlying QCP at which

the scaling dimension of the nematic order parameter dn is:

da=2-D-: (6.22)

In other words, the relation (6.20) implies a specific link between the the scaling
dimension of the nematic order parameter da and dynamic exponent z.

This relation contains non-trivial information about the nematic degree of free-
dom. To see this further, consider a general form of the nematic propagator suitable

for the quantum critical regime:

lwl

Xa' (q,w) = big" 4 by— (6.23)
For this propagator, we must have:
z=n-+a (624)
and
dA:_D+z+n:_D+2n+a (6.25)
2 2
On the other hand, according to Eqgs. (6.22) and (6.24):
dn=2-D—2=2-D—-n—a (6.26)

Compare Egs. (6.25) and (6.26), we can derive:

a=4-D=2 (6.27)
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when the spatial dimensionality D = 2.

The above result follows from « = 25 (Eq. (6.20)). Further using o = 1.0 (and
f = 0.50), we find that n = 2. Thus, the quantum-critical nematic susceptibility is
found to be:

wl

Xa (q,w) =big* + bz? (6.28)

To reiterate, the relation (6.20) suggests the presence of a non-trivial critical dynam-
ical term |w|/q* in the nematic propagator. The origin of such dynamical term in the
nematic sector and its relation with the microscopic physics of the iron pnictides will

be investigated in a separate work.

6.5 Discussion and Conclusion

To summarize, we have shown how the singular component of the spin excitation
anisotropy connects with its counterparts in both the nematic and dynamical mag-
netic susceptibilities. The derived identity has allowed us to extract the critical
properties from the experiments in an optimally doped iron pnictides under a uniax-
ial strain, including several critical exponents and a singular nematic susceptibility
as a function of both frequency and wavevector. Our results demonstrate the suc-
cess of the spin-driven nematicity for understanding the measured responses in the
magnetic and nematic channels. Our approach allows us to determine the dynamical
nematic susceptibility, which is difficult to directly measure experimentally. The sin-
gular fluctuations in both the nematic and magnetic channels appear in the regime
of optimized superconductivity within the iron-pnictide phase diagram. Thus, both

are expected to influence the development of the superconductivity.
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Chapter 7

Summary

In this thesis, we have studied the quantum criticality in heavy fermion systems and
iron pnictides in terms of several theoretical approaches ranging from numerical to
analytical methods. We have used the QNLoM to represent the local moments in a
Kondo lattice model, and developed a numerical way to non-perturbatively solve the
low energy effective Dirac Hamiltonian in a skyrmion background. This has allowed
us to study the correlation of various competing order parameters influenced by the
skyrmion defects of antiferromagnetism. For the Kondo lattice model on a honeycomb
lattice, we have identified both the valence bond solid and Kondo singlet as the leading
competing orders to the antiferromagnetism, and their relative stability is tunable
by varying the Kondo coupling. These results provide a new unified framework for
elucidating the proposed global phase diagram of heavy fermion systems.

In a similar spirit, and motivated by a recent experiment on the geometrically
frustrated heavy fermion metal CePdAl, we have performed an RG analysis to explore
the role of the Kondo coupling to the QCP of the QNLoM. We have gone beyond the
traditional Hert-Millis paradigm by treating both the bosonic and fermionic degrees
of freedom on an equal footing. We have also used a large-N method to study the
influence of the Kondo coupling to the Fermi surface around the QCP. Our results
have shown that the antiferromagnetism to paramagnetism transition driven by the
magnetic frustration is stable against the weak Kondo coupling, and the Fermi surface

remains small.
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Heavy fermion systems provide the setting to explore a very rich variety of quan-
tum phases and quantum criticality. We have taken advantage of this highly desirable
feature, and extended the Kondo destruction physics into multipolar heavy fermion
systems. Motivated by the experiment in CePdySig, we have studied a spin-orbital
coupled Bose-Fermi Kondo model, which captures the essential physics of the under-
lying multipolar Kondo lattice model. By using the bosonization technique, we have
mapped this Bose-Fermi Kondo model to a Coulomb gas model, by which we can de-
rive the 8 functions. We have established a generic phase diagram of this spin-orbital
coupled Bose-Fermi Kondo model based on a detailed RG analysis. From this generic
phase diagram, we have found that the notion of sequential Kondo destruction is
robust, which gives us a firm theoretical basis for the earlier numerical QMC results
in a related Kondo model, and for the understanding of quantum criticality in the
multipolar heavy fermion systems.

Finally, the general relevance of quantum criticality to a variety of strongly cor-
related systems is accompanied by the distinctive ingredient that arises in particular
classes of such systems. We illustrate this point by considering the interplay be-
tween the nematic and antiferromagnetic quantum criticality in the iron pnictides.
To do so, we have established an identity through field theoretical methodology that
connects the spin excitation anisotropy to the dynamical spin susceptibility and the
static nematic susceptibility. Based on this identity and a general scaling analysis, we
have demonstrated how to extract the scaling dimension of the nematic order and the
dynamical exponent. In turn, this procedure allows us to determine the dynamical
nematic susceptibility, which is hard to measure directly. We have illustrated the
whole procedure in the optimally Ni-doped BaFey;Ass, and found that the singular

energy dependences of the spin excitation anisotropy and the dynamical magnetic
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susceptibility observed in the optimally Ni-doped BaFe;Ass imply the existence of a
non-trivial dynamical term |w|/¢? in the dynamical nemacit susceptibility. We ex-
pect that this understanding of the dynamical nematic susceptibility in the regime of
optimal superconductivity will be important to the elucidation of the mechanism for

the iron-based high temperature superconductivity.
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Appendix A

Appendix of Chapter 3

A.1 Coupling between fermions and nonlinear sigma model

Since we are working with a bipartite honeycomb lattice, an intraunit cell antiferro-
magnetic phase (Néel order) describes the ground state of a nearest neighbor Heisen-
berg model. The nonlinear sigma model description for this phase is usually derived
by employing a large spin approximation. However, for describing the competing
spin singlet orders such as spin Peierls and Kondo singlet it is more advantageous
to work with a fermionic description. This is similar to the methods of Affleck and
Haldane [114] for one dimensional spin-1/2 chain. The antiferromagnetic phase for
honeycomb lattice can only be obtained from a Hubbard model for sufficiently strong
onsite repulsion, as the density of states for two dimensional Dirac fermion vanishes
at zero energy. The repulsive Hubbard interaction, H;,, = U ). n;4n; |, where n;
is the density operator for spin projection s =1 / |, can be decoupled in the magnetic

channel by performing the following Hubbard-Stratonovich transformation

_h_
/ dcj-dci exp —/kBT d—THmt
0 h

h
FBT d 3M? U
= / dCIdCldMZ exp |:— /kBT %{ Z |:2_(]Z + Mz : Czsns,s’ci,s/:| + 5 Z ni,s}:|-
0

7 1,8
Notice that the Hubbard interaction has been decoupled in the magnetic channel in
terms of the vectors M; (i = A, B are assigned to two sublattices), where M; =

(U/ 3)(cz’snss/ci,sl>. In the process of mean-field decoupling the chemical potential
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has to be shifted by the amount U/2, to maintain the condition of half-filling. The
antiferromagnetic phase corresponds to the choice M4 = —Mp. Due to the vanishing
density of states the antiferromagnetic phase arises for U > U,.. Within the continuum

limit this leads to the following effective action

2

S = /dza:dT {w%@# + gyM - ) + MT ) (A.1)

with ¢ o« U. At U = U, (equivalently g = ¢.), we have an itinerant version of
paramagnetic semimetal to antiferromagnet quantum phase transition, where the
fermion fields and both longitudinal and transverse parts of the order parameter
constitute gapless or critical excitations. For U > U., the amplitude of the order
parameter |[M| ~ |U — U.|? is finite, and away from the itinerant critical regime
i.e., at the length scales larger than the correlation length & ~ |U — U.|™” we can
effectively freeze the amplitude fluctuations of the magnetic order parameter. Since
we can denote M = |M| n, where n is the unit vector or nonlinear sigma model field,

after freezing M| Eq. (A.1) can be reduced to

S = / dPxdr [Uv,0, + gpm - ] .

This allows us to work with a nonlinear sigma model coupled to Dirac fermions,
as used in the main text. The longitudinal part of the nonlinear sigma model field
gives rise to a charge gap for the Dirac fermions, and after integrating out the Dirac
fermions by following [106, 96, 95] one can obtain a nonlinear sigma model. The
ordered phase of the nonlinear sigma model indeed corresponds to the ordered phase
obtained within the large spin approximation of nearest neighbor Heisenberg model.
An advantage for the effective theory is that the bare stiffness for nonlinear sigma
model does not guarantee a global long range order, and it remains possible that the

emergent gapped/insulating phase supports a nonmagnetic competing order, where
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the Berry phase for the sigma model does not vanish and follows from the evaluation

of fermion determinant [96, 95].

A.2 Topological charge of skyrmion and induced charge

The induced charge for each valley is defined as the difference of charge in each valley

between system with and without skyrmion (vacuum):

Qi:/ dEps+(E) —/ dEpo+(E)

= —5/ dEps 4 (E)sign(E) = —57&

where pgi(E) and po 1 (FE) is the density of state at energy E with and without
skyrmion for + valley, respectively, ne = [*_dEpg . (E)sign(E) = [;° dE (ps +(E) — ps.+(—E))
is called the spectral asymmetry, and we have used the fact that system without
skyrmion field has charge conjugate symmetry.

Since Hamiltonian of Eq. (3.9) does not break valley symmetry, it can be decoupled

into each valley space as Hy, the density of states in each valley is well-defined as:

p+(E)=Tro (Hy — F) = %Im Tr (ﬁ) (A.3)

The spectral asymmetry then is:

ne — / B (ps.2(E) — pss(—E))

1 [ 1 1
== dE(ImTr ———— - ImTr —— A4
7T/0 (m rHi—E—z'e o rHi+E—ie> (A.4)

1 [ 1 1
—~ | dEImT
7r/0 o r(Hi—E—ie+Hi+E+ie)

where we use the identity ﬁ =P (1) Fimd(x). By changing the variable z = E+ie,

T

we have ,
1 oco—+1€

1 1
=-—1 dz'Th
s 71'Ini6 - I(Hi—Z+Hi+Z)

21 /OOHGd Tr | H _
= — 1m Z 1T
™ i iHi—,ﬂ

(A.5)
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In our case, Hy = = (v, (01k1 + 02ks) + gyn -nos) = +(Ho+ 1), where Hy =
vy (01k1 + 09ky) and I = g, n-nos, thus H} = Hi+V = -0l V>+g2 +ig,v,030'0;n-m,
where Hf = —v3V? 4 g2 and V = ig,v,030°0in - n

We assume that background field varies very slowly compared with coupling con-

stant, that is [Vn| < gy, and then expand 7y in order of |Vn|/g,:

1 1
T (Hy—— | =Tt | Hi——F5——
() = ()

=Tr (HiGo (2) (1 + Gy (2) V)7H) (A.6)
=Tr (H:I:GO (2) Z (—=Go (2) V)n>

where Gg (2) = ﬁ
By identity G (2) V = VG (2) +Go (2) [V, Ho] Gy (2), we are now able to separate
the trace into pure momentum and real space part, and then do the trace separately.

The non-vanishing leading order of (A5) will be &+ Tr (IV?) Tr (G§ (2)). Since

Tr ([V2) = —givi Tr (ogn no'dm - nolom - n)
- —givi Tr (agaiajn“nbncnaamb@jnc)

= —4g§’<vi / d%e”eabcna@inb@jnc

(A.7)
1\ 1 ’
3 _ _
Tr (G (2)) = Tr (Hg—%) _Tr<—v>2<v2+g)2<—22)
B / dk 2rk B 1
(2m)* (v2k2 4 g2 — z2)3 8mo2 (g2 — z2)2
Consequently, the leading order of ni will be
8 31)2 oco+ie d B
oM Im / ; 22 3 / d?>xe’ e“bcnaﬁmbajnc
™ ie 87TUX (gX -z ) (A.8)

- M/d%eijeabcna@nbanc
47 :
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Therefore,

QL = _lni — iSIg—n(gX) / d2xeijeabcnaambajnc
2 8 (A.9)

= £ sign (gx) Qtop
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Appendix B

Appendix of Chapter 4

B.1 Renormalization group calculation for X-Y component

of Kondo coupling

In this appendix, we aim to derive the Beta function of the Kondo coupling Ax (4.23)

from the XY Kondo vertex A; = ,/gAk. To calculate the one-loop correction to the

XY Kondo vertex A;, we need to include a higher order vertex which results from

expanding 1/ in the Eq. (4.5) and is not included in Fig. (4.1). Fig. (B.1) is the

Feynman rule of such vertex.

Figure B.1 :

V2

41

; 1 1
g%/\K (27ri7'r_ - gwgﬁ'_ — 71'+7r_7'r+) S5

: 1 1
+ g%/\K (§W3ﬂ+ + ETT_%_TH, + 7T7T+7T) 51(’.’

Feynman rule for a high-order XY component of the Kondo coupling.
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The one-loop diagram to the XY Kondo vertex A, is shown in Fig. (B.2). Such
diagram is vanishing after performing the components summation. Therefore, at

one-loop level we have:

Figure B.2 : One-loop correction diagram for XY Kondo vertex.

(A = )\Lglg%(DH) (B.1)

Together with Eq. (4.17) and Eq. (4.20), the Beta function of A\; can be derived:

B(AL) = _%EAL - %g)u (B.2)

By using A\, = /gAk, one can verify from Eq. (B.2) that

B(Ak) = —gAk (B.3)

which is consistent with Eq. (4.23). As we have pointed out, the O (3) symmetry of

the action (4.3) guarantees such consistency.
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Appendix C

Appendix of Chapter 5

C.1 Derivation of the Coulomb gas action and RG equations

As we mentioned in the Chapter 5, because of the Ising-type couplings in Hgg (5.13),
the whole Bose-Fermi Kondo model (5.8) breaks not only the SU(4) symmetry but
also the SU(2)xSU(2) symmetry. Therefore, to perform the RG calculation, one
need to reduce the symmetry in the Kondo part Hx and introduce much more Kondo
couplings. To our purpose, the model with the minimal number of parameters that

we need to consider is:

Hprpx = Hy+ Hx + Hip

Ho =Y M Fia+ 3 6 iacnia + W (8L, - G+ 3Ly - 6rg)

pyic q

Hy = Jou0°07 + Jou (0"07 + 0%00) + Joo*77 + Jpy (7777 + 77

+ 4 [(00 @ 70) (02 @ Ta), + (00 ® Ty) (02 ® Ty) + (0 O T) (04 @ Ta), + (0, @ 7)) (0, @ T,),]
+4hp [(0. 0 7)) (0. ®@7), + (0. ® 7)) (0. ®T),]

+4Ju3 [(02 @ 72) (0: ®72), + (0, @ T2) (0, @ 72) ]

+4Jpa (0. @ 72) (0. ® 72) ]

HBK = gazaz¢az + gTszngz
(C.1)

where (Za/r = Zq <(Eo/r,q + 52/7’_[1)7 and JUJ_ = JM3 and JTJ_ = JMQ-
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For the Ising-type bosonic coupling, to perform a controllable RG calculation,
one need to map the Bose-Fermi Kondo model into a Coulomb gas type model[75,
145]. The first step to decompose the above Hamiltonian Hppk into the part that is
diagonal in the space of the local impurity states |0) ® |7), and the other part that is
not:

HBFK:H0+Hf (CQ)

where Hj is diagonal in the space of the local impurity states |o) ® |7). We use the
notation [m) = |ia) to denote a local impurity state with the orbital ¢ = 1,2 and the

spin a =7, |. Therefore,

Hy =Y Hy|m)(m| (C.3)
Then we rewrite H,, in term of the projection operators X,,,, = |m)(m| = |ia) (ia/,

so that:

H,=F,+ Z Vrchcn + Z EkC;t,an,n + Z W, (5;(1 . 507(] + @,q : q;ﬂq>
n k q

" (C.4)
3 F (G0a + 0hag) + D Fi (600 + 0L )
q q
where .
V;iaa Z (']Uz + J‘rz + JM4)
|
‘/ilaa - Z (JTz — Jor — JM4)
i 1 (C.5)
‘/Zxa = Z (Jaz - J’T’Z - JM4)

Vga = - (Joz + JTZ - JM4)

o
Q
1=
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and
FZT = oz
F;,iq = Yoz
(C.6)
law
F‘r,q - g‘rz
200
F’r,q - _g’T’Z

One the other hand, the flipping part is defined as:

Hy =Y Q(m,n) (C.7)

m#n

where
Q (m,m) = |m)(m|H|n)(n| (C.8)

describing the process of flipping from the local impurity state |n) to |m). Specifically,

Q(iozja) Jle fz C _Ciq

L 1 1

Q (2&7205) = 5 (']UJ- - JM3) fz'TafiaC;TaC?a + 5 (JaJ_ + JM3) fzaflac 5Cia = O'J_fzaflac aCia
— 1 1

Q (lOé, ZCY) = 5 (JTL - JMQ) f flac _Cig t+ 5 (JTL + JMQ) f f@aclacwz - TLf fzaclacza

(C.9)
since JUL = JM3 and JTL = JMQ.
Since Hj is diagonal in the local impurity states, after tracing out these local

states, the partition function can be expanded in Hy, and the results is:

o B Ti+1 )
Z:Z/O dTn.../O dTi.../O dleA(m;Tn,...,Tl) (C.10)
n=0 m

Here the transition amplitude is defined as:

A(m: 1) = (—1)" /DcD¢exp —H,, (B — )] Q' (mymn) X ...

,,,,,

X exp [_HmiJrl (TiJrl - T,L>] Q/ (mi+1’mi> exp [_Hmz (Ti _ 7-1;1)] % (Cll)

X exp [—Hp, (T2 — 71)] Q' (Mg, m) exp [—H,,71]
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where

Q' (miy1,m;) = (M1 |Hslmy) (C.12)

, which can be separated as:

(m|Hyln) =y}, ,O' (m,n) (C.13)
with
, 1
Yiaio = Z (JUZ + JTZ + JM4)
y;a,{a - JMl
, 1
Yiaja = B (Joir + Juz) = Joi
1
Yiajia = 5 (JTL + JMQ) =J (014)
Oga,ia = C;'racia
foim = %Ta%
O;a,ia = CigCia
Oga,ia = Cgacia

Now we can trace out the conduction electron by using the bosonization technique.

For our local impurity problem, we only need to consider the S-wave component:

1 )
Cia (LC) = %6719&1(1) (C15)

The projected Hamiltonian thus transforms into:

H,, = C+H¢U+H¢T+E;n+z :—,TZ"O (degf))JrZ F (qbaz,q + cbiz,_q) +Z T (cbm,q + Qir'z,—q)
n q q
(C.16)

where E! = E,, + AE,,, po is the bare conduction electron density of state, and (555
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is the phase shift from the scattering potential:

612 = tan " (mpoVi) = tan™! [W_po (Jor + 7z + JM4)]

610 =tan " (mpVi) = tan” [% (Jrz = Joo — JM4)] .17
5@ = tan~! <7T Vw‘> n! [%po (Joo — 7z — JM4)} |
5% — tan~! <7rp0Vm> = tan™! [—% (Jor + J7z — JM4)}

The history dependent potential is treated then through introducing a canonical

transformation at each imaginary time:
0
Us =exp (i—0 (C.18)
0

The potential after the canonical transformation is time-independent because of the

property:

5 db
"HUs=H,+ —— 1
UsH.Us +7Tp0 . (C.19)

We also introduce a similar canonical transformation to the bosonic degree of

freedom,

Uw,.., = exp (Z };;;; <¢azq ¢az q))

q

Uw,,, = exp <Z ];Tj (¢Tzq oL, q>)

(C.20)

with the property:

Uy, Hoo U = Ho, + 3 By (g + 0 -y
! (C.21)
UJV-,-’m H¢T UWT,m - H¢T + Z F:’T:] (ngz q + ¢TZ Q>
q
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The transition amplitude now reduce to:

A(m; Ty eym) = Ze Z yfnnﬂyan...y:niﬂ’mi...y;n%ml
M4 1=01 =M, M2, 1
X exp (11 — ) Z Mt (Tix1 — 7i)
(C.22)
X (O (Mps1,ma) (1) .0 (Mig1,m5) (73) ...0 (M2, ma) (71))
X (B (M1, mn) () . By (Mig1,mi) (73) ... By (ma, ma) (1))
X (B; (Mpt1,my) (T0) . Br (Mig1,m;) (13) ... By (Mo, my) (11))
Here, for the bosonic part
By (mis1, M) (1) = Uw,,,,., Uy, . (7:) (©23)

B- (mi+17 mi) (Tz> = UWT,miJrl Ultvf,mi (Tz>

, the correlation function can be reduced into

(By (Mps1,mn) (1) . By (Mg, my) (1)) = Uw,,. Ul (1)

it1 - Wom;

Fmi+lmi

= (H exp (—Z U’évq (¢ozq (boz q)( >>> (C.24)
(exp (Z Co ( ) exp (Ag))

and similarly

(Br (mpy1,my) (1) ... By (Mo, myq) (1))

= UWT M1 U;E[/T’mi (Tz) = <H exp <_ F VZVq Z (¢7zq d’m q) ( )>> (C25)

{exp <ZC — T > exp (Ag))

where

Frit1imi . il [
U?q

02, 0z,q
Farnz+1sz;nj+1mj (026)
Co(ri=m) = ) — g ——exp (W, (17 = m))
q

q
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FMie1ms — Mgl P
T?q

TZ,q TZ,q
Fq?_”rzi+1miF77_”rLj+1mj (C27>
Cr (= m3) = 3 T T e (<, (7~ 7))
q q
with
K
Z exp (—W,7) = 7_1—17 (C.28)
q

On the other hand, for the conduction electron part

O (mjy1,my) (1;) = exp (H.1;) O (M1, m;) exp (—H.7;) (C.29)

Here,
O (miﬂ, mz) = (H U(S’T’L”i+1) Ol (7n7 mz) (H Uér&) (C30)

and for different channels, they are:

O (ia, i) = H Uffc}acm H UZ-E'B =1

iB iB
O (ia,ia) = H Uffc%racm H Ugajﬂ
JB JB

io gic ia i i gio ia i
e [(@_a_ﬂ_l>%+ (%080 (@_a_ﬂ) o+ (@_a_ﬂH) o
T T e e T T T T

O (i, ia) = H UPcl_ciq H Ulip
JB iB

g gia gia i@ gie  gia yie g
= €Xp [(ﬂ—ﬂ—1> Oia + (ﬂ—ﬂ‘i‘l)em‘i‘ (ﬂ_ﬂ> Oz + (ﬂ_ﬂ> Oia
s s ™ s m m m m

O (ia,ia) = H Ugfc%racm H Uggﬂ
JB JB

o gia o gia o gia i@ i@

= exp [(61_0‘_&_1> gia_|_ ((Sl_a_ﬂ) gia_|_ (51_0‘_&_}_1> an_'_ (5’_0‘_ﬂ> Qia]
T T T T T T s s
(C.31)

We can rewrite these term as:

O (m,n) = exp [z Z efnn&] (C.32)

r
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After all of these, the partition function is mapped into:

0o B—&o dr Ti+1—80 dr: m2—&o dmy
_ —Zn —= .. —Lexp[-S (7 y s Th
> 3 /5 - /g z /6 & exp =S (11, 7)

Mp1=M1=mMm,Mm2,...Mp—1 ° SO0 0 0

(C.33)
with a Coulomb gas type action:
T; — T;
S (7—17 ceey Tn) = - Z In ymi,mi_,_l + Z hmi+1%
, , 0
+ Z [sz‘m% + sz+1 M1 Kmi:mj+l - Kmi+17mj] In L
i<j S
r P, 1—y 7] <C34)
+Z |:MU +M,s,;+1 mj+1 _M;i,mj+l _M%i+17mjj| ( 2 Z) - ].
i<j [\ & |
[ Tj — T; 1=y ]
+ Z [M + Mszrl mit1 Mmmmy‘ﬂ o Mmzﬂrhmj] £ -1
i<j L 0 _
where h,,, < E/ and
ym,nO/ <m7 n) = <m‘Hf‘TL>
1 '
Kmn = 5 Z (emn)2
(C.35)

= 5; (Fr)’

By following these definitions, for the Bose-Fermi Kondo model (C.1), the non-
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vanishing fugacity y,, , and stiffness K, ,, My, , and My  are:
y:-a,ga =y =Jmn
Yiwia = Y2 = JoL
Yiaja = Y3 = Jr1

7

K’a,?& = Kl = fl (‘]UZ7 JTza JM4)

(C.36)
Kia,ia = KQ = .f2 (Jaz; J’rzw JM4)
Kiaﬁa = K3 = f3 (Jcrz7 JTZ7 JM4)
M;;Za = Mi(;,ia =M =T(v) ggz

My o =M, =M =T(y)g.

(TR 1o} [T 16

where the explicit expression of K93 is complicated and unnecessary. They come
from Eq. (C.31), where the phase shifts are known in Eq. (C.17). The only few things
that matter are that they depend only on indices-preserving coupling J,, ;, a4, and
the range of their bare value is fi1 23 (Jyz, Jrz, Jua) € (0, 3).

For the Coulomb gas action (C.34), the associated RG equations can be derived

through a conventional manner[145, 167, 168, 169], and it turns out:

dy:
dl

dys
dl

dys
dl

dK
— = =201 (K1) — 203 (K + Ky — K) = 205 (K + K — Ko)

@ (C.37)
— = =2 (K + Ky = K) = 203 (20K) — 205 (K + K — )
dK

73 — 2% (K3 + K1 — Ky) — 22 (K3 + Ky — K7) — 242 (2K3)
dMe®

dl

dM™

dl

=1 - K — M — M)y + 2y3
=(1—-Ky—M?)ys + 2y1y3

=(1—-Ks—M")ys +2y102

(e — 4y —4y3) M°

(€ — dyi — dy3) M7
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where e =1 — 1.

C.2 RG analysis and the generic phase diagram

In this section, we give a detailed RG analysis of the § functions (C.37). We also
illustrate the generic phase diagram Fig. (5.7) based on our RG analysis.

C.2.1 RG analysis

By identifying the zeros of the § functions (C.37), one can find the fixed points:

Je

(Fl):y1:7,y220,y3:0,K2:K3:k,K1:O,M”+MT:1
(Fz):ylzoay2:\/7z7y3:07K1:K3:k7K2:O7MU:1aMT:O
(F3)Iylzo,ygzo,y;g:ﬁ,[(l:KQ:k,KgIO,MU:O,MTzl

2
(F4): yi=yo=y3 =0, K1 =ky, Ko =k, Ks=ks, M =M"=0

The RG flow trajectory around these fixed points can be analysed through the
eigenvalues and eigenvectors of the matrix:

By, OBy By OBy 9By OBy 9By OBy

oy Oy2 Jys3 0K, 0K OK3 oM©° OMT™
85742 81892 8692 853}2 algyg 861;2 85y2 86y2
oy Oy2 Jys3 0K, 0K OK3 oM OMT™
OBys  OBys  OBys  OBys  9Bys  OByz  IByz  IPuy
oY1 Y2 oys 0K, 0Ko 0K3 oM©° oM™
0Bk, O0Br, OBk, OBk, OBk, OBr, OBk, OBk,
0 o Ie] oK OK: 0K oM< oM™
W = Y1 Y2 Y3 1 2 3 (C ) 38)
9Bk, O9Br, OBk, OBk, OBk, OBk, OBk, 0Bk,
oy Oyo Jys3 0K, 0K OK3 oM OMT™
9By  OBkry OBk, OBky OBky; OBry OBkry; OBk,
oY1 Oya oys 0K, 0Ko 0K3 oM©° oM™
0Bpo 0Bmo 9Bmo 9Bmo 9Bmo 0Bmo 9Bmo 9Buo
oy Oy2 oys3 0K, 0K OK3 oMe° oM™
0By 9Byr  OByr  Bur  OPMI 9Byr  9Byr OB
oy y2 dy 0K, 0K OK3 oM OMT™

and then one can conclude that except the fixed point F1, which is a generic critical
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point, other are just unstable fixed points. The RG trajectory around the critical point

F1 flow toward either a strong coupling SU(4) Kondo-screened(KS) fixed point:
(S1): y1,y2,y3 00, K1 =Ko =K3=0, M°=M" =0
or a spin and orbital Kondo-destroyed(KD) phase:
(G): h=y2=y3=0, K1 =k, Ky = ko, K3 =ks, M° — 0o, M™ — o0

However, F1 is not the only critical point that controls all the critical phenomena
of the phase diagram. For instance, one can also find that except flowing to the fixed
point F1, fixed point F2 also flows toward the direction M] — oo, and thus approach

to:

(F5) yle, ygzg,ygzo, K1:K3:k, KQZO, Mgzl, Mg—)OO

For the F5, except the § function dM7/dl, other [ functions remain zero. As a
result, F5 corresponds to a fixed point at the large M7 regime. By study the nearby
RG trajectory through the matrix W in Eq. (C.38), one can conclude that fixed point
F5 is actually a generic critical point, and flows toward either the spin and orbital

KD phase G, or an orbital KS phase:
(S2): yo— o0, y1=y3=0, Ko =0, K1 = Kz =k,, M =0, M™ — ¢
Similarly, there is another fixed point
(F6): y1; =0, y2 =0, ygzg, Ki=Ky=k K3=0 M°=0, M™ -

which flows to either the spin and orbital KD phase G, or a spin KS strong coupling

fixed point:

(83) Y3 — 00, ylzyzzo, KgZO, K1:K2:k7-, MJ—>OO, M™ =0



(S2): ¢ KS, 7 KD
y2 > 00, y1=y3=0
Ky=0,K,=Ka=k,
M7 =0, MT - o0

(F5):

Ve
2

I&v| = 1&73 = k’r: 1(2 =0

M7=1, M" =

y1=y3=0, 2=

(F2):

Je
| =3 =0, =5
K =Ky=k;, K;=0

M7=1, M"=0

(S1): SU(4) KS
Y1, Y2, Y3 = 00
Ky =Ky=Ks=0
M® = M7 =0

(F1):

s
y1=5y2=y=0
Ki=0, Ko=K5=Fk,
M7+ M™=1

141

(83): 7 KS, o KD
ys > oo, y1=y2=0
K3=0 K1=Ko=k,
M7 = o0, M =0

ey

(F3):

R[S

y1=y2=0, y3 ==

K =Ky=k;,, K3=0

M7=0, M" =1

(F6) -

y1=y2=0, y3 =
I&vl = I&vg = ko’. I&';;
M7 =00, M =1

—

Ve

2
=0

(G): ¢ KD, 7 KD
y=y2=y3=0
Ki=k, 3= kg= Ky=k3

M7 =00, M™ = o0

Figure C.1 : The schematic fixed points structure and their relative RG flow of BFK
model (5.8) based on the § functions (C.37). Here KS and KD is the abbreviation
for the Kondo-screened and the Kondo-destroyed, respectively. The three boxes on
the top are the different kinds of strong Kondo coupling fixed points, which should
be all stable according to the / functions (C.37). The middle five are the different
fixed points in the order of ¢, where F1, F5 and F6 are the generic critical points
corresponding to different kinds of phase transitions. The bottom box is a completely
Kondo-destroyed phase. Since the critical points can flow toward the different types
of strong Kondo coupling fixed points S1, S2, and S1, there should be some critical
points(denoted as orange boxes here) separating these strong Kondo coupling fixed

points.
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The stability of the strong coupling fixed points S1, S2, and S3 can be explored
through the matrix W (C.38), which indicates that they are stable against other
small perturbations. Hence, there should be other strong coupling critical points
separating them. The whole RG flow structure is summarized in Fig. C.1, where
the orange boxes denote the strong coupling critical points separating stable strong
Kondo coupling fixed points. We also neglect the fixed F4 since it is the most unstable

fixed point and thus does not affect the RG structure at all.

Joz-

7

7 KS
o KD o, 7 KD

o KS
SU(4) KS KD

[N

9=

Figure C.2 : The generic phase diagram with arbitrary Kondo couplings based on the
RG flow structure Fig. C.1. The critical properties across each blue lines, the red
line, and orange lines are controlled by a specific critical points in the blue, red, and
orange boxes in Fig. C.1, respectively.

From to the RG flow structure Fig.C.1, one can see that the spin and orbital KD
phase G can transit to different kinds of strong Kondo coupling fixed points S1, S2,

and S3. There are three distinct types of trajectory path, and the associated critical
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phenomena are controlled by different generic critical points F1, F5, and F6. Based
on these results, the generic phase diagram is shown in Fig. C.2*.
In the following, we are going to elaborate these results in a more transparent and

visible way.

C.2.2 Transition to the SU(4) Kondo-screened phase

To illustrate the transition between the spin and orbital KD phase to the SU(4) KS
phase, we choose to scan the RG flow structure by taking ¢,. = ¢.. = ¢, which
corresponds to the trajectory denoted as dashed arrow in Fig. 5.8.

Since along this direction, the 5 functions (C.37) are invariant under o <> 7, one

can set yo = y3 =y and Ky = K3 = K. The 8 functions (C.37) thus can be reduced

to:
% = (1 - K; —2M)y, +2y°
%: (1-K—-M)y+2yy
WL = 2y} oK) — 4y (K) (C:39)
= 2R ) — 492 (2K) + 227 ()
= (4~ M

One can see that the coupling constant K flows to 0 no matter the initial values,

*Here the term “generic” means that we choose arbitrary J,., Jr» ,Jo1 ,Jr1, Jar, Jar,, and then

keep them fixed while varying g, and g.,.
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and thus the [ functions can be further reduced into:

d

= (1-2M)y + 27

dy

Y - K~ M)y + 2y

g (C.40)
= —2y; (K1) — 4y° (2K)

dM

= (e—4yf—4y2)M

and again, K — 0 no matter the initial values, so in the end we derive the reduced (8

functions Eq. (5.15):

d

;ll = (1—2M)y: + 2

d

= (1= M)y+2yy (C.41)
dM

o (e )M

By these reduced f functions (C.41), one identify a critical point (yi,y*, M*) =
<7, 0, 5). This critical point actually corresponds to the critical point F1 in Fig.

C.1, and separates the spin and orbital KD phase from the SU(4) KS phase.

C.2.3 Transition to spin or orbital Kondo-screened phase

Here we aim to illustrate the transition between the spin and orbital KD phase and
the spin or orbital KS phase. We scan the RG flow by taking the g,, — oo and
vary the g,,, which corresponds to the dashed arrow lines in Fig. 5.10. Under this

condition, according to the  functions (C.37), y; and y3 must both flow to 0, and
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both are irrelevant. The S functions can thus be reduced into:

% = (1_K2_M0>y2

%%z—%ﬁK+KfJ@

% = —2y2 (2K>) (C.42)
% = —2y5 (K3 + K> — K))

O = (e~ wp) M

by which one can see that K5 — 0, and again the § functions can be further reduced

into: J
Yo
_— ]_ — g
dl ( M )yz

dK
71 = —2y5 (K| — K3)
(C.43)

dK.

— = =25 (K — K))

dM? ,
a0 (6 — 4y§) M

From the reduced f functions (C.43), one can immediately conclude that the K;
and K3 flow to the fixed point K7 = K3 = k,, where k. is a constant. As a result,
the final reduced g functions are indeed Eq. (5.16).

By these reduced f functions (C.43), One can find a critical point (y5, M7*) =
<§, 1), which corresponds to the fixed point F5 in Fig. C.1 and separates the spin

and orbital KD phase from the spin KS phase.
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Appendix D

Appendix of Chapter 6

D.1 Ginzburg-Lanbdau theory

We start from the Ginzburg-Landau description for the magnetism in iron pnictides,
Eq. (1) of the main text. After performing the Hubbard-Stranovich transformation

to the quartic term Sy in the action of Eq. (1), the resulting action is:

So = Som,am + S34m,am

So..Am = Z {Xal (9) (|TﬁA (q) > + |75 (q) |2)
e 1 (D.1)
+ A (@) XE DA (=q) + - (in(a)~7) (in(~q) =) }

4U1
B
S?,,ﬁz,A,n = / dT/de [QAmA Mg+ 2in (mi + sz)}
0

The field A is the Ising-nematic order parameter field because it is the conjugate to the
bilinear m 4 - mp, which changes sign under the transformation mj — £ma,mp —
Fmp. The field n is the conjugate of m?% + m%. The nematic propagator ya will

have the form

1 1 .
XAl (Q7 an) = U_I - HA <Q7 an) . (D2)

The constant term u% comes from the Hubbard-Stratonovich transformation of the

quartic term in Eq. (1), while 11 (7, iw) will come from integrating out high energy

my and mp fields as well as background coherent-fermion fields.
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D.2 nematicity and the Spin excitation anisotropy

The spin excitation anisotropy x4 (w) and the dynamical magnetic susceptibility

Xs (w) is defined as:

Xs (W) = x <@1,w> + X (@2,w> (D.3)

Xa (W) = x (@1,w> —X (Qwu) (D.4)

where Q; = (m,0) and Qs = (0, 7) are ordering wave vectors, and the dynamical

spin susceptibility x (¢,w) is:

X (Gw) =
/ R / d*r / dre TN S (7, 7) - §* (7,0)) s

and S (7, 7) is the local spin operator.

In order to measure spin excitation anisotropy xq (w), an small external uniaxial
stress is necessary to detwin the sample. Therefore, the expectation (7, S (7, 7) -
S*(7,0))s in BEq.(D.5) is calculated under the action S = Sy + Sy in Eq. (2) of the
main text.

Our next step is to express the dynamical magnetic susceptibility s (w) and the
spin excitation anisotropy x4 (w) in term of the magnetic order parameter fields 14,
mp, and the nematic order parameter field A. To do so, we just need to recognize
that in iron pnictides, the local spin operator field S (r,7) can be represented as
S (7,7) = iy (F,7) €@ 7447y (7, 7) €927 where ity (7, 7) = (ma (7, 7) — g (7, 7)) /2
and iy (7, 7) = (ma (7, 7) + mp (7, 7)) /2, is the magnetic order parameter associated
with ordering wave vector @1 and ng, respectively. We can then express the spin

excitation anisotropy x4 (w) and dynamical magnetic susceptibility y; (w) in terms of
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the magnetic order parameter fields m4 and mp:

Xa (W) = x (@m}) - X (@z,w>

1 .

=3 dre ™ (Toma (= 0,7)-mp (¢ =0,7 =0))s

] (D.6)
b / dre ™ (T,mp ((=0,7)-ma(¢d =0,7=0))s
__ / dre (T a (§ = 0,7) - 17 (§ = 0,7 = 0))s

and

Xs (W) = x (Qmu) +X (@w))

1
= 5 /dT@MT<TTTﬁA ((7: 0,7’) mA (q_' = 0,7'/ = 0))5

1 (D.7)
+ §/d7'e“"T<TT7ﬁB (@=0,7)-mp(d =0,7=0))s

Here, the last equality for both Eq. (D.6) and Eq. (D.7) hold since the the model (2)
of the main text respect the symmetry m 4 <> mpg, and there is no condensation of the
(m%—m%). We also neglected the terms such as (17 4 (@2 — Qs, w) mp (— (ng - @1> : —w)).
Because |le — QQ| ~ A, where A is the momentum cut-off of the theory, such term
can only be generated by very severe spatial fluctuations which had already been
coarse-grained in the construction of the starting Ginzburg-Landau description (1) of
the main text.

The expectation values in Eqgs. (D.6) and (D.7) are calculated under the action
S = Sp+ Sya. Now we treat the uniaxial strain Sy o as a perturbation and expand

the action with respect to Sp:
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<T777—:LA (O’ T) “1MA (07 0)>So+5,\,A = <T7'mA (07 T) “1MA (07 O)>So

- A/dr’(TTmA (0,7) - 14 (0,0) A (0,7))s, + O (X?)
(D.8)
= (T4 (0,7) - 1704 (0,0))5, + O (A?)

= /dw'ew/TXmA (0,") 4+ O (N?)
We have used (14 (0,7) 14 (0,0) A(0,7"))s, = 0, and the fact that X, (¢,w’) is
the magnetic propagator in the momentum space. Following Eq. (D.7) and Eq. (D.8),
we have:

X () = Xy (0,) = Xon (0,0) (D.9)

where X, , (0,w) = X,,,, (0,w) because of the symmetry 174 ¢+ nip respected by the
action (2) of the main text. We have defined ¥, (0,w) =X,,, (0,w) = X,,,, (0,w).
We see that s (w) is just the dynamical magnetic propagator ¥, (0,w). Similarly,

for the spin excitation anisotropy x4 (w):

<TTmA (07 T) ’ mB (07 0)>SO+S/\,A = <TTTﬁA (07 T) ’ mB (07 O))»S'o
— )\/dr'(rﬁA (0,7) - mp (0,0) A (0,7"))s, + O (N?) (D.10)

= -\ / dr'(To1a (0,7) - 15 (0,0) A (0,7)) s, + O (A?)
where (14 (0,7) - 15 (0,0))s, x (A)s,d-0 vanishes when temperature T' > Ty, the
nematic phase transition temperature, or 7' < Ts but near the critical point at which
(A)g, — 0. Since in this work, we focus on the quantum critical region, we can safely
discard this term.
On the other hand, since any three-point correlation function can always be fac-

torized as the product of suitable irreducible two-point correlation function and irre-



150

ducible vertex function[164, 165, 166], we have:

/dT/<TT7ﬁA (0,7) - i (0,0) A(0,7'))s, =

(D.11)
[T (0,6 T, 0.0) X (0,0) o, (0, )
As a result, we conclude:
Xd (w) = x (@1,W> - X (@2;00)
= AV (0,0) X, (0,0) Xa (0,0) X, (0, —w) + O (A?) (D.12)

= AV (0,w) Xy, (0,0) Xa (0,0) + O (3?)
where the X, is the nematic propagator, and V is the vertex function involving
two external magnetic order parameter fields m4 and mp, and one nematic order
parameter field A. Again, we use X,,, (0,w) = X,,, (0,w) = X,,, (0,w). Because of
the time reversal symmetry, we also have %, (0,w) = ¥X,, (0, —w)
Note that when we derive the identities (D.9) and (D.12), we only expand the
uniaxial strain term Sy o perturbatively. Therefore, both the identities (D.9) and

(D.12) are valid non-perturbatively as far as S is concerned.

D.3 Scaling analysis of spin excitation anisotropy with non-

zero anomalous dimension

In this section, we carry through the scaling analysis of the spin excitation anisotropy
Xa (w) and dynamical magnetic susceptibility y, (w) with a non-zero anomalous di-
mension 7 for the magnetic order parameter field m. The scaling dimension of the

magnetic order parameter field is:
dyp = ——m—— (D.13)

with n # 0.



151

Following a procedure similar to that presented in the main text, in the quantum

critical regime the frequency dependence of the magnetic propagator is:

2-n
Xm (0,w) = X5 (W) ~w™ = (D.14)
and the frequency dependence of the vertex function is:
— @=m)—dp—(D+2)
V(0,w) ~w e (D.15)

Consequently, by the identity Eq. (D.12), the spin excitation anisotropy is:

—(2—n)—dpa—(D+2z)
Xd (W) ~w : (D.16)
Therefore, with the knowledge of the anomalous dimension 7, again we can detect
the dynamical exponent z and the scaling dimension of the nematic order parameter
da by measuring the dynamical nematic susceptibility xs (w) and the spin excitation
anisotropy x4 (w) according to:

—2-n) 0Oy (w)

z 9w
—dr—(D+2)—(2-n) OJlnxg(w) (D-17)

z  dlnw

For the singular energy dependence of the spin excitation anisotropy and the
dynamical magnetic susceptibility observed in the Ni-doped BaFeyAss near optimal
doping, if anomalous dimension 7 # 0, again the relation (20) in the main text implies
that:

V(0,w) ~ Xa(w) ~ W’ (D.18)

and thus following Eq. (D.15):

dpn=2—-n—D —z (D.19)
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Again, to see what this implies for the nematic degree of freedom, let’s consider

the nematic propagator to take a general form in the quantum critical regime:

W
Xa (q,w) =big" + b2u (D.20)

a

by which we then know:
z=n+a (D.21)
and

D—i—z+n__D+2n+a
2 N 2

dp = (D.22)

Compare it with Eq. (D.19), it is straightforward to show that:

a=4—-D—-2n=2-2n (D.23)
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